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On Accuracy of Perfect Electric Conductor
Implementation in Lebedev FDTD
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Abstract—The Lebedev grid is an alternative to Yee grid where,
because the discretized fields lie at the same location in space,
there is no need for further field interpolations when modeling
anisotropic materials. In this letter, we focus on accurately imple-
menting perfect electric conductors with planar interfaces, as well
as 90° and 270° corners. Simulations are provided to demonstrate
the overall improvements and also the second-order accuracy of
the proposed methods.

Index Terms—Finite-difference time-domain (FDTD), finite-
difference methods.

I. INTRODUCTION

THE original Yee finite-difference time-domain (FDTD)
method [1] is not particularly well suited to model-

ing anisotropic materials. With off-diagonal anisotropy, spatial
derivatives in all directions are needed at the same location for
the discrete field updates, which are not immediately available
because of the assumed grid. Instead, most anisotropic FDTD
implementations interpolate from nearby field components [2].
However, this inherently introduces further error and makes
dealing with material interfaces more complicated as a larger
computational stencil is needed. Moreover, it may cause late-
time instabilities. As discussed in [3], stability requires that the
operation of interpolation combined with the inverse permittiv-
ity matrix be symmetric and positive definite (in fact, for all
numerical implementations of the constitutive relations).

The Lebedev-FDTD method was previously introduced in
[4] and [5] as an alternative for handling simulations with
anisotropic material. It is well suited for that as field compo-
nents are collocated.

In this letter, we focus our attention on perfect electric conduc-
tor (PEC) boundary conditions in Lebedev grid, as Liu et al. [5]
do not mention how they implement PEC boundaries, and Nauta
et al. [4] use image theory to implement planar PEC interfaces
and 90◦ corners, but the method is inaccurate. Here, we propose
an alternative implementation of PEC boundaries that is more
accurate and can be extended to 90◦ as well as 270◦ corners.
To demonstrate the accuracy of the proposed method, rectan-
gular and ridged resonators and a parallel-plate waveguide will
be simulated to encompass different types of PEC interfaces.
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Fig. 1. Lebedev grid in two dimensions for T Ez polarization.

Also, the order of the accuracy for the Lebedev method is inves-
tigated in the presence of PEC boundaries, to complement the
investigation into its accuracy with open boundaries [6].

In what follows, the Lebedev method is briefly described, fol-
lowed by handling of PEC interfaces. A rectangular resonator
filled with anisotropic material, and then a parallel-plate wave-
guide filled with anisotropy, for which we also present analytical
solutions, will be simulated. Finally, a ridged resonator is sim-
ulated to cover 270◦ as well.

II. LEBEDEV GRID

The Lebedev grid is a cubic tessellation of three-dimensional
(3-D) space similar to the Yee grid, but with collocated field
components; magnetic and electric fields are located at differ-
ent places in space however. Lebedev grid can be thought of as
four Yee grids shifted with respect to each other in two of the
three x-, y-, and z-directions [4]. In two dimensions, Lebedev
grid consists of only two shifted Yee grids instead of four. A
TEz configuration is shown in Fig. 1. The true advantage of
the Lebedev method is revealed when the constitutive relation-
ships have off-diagonal elements causing the two Yee building
blocks of Lebedev to couple to each other. Otherwise, in re-
gions of isotropic medium or one with diagonal anisotropy, the
two Yee meshes are not coupled to each other at all. The loca-
tions of the fields on the Lebedev grid can be described by two
sets of indices: i, i′, j, and j′ are chosen from the set of num-
bers {0, 1

2 , 1, 3
2 , . . .} such that 2(i + j) is an odd and 2(i′ + j′)
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The update equations in the Lebedev method are closely re-
lated to its Yee counterpart. The magnetic update equation is
actually the same (in two-dimensions). The electric field update
equation is slightly different; it has both the x- and y-components
of the curl of H at the same location that are then multiplied
by the inverse permittivity matrix to contribute to the updated
electric field value. Note that in (1), one of the electric fields
resides on Grid #1, while the other component lies on Grid #2
(see Fig. 1). As can be observed, no additional interpolation
is needed for the implementation of anisotropy. In a sense, the
Lebedev technique runs two parallel Yee simulations simultane-
ously, both of which aim to simulate exactly the same problem
but are shifted half a unit cell in space in order to get the other
component of the curl of H at the same location in space.

III. PLANAR BOUNDARIES

A. Previous Implementation

In the standard Yee method, PECs are realized by merely
setting the tangential components of the electric field to the
PEC interface to zero. In the Lebedev method, however, both
tangential and normal field components lie on the interface. In
the original Lebedev FDTD paper [4], image theory was used
for implementing PECs along with the boundary conditions

�E × n̂ = 0 (4)

∂ �D/∂n · n̂ = 0 (5)

∂ �H/∂n × n̂ = 0 (6)

�B · n̂ = 0 (7)

where n̂ is the unit vector normal to the PEC surface. The an-
tisymmetry of the tangential electric fields and the symmetry
of the tangential magnetic fields at the PEC interface are re-
vealed. However, these boundary conditions are valid only for
the electrostatic and magnetostatic case with anisotropic ma-
terials. Assume an interface of some anisotropic medium with
PEC that has the normal unit vector n̂ = ŷ as in Fig. 2. In this
case, writing out Maxwell’s equation for the tangential electric
flux at the interface, knowing that the tangential electric field is
zero, yields

∂Dx

∂t
=

∂ (εxxEx + εxyEy )
∂t

=
∂ (εxyEy )

∂t
=

∂Hz

∂y
�= 0 (8)

which is not in agreement with the boundary condition (6)
used in [4], resulting in errors being introduced in the previous

Fig. 2. Planar PEC boundary.

Fig. 3. Illustration of (a) 270◦ and (b) 90◦ corners.

implementation.1 In the approach used in [4], (4) implies that
we should mirror the electric fields behind the PEC wall, and
(6) implies that we should mirror the magnetic fields before per-
forming normal field updates. The second step, mirroring the
magnetic fields, was originally equivalent to (incorrectly) in-
verting the permittivity tensor and then setting the off-diagonal
elements to zero; we present this tensor modification for future
reference as follows:
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B. Proposed Implementation

In our proposed method, we eliminated mirroring the electric
fields in the first step by using CP-FDTD [8], [9], which sim-
plifies exactly to the update equations derived from mirroring
the electric fields in 90◦ corners and planar cases, but it also
generalizes to 270◦ corners nicely (see Fig. 3), something that is
not possible with image theory. The CP-FDTD update equation
is expressed as
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where Sc is the area of the conformed cell, and li are lengths
of the corresponding electric edges with sign appropriate to the
direction of the edge. The magnetic update equation for the
planar interface (see Fig. 2) now becomes
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In the same manner, the magnetic field update equations can
be found easily for 90◦ and 270◦ corners by replacing the ap-
propriate Sc and li . Now the correct form of updating normal

1It is also interesting to know that at dc frequency in the presence of
anisotropic material with off-diagonal elements, a modified image theory [7],
which is a skewed version of the standard one, must be used at distances away
from the interface. However, in the previous method, not using the modified
image theory does not introduce errors since we are very close to the interface.
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Fig. 4. Resonant frequencies of a rectangular resonator filled with anisotropic
material: (a) method described in [4]; (b) proposed method.

component of the electric field is as follows:[
εxx εxy

εyx εyy

][
0

E+1
y

]
=

[
εxx εxy

εyx εyy

][
0

E+0
y

]
+

Δt

ε0

[
(∇× H)x
(∇× H)y

]

resulting in

εyyE+1
y = εyyE+0

y +
Δt

ε0
(∇× H)y . (11)

In general, the update equations for all types of interfaces can
be handled by first zeroing the off-diagonal elements and then
inverting the permittivity tensor:
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as a correction to (9), as well as setting tangential electric fields
to zero as necessary in the update.

IV. VALIDATION EXAMPLES

In the following sections, examples are provided that demon-
strate the improvement to PEC handling in the Lebedev method,
as well as the methodology for handling PEC corners. In each
case, Ansoft HFSS simulations are utilized as a comparison
basis with the simulations running until relative frequency dif-
ference between runs is below 0.01%.

A. Rectangular Resonator Filled With Anisotropic Material

Since the 2-D Lebedev grid consists of two Yee grids, reso-
nant frequency observations should be identical since the grids
are simulating the same problem. To test this, a rectangular res-
onator of size 30 mm × 15 mm completely filled with material
described by

εr =
[

4 4
4 7

]

is simulated at 0.99 S, where S is the courant limit of the
Yee method in free space. The cell sizes are chosen to be
Δx = Δy = 0.25 mm. The excitation is the first derivative of
a Gaussian pulse. For the Lebedev grid, a distributed weighted
source instead of a point source must be used to excite both
grids [4]. Here, we excited one single magnetic node on Grid#1
along with the four neighboring magnetic nodes on Grid#2 with
quarter-weight. Also, to sample the fields for the Fourier trans-
form, a single magnetic node on Grid#1 and the average of
four of the neighboring magnetic nodes on Grid#2 were used
for comparison purposes. As can be seen on both Fig. 4 and
Table I, the method described in [4] suffers from errors, while the
resonant frequencies almost overlap with the proposed method.
The proposed method also compares favorably with an HFSS
simulation of the same problem.

TABLE I
RESONANT FREQUENCIES OF THE RECTANGULAR RESONATOR IN GHZ

Mode HFSS New method Old method

Grid#1 Grid#2 Grid#1 Grid#2

1 1.8607 1.8605 1.8610 1.8812 1.8605
2 3.5474 3.5467 3.5467 3.5705 3.5700
3 4.9377 4.9386 4.9396 4.9521 5.0059
4 6.1882 6.1862 6.1862 6.1852 6.1665
5 7.5629 7.5600 7.5600 7.5641 7.6645

Fig. 5. (a) Original problem, a parallel-plate waveguide filled with anisotropy.
(b) Dual problem, an empty parallel-plate waveguide with different dimensions.

B. Parallel-Plate Waveguide Filled With Anisotropic Material

The previous resonator example, unfortunately, did not have
an analytical solution available to compare with the simulation.
On the other hand, we were able to solve the resonant frequen-
cies of a parallel-plate waveguide filled with anisotropic material
analytically through transformation optics [10]. Transformation
optics allows one to define a dual problem to the original one.
In our case, the original problem was a parallel-plate waveguide
with anisotropic material filling it. The dual was then defined
as an empty parallel-plate waveguide with different dimensions
(see Fig. 5) through a skew coordinate transformation. The prop-
agating modes in both the original and the dual problem have the
same frequencies, and the analytical solution is straightforward
to find for the dual problem:

fmn =
c

2π

√(
mπ

l1
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+
(

(φ + n2π)
l2

)2

(13)

where c is the speed of light in free space, and φ is the phase
difference between the periodic boundaries, and

a =

√
1

εyy
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b =
√

εyy

εxxεyy − ε2
xy

, l′2 = al2 .

As an example, the same anisotropic material as Section IV-A
is chosen to be filling the waveguide. The width is l′1 = 15 mm,
and l′2 = 10 mm. φ was also chosen to be 1 rad. This exam-
ple was simulated with both HFSS and the proposed method,
and compared with the analytical solution of (13). The Lebe-
dev simulation was run at Δx = Δy = 0.25 mm for 120 000
time-steps. Also, to look at the order of accuracy for the Lebe-
dev method, the same simulation was repeated with different
mesh resolutions, and compared against the analytical solution
to find the errors. Table II indicates that the proposed method
agrees very well with both the analytic solution as well as HFSS
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TABLE II
RESONANT FREQUENCIES OF THE PARALLEL-PLATE WAVEGUIDE IN GHZ

Mode Analytical Grid#1 Grid#2 HFSS

f(0)(0) 1.8034 1.8036 1.8036 1.8034
f(1)(0) 7.8425 7.8414 7.8414 7.8425
f(0)(−1) 9.5277 9.5214 9.5214 9.5278
f(1)(−1) 12.2208 12.1971 12.2012 12.2077
f(0)(1) 13.1345 13.1172 13.1172 13.1351

Fig. 6. Demonstration of second-order accuracy of Lebedev method in pres-
ence of planar PEC interfaces.

Fig. 7. Ridged resonator dimensions.

TABLE III
RESONANT FREQUENCIES OF THE RIDGED RESONATOR IN GHZ

Mode HFSS Grid#1 Grid#2

1 1.3197 1.3119 1.3211
2 3.6657 3.6653 3.6663
3 4.4565 4.4583 4.4555
4 6.1474 6.1455 6.1480
5 6.6634 6.6678 6.6590

simulations. Furthermore, Fig. 6 demonstrates the second-order
accuracy of the algorithm for this example.

C. Ridged Resonator Filled With Anisotropic Material

To test the proposed method for the PEC corners, a ridged
resonator was chosen as an example to cover all types of corners.
The dimensions are a = 30 mm, b = 15 mm, w = 8 mm and
s = 5 mm in Fig. 7. Again, filled with the same anisotropic
material and mesh resolution of 0.25 mm. The results can be
found on Table III. To investigate the order of accuracy, the
simulation was run at different mesh resolutions, and the mesh
resolution of Δx = Δy = 0.1 mm was chosen as the reference
since there are no analytical solutions available. The simulated
resonant frequencies agree very well with each other, as well as

Fig. 8. Demonstration of second-order accuracy of Lebedev method in pres-
ence of PEC corners.

with HFSS simulations of the same structure. The second-order
accuracy can be observed in Fig. 8.

V. CONCLUSION

The Lebedev-FDTD method was briefly overviewed followed
by an explanation of errors in previous implementations of PEC
surfaces in the method. The source of this error was found and
corrected in our proposed method. Also, the PEC boundaries
were generalized to include 270◦ corners. Several examples
were provided to demonstrate the validity of the proposed tech-
niques, and also show the second-order accuracy of this method
in presence of PEC interfaces. Future work will include extend-
ing this method to three dimensions.
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