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ABSTRACT This article presents the robust lateral control of an autonomous vehicle in the presence of
unknown lateral tire forces, road curvature angle, and parametric uncertainties. The sliding mode control
(SMC) with barrier Lyapunov function is implemented to guarantee the system robustness while maintaining
the outputs of the system in realistic bounds. Following the model reduction approach, the slow and fast
dynamics of the system are separately controlled using the proposed control technique. The efficacy of the
proposed control technique is examined by comparing the simulation results with conventional sliding mode
control in two-time scales.

INDEX TERMS Autonomous vehicle, barrier function, lateral dynamics, nonlinear model reduction, output
constraints, single-input multi-output control, two-time scales.

I. INTRODUCTION
The development of autonomous vehicles has remained an
interesting field of research for academia, the car manu-
facturing industry, and other companies for the last three
decades [1]. The autonomy of the vehicles is beneficial
to society in several ways including passenger comfort,
reduction in road accidents, and optimal fuel consumption.
With the advancements in the development of autonomous
vehicles, there are several challenges associated with it,
including vehicle and passenger safety, fuel efficiency, and
efficient maneuvering in different environments on different
terrains [2]. The efficient maneuvering of the autonomous
vehicle is of paramount importance, therefore significant
research is being carried out to address the problems includ-
ing vehicle stabilization in a cluttered environment, path
tracking in presence of uncertainties and disturbances, local-
ization, navigation, obstacle avoidance, and steering control
while catering road bank angle and slippage etc. [3]–[7].

Path tracking control is a key concern for the autonomous
vehicle during motion. The path tracking control enables
the autonomous vehicle to track the desired trajectory by
adjusting the lateral and longitudinal motion of the vehicle.

The associate editor coordinating the review of this manuscript and

approving it for publication was Luigi Biagiotti .

In the car-like autonomous vehicle, the longitudinal dynamics
become dominant when moving along the straight path while
moving on the curved path, the lateral dynamics becomemore
significant [8]. Autonomous vehicles require longitudinal and
lateral control to achieve the desired path tracking [9]. The
longitudinal control is to cater to the challenges of desired
acceleration and operations of accelerating and braking of
the vehicle [10]. On the other hand, lateral control deals with
the challenges of safety, lane-keeping, lane changing, and
achieving the desired lateral position [11], [12]. This article
focuses on the robust control design for the lateral dynamics
of the autonomous vehicle moving on the curve path.

Lateral control for the autonomous vehicle has remained
a challenging task for researchers due to the complicated
lateral dynamics. Several studies are found in the literature
to design the different control topologies for the autonomous
vehicle lateral dynamics including LQR [13], PID [14], feed-
back linearization [15] backstepping [16], [17], gain schedul-
ing [18], sliding mode control (SMC) [19], [20], and fuzzy
logic [21], [22]. The steering control for the autonomous vehi-
cle using SMC and the backstepping controller is proposed
in [19]. In [23] the sliding mode variable structure is adopted
to control the lateral dynamics of the vehicle. The SMC in
conjunction with gain scheduling and disturbance observer is
presented in [24] for the vehicle path tracking.
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Generally, the autonomous car-like vehicles are modeled
with the 3 degrees of freedom (DOF) bicycle model. More-
over, with the assumption that the longitudinal dynamics are
smooth and entirely controlled by the longitudinal controller,
the system model is reduced to 2-DOF i.e. yaw and lat-
eral position. This modifies the autonomous vehicle model
into a single-input multi-output (SIMO) system. The SIMO
model of the autonomous vehicle has two outputs, yaw
angle, and lateral position. Intuitively, the lateral position
is a slow state while the yaw angle is a fast state. Hence,
the autonomous vehicle lateral dynamics can be reduced to
slow and fast dynamics. These fast and slow systems are
usually controlled by devising a two-time scale-based con-
troller approach. Mostly, SIMO systems are controlled using
energy-based controllers [25], intelligent controllers [26],
[27], hierarchical controllers [28]–[31], and multi-time scale
based controllers [32], [33]. This article uses the reduced-
order model based on the two-timescale approach to design
the control for lateral dynamics of the autonomous vehicle.

Another important prospect of the autonomous vehicle is
its safety and stability when prone to an uncertain environ-
ment. Due to saturation and nonlinear tire-terrain dynamics,
the vehicle can maneuver in unsafe operating range. One of
the solutions to this problem lies in restricting the system
states in certain bound. These constraints are usually fulfilled
by using a control barrier function [34], [35]. In [34], the bar-
rier function in conjunction with SMC is used to constraint
the output of the quadrotor with modeling uncertainties
and disturbances. In [35], a hierarchical controller-based
approach is used for lateral control for the vehicle. The
authors have used the barrier function to constraint the
yaw rate and sideslip angle for the multi-input multi-output
(MIMO) model and linear tire dynamics. Although several
other studies have employed barrier function [36], [37],
no significant research exists regarding barrier function with
SMC for the autonomous vehicles’ lateral dynamics in the
presence of nonlinear tire-forces, curvature angle, and para-
metric uncertainties.

In this article, the control of the lateral dynamics of the car-
like autonomous vehicle is considered, while moving on the
curved path. The vehicle is modeled using the 2-DOF bicycle
model by incorporating the impact of the lateral tire forces,
parametric uncertainties, and road curvature. This modifies
the autonomous vehicle model into a SIMO system with
yaw and lateral position as its outputs and steering angle
as the input. The control design becomes challenging in the
presence of nonlinear tire forces and road curvature in the
vehicle model. Following the approach used in [38]–[40],
the system model is reduced into slow and fast subsystem
with lateral position having slow dynamics while the yaw
having fast dynamics. This allows designing the two sep-
arate controllers by inducing an auxiliary control input in
slow dynamics which reduces the complexity of the control
design. To keep the states in lateral position and yaw angle
in realistic bounds in presence of the aforementioned distur-
bances, the approach of [34] is modified for both subsystems.

Furthermore, the finite-time convergence advantage of the
control approach helps in choosing the controller gains sys-
tematically. Finally, the comparison of the proposed control
technique with conventional SMC is carried out using numer-
ical simulation, which proves the efficacy of the proposed
technique.

The overall contribution of this article is stated as follows:
i) The proposed control guarantees the tracking of lateral
dynamics in presence of modeling uncertainties, lateral tire
forces due to slip and road banking. ii) The yaw angle and lat-
eral position are bounded by certain realistic upper and lower
bounds. iii) different from existing literature, the proposed
methodology provides a novel control scheme for SIMO
perturbed systems under state constraints.

The remaining article is structured in the following way:
the necessary lemmas and assumptions for control design are
defined in Section II. The lateral dynamics of the autonomous
vehicle are modeled in Section III. In Section IV, the con-
ventional SMC and SMC with barrier function is developed
and implemented for the reduced-order system model for
controlling the lateral dynamics of the autonomous vehicle.
In Section V MATLAB/Simulink based simulation result are
presented and discussed. Section VI concludes the paper.

II. PRELIMINARIES
The nonlinear second-order system is given by

ẋ1 = x2 (1)

ẋ2 = f (x)+ g (x) u+ D (x, t) (2)

y = x1 (3)

where the systems’ states are x1, x2 ∈ R, input u ∈ R,
output y ∈ R and f and g are the smooth functions and
uncertainties are given by D (x, t) . The initial conditions are
x (0) = x0 = [ x10 x20 ]. The output y (t) should track the
desired output yd (t) while remaining in a certain bound i.e.
|y (t)| ≤ c∀t ≥ 0, where c is a positive constant.
Definition 1 [34]: For a system ẋ = f (x), a barrier

Lyapunov function V (x) is a scalar function, which is con-
tinuously differentiable such that x ∈ D and V (x) → ∞ as
x approaches to ∂D, and satisfies V (x) ≤ a,∀t ≥ 0 for some
positive constant a.
Assumption 1: For any c > 0, there exist positive con-

stants Y0,Y 0,A0,Y1,Y2, . . . ,Yn satisfying max
{
Y0;Y 0

}
≤

A0 < c such that the desired trajectory yd (t) and its
time derivatives satisfy Y0 ≤ yd (t) < Y 0, |ẏd (t)| ≤

Y1, . . . ,
∣∣∣y(n)d (t)

∣∣∣ ≤ Yn for all t ≥ 0.
Lemma 1 [41]: For the system (1) with any b > 0,

consider E1 := {ξ1 ∈ R : − b < ξ1 < b} ⊂ R. Let V1
and V2 are positive definite and continuously differentiable
functions in their respective domain as V1 (x1) → ∞ as
x1→ b or x1→− b and

β (|x2|) ≤ V2 (x2) ≤ β (|x2|) (4)

Here βs and β are class K∞ functions. Let V1 and V2 are
functions that imply V (x) = V1 (x1)+V2 (x2) and x1 belong
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FIGURE 1. Autonomous vehicle on the curved path.

to the set x1 ∈ (− b, b). If

V̇ =
∂V
∂x

ẋ ≤ 0 (5)

then x1 (t) remains in the open set x1 ∈ (− b, b)∀t ≥ 0.
Lemma 2 [42], [43]: For any positive constant a, b, the

following inequality holds ∀x such that |x| < a:

(a+ b) ≤ a + b (6)

where 0 < ≤ 1, and

ln
(

a2

a2 − x2

)
≤

x2

a2 − x2
(7)

∀x such that |x| < a.

III. AUTONOMOUS VEHICLE MODELLING
In this section, the lateral dynamical modeling of an
autonomous 4-wheeled vehicle with front wheels steering is
presented. The simplified bicycle model is used to derive the
vehicle model [12]. Since on the curved path, the autonomous
vehicle motion is considerably affected by the tire-terrain
interaction and banking forces, therefore the effect of these
forces is incorporated into the model.

A. LATERAL DYNAMIC MODEL
One of the major challenges for an autonomous vehicle is to
keep its lane while moving on the curved path. Unlike the
straight path, the effect of lateral forces becomes significant.
The 4-wheeled autonomous vehicle motion on a curved path
is shown in Fig. 1. The XY-plane represents the reference
inertial frame. The center of gravity of the vehicle is denoted
by CG, the steering angle is given by δ, while νx and νy are the
longitudinal and lateral speed, respectively. The yaw angle is
denoted by ϕ.
Assumption 2: Forces on the rear and front wheels of

vehicle satisfy F`i = Fi , where i ∈ {f , r} where F
`
f , Ff ,

F`r and Fr are the forces on front-left, front-right, rear-left,
and rear-right wheels, respectively.

Remark 1: Following Assumption 2, the combined force
on the rear tires Fr and the front tires Ff become twice of
the individual wheel forces such that Fi = 2F`i = 2Fi ,
i ∈ {f , r}. Therefore, the autonomous vehicle illustrated
in Fig. 1 can be modeled by the rear wheeled drive bicycle
model while neglecting the roll and pitch motion.
Assumption 3: We assume that an autonomous vehicle is

moving with constant longitudinal speed.
Remark 2: By Assumption 3, the conventional 3-DOF

planar model is reduced to the 2-DOF model i.e., lateral
position y, and yaw angle ϕ.

Under Assumption 2 and Assumption 3, the lateral
dynamic model of the autonomous vehicle is given by

ÿ =
Ffy + Fry + Fb

m
− vx ϕ̇ (8)

ϕ̈ =
1
J

(
df Ffy − drFry

)
(9)

where Ffy,Fry are lateral front and rear tire forces, respec-
tively and Fb = mg sin (θb) is the road banking force where
θb is the road banking angle.Mass of vehicle and gravitational
acceleration is denoted by m and g, respectively. J is the yaw
moment of inertia, df and dr are the distances of the front and
rear tire from the vehicle’s center of gravity.

B. TIRE FORCES
For the autonomous vehicle, the forces acting on tires are of
paramount importance. The tire-terrain interaction forces are
generally modeled as the nonlinear function of longitudinal
slip angle, lateral slip angle, and camber angle, etc. In this
article, the Dugoff’s tire model is used to determine the
lateral tire forces. It is an empirical model, which provides
relations for the longitudinal and lateral forces as function of
the slip angle and slip ratio. Thus, Dugoff model is a simpler
model that accounts for the coupling between the side and
longitudinal forces as compared to other linear and nonlinear
empirical tire models [44].

The lateral tire forces using this model are given as follows.

Ffy = F̄fy + F̃fy (10)

Fry = F̄ry + F̃ry (11)

where the front and rear nominal forces are represented as
F̄fy and F̄ry while forces due to sideslip are denoted by F̃fy
and F̃ry. The front and rear nominal forces are calculated by

F̄fy = 2Cf ᾱf (12)

F̄ry = 2Cr ᾱr (13)

whereCf , ᾱf are nominal cornering stiffness and approximate
slip angles of the front tire, and Cr and ᾱr are nominal
cornering stiffness and approximate slip angles of the rear tire
respectively, and can be expressed as:

ᾱf = δ −
ẏ+ df ϕ̇
vx

(14)

ᾱr = −
ẏ− dr ϕ̇
vx

(15)
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Forces due to sideslip are calculated as follows:

F̃fy = C̃f
tan

(
αf
)
f
(
λf
)

1+ Sx
− F̄fy (16)

F̃ry = C̃r
tan (αr ) f (λr )

1+ Sx
− F̄ry (17)

where the Sx is the longitudinal slip ratio. Front and rear tire
sideslip angles are given by αf and αr while C̃f and C̃r are
cornering stiffness coefficients. The αf and αr are given by

αf = δ − arctan
(
ẏ+ df ϕ̇
νx

)
(18)

αr = − arctan
(
ẏ− dr ϕ̇
νx

)
(19)

The function f (λ) and λ′is are defined by

λf = µmax
(1+ Sx)Fz

2

√(
C̃xSx

)2
+

(
C̃y tan

(
αf
))2 (20)

λr = µmax
(1+ Sx)Fz

2

√(
C̃xSx

)2
+

(
C̃y tan (αr )

)2 (21)

where C̃y = C̃f + C̃r .

f (λi) =
{
(2− λi) λi, if λi < 1,
1, if λi ≥ 1,

(22)

The maximum road-tire friction coefficient is denoted by
µmax , the coefficients of longitudinal and lateral tire stiffness
are C̃x and C̃y [45].

C. INPUT AFFINE MODEL
By plugging in the expressions for forces in (8) and (9), the
resulting input affine autonomous vehicle model is given by

ÿ = −
2
(
Cf + Cr

)
mνx

ẏ−

[
2
(
Cf df − Crdr

)
mνx

+ vx

]
ϕ̇

+
2Cf
m
δ +

F̃fy + F̃ry + Fb
m

(23)

ϕ̈ = −
2
(
Cf d2f + Crd

2
r

)
Jνx

ϕ̇ −
2
(
Cf df − Crdr

)
Jνx

ẏ

+
2Cf df
J

δ +
df F̃fy − dr F̃ry

J
(24)

We define the yaw and lateral motion in terms of error dynam-
ics as: ė1 = ẏ+ vx (ϕ − ϕd ) and e2 = ϕ − ϕd . The resulting
model of the autonomous vehicle in the error dynamics is
given by:

ë1 = −
2
(
Cf +Cr

)
mνx

ė1+
2
(
Cf +Cr

)
m

e2 −
2
(
Cf df −Crdr

)
mνx

ė2

+

[
−
2
(
Cf df − Crdr

)
mνx

− vx

]
ϕ̇d +

2Cf
m
δ

+
F̃fy + F̃ry + Fb

m
(25)

ë2 = −
2
(
Cf d2f + Crd

2
r

)
Jνx

ė2 −
2
(
Cf df − Crdr

)
Jνx

ė1

+
2
(
Cf df − Crdr

)
J

e2 +
2Cf df
J

δ +
df F̃fy − dr F̃ry

J

−

2
(
Cf d2f + Crd

2
r

)
Jνx

ϕ̇d − ϕ̈d (26)

Furthermore, we define 1 = e1; 2 = ė1; 3 = e2; 4 = ė2,
then the final system takes the form:{

˙1 = 2
˙2 = κ1 2 + κ2 3 + κ3 4 + γ1δ + ω1

(27){
˙3 = 4
˙4 = κ4 2 + κ5 3 + κ6 4 + γ2δ + ω2

(28)

where κ1 = −2
(
Cf + Cr

)
/mνx , κ2 = −vxκ1, κ3 = −2(

Cf df − Crdr
)
/mνx , γ1 = 2Cf /m, κ4 = −2

(
Cf df −Crdr

)
/

Jνx , κ5 = −vxκ4, κ6 = −2
(
Cf d2f + Crd

2
r

)
/Jνx , γ2 =

2Cf df /J , ω1 = g sin (θb) +
F̃fy+F̃ry

m − (vx−κ3)ϕ̇d , ω2 =
df F̃fy−dr F̃ry

J + κ6ϕ̇d − ϕ̈d .

D. MODEL REDUCTION
We define the system parameters using additive uncertainty
form as follows:

κi = κ̄i +1κi; i = 1, 2 . . . 6

γm = γ̄m +1γm; m = 2, 4 (29)

where nominal parameters are κ̄i and γ̄m, the perturbation
terms are represented as1κi and1γm . Now, the systemmodel
with nominal parameters is given by{
˙1 = 2
˙2 = κ̄1 2 + κ̄2 3 + κ̄3 4 + γ̄1δ +�1( , δ,11, ω1)

(30){
˙3 = 4
˙4 = κ̄4 2 + κ̄5 3 + κ̄6 4 + γ̄2δ +�2( , δ,12, ω2)

(31)

Here, the lateral and yaw perturbations are given by �1 and
�2, respectively while corresponding overall perturbation in
κi and γm is denoted by 11 and 12.

First, we assume that the control input δ is designed such
that the dynamics of (31) are much faster than the dynamics
of (30) so within a short period, 3 reaches its quasi-steady-
state ¯3, while 4 and δ reach to zero. Then the slow dynamics
are approximated by{

˙1 = 2
˙2 = κ̄1 2 + κ̄2 ¯3 +�2( , δ,11, ω1)

(32)

where ¯3 is a quasi-steady-state and acts as the auxiliary input
for the slow dynamics.
Assumption 4: The perturbation terms �1 and �2 are uni-

formly bounded as |�1| ≤ ρ1 and |�2| ≤ ρ2.
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IV. CONTROLLER DESIGN
In this section control law is devised for a reduced-order
system of (31)-(32). Two separate control inputs are designed
with (31)-(32) acting as the fast and slow systems, respec-
tively. The fast control input δ tracks the auxiliary control
input ¯3 which eventually result in the stabilization of slow
dynamics. In the proceeding text, first conventional SMC is
designed for (31)-(32), then SMC with barrier function is
designed.

A. CONVENTIONAL SMC DESIGN
To design the conventional SMC, we consider the following
sliding surface for slow and fast dynamics, respectively.

s1 = p1 1 + 2 (33)

s2 = p2
(

3 − ¯3
)
+ 4 −

˙̄
3 (34)

The following Theorem proposes a controller based on the
sliding mode control technique.
Theorem 1: For a nonlinear SIMO system (31)-(32) with

the sliding manifolds (33)-(34), considering Assumption 4,
for control input:

δ = −
1
γ̄2

(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 + κ̄5 3

+ 4 (p2 + κ̄6)+K2sgn (s2)
)

(35)

and with an auxiliary control ¯3:

¯3 = −
1
κ̄2

(
(κ̄1 + p1) 2 +K1sgn (s1)

)
(36)

where Ki > ρi for i = 1, 2 and p2 � p1, which guarantees
the asymptotic stability of the system and the tracking of the
desired lateral position and yaw angle is achieved. The initial
conditions are defined to be 0 =

(
10, 20, 30, 40

)
.

Proof: For a Lyapunov function candidate V 1 = 0.5s21
and its derivative V̇1 = s1ṡ1, the sliding surface is assumed
to be (33)

ṡ1 = p1 2 + κ̄1 2 + κ̄2 ¯3 +�1 ( , δ,11, ω1)

V̇1 = s1
(
p1 2 + κ̄1 2 + κ̄2 ¯3 +�1 ( , δ,11, ω1)

)
By employing the auxiliary control input (36)

V̇1 = s1 (−K1sgn (s1)+�1 ( , δ,11, ω1))

Hence, for K1 > ρ1, V̇1 ≤ 0, guarantees the asymptotic
stability of slow dynamics.

Now to design a controller for slow dynamics, consider the
sliding surface (34), with Lyapunov function candidate V2 =
0.5s22 and V̇2 = s2ṡ2 where

ṡ2 = p2( 3̇ −
˙̄
3)+ 4̇ −

¨̄
3

ṡ2 = −p2 ˙̄3 + κ̄4 2 + κ̄5 3 + 4 (p2 + κ̄6)+ γ̄2δ

+�2 ( , δ,12, ω2)− ¨̄3

Then

V̇2 = s2
(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 + κ̄5 3 + 4 (p2 + κ̄6)

+ γ̄2δ +�2 ( , δ,12, ω2))

By employing control input (35)

V̇2 = s2 (−K2sgn(s2)+�2 ( , δ,12, ω2))

Hence, for K2 > ρ2, V̇2 ≤ 0 guarantees the system asymp-
totic stability.

B. SMC WITH BARRIER FUNCTION
Theorem 2:Under Assumption 1 for the system (31)-(32) and
the sliding manifolds (33)-(34), the control input

δ = −
1
γ̄2

(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 +

3

h2 − 2
3

|s2|

+
p2 3 ¯3

h2 − 2
3

sign (s2)+ κ̄5 3

+ 4 (p2 + κ̄6)+K2s2

+

 3√(
h2 − 2

3

) +√|2s2|
 sgn (s2)

 (37)

with an auxiliary control ¯3 defined by

¯3 = −
1
κ̄2

 (κ̄1 + p1) 2 +
1

2
−

2
1

|s1| +K1s1

+

 1√(
2
−

2
1

) +√|2s1|
 sgn (s1)

 (38)

with Ki > ρi∀i = 1, 2, p, r ∈ R and p, r > 0, then
the origin of (31)-(32) is stable. Moreover, the output of the
system is guaranteed to track the reference while maintaining
the constraints 1 < and 3 < h.
Proof:We design an auxiliary control ¯3 based on the SMC

with barrier function. For sliding surface (33) and Lyapunov
function candidate

V1 = |s1| +
1
2
ln

(
2

2
−

2
1

)
and the time derivative of V1 is

V̇1 = ṡ1sgn(s1)+
1

2
−

2
1

˙1

V̇1 = sgn(s1)
(
p1 2 + κ̄1 2 + κ̄2 ¯3 +�1 ( , δ,11, ω1)

)
+

1
2
−

2
1

2

V̇1 = sgn (s1)
(
p1 2 + κ̄1 2 + κ̄2 ¯3 +�1 ( , δ,11, ω1)

)
+

1
2
−

2
1

s1 −
p1 2

1
2
−

2
1

V̇1 = sgn (s1)

(
p1 2 + κ̄1 2 + κ̄2 ¯3 +

1
2
−

2
1

|s1|

+�1 ( , δ,11, ω1)

)
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By employing auxiliary control input (38)

V̇1 = −K1 |s1| − p

 1√
2
−

2
1

+

√
|2s1|


+�1 ( , δ,11, ω1) (sgn (s1))

V̇1 ≤ −p

 1√
2
−

2
1

+

√
|2s1|


V̇1 ≤ −p


√√√√ 2

1
2
−

2
1

+

√
|2s1|


by using Lemma 2

V̇1 ≤ −p


√√√√ln

(
2

2
−

2
1

)
+

√
|2s1|


V̇1 ≤ −p

√√√√ln

(
2

2
−

2
1

)
+ |2s1|

V̇1 ≤ −p
√
2V1

Now to design a controller for slow dynamics, consider the
sliding surface (34), with Lyapunov function candidate

V2 = |s2| +
1
2
ln

(
h2

h2 − 2
3

)

and the time derivative of V1 is

V̇2 = ṡ2sgn(s2)+
3

h2 − 2
3

˙3

ṡ2 = p2 4 − p2 ˙̄3 + κ̄4 2 + κ̄5 3 + κ̄6 4 + γ̄2δ

+�2 ( , δ,12, ω2)− ¨̄3

ṡ2 = −p2 ˙̄3 + κ̄4 2 + κ̄5 3 + 4 (p2 + κ̄6)+ γ̄2δ

+�2 ( , δ,12, ω2)− ¨̄3

V̇2 = sgn (s2)
(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 + κ̄5 3 + 4 (p2 + κ̄6)

+ γ̄2δ +�2 ( , δ,12, ω2)
)
+

3

h2 − 2
3

4

V̇2 = sgn (s2)
(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 + κ̄5 3 + 4 (p2 + κ̄6)

+ γ̄2δ +�2 ( , δ,12, ω2)
)

+
3

h2 − 2
3

(
s2 + p2 ¯3

)
−

p2 2
3

h2 − 2
3

V̇2 = sgn (s2)

(
−p2 ˙̄3 − ¨̄3 + κ̄4 2 +

3

h2 − 2
3

|s2|

+
p2 3 ¯3

h2 − 2
3

sgn (s2)+ κ̄5 3 + 4 (p2 + κ̄6)

+ γ̄2δ +�2 ( , δ,12, ω2)

)

By employing control input (37)

V̇2 = sgn (s2)

−K2s2 − r

 3√(
h2 − 2

3

) +√|2s2|


× sgn(s2)+�2 ( , δ,12, ω2)


V̇2 =

−K2 |s2| − r

 3√(
h2 − 2

3

) +√|2s2|


+�2 ( , δ,12, ω2) (sgn (s2))

V̇2 = −K2 |s2| − r

 3√(
h2 − 2

3

) +√|2s2|


+�2 ( , δ,12, ω2) (sgn (s2))

V̇2 ≤ −r

 3√(
h2 − 2

3

) +√|2s2|


V̇2 ≤ −r

(√
2
3

h2 − 2
3

+

√
|2s2|

)
by using Lemma 2

V̇2 ≤ −r


√√√√ln

(
h2

h2 − 2
3

)
+

√
|2s2|


V̇2 ≤ −r

√√√√ln

(
h2

h2 − 2
3

)
+ |2s2|

V̇2 ≤ −r
√
2V2

Corollary 1: Theorem 2 not only guarantees the output
trajectory tracking but also enables to stabilize the slow and
fast dynamics in the finite time. Moreover, if the initial
conditions are defined to be 0 =

(
10, 20, 30, 40

)
and

with a =
√
2 p, then the upper bound on the settling time

function Tslow : R2
→ R+ is given as:

Tslow≤
1
p1

ln
(
0.02

)
+

2

a

√√√√∣∣p1 10+ 20
∣∣+ 1

2
ln

(
2

2
−

2
10

)
(39)

while the convergence of fast states is guaranteed in

Tfast≤
1
p2

ln
(

h

0.02

)
+

2
kb

√√√√∣∣p2 30+ 40
∣∣+ 1

2
ln

(
h2

h2− 2
30

)
(40)

where b =
√
2 .

Proof:With V̇ = − b
√
V and b =

√
2 r

dV
√
V
= − bdt
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By using the fact that V = 0; ∀t ≥ T , the solution of the
above equation and is given by;

Tr ≤
2

b

√
V 0

where V0 is the initial value of the Lyapunov function and is
given by;

V0 =
∣∣p2 ( 30 + ¯30

)
+ 40

∣∣+ 1
2
ln

(
h2

h2 − 2
30

)

Since ¯3 is an auxiliary input that is zero initially and 30 =

3 (0), 40 = 4 (0), ¯30 = ¯3 (0) = 0.

V0 =
∣∣p1 10 + 20

∣∣+ 1
2
ln

(
2

2
−

2
10

)
where 10 = 1 (0), 20 = 2 (0). The time Tr is the time
taken by the states to reach the sliding surface. Now we will
evaluate the time Ts for states to stabilize to the equilibrium
point after reaching the sliding surface. The sliding surface is
given by s1 = p1 1 + 2 = 0 where

1̇ = −p1 1

The solution of the above equation is 1 =
∗

10e
−p1t . There-

fore, for the decaying signal after 4τ , only 2% of ∗10 will be
available. The time required for 1 to reach its equilibrium
point (98% settling time criteria) is calculated by

0.02
∗

10
= e−p1t

∗

10 =

t = −
1
p1

ln
(
0.02

)
Ts ≤

1
p1

ln
(
0.02

)
Hence, the total settling time for the slow states to converge
to the origin is

Tslow= Ts + Tr

Tslow ≤
1
p1

ln
(
0.02

)
+

2

a

√√√√∣∣p1 10+ 20
∣∣+ 1

2
ln

(
2

2
−

2
10

)

Following a similar methodology, the convergence of fast
states is guaranteed in

Tfast≤
1
p2

ln
(

h

0.02

)
+

2

b

√√√√∣∣p2 30+ 40
∣∣+ 1

2
ln

(
h2

h2− 2
30

)

Remark 3: The Tslow and Tfast facilitate the selection of
controller gains that result in the finite-time stability of slow
and fast dynamics such that Tfast � Tslow and hence model
reduction is validated.

TABLE 1. Autonomous vehicle parameters [46].

V. SIMULATION RESULTS
This section presents the numerical simulation results
of the controller designed for lateral control of the
autonomous vehicle. The conventional SMC and SMC
with barrier function are compared to examine the per-
formance of the proposed technique. The results are
obtained for tracking a realistic smooth trajectory given
as ϕd =

[
−sech2 (2t − 17)+ sech2 (2t − 42)

]
and yd =

0.5vx [tanh (2t − 17)− tanh (2t − 42)].
The parameters for the autonomous vehicle are given

in Table-1. The vehicle is assumed to be moving with a con-
stant longitudinal speed vx = 20ms−1 while initial conditions
for the lateral position, lateral speed, yaw angle, and yaw
rate are set to 0m, 0ms1, 0 rad and 0 rad/s, respectively.
The slip ratio Sx is assumed to be between 0.1 to 0.4. The
road banking angle, which is an unknown switching distur-
bance, is presumed to be 0.087rad . The lateral tire forces are
modelled using the Dugoff tire model. It is observed that the
upper bound on �1 and �2 were ρ1 = 0.6 and ρ2 = 6.7,
respectively. The vehicle parameters are perturbed 12% of
their nominal values. The simulations are performed for a
fixed step size of 2ms.

The absolute bound on the lateral position c is defined
by c = 20.75m while yaw angle is bounded by hc =
1.0524rad . Since maximum absolute values of yd and ϕd
are 20m and 1rad , therefore by Assumption 2, the b =

c − max (yd ) = 0.75m and hb = hc − max (ϕd ) =
0.0524rad = 3◦. The settling time functions (39) and (40)
are taken into consideration to evaluate the controller gains.
By setting Tfast = 1.10s and Tslow = 7.86s, we obtained the
controller gains p1 = 0.5, p2 = 3, K1 = 0.5, K2 = 2, p = 1,
r = 1. For simulations of both conventional SMC and SMC
with barrier function, the same controller gains are utilized.
It is stressed that Tfast and Tslow only help in choosing gains.
The cumulative controller may settle in different time and
hence we cannot observe these times in simulation results.

The comparison graphs of the lateral position of the
autonomous vehicle for tracking yd is given in Figure 2. Both
conventional SMC and SMC with barrier function track the
reference It can be observed that the tracking performance
of conventional SMC deteriorates when the reference lateral
trajectory changes. The comparison of lateral position error
is given in Figure 3. It is evident that the conventional SMC
defies the desired error bound c. On the other hand, SMC
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FIGURE 2. Lateral position tracking using SMC and SMC with barrier
function.

FIGURE 3. Lateral position tracking error using SMC and SMC with barrier
function.

FIGURE 4. Yaw angle tracking using SMC and SMC with barrier function.

with barrier function ensures that lateral position remains in
desired bound during trajectory tracking. Furthermore, it is
evident from Figure. 2,3, that SMC with barrier function
exhibits better lateral position tracking as compared to con-
ventional SMC.

In Figure 4, the yaw angle tracking of the autonomous
vehicle for conventional SMC and SMCwith barrier function
is shown. Both controllers exhibit their robustness against
disturbances and parametric uncertainties while tracking the
desired yaw reference. Moreover, the results of Figure 5
depict that SMC with barrier function outperforms the con-
ventional SMC. The conventional SMC not only displays
relatively higher error but also violates the yaw error con-
straint hc. Conversely, SMCwith barrier function satisfies the
desired output constraints and hence demonstrates improved
performance as compared to conventional SMC.

FIGURE 5. Yaw angle tracking error using SMC and SMC with barrier
function.

FIGURE 6. Control input for SMC and SMC with barrier function.

The control input for both controllers is compared in
Figure 6. From the results, it can be deduced that SMC with
barrier function results in less chattering as compared to
conventional SMC. Since, in both controllers the resulting
control effort is proportional to the magnitude of the distur-
bances; therefore, the centre ofmagnitude of the control effort
is non-zero.

VI. CONCLUSION
In this paper, a robust control technique is proposed for
the autonomous vehicle lateral dynamics in the presence of
lateral tire forces, road curvature, and parametric uncertain-
ties. The autonomous vehicle model is reduced to slow and
fast dynamics and SMC with barrier function is employed
to track the system’s desired outputs while restricting the
output in certain bounds. From the numerical simulations,
it is evident that SMC with barrier function achieved better
tracking performance as compared to conventional SMC.
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