IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received July 26, 2019, accepted August 29, 2019, date of publication September 4, 2019, date of current version September 30, 2019.

Digital Object Identifier 10.1109/ACCESS.2019.2939384

Discrete-Time Multi-Player Games Based on

Off-Policy Q-Learning

JINNA LI“2, (Member, IEEE), ZHENFEI XIAQ', AND PING LI, (Senior Member, IEEE)

!'School of Information and Control Engineering, Liaoning Shihua University, Fushun 113001, China
2State Key Laboratory of Synthetical Automation for Process Industries, Northeastern University, Shenyang 110819, China

Corresponding author: Ping Li (liping @Inpu.edu.cn)

This work was supported in part by the National Natural Science Foundation of China under Grant 61673280, Grant 61673199, Grant
61673100, Grant 61525302, Grant 61590922, and Grant 61503257, in part by the Open Project of Key Field Alliance of Liaoning
Provincial Natural Science Foundation under Grant 2019-KF-03-06, in part by the Open Project of State Key Laboratory of Synthetical
Automation for Process Industries under Grant PAL-N201603, in part by the Project of Liaoning Province under Grant LR2017006, and in

part by the Project of Liaoning Shihua University under Grant 2018X1JJ-005.

ABSTRACT In this paper, an off-policy game Q-learning algorithm is proposed for solving linear discrete-
time non-zero sum multi-player game problems. Unlike the existing Q-learning methods for solving the
Riccati equation by on-policy learning approaches for multi-player games, an off-policy game Q-learning
method is developed for achieving the Nash equilibrium of multiple players. To this end, first, a non-zero
sum game problem is formulated, and the value function and the Q-function defined according to each-
player individual performance index are rigorously proved to be linear quadratic forms. Then, based on the
dynamic programming and Q-learning methods, an off-policy game Q-learning algorithm is developed to
find the control policies for multi-player games, such that the Nash equilibrium is reached under the learned
control policies. The merit of this paper lies in that the proposed algorithm does not require the system model
parameters to be known a priori and fully utilizes measurable data to learn the Nash equilibrium solution.
Moreover, there is no bias of Nash equilibrium solution when implementing the proposed off-policy game
Q-learning algorithm even though probing noises are added to control policies for maintaining the persistent
excitation condition. While bias of the Nash equilibrium solution could be produced if on-policy game

Q-learning is employed. This is another contribution of this paper.

INDEX TERMS
Nash equilibrium, discrete-time systems.

I. INTRODUCTION
Reinforcement learning (RL), as one of machine learning
methods, has been widely used in solving optimal control
problems [1]-[4] by using partially or completely unknown
dynamics for systems with [S]-[12]. The approximate opti-
mal control strategies for varieties of control issues and
control systems have been reported in the latest decade,
such as [3] for MIMO systems, [5] for multi-agent graphical
games, [8], [10], [12] for Hy, control, [13]-[17] for optimal
tracking control, and [18], [19] for Q-learning based con-
troller design, etc.

The on-policy RL and the off-policy RL are two kinds of
RL approaches. When conducting the on-policy RL, the data
used for learning the optimal control policies are generated by
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the same control policy as the one under evaluation, while two
types of control policies are needed in the off-policy RL. One
is the behavior policy used for generating systems data, and
the other is the target policy updated until convergence to the
optimal control policy. In the literature as mentioned before,
the Q-learning algorithms in [18] and [19] are actually the on-
policy RL. Other on-policy RL research results can be found
in [18]-[22]. Compared with the off-policy learning method,
the remarkable shortcomings of the on-policy RI algorithm
[6]-[10] lie in 1) insufficient exploration of the systems;
2) interfering with the operation of systems in the learning
process; 3) under the condition of satisfying the persistence of
excitation (PE), adding probing noises to the system is proved
to produce deviation of solutions to the focused optimization
problems.

Q-Learning is a behavior-dependent heuristic dynamic
programming, and the research on the off-policy Q-learning
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has been attracted increasing attention by scholars. For
linear discrete-time (DT) systems, Al-Tamimi et al. [21]
derived an H,, optimal state feedback controller, Kim and
Lewis [23] designed the optimal tracking controller and
Jiang et al. [24] settled the optimal regulation problem. For
linear continuous-time (CT) systems, Lee et al. [19] and
Vamvoudakis [25] focused on the linear quadratic regulation
problem. Vamvoudakis [26] engaged in the linear graphical
game problem. For nonlinear systems, Luo ef al. [27] aimed
at solving the model-free optimal tracking control problem
for affine DT systems and proposed an adaptive optimal
controller method of general DT systems [28]. Modares and
Lewis [13] focused on the optimal tracking control prob-
lem of continuous-time systems. Moreover, an off-policy
interleaved Q-learning algorithm was developed for affine
nonlinear systems in [29]. It is worth pointing out that the
above-mentioned off-policy Q-learning results can be imple-
mented only for designing one single controller that leads
systems to the optimum.

Since large scale, complexity and multiple subsystems
are the basic features in modern practical industries, then
Q-learning of multi-player systems for finding multiple opti-
mal controllers should be investigated by researchers. In non-
zero sum or zero sum multi-player games, each player
makes efforts to optimize its own performance or reward
by learning feedback from the environment and improv-
ing its behavior. In [21], the application of model-free
Q-learning zero sum game to Hy, problem has been studied.
Vamvoudakis et al. [30] systematically summarized game
theory-based RL methods to solve two-player games includ-
ing DT and CT systems. Notice that the off-policy RL algo-
rithm has been proposed in [30] for linear DT multi-player
systems, then whether the off-policy Q-learning method can
be used to study the optimal control problem of the com-
pletely unknown linear DT multi-player games or not? And
if it can work, then how to design the off-policy Q-learning
algorithm for achieving the Nash equilibrium of linear DT
multi-player games using only measured data is the key
point. This drops down into our focus. To the authors’ best
knowledge, the off-policy game Q-learning using only mea-
sured data for linear DT multi-player systems with com-
pletely unknown model parameters has not been reported
up to now.

In this paper, we devote to developing an off-policy game
Q-learning algorithm for achieving the Nash equilibrium of
linear DT multi-player systems by combining game theory
and Q-learning. The contributions of this paper are summa-
rized as follows.

1) Referring to the existed on-policy Q-learning methods
[21], [23]-[26], [31] and the off-policy RL method [30]
which is for linear DT two-player games, this is the
first time to propose an off-policy game Q-learning for
solving linear DT multi-player non-zero sum games
using only measured data.

2) No bias and bias of Nash equilibrium solution when
adding probing noises into multi-player systems are
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rigorously proved, which are the extension of [8] where
the systems with single player or agent are concerned.

The rest of this paper is organized as follows. In Section II,
the non-zero sum games problem of linear DT multi-player
systems is formulated. Section III devotes to solving the non-
zero sum games. In Section IV, an on-policy game Q-learning
algorithm is proposed and the bias of the solution is analyzed.
In Section V, an off-policy game Q-learning algorithm is
proposed, and the rigorous proof of the unbiased solution is
presented. The effectiveness of the proposed algorithm is ver-
ified by numerical simulations, and the comparisons between
the off-policy game Q-learning algorithm and the on-policy
game Q-learning algorithm are carried out in Section VI
Section VII states the conclusions in this paper.

Notations: RP denotes the p dimensional Euclidean space.
RP*4 is the set of all real p by ¢ matrices. ® stands for the
Kronecker product. vec(L) is used to turn any matrix L into a
single column vector.

Il. PROBLEM STATEMENT

In this section, the optimal control problem of linear DT

multi-player systems is formulated. Moreover, the value func-

tion and the Q-function defined in terms of the cost function

of each player are proved to be linear quadratic forms.
Consider the following linear DT multi-player system

n
Xer1 =Axi + ) Biui (1)
i=1
where x; = x(k) € RP? is the system state, u; = uij(k) €
R™ (i = 1,...,n) are the control inputs. A € RP*P B; €
RP*™i and k is the sampling time instant. The full state of
system (1) can be accessed by each of the agents or players i.
The target of each player is to minimize its own performance
index by its efforts, regardless of the performance of other
players. The performance index J; of each player i (i =
1,2,...,n) is defined as the accumulative sum of utility
functions from time instant O to infinity as given below [5]:

o0 n
JiGxo, ur. . un) = Y (6l Qi + Y ubRquge) ()
k=0 g=1

where Q; and R, are respectively positive semi-definite matri-
ces and positive definite matrices. xo represents the initial
state of system (1) at time instant 0. Minimizing (2) subject
to (1) is indeed a standard multi-player non-zero sum games
problem, and all players will finally reach the Nash equilib-
rium. The objective of this article is to find the stabilizable
control policies u1x, uzk, - . . , Uyx by using RL combined with
game theory, such that the performance index of each player
shown in (2) is minimized.

The definition of admissible control policies is given
below, which is useful for Assumption 1 and Lemma 1.

Definition 1 [21], [32]: Control policies uy(xg),uz(xx),
..., Up(xr) are called the admissible with respect to (2)
on Q € RP if wuj(xg), up(xx), ..., uy(xx) are continu-
ous on 2, u1(0) = 0,0 = O,...,u,(0) = O,
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u1(xg), up(xx), . .., uy(xx) stabilize (1) on  and (2) is finite
Vxg € Q.

Assumption 1: The n-player system (1) is controllable and
there exists at least one set of admissible control policies [32].

According to performance indicator (2), suppose there
exists a set of admissible control policies uj(x), ux(x), ...,
un(x), one can respectively define the following optimal
value function and the optimal Q-function for each player
ii=1,2,...,n)as[5]:

o0 n
ViCo) = min Y (i Qv + ) upRaug)  (3)
"=k g=1

and

n
T T
OF (o, wip, u—ix) = xf Qixk + Y by Ryugr + Vi (xiy1)
g=1

“

T T Thus,

U—_ik = [ulk""’ui—l,k""
the following relation holds

Vi) = OF ek, ufy, u—ix) (E=1,2,...,n) 5)

Lemma 1: Suppose that the control policies uj; = —K;xy
and they are admissible, the value function V;(xx) and the Q-
function Q;(xx, uj, u—_j;) of each player i can be respectively
expressed as the following quadratic forms.

T 7T
,uiH’k,...,unk] .

Vix) = xi Pixg (6)
and
Qi(oxk, i, u—ix) = zj Hizk (7N
where P; and H; are positive definite matrices. And
k= [ka ulT ug ... u,{]T (8)

Proof:

00 n
Vixr) = Z(xlTQixl + Z ”gqu“ql)
I=k q=1

o0 n
= Qv+ Y (—Kgx) Ry(—Kqgx)
1=k gq=1
o0 n
=S [0+ S K RUK |3k ©)
1=0 g=1

where x4k = (A — Y/, BiK;)'x; = G'x. Further, one has

0i+ Y (KD Ry(Ky) | (G

o
Vita) = Y x5l (GhHT
=0 q=1

(10)
then, one has
Vixe) = x{ Pixy (11)
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where
o0 n
Pi=Y (G| 0i+ > (K)"Ry(Kp) | (G
=0 g=1
Then, one has
Qi(xk, Uik, U—ik)

n
= x{ Qixx + Y ubRougr + Vi (i)
g=1

n n
= x{ Qixy + Z ugquuqk + (Axg + ZB,-u,-)TPi

g=1 i=1
n
X (Axg + Z Biu;)
i=1
_ T
=z Hizk (12)
where
B Hi,xx Hi,xul Hi,xuz Hi,xu,,
Hi,Txul Hiwuwy  Hiuug Hi uyu,
i T
H;, = Hi,xug Hi,uluz Hi,“2“2 Hi,uzu,,
; ; ; :
L xu, iu uy i, uruy Hi»unun
[ATPA+Q;  ATPB ATP;B,
(ATPB))T B{PiB| +R, B P;B,
_ | ATPB)T (BT PiBy)T B} P;B,
. @ATpB)T  BTPB)T ... BIPB, +R,
(13)
By (11) and (12) , one can get
Pi=M"HM (14)
where
_ T T 1T
M = [I - Kl - KZ - Kn ]
||

Ill. SOLVING NON-ZERO SUM GAME PROBLEMS
This section deals with solving the non-zero sum games
problem.

In the non-zero sum games, it is desired for all players to
reach the Nash equilibrium by assuming that each player has
the same hierarchical level as others. The definition of Nash
equilibrium is given as following.

Definition 2 [30]: If there exists an n-tuple of control
strategies (uj, uj, ..., uy) satisfying the following n inequal-
1ties

JF = Jiu, us, .

< Ji(uj, u3, ...

* *
JU e, Uy)

JUiy e u)i=1,2,...,n)

then, this n-tuple of control strategies constitutes the Nash
equilibrium solution of n-player finite game (1). And the
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n-tuple of quantities (J7, ..., /) is the Nash equilibrium
outcome of n-player games (1) with respect to (2).

Now, we are in the position of solving the non-zero sum
game to find the Nash equilibrium solution. According to the
dynamic programming, the following Q-function based game
Bellman equations can be derived based on Lemma 1.

n

2 Hizie = x{ Qixi + Z Mquunqk + 2 Hizepr (15)
gq=1

The optimal control policy uj, of each player i should

satisfy W = 0 in terms of the necessary condition

of optimality. Therefore one has
ul (k) = =K xx (16)
where

K} =H!

iuiu

+ Hi,u,-u,-,lKi—l
+ Hi,uiu,,Kn)] (17)

Substituting K in (17) into (15) yields the optimal
Q-function based Riccati equations.

[Hi,Txu; — Hiuu K1 + - - -
+Hi o Kig1 + -

n
@) Hze = xf Qi + Yl Rguly + (@) H 2
g=1
(18)

Where u}, = —K;xk. Note that Vamvoudakis et al [30] has
proven that the following K;* (i = 1, 2, ...n) guarantee system
(1) to be stable and achieved Nash equilibrium of all players
can be.

= (H) ™ [H7)"

—(H l u,u1 —I— -
+Hl*u,u 1Ki>k 1+ Hl*u,u,HK;:-l +ot Hz u,unK;)]

(19)

Remark 1: From (17) and (19), it can be seen that in
Riccati equations (18) the matrices H;* are coupled with each
other, and the values of matrices K;* are also coupled with
each other, which make it difficult to solve Riccati equa-
tions (18). Therefore, the on-policy game Q-learning algo-
rithm and off-policy game Q-learning algorithm are given in
Section IV and Section V to learn the optimal control laws
ui(k) = =K xi.

IV. FINDING K,.* i=1,2,...,
APPROACH

In this section, the model-free on-policy game Q-learning
algorithm is presented and the bias of solution to iterative
Q-function based Bellman equations is proved. By learning
the Q-function matrices H;* in (18), the approximately opti-
mal controller gains of multiple players can be obtained.

A. ON-POLICY GAME Q-LEARNING ALGORITHM

The on-policy RL methods in [18]-[22] are extended to the
case of multi-player systems, thus we present on-policy game
Q-learning algorithm.

n) BY THE ON-POLICY

134650

Algorithm 1 On-Policy Game Q-Learning
1: Initialization: Given the admissible controller gains for
n players KIO,KO,...,K,?. Letj = Oand i = 1, where j
denotes the iteration index and i stands for player i (i =
1,2,...,n); _
2: Policies evaluation: solve the Q-function matrices H{ +

n
" :
ZHT zk:kaQ,-xquZ(u’qk)TR i +zk+1H g

g=1
(20)
3: Policies update:
+1 ji+1
u = —K Ty 1)
where
j+1 1 \— 1 1
KT = )7 [T — @l K
J+1 Jj Jj+1 j
+Hz Uilti— 1Kz 1 +Hz u,ul“KH—l
Jj+1
o H KD (22)

4: If i < n,theni =i+ 1 and go back to Step 2. Otherwise
j=j+1,i=1,and go to Step 5;
5: Stop when

”H{‘l —H{H <e (i=1.2.....n

with a small constant ¢ (¢ > 0). Otherwise go back to
Step 2.

Remark 2: Algorithm 1 calculating Q-function matrices
H{H yields the updated K‘i/—H (H{Jrl — K{H). Asj —
oo, H/ 1 converge to H result in the convergence of K/
to K for all players, which can be proved in the similar
way to [29], [30], [33].

B. BIAS ANALYSIS OF SOLUTION FOR THE ON-POLICY
GAME Q-LEARNING ALGORITHM

To satisfy the PE condition in Algorithm 1, probing noises are
added to system (1). Thus, the actual control inputs applied
to the system for collecting data are

iy =t + eix (23)
with ez = e;(k) being probing noises and ufk given by (21).
Theorem 1 will prove the bias of solution to (20).
Theorem 1: Rewrite Bellman equation (20) as
XL O HIT M,

= x Qi + Z(M{]k)TRq

q=1

o
Wy + 3 MY HT MIx
(24
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FIGURE 1. Architecture of the off-policy game Q-learning.

where
. AT
e

Let H/™' be the solution (24) with e = 0 and A" be the
solution to (24) with ey # 0. Then, H ™' = A/

Proof: Using (23) with ej # 0 in (24), Bellman
equation (24) becomes the following

M = [1 —(KDT —(&)T

XL (MO B M
n
= x{ Qo + )Gl + e Ry
g=1
. o
x (e + eqe) + X (MO B My (29)

where

n
Xer1 =Axi + ) Bilidy + en) (26)

i=1
Further, (25) is rewritten as
ka(Mj)TI:I{Hijk = kaQixk
n
+ Z(Mi{k + eqk)TRq(ui]k + eqk)
g=1

n
) il
+ (A + Y Biudy + en)) (MBI

i=1

x MIAx; + Y BiGudy + en)

i=1
n . .
= kaQixk + Z(’/‘qu)Tun]qk
g=1
n
i ,
+ MO H M +2 ) efiRaid,
q=1
n .
+ ) el BT )T BT MIB; + Roeq
i=1

n
+2 el BT ) B M

i=1

27)
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It can be concluded that the solution to (27) is not the solu-
tion to (24) if e;x # 0. Since the solution to (24) is equivalent
to the solution to (20), then one has H{—H * I:I{—H. Hence,
adding probing noises during implementing the proposed on-
policy game Q-learning Algorithm 1 can produce bias of
solution. This completes the proof. [ ]

“Remark 3: 1t is worth noting that data are generated by
W (k) = —Kk/T'x; in Algorithm 1, which is the typical
characteristic of the on-policy approach. Theorem 1 proves
that the solution of the on-policy game Q-learning algorithm
is biased.

Remark 4: In contrast to [8], we extend the proof of biased
solution to iterative Bellman equations in [8] to the case of
multi-player non-zero sum games.

V. FINDING K,.* (i =1,2,...,n) BY THE OFF-POLICY
APPROACH

In this section, an off-policy game Q-learning method is
proposed to solve the non-zero sum game problem of mul-
tiple players. Moreover, the unbiasedness of solution to
Q-learning based iterative game Bellman equation is rigor-
ously proved even though adding probing noises ensures the

PE condition.

A. DERIVATION OF OFF-POLICY GAME Q-LEARNING
ALGORITHM

From (20), one has

T
n
NT 7+ 7 iNT j J
MHTHIF M = ()T AME + (A -3 B,-Kl.>
i=1

n
x (MHTHIT M <A - ZBJ({) (28)
i=1

where
A = diag(Qi, R1,R2, ..., Ry)

Adding auxiliary variables ufk = —K{xk i=1,2,...,n)to
system (1) yields

n
X1 = Acxg + ZBi(uik — i)

i=1

(29)
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where Ac = A — Y1, BiK}, uj are called the behavior
control policies to generate data and uf.k are called the target
control policies that players need to learn. When the system
trajectory is (29), one has

ve o
O (i, wite, u—ie) — xF AT (M) HIT MIA x

n
. e .
= x{(MJ)TH{+ Mx;, — <xk+1 — ZBi(uik — uik)>

n
. 1 )
X (M])TH{+ M/ (xk_H — ZBi(Mik - Mik))
= x] (M) A;MVxy (30)
In view that Pf:“ and H{H are related as shown in
(13) and (14), then the following holds
L MY H Mg, — ] )T T Mg

n T n
- 4
+2 (AXk + ZBiuik> Pf~+ ZBi(uik —uy)

i=1 i=1

= > i — )" BIPIYS Biui — 1)
i=1 i=1
= x] (M) A;MIxy, 31

Further one has

L I Mg — ] o) E M/xm

+2f [Ht HI ’+1]Z(uk+k/xk)

i,xuy i,xup i,xu

n n
+2) uf G Y (i + k)

i=1

n n
N .
- Z (uik + kka) Gr Z(uik + klx)
i—1 i=1

= x] (M) A;MVx; (32)
where
J+1 Jj+1 Jj+1
Hl u1u1] R I_Ill ujup tullu,,
J+ J+ J+
(Hz uluz) luzuzl_R Hlu iy,
J+1 JHU T J+ J+
Gl‘ = (Hz u|uq) (Hl uzm) ce Hl JU3Uy
]+1 T j+1 T Jj+1
(Hl ulun) (H; uzun) o M, T

Manipulatmg (32) can get the following form
QlOL" = pix (33)
where
n
pik = x{ Qixk + Y ul Riui
i=1

b= [(vec(Lf“))T

1,1z

(vec(Lf“))T]T

,nn

134652

withr =0,1,2,....,n,z=r,r+1,r+2,...,n

N T o T T T
9]00 =X @xp — X4 QX

1

Lo = H].

0 = —(Kixy )" @ Kba)' +ul @uf
L{-is_sl = {,_Zj,lus

9110s = 2001, ® (Kl ) +2x] @ ul

By = HE,

él]Sl = _2(K£Xk+1)T Q (K{xk_H)T + ZMZ ® utT

L/+l _ pgitl

i,st T “iuguy

withs #tands,t=1,2,.
Based on the above part K’Jrl Kj+]

expressed as the form of L{H

ji+1
.,Kif can be

Klj+1 (Lj+1)_ <(L]+1)r [(LJ )TKJ

1,11 1,01
P+l T 2 j+ Tk

+(L, i) KL+ LG )KL
@ Kf]) 34)

Theorem 2: (HI™', K/ are the solution of (33) and (34)
if and only if they are the solution of (20) and (22).

Proof: From the derivation of (33) and (34), one can
conclude that if (/™" k/*") are the solution of (20) and (22),
then (H{ +1,K{ +1) satisfies (33) and (34). Next, we will prove
that the solution to (33) and (34) is also the solution to (20)
and (22).

It is obvious that (33) is equivalent to (31), so the solutions
of both (33) and (31) are going to be the same. If (HfH,
K’ +l) is the solution to (31), then it is also the solution to (30)
based on Lemma 1. Subtracting (31) from (30) yields (20),
then the solution to (31) is the same one to (20). Thus (H] +1
K{+ ) satisfied with (33) makes (20) hold resulting in (34)
being (22). ) - n

Remark 5: If if—H are solved correctly, then the uf.k =
—Klx; can be learned by Algorithm 2. When j — oo,
ui.k — u},. Since the solution to Algorithm 2 is the same
as the solution to Algorithm 1, and ui.k learned by Algo-
rithm 1 have been proven to converge to uj, then ui.k
found by using Algorithm 2 can converge to uj,, under
which the Nash equilibrium of multi-player games can be
reached.

Remark 6: Algorithm 2 is indeed an off-policy Q-learning
approach, since the target control policies are updated but
they are not applied to the learning process. The use of
arbitrary admissible behavior control policies uj; to gen-
erate data and enrich data exploration is the essential fea-
ture of the off-policy learning as opposed to the on-policy
learning [4], [23]-[26].
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Algorithm 2 Off-Policy Game Q-Learning

1: Data collection: Collect data x; by using behavior control
policies ujx (i =1,2,...,n);

2: Initialization: Given initial admissible controller gains
of multiple players KIO, Kg, KQ el K,?. Letj = 1 and
i = 1, where j denotes the iteration index and i stands of
player i;

3: Implementing the off-policy game Q-learning: By using
recursive least-square methods, i{“ can be calculated
using (33). And then Kl] s updated by (34);

4: If i < n, theni =i+ 1 and go back to Step 3. Otherwise
j=Jj+1,i=1and go to Step 5;

5: Stop when || K7 — K{_l <e(i=1,2,...,n), the opti-
mal control policy is obtained. Otherwise, i = 1, and go
back to Step 3.

B. NO BIAS ANALYSIS OF SOLUTION FOR THE
OFF-POLICY Q-LEARNING ALGORITHM

To satisfy the condition of PE, probing noises are
added into (20) in Algorithm 1. It has been proven that
Algorithm 1 could produce bias of solution if adding probing
noises into systems. The following will prove that the pro-
posed Algorithm 2 does not produce deviation of the solution
under the circumstance of adding probing noises.

Theorem 3: Add probing noises to the behavior control
policies in Algorithm 2. Let H{ ! be the solution to (30) with
e = 0 and A" be the solution to (30) with e # 0, then
H{Jrl _ Hfrl.

Proof: After probing noises are added to the behavior
control policies, that is u; + ejk, solving (30) is equivalent to
solving the following form

;T MO B Mg = 2T ()T A M5y

T
n
+3f (A - ZB,K{) HT B!
i=1

n
x M/ (A — ZBJ({) R (35)
i=1

Notice that if adding probing noises into system (29), then it
becomes

n
Rer1 =Ackk + ) Biluix + e + Kix) (36)
i=1
In this case, (30) becomes

AT A ginT £+ g2
X (M) HT MYy

T

n

~ '/\ . A g 1 .

— (xk+1 — ZBi(uik + eix + K{xk)> (MJ)T[-]I{Jr M/
i=1

n
x (55k+1 — D Bi(ui + e + K{ka))
i=1
= 3F (M) AiMIy (37)
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Substituting (36) into (37), (37) becomes (35). So the solu-
tion to (35) is the same as (30). From the proof of Theorem 2,
one can find that the solution to (33) is equal to that to (30).
Therefore, it is impossible for the off-policy game Q-learning
algorithm to produce deviations when adding probing noises.
The unbiasedness of the solution of the off-policy game
Q-learning is proved. [ ]

Remark 7: Different from [8], where the unbiased proof
of the solution of the off-policy RL algorithm for solving
the zero sum game problem with two players was developed,
while here the unbiased proof of the solution of the off-
policy game Q-learning algorithm is for the non-zero sum
multi-player games.

Remark 8: Compared with the off-policy RL algorithm for
zero sum games [30], the off-policy game Q-learning algo-
rithm is put forward for the first time for non-zero sum multi-
players games and the rigorous proof of unbiased solution
even though adding probing noises to keep PE condition is
presented in this paper, which has not been reported up to
Nnow.

VI. SIMULATION RESULTS

In this section, the effectiveness of the proposed off-policy
game Q-learning algorithm is verified respectively for the
three-player games and the five-player games.

A. SIMULATION RESULTS FOR THE THREE-PLAYER
SYSTEM

Consider the following linear DT system with three players,
which play non-zero sum game.

Xi+1 = Axg + Bruy + Boup + B3us (38)
where
10.906488  0.0816012 —0.0005
A = 10.074349 0.90121 —0.000708383
| 0 0 0.132655
[ —0.00150808] 0.00951892
B = —0.0096 , By =0.00038373
| 0.867345 | 0
[ —0.00563451]
B3 = —0.08962
| 0.356478 |

Choose Q1 = diag(4,4,4), Q> = diag(5,5,5) Q3 =
diag(6, 6,6) and R; = R, = R3 = 1. Rewrite (18) as
A B B> B3 T
« _ A~ , |KiA KiBi KiBy KiB3 *
Hi = Ait K>oA KBy KyBy KoBj3 H;
K3A KiBy KizBy K3Bj3
A B B> B3
K]A K131 Kle K1B3
KA KoBy KBy KpBj
K;A K3B, KiB, KizBj

(39)
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TABLE 1. Optimal controller gains under three probing noises.

on-policy Q-learning off-policy Q-learning

K1={—-0.2671 —0.4377 —0.0992 K1=[—-0.2671 —0.4385 —0.0992

Case 1 K7=—-0.2679 —0.1124 —0.0005 Ky=—-0.2678 —0.1127 —0.0006

K3:[0.9416 1.5184 —0.0504} K3:[0.9431 1.5190 —0.0504}

K1={—-0.2927 —0.5853 —0.1019 K1=(-0.2671 —0.4385 —0.0992

Case 2 Kp={—0.4230 —0.5780 —0.0241 Kp=[—0.2678 —0.1127 —0.0006

K3=[1.0261 1.9871 —0.0415} K3=[O.9431 1.5190 —0.0504}

K1=[70.4736 0.0436 70.0942] K1={—0.2671 —0.4385 —0.0992

Case 3 K2=[70.6749 3.7554 0‘0575} Ky=(—-0.2678 —0.1127 —0.0006

K3=[1.6008 —0.0117 —0.0660] K3=[0.9431 1.5190 —0.0504]

The model-based iterative algorithm in terms of (39) is Ky =[-0.2678 —0.1127  —0.0006]
used in MATLAB to obtain the real solution. Thus, the opti- K¥ = [0_9431 1.5190 _0'0504] (40)

mal Q-function matrices (H}', H;, H}) and the optimal con-
troller gains (K}, K}, K;‘) can be obtained.

26.6577 11.7777 —0.0150 —0.1100

117777 214849 —0.0111 —0.1434
e _ | —00150 00111 40707 0.4622
= | —0.1100 —0.1434 04622  4.0223

02336  0.1164 —0.0002 —0.0011

—1.0988 —1.6897  0.1910 12555

02336  —1.0988

0.1164  —1.6897

—0.0002  0.1910

—0.0011  1.2555

1.0024  —0.0108

—0.0108  1.6737

320935 132638 —0.0172 —0.1220

13.2638  25.0310 —0.0117 —0.1585
gr_ | “00172 —0.0117 50883 05773
271201220 —0.1585 0.5773  4.7753

02797  0.1310  —0.0002 —0.0012

—12318 —1.9340 02383  1.5664

02797  —1.2318

0.1310  —1.9340

—0.0002  0.2383

—0.0012  1.5664

1.0029  —0.0121

—0.0121  1.8244

37.5293  14.7499  —0.0194 —0.1340

147499 285771 —0.0124 —0.1736
gr_ | 00194 —0.0124 61059 06925
371 201340 —0.1736  0.6925  5.5283

03258  0.1455  —0.0002 —0.0013

—1.3649 —2.1784  0.2857  1.8773

03258  —1.3649

0.1455  —2.1784

—0.0002  0.2857

—0.0013  1.8773

1.0034  —0.0134

—0.0134  1.9750
Ky = [-02671 —0.4385 —0.0992]
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Three different probing noises were added to verify the unbi-
asedness of the off-policy game Q-learning algorithm, and
compare it with the on-policy game Q-learning algorithm.
For ensure PE conditions when solving (20) and (33) used
the following three cases of probing noises are

1) Case 1:

100
ei =Y 0.5 sin(noiseeq(1, j) * k) (41)
j

2) Case 2:
100
ei =Y 6 sin(noisepy(1, j) k) (42)
j
3) Case 3:
100
ei =Y _ 10 sin(noisefeq (1, j) * k) (43)
J
where
noisefeq(1, j) = 500 * rand(1, 100) — 200 * ones(1, 100)

(44)

Table 1 shows the optimal controller gains when imple-
menting Algorithm 1 and Algorithm 2 under the three cases
of probing noises. It can be observed that the solution when
using on-policy game Q-learning Algorithm 1 is affected by
the probing noises interference and the learned controller
gains are biased. On the contrary, for all of the three probing
noises, the Q-function matrices H{ and controller gains Klj
always converge to the optimal values when implementing
off-policy game Q-learning Algorithm 2.

Simulation results when utilizing the on-policy game
Q-learning Algorithm 1: Under the probing noises Case 1,
Fig. 2 and Fig. 3 show the errors between the matrices H;
and H; and the errors between the controller gains K; and
K. Fig. 4 shows the state responses of the game system. The
optimal performance J; is plotted using the learned optimal
control policy in Fig. 5.

Fig. 6 and Fig. 7 show the errors between the matrices H;
and H} and the errors between the controller gains K; and
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FIGURE 2. Case 1: Convergence of H; in on-policy game Q-learning.
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FIGURE 3. Case 1: Convergence of K; in on-policy game Q-learning.
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FIGURE 4. Case 1: The system states x in on-policy game Q-learning.

K;* under the probing noises Case 2 during the implementing
of on-policy game Q-learning Algorithm 1. Fig. 8 shows the
state responses of the game system.

Under the probing noises Case 3, Fig. 9 and Fig. 10 show
the errors of matrices H; and Hl.*, and the errors of controller
gains K; and K", Fig. 11 shows the state responses of the game
system.

Simulation results when using the off-policy game
Q-learning Algorithm 2: Since there is no bias of solution
(H;, K;) caused by adding probing noises, then the con-
vergence results of (H;, K;) only under the probing noises
Case 1 are plotted Fig. 12 and Fig. 13. Fig. 14 shows the state
responses of the game system. The performance J; along the
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FIGURE 5. Case 1: The optimal costs in on-policy game Q-learning.

A ke = K e K — K ke —k — k-

—o—|IH,-HI
=% = [IHy-H I
[IHg-Hgl|
10 15

iteration

FIGURE 6. Case 2: Convergence of H; in on-policy game Q-learning.
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FIGURE 7. Case 2: Convergence of K; in on-policy game Q-learning.

system trajectories under the learned optimal control policies
are plotted in Fig. 15.

B. SIMULATION RESULTS FOR THE FIVE-PLAYER SYSTEM
Consider the following linear DT system with five players,
which play non-zero sum game.

Xk+1 = Axk + Brug + Baup + Bauz + Baug + Bsus  (45)
where
0.906488 0.0816012 —0.0005
A = | 0.074349 0.90121 —0.000708383
0 0 0.132655
134655



IEEEACC@SS J. Li et al.: Discrete-Time Multi-Player Games Based on Off-Policy Q-Learning

400 : : ‘ ‘ ; 500
Xy X1
200 + - =%p| 4 ———x,
)(3 X3
POy LS L S 0 bte——————— —
-200 4
-400 |- . -500 r 1
-600 - 4
800 ‘ ‘ ‘ ‘ ‘ -1000 : : : : :
0 100 200 300 400 500 600 0 100 200 300 400 500 600
iteration iteration
FIGURE 8. Case 2: The system states x in on-policy game Q-learning. FIGURE 11. Case 3: The system states x in on-policy game Q-learning.
25
——||H,-H|
— — e e =k — Sk e — ok — K e e — 20 _*'”Hz’H;” b
P 1 lIH5Hl
15t 2 2
—o—|IH,-HlI
=% = |HyH Il | 1
[1Hg-Hg||
e @ e e G G @ D D G D
! 5 10 15
10 15 iteration

iteration

FIGURE 12. C f H; in off-poli -1 ing.
FIGURE 9. Case 3: Convergence of H; in on-policy game Q-learning. onvergence of H; in off-policy game Q-learning

|
5 ‘ ‘ 06k —o—|IK,-K{ll| |
o K— He =k — K — K ke — K — K— ok —% = ||K,-K} ||
e /. 2 2
4 h / ] 0.5+ < 4
\ / . KK
\‘ r —o— KKl 0al |
3 /,/ —* =Ky Kol 03
\ 2 3k i
| o« [
L
2} , ] ]
i /
@ i 1 D 4
i /
1\ [ 7
(I - OO — OO OO —O—O—OD—D
\ 7 5 10 15
0 ‘ ‘ . .
o 5 10 15 iteration
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FIGURE 10. Case 3: Convergence of K; in on-policy game Q-learning.

Ry =Ry = R3 = R4 = Rs = 1. Rewrite (18) as

[ —0.00150808 ] 70.00951892 A B Bs T
B = —0.0096 , By =0.00038373 KiA KBy ... KiBs
0.867345 0
= = - % KA KBy ... KjpBs
—0.00563451 0.0123956 Hi =AM+ A KB, ... KsBs
B3 = —0.08962 |, Bs= 0.068 KiA KuB; ... KuBs
| 0.356478 | | —0.05673 KsA KsB; ... KsBs
—0.125 A By Bs
Bs = 0.4 KiA KBy ... KiBs
—0.4898
| < H* KA KyBy ... KjpBs (46)
' KsA K3By ... K3Bs
Choose Q1 = diag(4,4,4), Q> = diag(5,5,5), Q3 = K4yA KuBy ... KuBs
diag(6,6,6), Q1 = diag(7,7,7), Os = diag(3, 3, 3) and KsA KsB; ... KsBs
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The model-based iterative algorithm in terms of (46) is
used in MATLAB to obtain the real solution. Thus, the
optimal Q-function matrices (H{, H}, H;, H}, HS) and
the optimal controller gains (Kf‘, K;, K3*, KI, KS*) can be

obtained.
[ 25.4360 9.7277
9.7277 14.1358
—0.0168 —0.0049
oY — —0.1127 —0.0663
=1 02217 0.0981
—0.9082 —0.9637
0.8767 0.8233
| 0.6170 2.8781
0.2217 —0.9082
0.0981 —0.9637
—0.0002 0.1904
—0.0012 1.2483
1.0023 —0.0091
—0.0091 1.6022
0.0089 —0.1594
0.0052 —0.9780
[ 29.7586 10.9982
10.9982 16.7580
—0.0182 —0.0058
HE = —0.1208 —0.0778
27| 0.2561 0.1107
—1.0225 —1.1192
0.9944 0.9532
| 0.6000 3.3906
0.2561 —1.0225
0.1107 —1.1192
—0.0002 0.2378
—0.0012 1.5589
1.0027 —0.0103
—0.0103 1.7443
0.0101 —0.1920
0.0048 —1.2033
[ 34.0812 12.2688
12.2688 19.3802
—0.0196  —0.0066
o —0.1290 —0.0893
371 0.2906 0.1234
—1.1368 —1.2747
1.1121 1.0830
| 0.5830 3.9032
0.2906 —1.1368
0.1234 —1.2747
—0.0002 0.2852
—0.0013 1.8694
1.0030 —0.0114
—0.0114 1.8864
0.0112 —0.2247
0.0044 —1.4285
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—0.0168
—0.0049
4.0707
0.4623
—0.0002
0.1904
—0.0307
—0.2603

0.8767
0.8233
—0.0307
—0.2034
0.0089
—0.15%4
1.0804
0.3301

—0.0182
—0.0058
5.0883
0.5775
—0.0002
0.2378
—0.0383
—0.3254

0.9944
0.9532
—0.0383
—0.2536
0.0101
—0.1920
1.0941
0.3960

—0.0196
—0.0066
6.1059
0.6926
—0.0002
0.2852
—0.0459
—0.3906

1.1121
1.0830
—0.0459
—0.3037
0.0112
—0.2247
1.1079
0.4620

—0.1127
—0.0663
0.4623
4.0228
—0.0012
1.2483
—0.2034
—1.7168

0.6170
2.8781
—0.2603
—1.7168
0.0052
—0.9780
0.3301
3.1613

—0.1208
—0.0778
0.5775
4.7758
—0.0012
1.5589
—0.2536
—2.1457

0.6000
3.3906
—0.3254
—2.1457
0.0048
—1.2033
0.3960
3.6386

—0.1290
—0.0893
0.6926
5.5288
—0.0013
1.8694
—0.3037
—2.5747

0.5830
3.9032
~0.3906
~2.5747
0.0044
—1.4285
0.4620
4.1159 |
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400

iteration
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FIGURE 14. The system states x in off-policy game Q-learning.

[38.4038  13.5393  —0.0210
13.5393  22.0024  —0.0074
—0.0210  —0.0074  7.1235

gr_ | 01372 —0.1009  0.8078
47103250 01361 —0.0002
—12512  —1.4302 03326
12297 12129 —0.0535
| 0.5660  4.4158  —0.4557
03250 —1.2512 12297
0.1361  —1.4302 12129
~0.0002 03326  —0.0535
—0.0014  2.1800  —0.3539
1.0034  —0.0126  0.0124
—0.0126  2.0285  —0.2573
0.0124  —02573  1.1216
0.0040  —1.6537  0.5280

[21.1134 84572 —0.0154
84572 115136 —0.0041
—0.0154  —0.0041  3.0531

gr_ | 01045 —0.0548 03471
ST 01872 0.0854  —0.0002
—0.7938  —0.8082  0.1430
07590 0.6935  —0.0231
| 0.6340 23655  —0.1951
0.1872  —0.7938  0.7590
0.0854  —0.8082  0.6935
—0.0002  0.1430  —0.0231
—0.0011  0.9378  —0.1532
1.0019  —0.0080  0.0077
—0.0080  1.4600  —0.1268
0.0077  —0.1268  1.0667
0.0056  —0.7528  0.2641
Ky =[-0.1559 —0.4921 —0.1018]
Ky =[-0.2372  —0.0944  —0.0006]
K3 =[0.8838 0.5288 —0.0597]
Ki =[-1.1014 —0.7778  0.0084]
K:=[03424 —0.7149 —0.0138]

—0.1372
—0.1009
0.8078
6.2818
—0.0014
2.1800
—0.3539
—3.0037

0.5660
4.4158
—0.4557
—3.0037
0.0040
—1.6537
0.5280
4.5932

—0.1045
—0.0548
0.3471
3.2698
—0.0011
0.9378
—0.1532
—1.2878

0.6340
2.3655
—0.1951
—1.2878
0.0056
—0.7528
0.2641
2.6840

(47)

Simulation results when using off-policy game Q-learning
Algorithm 2: Under the probing noises Case 1, Fig. 16 and
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FIGURE 15. The optimal costs in off-policy game Q-learning.

40( r r r r
—e— ||H,-H] |
0 —HlIHy I
[IH5-H3ll
[1H4-H |
20+ —— |IHg-Hgll | 7
10 - 1
o — e
0 2 4 6 8 10

iteration

FIGURE 16. Convergence of H; in off-policy game Q-learning.
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FIGURE 17. Convergence of K; in off-policy game Q-learning.

Fig. 17 show the convergences of the Q-function matrices
H; and the learned control gains K;. Fig. 18 shows the state
responses of the game system. The above three figures are
obtained by implementing the proposed off-policy game
Q-learning algorithm. The performance J; is plotted in Fig. 19
under the learned Nash equilibrium solution.

C. RESULTS ANALYSIS AND COMPARISONS

From Table 1, one can find that solution deviation indeed
existed when using the on-policy game Q-learning for
multi-player games, while there is no bias of solution of
Q-function matrices H; and the optimal controller gains K;
when implementing the off-policy game Q-learning for the
multi-player games. With the increasing of probing noises,
the state response in Fig. 4, 8 and 11 and the cost in Fig. 5
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FIGURE 19. The optimal costs in off-policy game Q-learning.

is more remarkably affected since the system is disturbed by
adding probing noises. However, as shown in Fig. 14 and 15
for the case of three-player games and Fig. 18 and 19 for
the case of five-player games, the systems converge with fast
velocity and without overshoot, and the costs are smaller than
those using the on-policy game Q-learning algorithm.

VII. CONCLUSION

In this paper, an off-policy game Q-learning algorithm is
proposed to solve multi-player non-zero sum game problems
in linear DT systems without knowing the dynamics of mod-
els. The probing noises are added into control inputs during
learning solutions and the convergence and unbiasedness of
the proposed off-policy game Q-learning are presented with
rigorously theoretical proofs. Simulation results have demon-
strated the effectiveness of the proposed method.
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