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ABSTRACT This paper proposes a School Bus Stop location and Routing Problem with Walking Accessi-
bility andMixed Load (SBSLRP-WA-ML), where the individual difference of walking accessibilities among
students and the possibility of serving students attending different schools with the same bus simultaneously
are considered. We first develop a mixed integer programming model for SBSLRP-WA-ML with the
objective of minimizing the total commuting time, including walking time from the residence to school,
in-vehicle travel time, and service time at stops. A two-stage solution method is then developed. In stage 1,
an iterative clustering method based on k-means and Density-Based Spatial Clustering of Applications with
Noise (DBSCAN) is used to locate bus stops aiming at minimizing the number of stops subject to various
walking accessibilities. In stage 2, an improved ant colony optimization algorithm (IACO) integrating two
local search operators is devised, which is used to generate bus routes with minimal total commuting time.
A number of instances of different sizes are generated to verify the solution approach, and the influential
factors with respect to total commuting time are analyzed. The model is also compared to the door-to-door
school bus services. Comparison to similar methods and sensitivity analysis of parameters are also conducted
to analyze the performance and robustness of the proposed approach.

INDEX TERMS Bus routing, public transportation, school bus, stop location, two-stage algorithm.

I. INTRODUCTION
School bus is a dedicated transportation mode for students’
commute. Such services have become the focus of the public
attention in China since the issue of Regulation on School
Bus SafetyManagement in 2012, which defines the rules over
the school bus, drivers, priority, etc. Due to high operation
costs and budget, door-to-door services for students may be
difficult in practice due to the practical road network and
other realistic reasons. With the human mobility, it is possible
to locate a set of stops beforehand to gather and pick up
students.

A good design of school bus includes the following steps:
collecting the information of students; selecting bus stop
locations; assigning students to stops; planning buses routing
to pick up and deliver students. Unlike conventional public
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transit, since the passenger flow is relatively stationary during
a school year, the planning of school bus can be undertaken
once a year with given demand, which opens up opportunities
of setting dedicated stop locations.

To develop an effective combined stop location and
routing plan, it is imperative to evaluate the system with
a student-oriented systematic performance measurement.
Previous research usually investigates the stop location prob-
lem by introducing an upper bound on walking distance for
all students. This neglects individual difference of walking
accessibilities of students and possible unfairness. To address
this issue, in this study we introduce a student-oriented sys-
tematic measurement and individual walking accessibility in
the school bus planning.

Distinctly from the literature where the stop locations
are given prior to routing optimization, this paper stud-
ies the locating of school bus stops, students’ allocation
to stops and the bus route optimization simultaneously.
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We present a School Bus Stop location and Routing Prob-
lem with Walking Accessibility and Mixed Load (SBSLRP-
WA-ML), where the individual difference of walking acces-
sibility among students and the possibility of serving students
attending different schools with the same bus are considered
simultaneously. The main challenge is the formulation of
the systematic performance measurement of the system and
individual walking accessibility, and the respective solution
approach.

The remainder of this paper is organized as follows:
In Section 2, we review the related literatures from exist-
ing studies and summarize the main contributions of this
research. In Section 3, we define the SBSLRP-WA-ML and
develop a mathematical model for the proposed problem. The
solution algorithm and the computational experiments are
presented in Section 4 and Section 5, respectively. Finally,
we summarize the study in Section 6.

II. LITERATURE REVIEW AND MAIN CONTRIBUTIONS
Studies focused on school bus have been developed since it
was introduced by Newton and Thomas in 1969 [1]. School
bus problem is essentially a kind of pickup and delivery
problem, while presenting its unique characteristic relative to
traditional bus schedule [2]–[5], pickup and delivery problem
[6], [7], and traditional vehicle routing problem [8]–[10].
Braca et al. [11], Desrosiers et al. [12], Park and Kim [13],
and Ellegood et al. [14] have reviewed the development
of school bus problem. The school bus problem includes
several sub-problems: data preparation, bus stop selection
(student assignment to stops), bus route generation, school
bell time adjustment, and route scheduling [12]. Researches
abound in the single sub-problems, especially bus route gen-
eration [11], [13]–[17] while there are limited studies focused
on standalone school bus stop selection problem [18]–[20] in
which references [18], [19] considered stop location problem.
Since we primarily focus on the school bus location and
routing problem, the stop location problem is considered as a
sub-problem and separated from stop selection.

Previous studies on school bus stop selection problem
generally set the same walking distance for all students as
the constraint and the number of bus stops as the objec-
tive. Sarubbi et al. [18] studied the school bus stop location
and allocation problem with the objective of minimizing the
number of bus stops using a real and georeferenced data
respecting constraint on walking distance, which was solved
by an approach based on the equidistant vertices. Galdi and
Thebpanya [19] considered school bus stop placement based
on GIS. They considered minimum distance between any
two stops and constraints related to actual road network
other than the walking distance. There also exist literature
on the stop selection problem without the consideration of
stop placement. For example, Worwa [20] solved the bus
stops generation and students’ assignment problem aiming at
minimizing the number of active stops by a greedy algorithm
with a set of candidate stops and the constant maximum
walking distance as the main constraint.

There are extensive researches on school bus rout-
ing problem with stop selection. Such problems resemble
location-routing problem which integrates the facility loca-
tion problem and vehicle routing problem for goods trans-
portation [21]. Bodin and Berman [22] first proposed routing
problem considering bus stop selection in 1979. They adopted
the idea of ‘‘ministop’’ meaning a location determined by
school authorities that can be used as an actual stop and
allocated to students as unchanged before the subjective
actual stop allocation at stop selection stage. They studied
the single-load school bus routing problem using a route-first-
cluster-second approach, followed by a scheduling approach
for different schools with the objective of minimizing total
travel time of all buses. After that, more and more researchers
studied the integrated problem due to its complexity and
actuality, among which we review the most related ones as
follows.

Schittekat et al. [23] developed a Greedy Randomized
Adaptive Search Procedure (GRASP) + Variable Neighbor-
hood Descent (VND) algorithm for the stop selection and
routing problem for a single school scenariowith given poten-
tial stops to minimize the total travel distance of all active
buses. The primary difference of this study from previous
works lies in the sequence of the problems being solved.
The stop selection and routes generation were solved at
the same level followed by the optimal solution students’
assignment.

Faraj et al. [24] studied the single-load school bus stop
selection and routing problem, which was extended by
Silva et al. [25] to a mixed load problem. Faraj et al. [24]
solved the sub-problems separately, in which the stop
selection sub-problem including bus stops generation and
students’ assignment was solved through a heuristic for
dominant set problem based on a priority related to each
vertex, while the routes were generated by a GRASP-like
heuristic.

Parvasi et al. [26] considered the possibility of demand
outsourcing and formulated the school bus routing problem
with bus stops selection as a bi-level programming model in
which the designer of school bus system as the upper-level
decision maker determines the school bus stops and navigate
routes to maximize the profit, while at the lower level, student
make the mode choice to minimize the traveling costs. The
traveling costs include costs of using the school bus system
and costs of outsourcing.

When it comes to the solution approaches for school
bus stop location and (or) routing problems, according
to the latest surveys on school bus routing problem by
Park and Kim [13] and Ellegood et al. [14], the solution
approaches used in school bus routing problem account for
considerable part of those of school bus planning problem,
while the stop selection is always solved associated with bus
routing problem and holds an appreciable part. The algo-
rithm for solving the school bus stop selection and routing
problem can be divided into two main strategies in gen-
eral, that is LAR (Location-Allocation-Routing) and ARL
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TABLE 1. Literatur review and contributions of this article.

(Allocation-Routing) based on the sequence of stop location,
students’ allocation and routes generation. The approaches
for standalone bus stop selection with or without stop location
are described as before.

With respect to the school bus routing problem,
the approaches can be divided into heuristics including
construction heuristics and improvement heuristics, meta-
heuristics (e.g., ant colony optimization, genetic algorithm,
tabu search), and exact methods (e.g., column generation,
cutting planes). For more details, readers could refer to the
references [13] and [14]. Considering we adopt the IACO
algorithm in the second stage to generate school bus routes
aiming to minimizing the total commute time of all students,
we will briefly review the Ant Colony Optimization (ACO)
and its application in school bus routing problem. The
adoption of ant colony algorithm for solving school bus
planning problem shows a growing trend since 2012 when
Arias-Rojas et al. [27] and Euchi and Mraihi [28] used ACO
to solve school bus routing problem.

Arias-Rojas et al. [27] clustered stops to several clus-
ters and generated routes for each cluster considered as
several traveler salesman problems solved by the applica-
tion of ACO to minimize total travel distance of all buses.
Euchi and Mraihi [28] developed a hybrid metaheuristic inte-
grating artificial ant colony to solve urban bus routing prob-
lem and variable neighborhood local search to improve the
solutions. The hybrid algorithm was tested on a real school
bus routing problem.

In 2014, Huo et al. [29] proposed school bus stop locating,
students’ assignment and routing problem for single-center
and single-vehicle scenario and solved it by applying the
location-allocation-routing strategy. The stop locating and
student assignment are decided by dividing the school district
with circles of radius of walking distance, 500 meters, and
the center is used as bus stop while students within the circle

will be assigned to the stop. The routes are generated by the
application of ACO with the aim of minimizing total travel
distance of all buses.

Then in 2016, Yao et al. [30] developed a two-stage heuris-
tic to aggregate bus stops to several clusters nearest to one
school and generate routes through ACO and post improve-
ment realized by crossover and 2-opt exchange to solve the
school bus routing problem with mixed load plan. After each
routing process, the clustering factor will be adapted accord-
ing to the performance of routing.

Recently, in 2018,Mokhtari and Ghezavati [31] studied the
mixed-load school bus routing problem with the objectives of
minimizing the number of active buses and the average riding
time of students by a hybrid multi-objective ACO and a novel
routing heuristic algorithm.

Table 1 shows the review of some related literature
in chronological order and contributions of this article,
the abbreviations used in which are explained in Table 2.

In summary, researches on the school bus routing and stop
selection problem were dedicated to select a set of stops
from given potential stops for students to walk to and wait
for buses and generate routes for a set of vehicles to visit
the selected stops and pick up the students with a set of
students and their geographic information as input. Only a
handful of works considered the locating of the bus stops,
while the majority considered it as given demand to be input
of routing procedure. When it comes to the objectives, to our
best knowledge, there is no literature focusing on the total
commute time of students from residence to school from
the perspective of the whole school bus system. Therefore,
in this paper we aim to study the stop location and routing
problem form a systematic perspective with the objective to
minimize commute time of students, including not only the
in-vehicle riding time, but also the walking time from places
of residence to stops and the service time at stops.
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TABLE 2. Abbreviations used in the literature review.

FIGURE 1. An example of SBSLRP-WA-ML (a) school district, (b) school bus stop generation and students’ assignment, (c) school bus routes.

More importantly, this paper investigated the integrated
model of school bus stop generation, students’ assignment,
and routes generation considering different walking accessi-
bilities among students. The problem is solved by a two-stage
approach including an iterative clustering method based on
k-means and DBSCAN to generate stops and assign students,
and a customized ant colony algorithm with two local search
operators mechanism to generate bus routes to visit stops and
schools.

The main contributions of this study are summarized as
follows:
• We propose a more realistic and comprehensive objec-
tive function in the context of school bus planning-total
student commute time from residence to school, which
integrates the stop location, students’ assignment, and
route generation.

• We propose a two-stage solution approach includ-
ing stops generation and students’ assignment through
an iterative clustering method based on k-means and
DBSCAN at stage 1 and an IACO with two local search

operators for routing at stage 2, while considering the
interrelationship between two stages at each stage.

• We analyze the distinct walking accessibilities of stu-
dents attending different schools at distinct educational
stage to determine the stop coverage at stop location
stage.

• We define and utilize the stop assignment information
and school attraction information to consider mixed
load and the interrelationship between two stages while
developing IACO at stage 2.

III. PROBLEM STATEMENT
In SBSLRP-WA-ML, the input includes a set of students
and schools, a fleet of available buses, and the geographic
information. The problem is to determine a set of bus stops,
assign students to stops, and find out a set of bus tours visiting
stops to deliver them to corresponding schools.

Fig.1 illustrates a graphic example of the process
of SBSLRP-WA-ML including stop generation, students’
assignment, and route generation.
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Fig.1 illustrates a graphic example of SBSLRP-WA-ML.
Fig.1 (a) shows that there are two schools represented by
squares and a set of students denoted by pentagrams who
attend School 1 or School 2 in the school district represented
by the rectangle. Fig.1 (b) shows the result of stop generation
and students’ assignment, in which circles represent the bus
stops, and the dotted lines represent the students assigned
to corresponding stops. Notice that students from different
schools can be assigned to a same stop, which leads to the
mixed load problem. In Fig.1 (c), three bus trips visiting stops
are generated, including bus trip 1, a mixed-load trip which
visits school 1 and school 2 in sequence, and bus trip 2 and
3 serve students from school 1 and 2, respectively.

Given a fleet of accessible buses and a set of locations
representing students and schools, this paper determines the
locations of stops, assignment of students to stops and gener-
ation of bus routes for school bus system serving students at
multiple grades of multiple schools, which leads to different
walking accessibilities and mixed loads. The purpose of this
section is to formulate a mixed integer programming model
for SBSLRP-WA-ML, which can be easily extended to incor-
porating special-education students. The main constraints
include the walking accessibility for each student, vehicle
capacity and fleet size. In particular, the bus navigation along
schools must be after visiting all stops. The objective is to
minimize the total commute time from home to school for all
students.

A. ASSUMPTIONS
The proposed formulation is based on the following
assumptions:
• This paper considers providing school bus services at
morning period, which means that school buses visit bus
stops, pick up students and deliver them to correspond-
ing schools.

• Students assigned to a stop must be served by the
same bus.

• A homogeneous fleet of vehicles with the same capacity
is available.

• There is no transfer during the services.
• The travel time of a bus from the depot to its first stop
to visit and from the last school to visit to the depot is of
no importance to students’ commute time, so it will not
be considered.

• Each student departs from place of residence according
to the predefined schedule and arrives at the assigned
stop almost at the same time with the bus’s arrival,
therefore the waiting time at stops can be ignored.

• The buses are running at a constant speed between any
two nodes.

B. NOTATIONS
Given the locations of students and schools, the proposed
problem is to locate a set of school bus stops, assign students
to certain stop to walk to, and generate a set of routes for
a set of available buses to visit stops and serve students.

TABLE 3. Parameters and decision variables for SBSLRP-WA-ML.

Let K = {1, 2, . . . , k, . . . , nk} be the set of buses with
the same capacity C and running at equal speed v. From a
graph theoretical point of view, the SBSLRP-WA-ML may
be stated as follows: Let G = V ∪ A be a complete graph
representing the transportation network with the node set
V = 0 ∪ P0 ∪ P and the arc set A, where 0 denotes the
virtual depot where each bus starts and finishes its tour.
P0 = {P01, . . .P

0
i , . . . ,P

0
ns} denotes the set of students to be

served, in which P0i denotes the set of students’ demand to be
delivered to school i. P = P+ ∪ P− denotes the nodes after
school bus stop location generation, P+ denotes the set of bus
stops, P− = {1, .., i, . . . , ns} denotes the set of schools.
Table 3 shows the parameters and decision variables for the

school bus stop location and routing problem with walking
accessibility and mixed load.

C. BASIC CONCEPT
1) WALKING ACCESSIBILITY
Since the individual differences are considered in walking
accessibility among students while locating school bus stops,
we define the walking accessibility as the individual ability to
access school bus service conceived as the distance between
place of residence and assigned school bus stop andmeasured
in time it takes on foot by each student. Note that the same
distance may lead to different walking time durations due to
the different walking velocities of students.

In this paper, in order to locate several school bus stops
to cluster students to be served, standards should be devel-
oped to balance walking accessibilities of students who are
assigned to the same bus stop. The standards setting should
take both the fairness and efficiency into account. To this
end, we set a maximum walking time for each student, based
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on which the maximum distance between residence to bus
stop can be calculated to be the constraint considered in the
stop location process. The constraint can be stated as follows:
Ysi · lsi/vs ≤ WTs,∀s ∈ P0, i ∈ P+, which represents the
time needed to walk from place of residence to assigned stop
must be no more than the maximum walking time for each
student s.

2) STUDENT’S COMMUTE TIME
As mentioned previously, the objective of SBSLRP-WA-ML
is to minimize the total commute time of all students, where
a student’s commute time represents his (her) total time
consumption from place of residence to attending school.
According to the service design of the school bus system,
the student’s commute time generally includes the time spent
on walking from home to assigned stop and in-vehicle ride
time. The total commute time of all students can be calculated
based on the following formula.

TCT =
∑
s∈P0

∑
i∈P+

Ysi · lsi/vs +
∑
i,j∈P

∑
k∈K

Xijk · Lik · lij/v

+ tsi ·
∑
i∈P

∑
k∈K

Lki + t
s
i (1)

The left-hand side of the formula represents total commute
time of all students, which equals the sum of four parts of
the right-hand side of the formula from the perspective of the
bus operation, including walking time from home to assigned
stop (i.e., the first part), and ride time which can be divided
into running time between any two nodes in vehicle (i.e.,
the second part), waiting time at stops due to the pick-up and
drop-off of other students (i.e., the third part), and the pick-up
or drop-off time by students themselves (i.e., the last part).

D. MATHEMATICAL FORMULATION
The SBSLRP-WA-ML can be formulated as a mixed integer
nonlinear programming model as follows:

min TCT =
∑
s∈P0

∑
i∈P+

Ysi · lsi/vs +
∑
i,j∈P

∑
k∈K

Xijk · Lik · lij/v

+ tsi ·
∑
i∈P

∑
k∈K

Lki + t
s
i (2)

Subject to:

lij =

{
0, i = 0 or j = 0∣∣CXi − CXj∣∣+ ∣∣CYi − CYj∣∣ , otherwise

(3)

Ysi · lsi/vs ≤ WTs, ∀s ∈ P0, i ∈ P+ (4)∑
i∈P+

Ysi = 1, ∀s ∈ P0 (5)∑
s∈P0

Ysi = di ≤ C, ∀i ∈ P+ (6)

∑
i∈0∪P+

∑
k∈K

Xijk = 1, ∀j ∈ P+ (7)∑
j∈P+

∑
k∈K

Xijk = 1, ∀i ∈ P+ (8)

∑
i∈P

Xijk =
∑
h∈P

Xjhk , ∀j ∈ P, k ∈ K (9)

Ysi ·
∑
h∈P+

Xhik = Ysi ·
∑
g∈P

Xgjk ,

∀s ∈ P0j , i ∈ P
+, j ∈ P−, k ∈ K (10)

Xijk · Lik + Xijk · dj ≤ Ljk ≤ C, ∀i, j ∈ P+, k ∈ K (11)∑
i∈P+

X0ik =
∑
j∈P−

Xj0k = 1, ∀k ∈ K (12)

Dkj =
∑
i∈P+

((
∑
s∈P0j

Ysi) ·
∑
h∈P

Xihk ), ∀k ∈ K , j ∈ P− (13)

Dj =
∑
s∈P0j

∑
i∈P+

Ysi =
∑
k∈K

Dkj , ∀j ∈ P
− (14)

Xijk · Ljk = Xijk · Lik − Xijk · Dkj , ∀i ∈ P, j ∈ P
−, k ∈ K

(15)

Xijk · aik + Xijk · tsi + Xijk · lij/v ≤ Xijk · ajk ,

∀i, j ∈ P, k ∈ K (16)

aik + tsi + lij/v ≤ ajk +M (1− Xijk ), ∀i, j ∈ P, k ∈ K

(17)∑
i∈P

∑
k∈K

X0ik =
∑
j∈P

∑
k∈K

Xj0k ≤ nk (18)

Xijk = 0 or 1, ∀i, j ∈ P, k ∈ K (19)

Ysi = 0 or 1, ∀s ∈ P0, i ∈ P+ (20)

The objective function (2) minimizes the total commute
time from home to school of all students. The constraints con-
sidered in the model are interpreted as follows. Constraint (3)
represents the Manhattan distance is used to measure the
travel distance between any two nodes to better accord with
practical road network in school district, which is a symmetric
network. Constraint (4) indicates the walking accessibilities
of student with respective to the maximum walking time.
Constraint (5) ensures that each student is assigned to exactly
one stop. Constraint (6) indicates the demand of each stop
consists of all students assigned to the stop, and guaran-
tees the amount of demand is no more than bus capacity.
Constraint (7) and (8) ensure that each stop is met with
exactly once by one bus. Constraint (9) ensures the flow
conservation. Constraint (10) guarantees that each student
is transported to his (her) school. Constraint (11) states the
vehicle capacity. Constraint (12) indicates that all buses start
from virtual depot and visiting stops, and end at the virtual
depot after servicing schools. Constraint (13) calculates the
number of students assigned to stops visited by vehicle k
and attending school j. Constraint (14) ensures that all stu-
dents from each school are assigned to related stops and
served by active buses. Constraint (15) indicates that students
attending school j get off when bus arrives at the school.
Constraints (13), (14), and (15) together ensure that each bus
starts from picking up students, ends after serving all schools,
and respects the precedence relationship of all stops and all
schools. Constraints (16) and (17) compute the tour time
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of each bus and ensure subtour elimination. Constraint (18)
ensures the buses used are no more than the given fleet size.
Finally, constraints (19) and (20) ensure that the decision vari-
ables related to students’ assignment and bus tours are binary.

Notice that different maximum walking time for students
leads to the easy extension to school bus planning consider-
ing special need. Other than walking accessibility, much of
what distinguishes special-education students from general
students mainly lies in the need for equipment or accompany
in buses, which only needs slight modification of constraints
related to vehicle load and capacity to consider various types
of capacity or loads associated with equipment or accompany.

IV. SOLUTION APPROACH
The proposed problem integrates the standalone school bus
routing subproblem which is similar to vehicle routing prob-
lem, a well-known NP-hard problem, and the school bus stop
location subproblem, making the problemmore sophisticated
in terms of space and time. In order to solve the problem
in an effective way, the paper presents a two-stage solution
approach.

The overall structure of the solution approach is stop loca-
tion at first stage and routing at second stage. The results
of stage 1 affect that of stage 2 in the way that the number
and locations of stops and the number of students assigned to
each stop directly influence the routing process. Notice that
the objective of the problem, namely total commute time of
all students, includes walking time from residence to stop
which is determined at stage 1 and in-vehicle ride time at
stops directly determined by bus routes generated at stage 2.
Thus, the interrelation and interact between two stages must
be considered at each stage to jointly optimize the walking
time and ride time, and finally commute time of all students.

In view of this, we develop an iterative clustering method
based on k-means and DBSCAN at stage 1 to determine the
number and locations of stops and students’ allocation subject
to constraint of walking accessibilities of students. The con-
sideration of interrelationship between stages is represented
as the objective to minimize the number of generated stops at
first stage described in Section 4A.

Due to some practical limitations in stopping restric-
tions, inaccessible locations may exist where school bus stop
is located. The selected stop locations can be determined
through negotiation among related authorities due to the par-
ticularity and importance of the students being considered
and the resulting priority of school bus planning. In case
that such negotiation fails, the inaccessible stop locations
may be adjusted according to the practical restrictions with
minor change in the assigned students due to the dense road
network.

After determining the locations of school bus stops, the bus
routes are generated and optimized based on the stop loca-
tions at stage 2. As described in Section 4B, an improved
ant colony optimization routing algorithm is developed taking
the interact with stage 1 into consideration which is repre-
sented by the stop assignment information, school attraction

information and heuristic information of stop and school
location during route construction.

A. SCHOOL BUS STOP LOCATION WITH
WALKING ACCESSIBILITY
As mentioned before, the objective of the proposed model
is to minimize the total commute time of all students
without violating various constraints, notably the maximum
walking time. In the proposed model, each student has a
different walking velocity, which brings great challenge to
stop locating considering a great amount of different max-
imum walking distances. Therefore, to simplify the prob-
lem, a school-related average walking velocity is developed,
which indicates that students from the same school are con-
sidered to walk at the same speed. Through the analysis of
walking accessibility, the maximum walking time constraint
is replaced with different maximum walking distances for
students from distinct schools. Subsequently, the maximum
walking distances are used as the neighborhood size of cal-
culate the neighborhood density based on which to determine
the adopted to generate bus stops.

1) WALKING ACCESSIBILITY
This paper considers school bus system design in the back-
ground of educational stages varying from pre-school to high
school in China. Based on the age distribution of students at
different grades of different schools, we first review walking
velocities of various ages, and calculate the average walking
velocity of each common age and each school. Afterwards,
the upper bound on walking distance is calculated based on
the given upper bound on walking time.

The common age distribution of education stage is
described as follows: Let S = PS ∪ ES ∪ JS ∪ HS
be a set of schools of different education stages including
pre-school (PS), elementary school (ES), junior school (JS)
and high school (HS). AS = APS ∪ AES ∪ AJS ∪ AHS denotes
a set of age ranges of distinct schools, while APS = {3, 4, 5},
AES = {6, 7, 8, 9, 10, 11}, AJS = {12, 13, 14} and AHS =
{15, 16, 17} denote the age ranges of students from PS, ES,
JS, and HS, respectively, according to the Compulsory Edu-
cation Law of the People’s Republic of China and the actual
conditions in most schools. Regardless of change of students
such as transfer, wastage, etc., the number of students in each
grade in a district is the same denoted by Ng, which means
Ni = Ng, i ∈ As,∀s ∈ S while Ni denotes the number of
students at the age of i years.

Gait development is becomingmature alongwith the grow-
ing age of students, and walking speed changes accord-
ingly [32]. Let viw denote the average velocity of students at
the age of i (i ∈ As,∀s ∈ S) years. The average walking speed
of students from each school can be calculated by Eq. 21.

vsw= (
∑
i∈As

viw · Ni)/Ns

= (
∑
i∈As

viw · Ng)/(|As| · Ng) =
∑
i∈As

viw/|As|, ∀s ∈ S (21)
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TABLE 4. Average walking speed of each age involved in this study.

Teenagers’ walking speed varies from 0.11 m/s to
2.56m/s [33]. The average walking speed of each age
involved in this study is calculated through literature study
and shown in Table 4 [34]–[37]. Note that there are limited
studies about walking velocities of teenagers aged 16 to 17,
therefore the average walking speeds of 16-17 age students
take the adult walking speed, 1.3 m/s, because the gait devel-
opment levels off since age 15 [38].

According to the average walking speed at each age,
the average walking velocity of students from each school,
vsw, is calculated by Eq. 21 and shown as follows:
vPSw = 101.14cm/s, vESw = 106.21cm/s, vJSw = 108cm/s,
vHSw = 123.33cm/s.
Let Lsw = vsw · T

s
w,∀s ∈ S represent the maximum

walking distance of students attending each school. Suppose
that maximumwalking time T sw is the identical for all students
and equals 10 minutes, and the maximum walking distances
for students attending each school are calculated and shown
as follows: LPSw = 606m, LESw = 637m, LJSw = 648m,
LHSw = 740m.

2) PROPOSED ITERATIVE CLUSTERING METHOD
BASED ON K-MEANS AND DBSCAN
This paper proposes an iterative clustering method based on
k-means and DBSCAN to locate a set of stops covering all
students in need of school bus within the school district.
The basic idea of the proposed method for school bus stops
generation lays in the application of iterative k-means clus-
tering with certain initial inputs to determine the location of
stops. The inputs including the number of centroids, namely
K, and initial locations of cluster centroids are determined
by DBSCAN or simple calculation depending on students’
distribution. Constraint related to walking accessibility is
used to calibrate students’ distribution and test the feasibility
of solutions for stops location. The objective to minimize the
number of bus stops is realized in the way that increasing the
number of centroids from initial input as few as possible with
the progress of the iteration until constraints for all students

are satisfied. The overall structure of the method is motivated
by the fact that the density-connected points are clustered
into a group by DBSCAN leading to the fewest possible
number of clusters considering various walking accessibili-
ties, and k-means clustering locates certain number of cluster
centroids.

The decision about method used to obtain the initial inputs
for iterative k-means clustering is described as follows in
combination with how to run the algorithm. If the densities
are too low such that themaximumdensity is nomore than the
minimum one whichmeans the overly scattered students’ dis-
tribution, the initial K is determined by the area of the school
district divided by the area of a circle whose radius equals
the maximum walking accessibility, and the K centroids are
generated uniformly in the school district. With these inputs,
k-means clustering is iteratively executed with the increase
of the value of K. Otherwise, the integration of DBSCAN
and iterative k-means with inputs determined by DBSCAN
becomes a process being iteratively executed for several times
depending on the neighborhood densities of students details
of which can found in the process of method shown later.

The notations used in the algorithm are explained as
follows: s represents each school. Eps(s) denotes maximum
walking distance used as the radius of a neighborhood for
students attending school s. xsi denotes each student attend-
ing school s. density(xsi ) denotes the density of student
xsi of Eps(s)-neighborhood. MinPts is a parameter used in
DBSCAN as the minimum number of points to form a dense
region.

The process of the method is described as follows:
Step 0: Initialize the sets NumStop and Stop to be empty

sets, which represent the number and locations of stops gen-
erated during iteration.
Step 1: Calculate of density(xsi ) for all students. And

let MINMinPts equal max{min(density(xsi )), s ∈ S}, and
MAXMinPts equal min{max(density(xsi )), s ∈ S}.
Step 2: Check if MAXMinPts > MINMinPts. If yes, go to

Step 3, otherwise, go to Step 4.
Step 3: Calculate the initial K based on the area of the

district and the maximum walking accessibility. And ran-
domly generate K uniformly distributed points representing
the initial K centroids. Then, go to Step 6.
Step 4:Check ifMAXMinPts is larger than the bus capacity,

if yes, let MAXMinPts equal the bus capacity. Then, go to
Step 5.
Step 5: SelectMinPts from the [MINMinPts,MAXMinPts]

and apply the DBSCAN on the students of each school.
Step 5.1:Cluster students of each school by DBSCANwith

parameters Eps(s) and MinPts.
Step 5.2: Let NC represent the number of clusters obtained

by DBSCAN of all schools. Rearrange all students from all
schools into a set X in the order border objects, core objects
clustered by DBSCSAN, and the noises into a setNOISE . Let
the first NC objects be the initial K centroids in the next stop.
Then go to Step 6.
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Step 6: Apply the k-means clustering with the initial K
centroids iteratively with the increase of K until all students
are assigned to stops within their walking accessibilities.
Step 6.1: Cluster all students to K clusters by k-means

clustering with given initial cluster centroids.
Step 6.2: Check whether there is no less than one stop

within walking accessibility for students belonging to set
NOISE . If yes, go to Step 6.3; otherwise, add the location
of students to the cluster centroids, and add the number of the
students to the value of K.
Step 6.3: Check whether there is at least one stop within

walking accessibility for each student. If yes, set number K
and the K clusters into the sets NumStop and Stop respec-
tively, and go to Step 7; otherwise, K = K + 1, go back to
Step 6.1.
Step 7: Choose the minimum value from the set NumStop

and the corresponding stop locations in the set Stop to be the
number of stops and the selected stop locations. Assign each
student to its nearest stop.

B. AN IMPROVED ANT COLONY OPTIMIZATION
ALGORITHM
Ant Colony Optimization algorithm (ACO) has been widely
used in combinatorial optimization problems such as vehicle
routing problem, which is similar to the school bus rout-
ing problem and proven to be effective since its introduc-
tion in 1991 inspired by ants’ foraging behavior in real
world [39]–[45]. In addition to the population-based charac-
teristic which can expand the search space, the transit rule in
ACO approaches to the nature of selecting next stop or school
to visit in school bus routing. Based on these considerations,
we modify and improve the ACO to adapt to the specific
characteristics of the proposed problem.

The application of a general ACO algorithm to the school
bus routing problem can be considered as a process of arti-
ficial ants (buses) finding a set of routes with minimal cost
(the total commute time of all students) traveling through all
nodes (stops and schools).

According to the characteristics of the school bus locating
and routing problem with walking accessibility and mixed
load, there are two main changes while the implementation
of the ant colony algorithm on the proposed problem.

Firstly, we improved the transit rule by applying differ-
ent rules for the selection of bus stops and the schools.
The improved pseudorandom proportional rule for select-
ing school bus stops considering stop assignment informa-
tion, represented by total walking time of assigned students
from their places of residence to the stop, in addition to
the pheromone information and heuristic information of stop
and school locations. As for the selection of the school to
visit while generating the route, the number of in-vehicle
students who attending the school being considered as school
attraction information, together with pheromone information
and heuristic information of stop and school locations are the
determinants of the sequence of schools to visit for each bus
tour. Secondly, in order to intensify the solution found in the

above IACO routing algorithm, we apply two local search
operators to the best solution after each iteration to explore
the neighborhood of the best solution.

The features of the proposed IACO algorithm are described
as follows:
• The number of ants, m, is equal to the number of bus
stops, n.

• m ants are randomly placed in bus stops in the initializa-
tion phase.

• The transition rule used in the route generation is
improved based on the feature of the problem, consider-
ing the transit rule to select next bus stop and the transit
rule to select next school separately.

• The pheromones are updated globally considering evap-
oration and using the best-so-far solution after each
iteration, while the best-so-far ant means the bus route
scheme producing the best objective value since the
beginning of the algorithm.

• After each iteration, an inter-route relocation operator
and an inter-route exchange operator are applied as local
search operators to improve the solution.

1) IMPORTANT CONCEPTS
• Stop assignment information

The stop assignment information is used together with
pheromone information and heuristic information of stop and
school locations to select next stop to visit while generating
route.

Denoted by ωj, the stop assignment information is repre-
sented by total walking time of assigned students from their
places of residence to the stop j. The relative importance
of the stop assignment information is denoted by γ . The
contribution of the information to the selection of next stop to
visit is represented by total walking time of allocated students
for stop j to the power of the relative importance of the
information, and denoted by [ωj]γ .

• School attraction information

The school attraction information is used together with
pheromone information and heuristic information of school
and stop locations to select next school to visit after all stops
have been served by a school bus while constructing route.

Denoted by ϕkt , the school attraction information is repre-
sented by the number of students to be delivered to school
t by current bus of ant k . The relative importance of the
school attraction information is denoted by θ . The contri-
bution of the information to the selection of next school to
visit is calculated by the number of in-vehicle k students who
attending school t to the power of the relative importance of
the information, and denoted by [ϕkt ]

θ .

2) ROUTE GENERATION
• Initialization

As mentioned above, an ant is placed randomly at a stop in
the initial. In order to formulate a set of routes, the ant must
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travel through all nodes representing stops just once and the
schools for several times.

• Transit rule of selecting next bus stop

After the initialization, the ant k chooses the next stop to visit
by an improved pseudorandom proportional rule shown in
Eq. 22 and Eq. 23 until the bus capacity is violated.

j =

argmax
j∈N k

i

{
[τij]α[ηij]β [ωj]γ

}
, if q ≤ q0

J , otherwise
(22)

pkij =


[τij]α[ηij]β [ωj]γ∑

j∈N k
i

[τij]α[ηij]β [ωj]γ
, if j ∈ N k

i

0, otherwise

(23)

Therein, N k
i denotes the set of feasible stops of ant k after

visiting stop i, which means stops that have not yet been
visited by any bus of ant. τij and ηij denotes the pheromone
information and heuristic information of stop and school
locations measured by the reciprocal of the riding time on
arc i → j, respectively. ωj denotes the stop assignment
information as mentioned before. α, β, and γ denote the
relative importance of different information.

The balance between the exploration and exploitation is
determined by a given constant q0(0 ≤ q0 ≤ 1). q is randomly
generated in the range [0, 1] during the algorithm execution.
If q ≤ q0, the choice of next stop j to be visited by ant k is
determined by Eq. 22, otherwise, Eq. 23 is working.

• Transit rule of selecting next school

After all nodes representing bus stops have been visited
by a bus represented by an ant, students assigned to these
stops need to be delivered to the corresponding attending
schools. Since the allowable mixed loading leads to the situ-
ation where every bus may serve students attending different
schools. Therefore, the sequence of schools to visit should be
determined for each school separately as follows.

The bus tour traveling through stops is generated by flip-
ping the ant tour to ensure that the stops with more waiting
time are served first. Different from the selection of stops,
considering the dense distribution and small number of the
schools, the random proportional rule as shown in Eq. 24 is
used to decide the next school t to visit. After any stop visited
by exactly one bus, a new ant is initialized. The initialization
of a new ant and the selection of next stop and school is looped
until all stops are visited.

t = argmax
t∈N k

s

{
[τst ]α[ηst ]β [ϕkt ]

θ
}

(24)

Therein, N k
s means schools has not yet been visited by bus

tour currently being considered of ant k . The meanings of τij
and ηij are the same as in the transit rule to select next bus stop.
ϕkt denotes the school attraction information as mentioned
before. α, β, and θ denote the relative importance of different
information.

FIGURE 2. Pseudocode for local search improvement.

3) LOCAL SEARCH IMPROVEMENT
The ant colony optimization algorithm described above
improves the intra-route solution through the pheromone
updating and the rule to choose next stop to complete each
tour, which leads to the possibility of cost savings achieved by
inter-route improvement. After each iteration, an ant will be
chosen according to the roulette choice wheel-based method.
The possibility of each ant to be chosen is calculated by the
objective value divided by the sum of the objective value of
all ants in the iteration. And the local search improvement is
only applied for the stops visiting sequence of the solution
as shown in Fig.2, and once better solution is generated,
the school sequence is determined by applying the propor-
tional rule based on the incumbent solution. In addition,
we apply two local search operators to the best solution found
at each iteration to explore the neighborhood of the best
solution and intensify the solution found in the above IACO
routing algorithm.

It’s worth noticing that the allowable mixed loading m
during the execution of the local search operators, we first
rearrange the sequence of the bus stops directly. Afterwards,
the visiting sequence of schools in each tour will be adjusted
according to new sequence of bus stops to visit.

The neighborhood structures adopted in the local search
operators include inter-route relocation and inter-route
exchange as shown in Fig.3 and Fig.4, respectively. The
circles represent the school bus stops while the squares stand
for schools to visit which students assigned to each route
attend. Taking two same tours to show how the inter-route
relocation and exchange operator work, we suppose that there
are 4 stops both in original tour 1 and tour 2 as shown
in Fig.3 (a) and Fig.4 (a) where the circle represents the
stops and the rectangle represents the schools. Schools related
to the stops are described as follows: students assigned to
stop 1, stop 7 and stop 9 are all from School 1, students
assigned to stop 2 are all from School 2, students assigned
to stop 4 are all from School 3, while students at stop 3, stop
6 and stop 8 attend different schools including School 1 and
School 2.We suppose that the tours are feasible to perform the
local search improvement, which means the demand of each
stop along the tours will not violate the capacity constraint.
During the execution of the local search, the concept ‘‘sav-
ing’’ will be used to measure the quality of the execution of
the local search, and it is calculated by the sum of the student
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FIGURE 3. Sample of inter-route relocation operator (a) the original two tours, (b) select a stop to apply the inter-route relocation, (c) the new tow tours
after relocation.

FIGURE 4. Sample of inter-route exchange operator (a) the original two tours, (b) select a stop to apply the inter-route exchange, (c) the new tow tours
after exchange.

commute time of the original tours minus the sum of the
student commute time of the new ones.

During the execution of the inter-route relocation operator,
two original tours shown in Fig.3 (a) are first randomly
selected to conduct the local search. Stop 8 in tour 2 is ran-
domly selected to perform the relocation operator as shown
in Fig.3 (b). The result of the relocation is shown in Fig.3 (c)
where stop 8 is relocated in tour 1 at its best location with
the maximum savings and the sequence of visited schools are
rearranged according to the relocation.

As for the exchange operator, in Fig.4 (b), stop 4 and
stop 2 are randomly selected from tours respectively. Taking
the generation of new tour 1 as example, stop 2 from orig-
inal tour 1 is inserted in the best position with the maxi-
mum savings in tour 1 without violating constraints, and the
school sequence is rearranged based on new stops sequence.
Afterwards, the new tour 1 is generated completely shown
in Fig.4 (c).

The new tours replace the original ones only if the reloca-
tion or the exchange operator produces better solution, which
means less traveling time for all students.

4) PHEROMONE UPDATE
The updating of pheromone trails is conducted after all
ants constructing the routes at each iteration, including the
decrease due to the evaporation and the increase of the best-
so-far ant, which is calculated by Eq. 25 and Eq. 26. Notice
that the pheromone trails are only updated on the link among
bus stops or between bus stops and schools, which means the
pheromone on the links among schools remains unchanged.
The reason lies in the fact that the concentrated distribution of

the schools leads to the little difference of sequence of schools
to visit while it is mainly decided by the number of students
in bus who attend each school.

τij = (1− ρ) · τij + ρ ·1τ bsij (25)

1τ bsij =

{
Li,bs/Fbs, if (i, j) ∈ T bs, j ∈ P+

0, otherwise
(26)

where ρ determines the speed of evaporation. 1τ bsij denotes
the increase of pheromone produced by the best-so-far solu-
tion T bs. Li,bs denotes the bus load on the link (i, j) of T bs.
Fbs denotes the objective function value of T bs.

V. COMPUTATIONAL EXPERIMENT AND DISCUSSION
This section summarizes the computational experiments
on the proposed two-stage algorithm described above.
In Section 5A, we outline the generation principle of
instances followed by the experimental results of the execu-
tion of the proposed algorithm on the instances in Section 5B.
In addition, an analysis of influence factors of total commute
time of students and comparison to door-to-door school bus
service are presented in Section 5C and 5D, respectively.
Finally, the proposed solution approach is analyzed through
the comparison to similar algorithms and sensitivity analysis
to the parameters in Section 5E.

A. INSTANCE GENERATION
Considering that the existing benchmark instances pay more
attention to school bus routing, they usually just state demand
for each bus stop and neglect students’ locations, or generate
students’ locations based on the stops’ locations. This is not
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in accordance with the proposed problem, thus we create the
benchmark representing the problem.

To test the performance of the proposed algorithm, we gen-
erate 42 instances of different problem sizes shown in
Columns 1 through 6 in Table 5. The numbers in Column
1 indicates the instance ID. The number of students ranges
from 75 to 900 as shown in Column 2 and the area of the
school district varies from 3 ∗ 3 km2 to 7 ∗ 7 km2 as shown in
Column 3 denoted by the side length of the district. Column
4 shows the student density of the district which is the number
of students divided by the area of the district. We consider a
homogenous fleet in each instance with the capacity of the
buses 25 or 50 as shown in Column 5 and fleet size shown in
Column 6.

Considering the divisions of school districts, students usu-
ally attend near-by schools.We assume a uniform distribution
of students in a school district since the nature of land
use in a school district tend to be the same. We randomly
generate a certain number of uniformly distributed students in
a two-dimensional plane with different side length measured
by abscissa and ordinate range representing the school district
of a certain area. Then the schools are located randomly
within the central area of the school district. Suppose that
there are four schools where each of them is at a different
educational stage, and the number of students at each grade
is identical, the ratio of the number of student attending each
school is 1: 2: 1: 1.

Before the execution of the proposed algorithm, the eli-
gibility to take school buses should be checked for all stu-
dents. The criteria is that the students within their walking
accessibility as stated in sectionWalking accessibility are not
considered in the design of school bus system, which leads
to students within the walking distance to his (her) school
being not considered in the school bus demand, as indicated
in column 2 and 7, where column 2 shows the number of stu-
dents attending all schools in the school district, and column
7 shows the amount of students in need for the service of
school bus after the eligibility certification based on walking
accessibility.

B. COMPUTAIONAL RESULTS
Since the parameter sensitivity is analyzed later, referring to
the successful application of ACO to the SBRP [27]–[31],
the parameters of the algorithm are set as follows: α = 1,
β = 2, γ = 2, θ = 2, ρ = 0.9, q0 = 0.9, v = 30km/h,
τ0 = 1, m = n, I = 500, where I represents the maximum
number of iterations. The number of ants,m, in each iteration
is set to be the number of bus stops generated at stop location
stage, n. The stops and schools are taken into consideration
separately when it comes to service duration at each node.
The pickup duration at each stop (in seconds) is calculated
by tsi = 19.0 + 2.6 × di,∀i ∈ P+ while the formula tsj =
29.0+ 1.9× dj,∀j ∈ P0 is adopted to determine the drop off
duration at each school [11]. Notice that each school can be
visited by many buses with different number of students dj

to drop off, leading to different drop off duration of different
buses at a same school.

The experiment is conducted in an Intel (R) Core (TM)
i5-4590 CPU @ 3.30 GHz desktop computer with 8 GB
RAM. The proposed stop location method cluster students
into a set of stops and students assigned to these stops.
In order to calibrate the accuracy and robustness of the rout-
ing problem, the IACO routing algorithm was executed for
10 times for each instance as shown in Table 5. Columns
1 through 7 show the basic information of each instance
as mentioned above. And Column 8 through 11 show the
average result of multiple runs, including the number of stops
in Column 8, the objective value, total commute time of all
students, in Column 9, and run time in Column 11. Column
10 shows the average commute time of students which is
the total commute time of all students divided by demand
quantity, i.e. Column 9 divided by Column 7.

C. INFLUENCE FACTOR ANALYSIS OF TCT
From the computational results, we will analyze the influ-
ential factors in the total commute time of students in this
section. Considering the overall process of taking school
buses, the potential influence factors may include the bus
capacity, the number of students, and the area of the district.
The bus capacity is analyzed because it affects the number of
bus stops according to the concentration degree of students
and the number of stops to visit for each bus which could
affect the ride time and stopover time of buses. As for the
other potential factors, since the number of students directly
affects the total commute time of all student, and there are
major differences in the area of school district and the number
of students among different instances, it appears improper to
analyze the influence of the number of students or the area
of the school district independently. Therefore, we transform
the number of students and the area of the school district into
a single factor, the student density, and analyze its effect on
the average commute time of all students who taking school
buses, i.e., the ACT.

Fig.5 shows the comparison result of instances with only
a difference of capacity. The horizontal axis indicates the
ID of the corresponding instance. The primary and second
vertical axes indicate the total commute time and run time at
the routing stage of the instance. One can see that instances
with only difference in bus capacity share similar trend with
the increase of the number of students and the change of
the area of the school district. The major difference resulting
from the distinct capacity is that the total commute time of
all students with capacity 50 is almost always larger than
the TCT of instance with capacity 25, while there is little
difference between RT. The reason is that buses with lower
capacity could travel through fewer stops to arrive at schools
leading to less time for all students. However, buses with
lower capacity mean more buses for the same number of
students, so it is the times for speed as opposite to instances
with larger capacity. Since the number of students is identical,
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TABLE 5. Computational results of SBSLRP-WA-ML for instances at different sizes.

the result of the exchange of the speed and the times will
arrive at a same level.

Fig.6 shows the trend of the ACT with the increase of stu-
dent density. The gray dash-dot line with rectangle markers
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FIGURE 5. Influence of bus capacity on TCT (a) trend of TCT when
capacity = 25, (b) trend of TCT when capacity = 50.

FIGURE 6. Influence of student density on TCT.

shows the corresponding student densities of the instances
with ID number in the horizontal axis. The line charts show
the change of the ACT with the increase of the student den-
sity in the instances with different bus capacities. Instances
with capacity 25 is illustrated in the red line with the odd
ID numbers shown in the horizontal axis corresponding to
the markers, while the golden line represents the instances
with capacity 50 with even instance ID numbers. From the
figure, we can see that the average student commute time
tends to decrease with the increase of the student density.
The reason is that the dense distribution of students indicates
that the bus stops, students’ home locations, schools are all
closer than dispersed distribution, which leads to the less
travel time among stops and schools and less walking time
from place of residence to schools. In spite of the overall
downward trend of ACT, the decrease speed fluctuates when

the density is no more than a certain value. Comparing to the
neighborhood density in the solution section one can see that
district with the student density at turning point has almost the
same walking accessibility-neighborhood density. In other
words, the walking accessibility neighborhood density of the
school district at turning point in the line chart is almost
as much as corresponding bus capacity. When the student
distribution is less concentrated, more stops are needed to
satisfy the walking accessibility constraint, which leads to
increased bus tour time and stopover service time at stops, and
resulting increased the average commute time. As the density
grows, the number of students within walking accessibility
increases, which leads to the decrease of the number of
stops and the less travel time and stopover time at stops of
buses. Consequently, the average commute time of students
tends to decrease. However, the randomness of the student
distribution and mutual influence among different factors
may lead to the fluctuation of the decrease speed of ACT.
When the neighborhood density is larger than bus capacity,
the number of bus stops depends mainly on the number of
students divided by the bus capacity, and the stops almost
locate at the center of groups of students the number of which
is capacity. Then buses go to one stop to pick up students
up to capacity and directly ride to related schools, and this
corresponds approximately to the direct service for students
from accessible bus stops. Since the capacity and walking
accessibility remain unchanged, the average commute time
of students tends to stabilize under this situation.

D. COMPARISON TO DOOR-TO-DOOR SBRP
The proposed method first cluster students to several stop
clusters and dispatch school buses to visit and pick up stu-
dents and deliver to their corresponding schools. However,
there exists another direct service, Door-to-Door School Bus,
that is, school buses visit each student’s place of residence to
pick up and deliver to their attending schools. In other words,
there is no school bus stop to bridge the students’ homes and
schools, which resembles the Dial-A-Ride Problem (DARP).
Obviously, the Door-to-Door School Bus service is more
convenient than the school bus service with stops. In order to
obtain a precise comparison, we treat the generated instances
as a Door-to-Door School Bus Routing Problem (Door-to-
Door SBRP) and solve it using the proposed method as
mentioned before. The minor difference is that the school
bus stops in the SBSLRP-WA-ML serve several students and
the location and demand of the stops need to be determined
before the routing stage, while in the Door-to-Door SBRP,
every student’s location can be deemed as a school bus stop
with the demand equals one. In addition to the difference
in the school bus stops, the other main distinction lies in
the constitution of the total commute time of the students.
In the SBSLRP-WA-ML, the total commute time include the
walking time from home to assigned stop, the in-vehicle ride
time, and the service time at stops. However, in Door-to-
Door SBRP, the walking time for all students is zero since all
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students are picked up at homes. In the following, we compare
them with the same solution method on the same instances.

Table 6 shows the computational results of SBSLRP-WA-
ML and Door-to-Door SBRP. The first two columns show the
basic information of the instances. The third through sixth
and the seventh through ninth columns show the results of
the SBSLRP-WA-ML and Door-to-Door SBRP, respectively.
The last column shows the difference of the two service
modes in terms of the average commute time of students
in the corresponding instance. A negative value means the
Door-to-Door SBRP provides better service with less average
commute time for students than the SBSLRP-WA-ML, vice
versa. As we can see, the positive values make up the majority
of the last column, which suggests that in most instances
SBSLRP-WA-ML provides better service than Door-to-Door
SBRP in terms of average commute time of students. The
comparison result is opposite to the intuitive impression.
In order to explain the phenomenon, taking the case of the
school buses with capacity 50, we present Fig. 7 to show the
change of the difference in ACT of two service modes with
the student density of the school district in the corresponding
instance.

In Fig. 7, the horizontal axis represents the student density
of the instances. The primary axis represents the average
commute time of students of the two service modes which are
denoted by red line and red dash-dot line, while the secondary
axis represents the difference between the twomodes denoted
by the gray dash-dot line. The labels next to themarkers of the
gray dash-dot line represent the corresponding instance ID.
From the figure one can see that Door-to-Door SBRP domi-
nates when the student density is very low. However, when the
student density increases, the SBSLRP-WA-ML gradually
takes it over and the comparative advantage tends to stabilize.
The reason for the advantage shifting phenomenon between
the two service modes lies in the change of the difference
between walking time from home to stop in the SBSLRP-
WA-ML and the additional detour and service time at stops in
the Door-to-Door SBRP with the student density. At the first
dominance period of Door-to-Door SBRP, the walking time
is too large comparing to the detour and service time at stops.
When the district becomes dense, the opposite relationship
shows, leading to the advantage of SBSLRP-WA-ML in terms
of the average commute time of students.

As to the safety issue of the SBSLRP-WA-ML and
Door-to-Door SBRP, the latter mode is relatively safe when
providing school bus service. However, as mentioned before,
Door-to-Door SBRP may become less convenient in terms
of student commute time when the school district becomes
dense. Therefore, SBSLRP-WA-ML mode is more suitable
for dense school district from the aspect of safety and stu-
dent commute time. Since we consider individual walking
accessibility in the stop location stage, the activity ability
related safety issue can be neglected. In addition, the more
student density of the school district usually indicates more
population density and better safety security. In conclu-
sion, the SBSLRP-WA-ML is a better mode for providing

FIGURE 7. Change of difference between two service modes with student
density.

convenient school bus service in dense area, while students’
security can be guaranteed by the individual walking acces-
sibility and good public order.

E. ALGORITHM ANALYSIS
1) PERFORMANCE ANALYSIS
Considering the nonlinearity and complexity of the math-
ematical model of the problem in addition to its NP-hard
characteristic, it is extraordinarily hard to solve it precisely,
therefore we develop a two-stage heuristic solution method as
mentioned before. In order to test the performance of the pro-
posedmethod, we test and compare it with two other heuristic
methods, Genetic Algorithm (GA), and Tabu Search (TS).
It is worth noting that we only compare the methods in
the second stage due to the inaccessibility to exact solution
of the proposed routing method in the second stage and its
similarity to GA and TS. In addition, GA and TS are the most
frequently used methods in the school bus routing problem
according to the latest review about SBRP [14].

We apply GA and TS to the same instances during the
routing stage to obtain the results to analyze the algorithm
performance. In order to enhance the comparability, we set
the maximum number of iterations (generations) as the same
number, 500. The initial solutions in GA and TS are generated
randomly.

As shown in Table 7, the first column shows the instance
ID. The second and third columns show the computational
results of the proposed method including the objective value,
TCT and the running time of the method, RT. The next four
columns represent the results of GA in the routing stage while
the last four columns represent the results of TS in the rout-
ing stage. Therein, 1 TCT represents the difference in total
commute time of all students of different routing methods,
which is calculated by the TCT obtained by GA or TS minus
the TCT obtained by the proposed method. 1 TCT /TCT
represents the proportion of the 1TCT to the TCT obtained
by the proposed method. As we can see, the proposed method
dominates GA in terms of solution quality with acceptable
increase in the run time. In some instances, the difference
reaches more than 30 percent of the TCT of the proposed
method. As to the comparison with TS, the solution quality
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TABLE 6. Comparison of service quality of different service modes: SBSLRP-WA-ML and Door-to-Door SBRP.
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TABLE 7. Comparison of different routing methods in second stage.
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may improve by less than ten percent in exchange for multiple
times of increase in running time. It is an unworthy trade-off
between time and quality.

2) PARAMETER SENSITIVITY ANALYSIS
Considering there is no need to input manually decided
parameters at the stop location stage of the algorithm and
the stop location stage accounts for most time while running
the algorithm, we will only apply sensitivity analysis on the
parameters of the routing algorithm. Because there is a wide
range of student density that has a significant impact on
ACT among the instances, we conduct the sensitivity analysis
on three instances with different student densities, including
the minimum, maximum and median value of the densities.
Thus, the instances number 5, 22, and 38 are selected and
detailed in Table 5. A number of combinations of different
parameters are tested, and for each set of parameters the
IACO is executed for 10 times to get the average result to
avoid the influence of the randomness.

Fig.8 shows the analysis result of each parameter. Since
there are apparent difference of the total commute time of
students when the number of students varies, the objective
value is transformed to average commute time of students
shown in the vertical axis to calibrate the impact of the
parameters while eliminating the influence of other factors.
The horizontal axis shows the values of the parameter being
tested. We observe that instance being most sensitive to the
parameters is the one with minimum student density. It can
be easily understood that there exists need for more bus stops
in the instance with minimum student density, i.e., the sparse
area, to satisfy the walking accessibilities, which leads to the
large search space for optimizing routing. Different values
of parameters can significantly affect the search speed in
the search space, resulting in different solution due to the
nature of the solution approach, i.e., the approach iteratively
searches for acceptable solutions over a period specified by
certain stopping criteria.

Among all these parameters, most significant influence on
ACT for all instances can be observed in Fig.8 (b), which
shows sensitivity to parameter β, the factor indicating the
importance of the heuristic information of stop and school
location measured as the reciprocal of the riding time. This
is because the tour time of buses constitutes one main part of
total commute time of students, and the values larger than
zero of parameter β means convergence to solutions with
less tour time. However, as the value of parameter β con-
tinues increasing, the change of the convergence speed is
trivial, leading to the slight decrease of ACT when the value
of parameter β changes from one to two and leveling off
when the value of parameter β is larger than two. More-
over, as for the difference of the extent of the variations of
the ACT among different instances, the larger the student
density is, the less the number of bus stops in need; the
smaller the optimization space is, the more slightly the ACT
decreases.

Another parameter significantly affecting the ACT of
instances can be seen in Fig.8 (c), which indicates the
sensitivity to parameter γ , the factor that representing
the importance of stop assignment information denoted
by the total walking time of students assigned to the stop.
The consideration of stop assignment information contributes
to the sharp increase of the ACT for instance with mini-
mum student density and mild decrease for instance with
median and maximum student density. The possible rea-
son for the increase in the district with minimum student
density is the low demand of stops. The variation of low
demand has less effect on the ACT than the travel time
between nodes. As for the other scenarios, the uniform distri-
bution of students contributes greatly to the mild increase of
the result.

The other parameters which indicate the corresponding
relative importance of pheromone information, parameter α,
and the relative importance of school attraction information,
parameter θ , used in the route construction phase have no
great impact on the ACT for all three instances except for
the little fluctuation for the instance with minimum student
density. The general trend for parameter α shown in Fig.8 (a)
is due to the fact that the increased amount of pheromone
is relatively small compared to the initial pheromone. When
it comes to sensitivity to parameter θ , the much smaller
number of schools compared with the number of bus stops,
the uniform distribution of students and the constant student
ratio for each school make contribution to the gentle trend
indicated in Fig.8 (d).

Fig.8 (e) shows sensitivity to parameter ρ, which repre-
sents the evaporation rate of pheromone. The minimum value
of ACT for instance occurs when parameter ρ takes the value
of 0.9 with minimum student density. The value of ACT with
parameter ρ taking the value of either 0.85 or 0.95 is larger
than the one of 0.9. The possible reason is that there is need
for proper rate of the evaporation of pheromone to lead to
convergence to a better solution while avoiding falling into
local minima.

Fig.8 (f) shows sensitivity to parameter q 0, the parameter
directly affecting the choice of searching strategy between
depth and breadth. One can observe a similar trend to parame-
ter ρ. Since the two parameters both determine the preference
on the diversification and intensification, the similar trends of
them share the similar reason.

Fig.8 (i) shows sensitivity to parameter τ0, the initial
amount of pheromone at each link. The values of ACT of
instances with median and maximum density are not sen-
sitive to the change of the value of parameter τ0, while
there is little fluctuation for the instance with minimum
density. This is due to the relatively small value of updated
pheromone compared with initial pheromone and the rela-
tively small value of pheromone compared with other infor-
mation used in the route construction. However, the value
of pheromone in instance with minimum density is rela-
tively larger than the one with higher density, which leads
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FIGURE 8. Sensitivity analysis of parameters (a) sensitivity to α, (b) sensitivity to β, (c) sensitivity to γ , (d) sensitivity
to θ , (e) sensitivity to ρ, (f) sensitivity to q0, (g) sensitivity to m, (h) sensitivity to I, (i) sensitivity to τ0.
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FIGURE 9. Run time of routing process with various values of m and I
(a) values of m, (b) values of I.

to the more appreciable fluctuation in sparse area rather than
the dense one.

Since the number of ants at each iteration, parameter m,
and the number of iterations, parameter I, have a signifi-
cant effect on the period of problem solving, the runtime of
the routing process is analyzed for parameters m and I and
shown in Fig.9 (a) and Fig.9 (b) in addition to the sensitivity
of ACT shown in Fig.8 (g) and Fig.8 (h). One can see from
the pictures that run time goes straight up with the increase
of the value of parameters m and I for all instances. As for
the change of the value of ACT, the change of the value of
parameters m and I do not make change to the quality of the
solutions for instances with median and maximum density,
while the value of ACT fluctuates a little bit when the value
of parameter m is less than 3 times the number of bus stops
or the value of parameter I is less than 500 in instance with
minimum student density. The possible reason lies in the
relatively larger solution space in sparse area compared with
dense ones and its vulnerability to randomness.

From all the analyses of sensitivity to various parameters,
we conclude that the IACO routing method is robust and less
vulnerable to the setting of parameters for dense areas while
some of the parameters need to be adjusted properly to get
better solution for sparse area.

VI. SUMMARY AND OUTLOOK
There is usually a great age difference among students from
distinct schools at different educational stage, leading to the
different walking accessibilities affecting the design of the
school bus system, especially the school bus stop location
phase. This study introduces the school bus stop location and
routing problem with walking accessibility and mixed load
with a mixed integer programming model. Considering we
mainly study the problem of general students, the walking
accessibility in the solution approach is described using the
average walking speed of students attending schools at dif-
ferent stages of education and the same maximum walking
time for all students. With the walking accessibility, the paper
designs a two-stage solution method to minimize the total
commute time of all students which can be used to evaluate
the performance of the school bus system including walking
time from home to stop, in-vehicle ride time, and service
time at stops and schools. The solution method first clusters
students and locates stops that can meet the requirements in
terms of different walking accessibilities, and then determines
a set of routes serving stops, while considering the interre-
lationship of the stages at each stage. To verify the solution
approach, we generate a number of instances of different
sizes to conduct the algorithm and analyze the factors influ-
encing total commute time of students. In order to test the
performance of the proposed solution for school bus problem,
similar routing methods are applied to the same instances and
compared to the proposed method. In addition, the door-to-
door school bus system is compared with the same resources
on the instances. The results show that the SBSLRP-WA-ML
is a better mode for providing convenient and safe school bus
service in dense area while door-to-door school bus service
is preferable in sparse area. Several instances with different
student densities are then selected to analyze the sensitivities
to parameters and test the robustness and vulnerability of the
solution approach. The robustness and less vulnerability of
the IACO is validated while some of the parameters need to
be adjusted properly to get better solution for sparse area.

The future direction of the research may exist in the
formulation of a probabilistic walking accessibility model
based on the real-world application instead of the average
walking speed used in this paper. In addition, the walking
accessibility can be represented as different walking velocity
and maximum walking time for all students, which makes
it easy to extend the model to consider special-education
students for who maximumwalking time can set to be zero or
other values. The other possible improvement about the paper
results from the limitations of two-stage heuristic methods.
This can be studied further to design an effective solution
algorithm which can locate stops and optimize routes con-
sidering walking accessibility simultaneously. In addition,
the data used in the experiment is generated randomly accord-
ing to the proposed problem. We are looking forward to the
collaboration with realistic schools or related authorities to
test and improve the method on realistic data.
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