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ABSTRACT Hereafter, the concept of a function weighted quasi-metric space is introduced. A necessary
topology on this new structure is considered. A condition that ensures the uniqueness of the limit of a
sequence in such a space is provided. A relation between the bi-convergent sequences and the bi-Cauchy
ones are proved. Certain classes of operators with respect to their fixed point properties are investigated,
having in view this framework. Examples that support our results are also included.

INDEX TERMS Contractions, fixed point, function weighted quasi-metric space.

I. INTRODUCTION

Fixed point theory can be formulated as the search for a
solution to the equation Fx = x, F being a self-mapping
on a non-empty set X. It is not a stretch to say that this
theory was axiomatically initiated by Banach [7], who gave
an affirmative answer by equipping X with a norm || - || and
restricting F' as a contraction (formally, there exists k € [0, 1)
so that ||Fg— Fp|l < k|lg—pl|). Indeed, the Banach’s solution
is unique for the mentioned equation. The researchers have
proposed either different structures or distinct criteria on
mappings or both to improve and extend this research field.
Having in view this aspect, characterizations of this classic
principle have been proved in many abstract spaces. All these
abstract structures have attracted the attention of researchers,
who made studies of them from various points of view. In [2]
the quasi-metric spaces are introduced, while in [3] a study
on the completeness of such spaces is done. In [4] Suzuki
mappings are considered in the setting of modular vector
spaces. Reference [5] refers to modular metric spaces. The
same structure is used in [6] with respect to some Meir-Keeler
type contractions. Reference [7] and later [8] have in view the
notion of b-metric spaces, while in [9] some Volterra integral
inclusions are considered in this setting. A more general
space, the quasi-b-metric like space has been used in [10]
to develop Ulam stability results; also in [11] b-rectangular
metric spaces are a fruitful framework for Banach type
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theorems. In [12] a generalized metric space was introduced,
the so-called G-metric space, which proved to be a suitable
setting to study ®-mappings [14], or (¥ — ¢)-weakly con-
tractive mappings [13]. Partial metric spaces were introduced
in [15], while in [16] fixed point results in the sense of
Berinde are developed. The notion was generalized even
further in [17] to quasi-partial metric spaces. Ordered metric
spaces are used in [18] to obtain results on cyclic nonlinear
contractions. [19]-[21], or [22] refer to properties of fuzzy
metric spaces and probabilistic metric spaces.

In this paper, we restrain ourselves only to JF-metric
spaces, or function weighted metric spaces that were defined
very recently [23]. Our main goal is to refine this notion
by removing the symmetry condition, and to investigate the
existence of a fixed point in this new structure, which we call
quasi-JF-metric spaces.

Il. PRELIMINARIES
For the sake of the completeness and self-contained text,
we recall the definition of Jleli and Samet [23]. In this regard,
we need too fundamental classes of functions that we shall
consider in the paper.

A function f: (0, +00) — R is logarithmic-like if each
sequence {t,} C (0, +00) satisfies

lim t, =0ifandonlyif lim f(7,) = —oo0. (LF)
n——+00 n——+00
f: (0, +00) — R is a non-decreasing function if
0<o < timplies f(o) < f(7). (ND)
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The symbol § represents the set of all functions that are
non-decreasing (in symbol, (ND)) and logarithmic-like (in
symbol, (LF)).

Example 2.1: The following functions belong to §

(&) f:(0,00), f(t) = Int;

@) f:(0,00), f(t) = —etil’, where p is an odd positive
integer;

(i) f:(0,00), f(t) = —tlp, where p is an odd positive
integer.

Henceforward, we presume that X is a nonempty set.
By the help of auxiliary functions of §, Jleli and Samet
[23] defined a new metric, more precisely a function weighted
metric space. Indeed, in this new metric definition, Jleli-
Samet [23] replaced the standard triangle inequality by an
inequality obtained by the use of a function from the set §
as in the next lines.
Definition 2.1: Consider 6: X x X — [0, 400) a given
mapping, for which there exist f € § and a constant C €
[0, +00) such that
(A1) 8(s,t) = Oifand only if s = t, fors, t € X (self-
distance axiom);

(A2) forall s, t € X, we have 8(s, t) = (¢, s) (symmetry
axiom);

(A3) foranypairs,t € X andforanyk € N, k > 2, we have

k—1
8(s.1)> 0 = f(8(s.0) <f (Z 8(ui. ui+1)> +C,

i=1

for every (ui)fvzl C X with (uy, u,) = (s, t) (general-
ized function F-weighted triangle inequality axiom).
Then, & is designated as “a function weighted metric” or
“F-metric”, and the couple (X, §) is named as “a function
weighted metric space” or “F-metric space”.
Herein after, instead of “‘a F-metric space”, we choose to use
the words “‘a function weighted metric space”.

Note that the only difference between a ‘“‘standard met-
ric space” and ‘““a function weighted metric space” is the
last axiom. More precisely, in “a function weighted met-
ric space” the standard axiom ‘‘the triangle inequality”
has been replaced by a new axiom, namely “‘the general-
ized F-weighted triangle inequality”. Based on this remark,
we deduce that any metric on X is “a function weighted
metric space” on X by letting f(x) = Inx for the axiom
(A3). Indeed, based on the triangle inequality, for all distinct
s,t € X and eachk € N, ¥ > 2, and any (v;);_; C X with
(v1, Ue) = (s, 1), we get

Kk—1
d(s,t) >0 = In(d(s, 7)) <In (Z d(vi, Ui+1)> ;
i=1
since d(s,t) < Zfz_ll d(vj, viy1), and f(x) = Inx is non-

decreasing. Here, we take C = 0.

IIl. FUNCTION WEIGHTED QUASI-METRIC SPACES
We begin by introducing a new notion, namely ““a function
weighted quasi-metric” as follows.
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Definition 3.1: Consider §4: X x X — [0, +00) a given
mapping for which there exist f € § and a constant C €
[0, +00) so that the conditions (A1) and (A3) from the def-
inition of a function weighted metric are fulfilled. Then, &,
is designated as “a function weighted quasi-metric” on X.
Moreover, the couple (X, 8,) is called a function weighted
quasi-metric space.

It can be observed that a function weighted quasi-metric
space (X, §,) naturally induces another function weighted
quasi-metric space, 8;1: X x X — [0,00), Sq_l(s, t) =
34(t, ). Moreover, there is a function weighted quasi-metric
space which can be associated to these function weighted
quasi-metric spaces, namely

85 X x X — [0,00),  &3(s. 1) = max{,(s. 1), 8, " (s, 1)}.

Regarding the discussion above, we conclude that any
quasi-metric is a function weighted quasi-metric by choosing
f(t) = In¢ for the axiom (A3), with C = 0.

Next, we give some examples of function weighted
quasi-metric spaces which do not form function weighted
metric spaces.

Example 3.1: Let X denote the set of natural numbers.
Consider §,: X x X — [0, +00) be the mapping

0, ifs=t;
(S_t)2+s7 if‘s7t€{07172}7s#t; (1)

|s —t|+s, otherwise.

8y(s, 1) =

Obviously, §, satisfies axiom (A1). However, 8, is not sym-
metric, since

5,1,2) =2 £ 3 =8,2, 1).

Let us prove that 8, fulfills the generalized triangle inequality.
Consider s, t € X, s # t, and (Ul-)'f:l C X, where k € N,
k > 2, and (v1, v¢) = (s, t). Without loss of generality we
may assume that v; # viy1,i =1,k — 1. Let

I={i=12...,k—1: (vi)e{01,2} x{0,1,2}

J=1{1,2,... kc—1}\I.

There are two possible cases, as in the following.
Casel: (s,t) € {0, 1, 2} x{0, 1, 2}. The following relations
are checked

84(s, 1)
=|s—t|+s

k—1
< Zi:l (Ivig1 — vil +vp)
=2 v vl v+ 30 (i =yl + 1)
2
= D @i = o)+ 3 (v — vl + )

N—1
= Zi:l 3q(vi, vig1).
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Case Il: (s, t) € {0, 1,2} x {0, 1, 2}. Here, we find

84(s, 1)
=|s—1*+s
=2s—1l+s)
<2 (Ziel(|vi+l —ul o)+ Y (v — vl + Uj))
2
<2(X (o — vl + o+ Y (e =yl + )
N—1
= 221‘:1 8q(vi, Vig1).
Taking advantage of the previous analysis, we obtain that for
eachs,t € X, eachk € N, k > 2, and each (U,-)le C X with
(V1 ve) = (s, 1),
Kk—1
8y, 1) <2 84(vi, Vi), )
i=1

as long as s # t. This implies, for s # t, that

K—1

In(8,(s, 1)) < In (Z 84(vi, Vit 1)) +1n2.

i=1

By taking f (t) = Int, fort > 0, and C = In2, it follows that

axiom (A3) is fulfilled. Therefore, §, is a quasi F-metric on X.

Thus the example above indicates that ‘“a function
weighted quasi-metric” is a genuine notion.

Definition 3.2: §,*: X x X — [0,400) is a func-
tion weighted relaxed-quasi-metric if it satisfies (A1), and
additionally,

(A3*) Thereis . > 1sothatforalls,t € X, and eachx € N,
k > 2, and each (v))i_; C X with (v, vc) = (5,1),
the inequality below is satisfied

Kk—1

8" (5. 1) S XY 8, (Wi vig1).

Note that §,* satisfies (A3l) 1vvith fx) = Inx, x > 0,
and C = InA. Hence, the notion of “‘a function weighted
quasi-metric”” on X is more general than that of “‘a function
weighted relaxed-quasi-metric” on X.

Remark 3.1: Here, on account of (2), the mapping &,
defined by (1) is a function weighted relaxed-quasi-metric on
X with . = 2.

The following example proves that the class of *“func-
tion weighted quasi-metrics” is wider than that of “‘function
weighted relaxed-quasi-metrics™.

Example 3.2: Consider X as the set of natural numbers,
and the distance §;: X x X — [0, +00),

if s=t,
if s#t,
fors, t € X. Obviously, axiom (A1) is checked.

In the following, we prove that 8, is not a function weighted
relaxed-quasi- metric. Presume that 8, fulfills condition (A%)
of Definition 3.2, with . > 1. By utilizing this condition,
we get

8,(2n,0) < 1 (8,221, n) + 8,(n, 0)) ,

0,
8y(s, 1) =

3
expls —t| +s, )

n e N*,

89028

This leads us to

exp(2n) + 2n < A(2exp(n) + 3n), n € N¥,

or

exp(2n) — 2Aexp(n) < 3an —2n, n € N*,

By dividing by exp(2n) — X exp n, and by taking n — +00 in
the inequality obtained, it follows a contradiction. Therefore,
8y is not a function weighted relaxed-quasi- metric.

Next, we check that 8, is a function weighted quasi-metric.
Take

1
f(t) = _;7 r> Ov
which belongs to §.
In order to verify axiom (A3), take two distinct arbitrary
points s, t € X. Foreachx € N, k > 2, and each (Ui)'le cX
with (v1, ue) = (s, t), the following relations hold true

Kk—1
1+f <Z 84(vi, Ui+1)> — (8405, 1))

i=1

1 1

k-1 expls—t|+s

Z (exp |viy1 — vil + vi)

i=1

Vi1 #Yi
>1-14—

expls —t|+s

> 0.

Hence, we have proved that

Kk—1
FGq(s.0) < f (Z 84(vi, v,-+1>> +1,

i=1

and, consequently, 8, satisfies axiom (A3) with f(t) = —%,

t > 0,and C = 1. Then &, is a function weighted quasi-
metric.

Recall that a distance function §,: X x X — [0, 00) is
called quasi-b-metric (see e.g. [10], [11]) if
(A7) 4G, ) =06 s=1;

(AF) 8,05, 1) < AL8g(s. v) + 84(v, )],
forall s, t,v € X, where A > 1.

We claim that there exist function weighted quasi-metric
spaces which do not fulfill all the axioms of quasi b-metric
spaces. It is straightforward that hypothesis (A%*) is less
general than hypothesis (A3). Looking at the other part, any
function weighted relaxed-quasi-metric is a quasi b-metric.
The following indicates that the reverse does not hold.

Example 3.3: Take X = [0, 1], with the distance

2 2
—t s t;
80 X x X — [0, +00), 8,(s. 1) = (s =) +s S#;
, s ="1.

It is clear that 8, is a quasi b-metric on X, where A = 2.
Suppose that there exists C € [0, +00) and f € § in a way
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that 8, satisfies (A3). Set n € N*, and define

i
vi = -,
n

i=12,....,n—1

On the account of (A3), we derive that f(3,(0,1)) <
F (840, v) + 84(v1, v2) + ... + 8g(Up—1. D) + C, n € N¥,
ie.,

fy<f (% 4z ben - D) +C. neN*

6n(n — 1)>2
Keeping in mind the properties of the mapping f, we have

(n—12n—1) 3
s i g (G S ) o=

a contradiction.

Remark 3.2: Example 3.2 indicates that 8, defined in (3)
is a function weighted quasi-metric. On the other hand, a
function weighted metric does not form a function weighted
relaxed-quasi-metric. Indeed, it is easily observed that 8, is
not a quasi-b-metric.

IV. SOME PROPERTIES OF THE TOPOLOGY OF FUNCTION

WEIGHTED QUASI-METRIC SPACES

This section aims to define a topology by means of function

weighted quasi-metric spaces, and study its characteristics.
Let (X, §,) be a function weighted quasi-metric space. For

x € X, the right centered ball at x, and of radius ¢ > 0 is the

set

B(s,0) ={t € X : §4(s,1) < 0};
respectively, the left centered ball at x, and of radius o > 0is
Bi(s,0) = {tr € X : §4(t,5) < o}

Our next purpose is to define the convergence in the setting
offered by function weighted quasi-metric spaces.

Definition 4.1: Let {s,} be a sequence in a function
weighted quasi-metric space (X, 84). The sequence {s,} is
right-convergent (respectively, left-convergent) to s € X if

lim §4(s,s,) = O (respectively, lim 6,(sy,s) = 0)
n—+00 n—+oo
A sequence {s,} is bi-convergent (or, simply, convergent) to
seXif

11m 8y(s,5n) =0 = hm Bq(sn, s).
n——+00
With regard to the limit of such a sequence in a function
weighted quasi-metric space, the uniqueness property is sat-
isfied, as follows from the next proposition.
Proposition4.1: Let (X,d8,) be a function weighted

quasi-metric space, and {s,} C X. If s, t € X such that

m 34(s, sn) =

hI-lI—loo 3q(sn, 1) =0

then s = t.
Proof: Let s # t be points from X, such that

nl}I—Poo Sq(ss th) = nlir—',l-loo Sq(sn’ 1) =0.
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Using the generalized triangle property, we get that there
exists a pair (f, C) € § x [0, +00) such that

f((sq(s’ 1)) ff(sq(s, ) + Sq(sm )+C,
By means of axiom (A3) and property (LF), it follows
niiinoof(éq(s, Sp) 4 84(sn, 1)) +C = —00

for all n.

a contradiction. Thus, we have s = ¢. O

The next stage is to define the notion of a Cauchy sequence
in such generalized metric spaces.

Definition 4.2: Consider that (X,d,) is a function
weighted quasi-metric space, and {s,} a sequence in X.
{sn} is a right-Cauchy sequence (respectively, a left-Cauchy
sequence) if limnmo+oo 8g(sp, sm) = 0 ( respectively,
hmnm—>+oo 8q(Sm» Sn) E 0). The sequence {s,} is bi-Cauchy
(or; szmply, Cauchy) if it is both left and right-Cauchy.

A function weighted quasi-metric space (X, §,) is called
right-complete if every right-Cauchy sequence in X is
right-convergent to x € X. Analogously, we define left-
completeness. (X, §,) is bi-complete (or, in short, complete)
if it is both left and right-complete.

Example 4.1: On X = N consider the function weighted
quasi-metric 8,: X xX — [0, +o00) defined in (3). It has been
proved (see Example 3.2) that (X, §,) is a function weighted
quasi-metric space with respect to f(t) —%, t > 0,
and C = 1. We focus now on the completeness of this space.
Consider {s,} C X a Cauchy sequence, that is

. rzlﬂ} ) (Sny Sm) = n%gr«lmo Sq(smv sp) =0

m=n m=n

Hence, there exists k € N for which

8q(Sn, 5m) < = n,m>Kk,m>n.

2 bl
Presume that there are n, m > N, m > n, so that s, # Sp.
It follows

2
I <exp(|sp — sml) + S, = aq(sn» Sm) < 5,
a contradiction. Hence s, = sy, for alln > «, which compels

n—lil—}—loo 8q(8ic, sn) = 0,

so {s,} converges to s,. The proof has been completed.
Proposition 4.2: Let (X,8,) be a function weighted
quasi-metric space. If {s,} C X is bi-convergent, then it is
bi-Cauchy.
Proof:  Consider that §, is a function weighted
quasi-metric with regard to (f, C) € § x [0, +00), and x € X,

for which
im Sq(s,sn) = lim 84(s, 5n) = 0.

Let ¢ > 0. Property (A3) compels there exists § > 0 with
the property

0 <t < §implies f(¢) < f(e) —
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Moreover, there exists ¥ € N such that

8q(sn, 8) + 84(s, 85m) <68, n,m=>«k. )

Letm > n > «. If s, = s, obviously 8,(x,, x) =0 < €.
Suppose now that s,, #~ s,. By the use of (4), it follows that

0 < 84(sn, 8) + 84(s, sm) < 8,
hence

J(8q(sn, $) + 84(sm, 5)) < f(e) = C.
The second property of §, leads to

f(Sq(sns Sm)) ff(aq(sn’ s) + Sq(s, sm)) +C < f(e),
and we obtain §,(s,, ;) < &. It follows that

5q(sn7 sm) <§é, n,m 2 K,

that is

lim  8,(s, sm) = 0.
n,m— 400
m=>n

Similarly, it can be proved that lin}r 84(sn» Sm) = 0. Hence,

n=m

{sn} is bi-Cauchy. O

V. AN ANALOG OF BANACH'S FIXED POINT THEOREM
ON FUNCTION WEIGHTED QUASI-METRIC SPACES
In the following, we use the framework provided by function
weighted quasi-metric spaces to state and prove a Banach
contraction type result.

Theorem 5.1: Let T be a self-mapping on a function
weighted quasi-metric space (X, §,). If (X, &,) is bi-complete,
and there exists k € (0, 1) such that

8,(Ts, Tt) < k8y(s, 1), s,1€X, 5)

then T possess a unique fixed point s* € X.

Proof:  Suppose that §, is a function weighted
quasi-metric with respect to the pair (f, C) € §x [0, +00). Let
& > 0. Then there exists § > 0 for which the next implication
holds true

0 <t < §implies f(t) < f(e) — C. (6)

Let so € X, and define s,,+1 = Tsy,, n € N. If there is an index
n* such that §,(s, s,.+1) = 0, then s,« is a fixed point of T
Without loss of generality, in the sequel we may assume that
84(sn, Spr1) > 0. From inequality (5),

5q(sn’ Snt1) < kn8q(S0, s1), neN,

we get

m—1 n

Z 8q(Six Siv1) = 7 k3q(S0, s1), m>n.

i=n
But

n
nl}gloo . kSq(SO, 51) =0,
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so there exists K € N for which

n
1—k
By the use of both (6) and (F7), we obtain, form > n > K,

0< 34(s0,51) <8, n=>K.

n

m—1
k
f <Z 84(si, s,~+1)> <f (1 — 8450, s1)> < f(e)—C.

Using (A3), the inequality

8q(SnsSm) >0, m>n=>K

implies that

m—1
F@Bq(sn, sm)) < f (Z 3y(sis SH—I)) +C < f(e)

=n
hold true, so 84(su, Sm) < &, m > n > k. We have
proved that {s,} is a right-Cauchy sequence. Analogously,
by revising the order of the pairs (siy1, s;) in the related
expression above, we conclude also that {s,} is a left-Cauchy
sequence and hence, it is a Cauchy sequence. Recall that
(X, 8,) is bi-complete, therefore there exists s* € X such that
{sn} is convergent to s*, i.e.

lim 8,4(s*, s,) = 0. @)
n—+00

Similarly, it can be proved that there exists ¢* such that
lim;,_, o0 84(sn, t*) = 0. By Proposition 4.1, it follows
§* =1r*.

Let us prove now that x* is a fixed point of 7. Presume
84(Ts*, s*) > 0. By (A3), we have

f@g(Ts™, s%)) <f (8q(Ts™, sn41) + 8g(sp+1. ") +C.n € N.
Furthermore,

F@By(Ts*, s) <f (kSy(s*, sn) + 8¢(sns+1,5) +C, neN.
From (A3), we obtain

lim f(k(Sq(s*, Sn) + 84(Sn+1, s +C = —o0,
n——+00

a contradiction. As a conclusion, we have §,(Ts*, s*) = 0,
so s* = Ts*.

As alast stage, we indicate the uniqueness. Let s, ¢ € X two
distinct fixed points of 7. The contraction condition implies

8y(s*, 1%) = 8,(Ts*, Tr*) < kS (s*, 1) < 8,(s*, %),

a contradiction. Accordingly, we deduce that s* € X is the
unique fixed point of 7. ]
Theorem 5.2: Let T be a self-mapping on a function
weighted quasi-metric space (X, 8,). Assume (X,8,) is
bi-complete, and there can be found p € (0, %) such that
8q(Ts, Tt) < wul[dq4(s, Ts) + 84(¢, Tt)], s,t € X. (8)
Then T possess a unique fixed point s* € X.
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Proof: By analogy to the proof of Theorem 5.1,
we derive an iterative sequence {s,} whose successive terms
are distinct, that is, §4(sy, sy+1) > 0. From inequality (8),

aq(sn, Sn+1) < M[Sq(sn—la sn) + Sq(sn, sut1)], neN

After an adequate evaluation, we find

(Sq(sn» Sp1) < k(sq(sn—h sp), neN,
where k = ﬁ < 1. Thus, we have
8q(Sns Snt1) < k"84(s0,51), neN.

Furthermore, by using the corresponding arguments as in
the proof of Theorem 5.1, we are lead to the conclusion that

{sx} is a Cauchy sequence. Recall that (X, ;) is bi-complete,
therefore there exists s* € X such that {s,} converges
to s™*, i.e.

. " P K
_1}141_1oo 3q(s™,5p) =0 = nl}rfm 8y(sn, s7) = 0.

Let us prove now that s* is a fixed point of 7. Presume
84(s*, Ts*) > 0. By (8), we have

8q(Tsn, Ts*) < udy(sn, Tsn) + ndy(s*, Ts™),

which, by having in view also that 8q(s*, Ts*) < 8q(s*, Tsy)+
8*(Tsy, Ts*), and taking n — +00, leads to

Sq(s*, Ts*) < //qu(s*, Ts™),

so Ts* = s*.
As a last step, we indicate the uniqueness. Let s*, t* €
X two distinct fixed points of 7. The contraction condition

implies
8q(s™, 1) = 84(Ts™, Tt™) < u[84(s™, Ts*™) + 84(t*, Tt*)] = 0,

a contradiction. Accordingly, we deduce that uniqueness of
the fixed point of T'. g

V1. CONCLUSION

The concept of a function weighted quasi-metric space has
been obtained by dropping the symmetry condition from
JF-metric spaces. Topological aspects and fixed point prop-
erties are studied in this setting. As further developments,
we intend to have in view modifying the first condition from
the definition of a function weighted quasi-metric space and
do a research on how this change reflects on the topological
structure, and also obtain some fixed point results in this
framework.
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