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Abstract— Spike-timing-dependent plasticity (STDP) is one of
the most popular and deeply biologically motivated forms of
unsupervised Hebbian-type learning. In this article, we propose a
variant of STDP extended by an additional activation-dependent
scale factor. The consequent learning rule is an efficient algo-
rithm, which is simple to implement and applicable to spiking
neural networks (SNNs). It is demonstrated that the proposed
plasticity mechanism combined with competitive learning can
serve as an effective mechanism for the unsupervised develop-
ment of receptive fields (RFs). Furthermore, the relationship
between synaptic scaling and lateral inhibition is explored in
the context of the successful development of RFs. Specifically,
we demonstrate that maintaining a high level of synaptic scaling
followed by its rapid increase is crucial for the development
of neuronal mechanisms of selectivity. The strength of the
proposed solution is assessed in classification tasks performed
on the Modified National Institute of Standards and Technology
(MNIST) data set with an accuracy level of 94.65% (a single
network) and 95.17% (a network committee)—comparable to the
state-of-the-art results of single-layer SNN architectures trained
in an unsupervised manner. Furthermore, the training process
leads to sparse data representation and the developed RFs have
the potential to serve as local feature detectors in multilayered
spiking networks. We also prove theoretically that when applied
to linear Poisson neurons, our rule conserves total synaptic
strength, guaranteeing the convergence of the learning process.

Index Terms— Classification, Hebbian learning (HL), Modified
National Institute of Standards and Technology (MNIST), spike-
timing-dependent plasticity (STDP), spiking neurons, synaptic
scaling.

I. INTRODUCTION

POWERFUL computation with low-power consumption
is one of the key distinctive features of mammalian

brains when compared with contemporary computing devices.
Although the mammalian brain function is still yet to be
mapped fully, some pieces of this puzzle have already been
discovered and have served as an inspiration for designing bio-
logically plausible algorithms. One of the first ground-breaking
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discoveries in this field [1] was the demonstration that specific
neurons in the visual cortex of a cat are sensitive exclusively
to particular input stimuli patterns of strictly defined shape and
size. A region in the visual space to which a given neuron is
responsive is known as a receptive field (RF) [2]. Selective
responses of neurons to particular RF shapes are utilized in
specific input spike train encodings.

The development of RFs and the overall brain plasticity can
be addressed to some extent by the learning rule proposed by
Hebb [3], who emphasized the importance of the correlation
between presynaptic and postsynaptic activity in the process
of strengthening the synaptic efficacy between two neurons.
Persistent growth in synaptic efficacy is known as long-term
potentiation (LTP). A Hebbian learning (HL) rule in its clas-
sical formulation [3] postulates the occurrence of LTP when
a presynaptic neuron either continuously or in a repeatable
manner triggers firing of a postsynaptic neuron. Intuitively,
such a learning rule creates a positive feedback mechanism,
which increases the efficacy of synaptic weights and enables
the growth of neuronal activity.

It is evident that a sole mechanism of positive feedback
is insufficient for developing selectivity for different input
stimuli and for keeping the network dynamic stable [4]. In the
sole presence of the weight efficacy increasing mechanism,
a neuron would at some point become responsive to all
possible input patterns and would furthermore suffer from
the explosive growth of the firing rate. In order to stabilize
network dynamics, a concurrent weight decreasing process
must be introduced [5]. The persistent decrease in weight
efficacy caused by this process is known as long-term depres-
sion (LTD). Experiments on synaptic plasticity carried out in
the late 1990s [6], [7] have proven that relative timings of
presynaptic and postsynaptic spikes trigger persistent changes
in neuron connections: when a presynaptic spike precedes a
postsynaptic one the LTP is observed, while in the opposite
scenario, weight decrease by means of the LTD is invoked.
The above-mentioned learning protocol is known as spike-
timing-dependent plasticity (STDP) [8]. STDP is an example
of HL, which, in turn, encompasses the whole family of
learning rules, in which the LTP process is often conjugated
with a dedicated LTD mechanism [9]. Certain implementations
of HL protocol may be applied to the development of RFs [10].

The remainder of this article is structured as follows.
Section II describes our motivation for undertaking this work
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and outlines its primary contribution. Section III discusses the
most relevant work by others on the subject. Sections IV and
V are devoted to the description of the proposed approach and
its experimental evaluation. Section VI concludes this article
and lists possible future directions of research. A proof of
convergence of the proposed learning rule is presented in the
Appendix.

II. MOTIVATION AND CONTRIBUTION

In view of the recent accomplishments of deep neural net-
works, a question naturally arises: why focus on biologically
plausible methods if highly effective gradient-based learning
techniques and combinations with other learning paradigms
such as reinforcement learning exist? In our opinion, there
are several valid reasons for pursuing research on biologically
plausible neural approaches, two of which are of particular
importance to us.

The first concerns the specific properties of Hebbian learn-
ing. The rule is primarily local, which is a significant asset
from both engineering and computational perspectives. Con-
trary to gradient descent algorithms, in which an error value
needs to be propagated through all layers to perform a weight
update, only locally available variables are needed to modify
the respective weights in Hebbian learning. Hebbian learning
is an unsupervised learning method, which allows it to be
a plausible approach in cases in which data labeling is an
expensive or challenging process.

The second reason concerns the modeling of brain
processes, which is one of the possible paths to developing
cognitive artificial intelligence (AI) and consequently under-
standing the functional principles of the human brain in more
detail. Exploring biologically plausible information processing
algorithms helps to verify both theoretical discoveries and
experimental evidence in neuroscience and provides building
blocks for the development of potentially complex cognitive
systems [11].

Contemporary mainstream research in AI and machine
learning (ML) is dominated by deep neural architectures and
deep learning algorithms [12]–[14]. Even though the perfor-
mance of these methods in many ML tasks is impressive,
the biological plausibility of these models is arguable.

Furthermore, traditional computation is not properly tailored
toward information processing required by biologically moti-
vated methods. Likewise, current computer architectures suffer
from several drawbacks, including huge power consumption or
potential physical damage. On the contrary, the neuromorphic
hardware inspired by biological systems, which has recently
gained a lot of popularity [15] can efficiently address these
limitations [16]–[18]. Biologically inspired HL rules suitable
for spiking neural network (SNN) training, which is one of the
central topics here, have been already successfully adapted for
different kinds of neuromorphic hardware [19], [20].

In summary, biologically plausible learning and information
processing methods implemented on properly adapted (or ded-
icated) hardware offer an interesting alternative to traditional
computation.

In this article, we propose a variant of a Hebbian learn-
ing rule equipped with a homeostatic scaling mechanism

dependent on the firing history of a neuron

�wi ∝ e− �t
τ+����

Hebbian

− R(t)wi� �� �
scaling

(1)

where wi is the synaptic weight connecting the i th input
neuron with the output neuron, �t is the time interval between
presynaptic and postsynaptic spikes, τ+ is the decaying time
constant, and R(t)wi represents activity-dependent synaptic
scaling. R(t) stores information about previous neuronal activ-
ity and has a high value when the neuron has been active
recently, gradually decaying to zero if there is no ongoing
activity. The term, e−�t/τ+ expresses the classical Hebbian
correlation between presynaptic and postsynaptic activity. The
role of the scaling parameter is to balance the positive feedback
imposed by the Hebbian part of (1).

The main contribution of this article can be summarized as
follows.

1) It is shown both analytically and experimentally that
the proposed scaling mechanism stabilizes the Hebbian
learning component in (1) and results in convergent
learning.

2) Consequently, it is shown that learning rule (1) can effec-
tively develop RFs to be used as part of a classification
system.

3) The classification performance of an SNN trained with
rule (1) on the Modified National Institute of Standards
and Technology (MNIST) data set [21] equals 94.65%
for a single network and 95.17% for a committee of
networks, which is comparable to the state-of-the-art
performance of similar single-layer SNN architectures
trained in an unsupervised manner.

4) It is shown that both synaptic scaling and lateral inhibi-
tion (discussed in Section IV-A) interact with each other
efficiently in the process of RF development.

5) It is demonstrated that rapid synaptic scaling improves
classification results by decreasing the synaptic strength
of the receptive neurons, thus making them responsive
only to highly correlated inputs.

III. RELATED WORK

Selective attention to particular input patterns is an essen-
tial feature of the mammalian visual cortex. Sections III-A
and III-B discuss two different formulations of the Hebbian
learning rule: rate-based and spike-based and compare them
with (1). Generally speaking, spike-based methods are more
complex and more biologically plausible [22]. Nevertheless,
certain rate-based approaches are worthy of further research,
especially those applicable to RF development.

Throughout this article the following notation is used.
1) wi , synaptic efficacy connecting the ith neuron from the

input layer with the output neuron.
2) xi , the firing rate of the ith neuron in the input layer.
3) y, the firing rate of the output neuron.
4) �wi , the amount of update of weight wi .
5) �w, the weight vector composed of weights wi .
6) τ+ and τ−, time constants defining decaying ratios in

spike-timing methods.
7) �t = |tpre − tpost|, time interval between presynaptic and

postsynaptic spikes.
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A. Rate-Based Models

Balancing Hebbian weight growth can be achieved by
means of synaptic scaling, i.e., introducing an additional
constraint to the learning rule which depends on the post-
synaptic firing rate [23], [24]. Synaptic scaling proportional
to the evolving weight is known as multiplicative and can be
expressed by

�wi = yxi����
Hebbian

− f (y)wi� �� �
scaling

(2)

where f (y) is dependent on postsynaptic activity, y. In learn-
ing rules relying on (2) Hebbian factor xi y, which expresses
the correlation between presynaptic and postsynaptic activity is
balanced by a scaling factor, f (y)wi . One of the most popular
implementations of multiplicative constraint is Oja’s [25]
learning rule, in which f (y) = y2. In our method, which
also applies multiplicative synaptic scaling, the actual weight,
wi is multiplied by the postsynaptic trace expressing recent
time-averaged neuron activity. Furthermore, the Hebbian para-
meter is calculated based on the exact spike timing, not as a
firing rate as in the case of (2).

Bienenstock et al. [26] proposed another approach to the
selectivity and homeostasis problem—also referred to as BCM
theory. The BCM theory relies on the learning rule, (3) in
which the adaptive (i.e., sensitive to recent neuron activity)
parameter, �M determines whether weight is to be increased
or decreased

�wi = yxi����
Hebbian

(y − �M) − �wi . (3)

�M is usually calculated as the average neuron firing rate
across all input patterns. When a postsynaptic neuron is firing
at a high rate, y, then (y − �M) > 0 and the weight is
increased; otherwise, it is decreased. The last factor in (3) �wi

represents slow uniform weight decay (� is a small constant).
There are two significant differences between this method and
our proposal. Although recent neuron activity is also used to
enforce either LTP or LTD in our model (1), whether the
weight is increased or decreased depends on the difference
between the presynaptic trace and the recent neuron activity.
In addition, in BCM, the value of (y − �M) is the same for
all neuron synapses, so it acts as a global parameter for the
whole neuron. In our case, the presynaptic trace depends on
the actual input, and in most cases, the sign of the �wi might
be different for different synapses. Last but not least, our LTP
implementation follows the spike-timing description, contrary
to BCM, which is a rate-based learning method.

B. Spike-Based Models

Unlike the rate-based models, in which neuronal activ-
ity is described by the firing rates, in the spike-based for-
mulation, an essential part of the plasticity mechanism is
the co-occurrence of presynaptic and postsynaptic spikes.
According to classical STDP formulation [8], the connection
between two neurons strengthens when a presynaptic spike
precedes a postsynaptic one (pre-before-post) and satisfies
the Hebbian learning paradigm. Likewise, if a postsynaptic

spike is observed before a presynaptic one (post-before-pre),
the weight is decreased, as shown in the following:

�wi ∝
�

e− �t
τ+ , (pre-before-post)

−e− �t
τ− , (post-before-pre).

(4)

In the pre-before-post scenario, at the moment the post-
synaptic neuron is activated, the weight is increased by the
amount, �wi , which depends on the difference in timing
between presynaptic and postsynaptic spikes, �t . If the post-
synaptic spike is detected just after the presynaptic one, �t is
close to zero, so �wi is close to its maximal value, (e−�t/τ+ ≈
1). Analogical reasoning with a negative value of �wi ) can be
applied to the post-before-pre scenario. It has been proved [8]
that the asymmetric rule, (4) eliminates the problem of rapid
weight growth and creates homeostatic conditions. However,
developing RFs requires, besides homeostasis, neuron selec-
tivity for particular input stimuli, which is difficult to achieve
with this learning rule without additional modifications. Our
method shares the LTP mechanism with the STDP protocol
but differs in the implementation of LTD. Specifically, it does
not follow the post-before-pre scenario, and LTD is governed
exclusively by synaptic scaling. In addition, an update occurs
only when a postsynaptic spike is detected.

An interesting modification of classical STDP is the
triplet-based STDP formulation [27], which introduces addi-
tional presynaptic and postsynaptic traces with a larger time
constant, and combines them with the classical rule. It is
proved that neurons trained by this rule not only achieve selec-
tivity similar to that developed with the BCM algorithm [27]
but can also become sensitive to higher ordered spatiotemporal
correlations [28].

Yet another approach was proposed in [29] and [30]. Both
articles present a common method of weight updating only
when a postsynaptic spike is detected. In [29], the weight is
increased if postsynaptic activity is observed in the predefined
time window (pre-before-post), but the value does not depend
on the time interval between spikes, �t . If postsynaptic
activity is detected outside of the presynaptic time window
(post-without-pre), the weight is decreased. The learning rule
is described by the following equation:

�wi ∝
�

e−α
w−wmin

wmax−wmin , (pre-before-post)

−e−β wmax−w
wmax−wmin , (post-without-pre)

(5)

where α and β are constant and the minimum and maximum
conductances are expressed by wmin and wmax, respectively.
In (5), �wi does not depend directly on time, but on the
actual conductance, w only. The learning rule proposed in [30]
is similar, but more biologically plausible since an update
depends exponentially on the time difference, �t between
presynaptic and postsynaptic spikes

�wi ∝
�

e− �t
τ+ − xtar

�
(wmax − wi )

η (pre-before-post). (6)

Thanks to the additional offset parameter, xtar efficient input
selectivity was accomplished. This extra offset disconnects
each input whose activity was not detected before the post-
synaptic spike. In addition, an update, �w in (6) is also
dependent on the actual weight value, which is expressed by
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(wmax − wi )
η. In our approach, the weight is also updated

only when postsynaptic firing is detected. However, there is a
significant difference in the application of LTD. The scaling
parameter in (1) depends on the postsynaptic activity history,
and not on a predefined offset value. Another difference is that
in (1), the Hebbian term does not depend on the weight, while
in (6), the whole expression on the right side depends on w.

Another interesting spike-timing rule is a combination of
the STDP learning window with an additional multiplicative
scaling parameter, which depends on the relation between the
average firing R and the target firing rate Rtarget [31]

�wi ∝ αwi

	
1 − R

Rtarget



+ β(ST DP). (7)

The weight change in (7) is proportional to the weighted
sum of two terms with the coefficients, α and β. The first term
is a multiplicative synaptic scaling responsible for keeping the
dynamics around the predefined target firing value, Rtarget. The
other is a classical STDP learning window. Rules (1) and (7)
share the LTP mechanism and both use multiplicative synaptic
scaling, which depends on historical neuron activity. The key
difference between the rules is that STDP’s LTD mechanism
is not applied in (1). In addition, the synaptic scaling in our
model is not designed to keep the neuron firing rate around
some specific target value but is used only to downscale
weights and disconnect neurons which do not take part in the
postsynaptic firing of neurons.

IV. PROPOSED APPROACH

In this section, all aspects of the proposed approach, includ-
ing the neuron model, system architecture, learning algorithm,
and properties of the proposed Hebbian learning rule are
presented in detail.

A. Network Architecture and Neuron Model

A symbolic diagram illustrating the network architecture is
presented in Fig. 1. The input layer consists of 784 neurons,
which generate a spike representation of an input image. Every
neuron from the input layer is connected to all neurons in the
receptive layer by means of adaptable synapses. All neurons
in the receptive layer are connected to a single-inhibitory
neuron. One of the key goals of the presented architecture
is to maintain a high level of competition among neurons,
in order to satisfy the winner-takes-all rule [32]. Each time
one of the neurons from the receptive layer is activated,
it sends out an impulse to the inhibitory neuron via the
synaptic connection, which is defined to be strong enough to
activate the inhibitory neuron with a single spike. Following
its activation, the inhibitory neuron sends impulses to all
neurons from the receptive layer and hyperpolarizes them. It is
noteworthy that when the inhibitory neuron sends impulses to
the entire receptive layer, the receptive neuron which activated
the inhibitory one is already in the refractory period; therefore,
this impulse does not interrupt its learning process—an ade-
quate change in synaptic connection has already been made.
However, if the receptive neuron becomes highly activated,
inhibitory impulses may increase its inhibitory conductance

Fig. 1. (A) Schematic network architecture and (B) neuron model. In Fig. A,
arrows are directed from presynaptic to postsynaptic neurons. Each pixel of
the input image is bijectively mapped to one of 784 neurons in the input
layer. Receptive neurons are denoted as black triangles. The blue arrow shows
an impulse sent from RF number 1 to the inhibitory neuron. Afterward,
the inhibitory neuron is activated and an inhibition impulse (denoted by the
red arrows) is sent out to all neurons in the receptive layer. Fig. B shows
the receptive neuron model. Each neuron in the input layer is connected to
the respective neuron in the receptive layer through an adaptable excitatory
synapse. There is also a single inhibitory synapse in the model, with a fixed
weight, winh, which connects the inhibitory neuron with a dedicated receptive
neuron. All neurons in the receptive layer integrate input spike trains and
produce output spikes based on them.

to a level that temporarily suppresses future neuron activity,
constituting an auxiliary homeostatic mechanism.

The proposed architecture is a simplified version of the one
described in [30], in which each receptive neuron was bijec-
tively mapped to one inhibitory neuron. Thanks to using only
a single-inhibitory neuron, the dynamics of the network are
simplified, and the number of differential equations required
to describe the system is reduced. The network is composed
of leaky integrate and fire (LIF) neurons simulated using the
BRIAN simulator [33]. The membrane potential, u of these
neurons is described by the following equation:

τ
du

dt
= (urest − u) + ge(uexc − u) + gi(uinh − u) (8)

urest, uexc, and uinh are the resting membrane potential and
equilibrium potentials of excitatory and inhibitory synapses,
respectively. The excitatory and inhibitory conductances, ge

and gi , values depend on presynaptic activity—every time a
presynaptic neuron fires, conductance is incremented by the
synaptic weight value, w corresponding to that synapse, and
decays with time afterward according to

τe
dge

dt
= −ge, τi

dgi

dt
= −gi (9)
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where τe and τi are decaying time constants. If presynaptic
neurons are not firing, the membrane potential value decays
to urest. If a presynaptic neuron connected to an excitatory
synapse fires, excitatory conductance, ge, is increased and the
neuron’s membrane potential increases toward uexc. Analog-
ically, when a firing presynaptic neuron is connected to an
inhibitory synapse, the membrane potential decreases toward
uinh. Other parameters describing LIF neurons used in this
article are threshold potential, uth , and the refractory period,
tref. If a neuron’s membrane potential reaches a threshold
value, uth , the neuron fires and its membrane potential is
reset to the value of urest. Afterward the neuron is inactive for
the time interval, tref. Particular values of the above physical
parameters are presented in Appendix B.

B. Mathematical Model of Plasticity

Following the general formulation of the Hebbian learning
protocol proposed in [9], let us consider the synaptic weight,
wi j connecting a presynaptic neuron, j with a postsynaptic
neuron, i . Presynaptic and postsynaptic spike trains are defined
as Spre(t) = �

f δ(t − t f j) and Spost(t) = �
f δ(t − t f i), where

t f j and t f i are times of spike emissions and δ is the Dirac
delta function. A general form of weight evolution equation
can be expressed as follows [9]:

dwi j(t)

dt
= a0 + apreSpre(t) + apostSpost(t)

+ Spost(t)
� ∞

0
W (s)Spre(t − s)ds� �� �

pre-before-post

+ Spre(t)
� ∞

0
W (−s)Spost(t − s)ds� �� �

post-before-pre

(10)

where W (s) is the STDP asymmetric learning window

W (s) =
�

A+e− s
τ+ , for s > 0

−A−e
s

τ− , for s < 0.
(11)

Parameter a0 describes changes in synaptic weight not
related to spike occurrences, such as those decaying over
time. apre and apost define changes implied separately by
either presynaptic or postsynaptic spikes. The last two terms
in (10) describe changes related to pre-before-post and post-
before-pre spike occurrences, respectively, where the function,
W (s) defines the STDP asymmetric learning window, where
A+ and A− are constant. Since in our method weight update
is performed only when the postsynaptic neuron is activated,
(10) reduces to

dwi j(t)

dt
= apostSpost(t) + Spost(t)

� ∞

0
W (s)Spre(t − s)ds� �� �

pre-before-post

.

(12)

To simplify the concept and to offer an intuitive view of
the proposed approach, let us consider a single-postsynaptic

spike train which has occurred at time, t = tpost, i.e., Spost(t =
tpost) = 1. We can, therefore, define weight change as

�wi j(tpost) = η

⎡
⎢⎢⎢⎣apost +

� ∞

0
A+e− s

τ+ Spre
�
tpost − s

�
ds� �� �

pre-before-post

⎤
⎥⎥⎥⎦ (13)

where η is a small learning parameter. The integral term in (13)
aggregates all presynaptic events which occurred before post-
synaptic spike, t = tpost, so the integration incorporates all pre-
before-post traces. Since traces A+e−s/τ+ decay exponentially,
presynaptic spikes which occurred long before postsynaptic
action potential have little to no effect on the weight efficacy
change.

In classical STDP an LTD is caused by the post-before-pre
term from (10), while in the proposed method, it is an effect
of synaptic scaling only. The multiplicative scaling factor
dependent on the postsynaptic activity history is defined as

apost = −wi j(tpost)

� ∞

0
Rposte

− s
τs Spost

�
tpost − s

�
ds (14)

where Rpost > 0 is a constant, integration is performed over
all postsynaptic spikes which occurred before t = tpost, and
τs is a synaptic scaling time constant. Based on (14) and
highlighting that wi j (tpost) ≥ 0 in the proposed model, it follows
intuitively that apost ≤ 0. Since term pre-before-post in (13) is
nonnegative, weight efficacy changes depend on the difference
between integration over all pre-before-post traces in (13) and
postsynaptic scaling (14).

Let us assume that for time, t = tpost, apost = A p < 0. The
weight change, �w as a function of the time passed from
the last presynaptic spike is showed in Fig 2. Time ts divides
the diagram into two areas: LTD on the left and LTP on the
right. If multiplicative scaling, A p is high, then ts is located
closer to zero, and only those presynaptic spikes that happen
immediately before the postsynaptic one result in LTP. Such
a mechanism leads to competition among the synapses of a
given neuron: synapses that did not contribute to the firing of
a postsynaptic neuron decrease in time (shown in the red part
of Fig 2).

The proposed mechanism can be summarized as follows.

1) In the absence of postsynaptic spikes, weight does not
change: �w = 0.

2) If the recent activity of a postsynaptic neuron is high,
only synapses which strongly contributed to its firing are
rewarded.

3) Presynaptic neurons not participating in the firing of
a postsynaptic neuron becomes gradually more weakly
connected.

C. Plasticity Implementation Details

The implementation of (13) requires the calculation of
presynaptic trace and postsynaptic activity history. The value
of presynaptic trace A+(t) is set to 1 every time a presynaptic
neuron is activated and then decays exponentially with time

A+(t) = e− t−tpre
τ+ (15)
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Fig. 2. Range of weight change at the time of postsynaptic spike. The
horizontal axis shows the times of presynaptic activity which have been
noticed before the postsynaptic spike. If tpre − tpost = 0, then a presynaptic
spike was observed exactly at the moment of the postsynaptic one. The amount
of scaling, Ap , related to postsynaptic activity history is equal to −0.3 in
this example. Two different scenarios can be inferred from this. First, if the
presynaptic spike, t = t1 has been noticed a relatively long time before the
postsynaptic one, then the weight is decreased (by 0.185 in this example).
Second, if the spike is observed just before the postsynaptic one, t = t2, then
the weight is increased (by 0.46 in this example). ts can be considered as the
transition point between LTD and LTP. If tpre − tpost < ts weight is decreased,
LTD occurs; otherwise, if tpre − tpost > ts , LTP occurs.

where τ+ is a predefined time constant and �t = t − tpre

denotes the time passed since the last presynaptic spike.
Postsynaptic activity history R(t) can be expressed as a sum
of an infinite series

R(t) =
∞�

k=1

e− (t−tk)
τs (16)

where tk denote the times of postsynaptic spikes which
occurred before time t . Time constant τs is selected to be
greater than τ+, in order to take into account the previous
neuron activity. Having specified postsynaptic activity history
by (16) the multiplicative scaling factor (14) can be expressed
as

apost = −R(t)wi j . (17)

Combining (13), (15), and (17) leads to the equation which
defines the weight change

�wi j = η
�
A+(t) − R(t)wi j

�
. (18)

In the context of recent research on integrating Hebbian and
homeostatic plasticity [5], the proposed scaling mechanism can
be considered as a rapid compensatory process [34] aimed at
controlling the Hebbian positive loop.

V. EXPERIMENTAL EVALUATION

In this section, the application of the proposed biologically
plausible method of RF development in the classification
domain is experimentally evaluated and discussed based on
a series of experiments conducted on the MNIST data set
(MNIST) [21]. Section V-A explains how a network with
RFs can be used as a classifier, and how to encode MNIST

images to spiking form. Section V-B verifies the influence
of scaling and inhibition on the formation process of RFs,
and in Section V-C, the performance of large RF networks is
evaluated.

The source code of all experiments is available at
https://github.com/mioun/activation-dependent-plasticity.git

A. Classification With RF Networks

1) Performance Evaluation Methods: The utilization of
a trained network as a classifier requires some method of
interpreting its responses (label assignment procedure). In this
respect, we followed the approach proposed by Diehl [30]. Let

� = {(x̂0, L0), (x̂1, L1), . . . , (x̂K−1, L K−1)} (19)

be the training set, where x̂i is the input spike train, Li is a cor-
responding label of sample i , and K is the size of the training
set. If N is the number of neurons in the receptive layer, then
for each input vector x̂i , the network response is computed
and interpreted as a rate vector, ŷi = (y0, y1, . . . , yN−1). Two
different procedures to determine classification results were
used. The first one is similar to the method proposed in [29]
and [30]. For each neuron, the respective class, c is assigned as
the one to which the neuron was most frequently responding
during the presentation of the training set. In the test phase, for
each test sample a cumulative firing rate is calculated for every
class, c based on the values, ŷi of neurons being assigned to
this class. The highest firing rate determines the class of the
tested input sample. This method of classification is referred
to as highest rate classification.

In a complementary method of classification, for each class,
c we define by kc the number of samples in the training set
labeled with c. Then, for each class, its normalized response
vector Yc is defined as

Yc = Yc

|Yc| where Yc =
kc−1�
n=0

ŷnc (20)

where ŷnc is the network’s response vector computed for
the nth input vector from class c. In the test phase, for a
given test image, the network response is normalized, and its
scalar product with the normalized class response vector, Yc

is calculated for every c. Yc, for which the scalar product
is the highest determines class c of the tested input. This
method of classification is referred to as scalar product
classification.

Additionally to classification results, sparsity of the network
encoding is determined. The spike co-occurrence parameter,
Cs for a spike at time ts is defined as the sum of all spikes
detected among other neurons during the time period, t =
(ts, ts + tref], where tref is a neuron’s refractory time. In other
words, to what extent a winning neuron inhibits other neurons
from firing during its refractory period is evaluated. In most
cases, the arithmetic average over the total number of spikes
recorded during input set presentation, M is used to determine
the network sparsity, C

C = 1

M

M�
s=1

Cs . (21)
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2) Input Stimuli Encoding: MNIST digits are represented
as 28 × 28 gray-scale pixel matrices with each pixel intensity
within the range, [0, 255]. In order to transform these images
into a spiking form, as in [30], a corresponding input neuron
is assigned for each pixel, with a firing rate proportional to the
pixel’s intensity (interpreted as Hz). For instance, a pixel with
an intensity of 144 is represented as a firing neuron with an
average frequency of 14.4 Hz. Each input image is presented
to the network for a time period of 400 ms, after which the
network rests for 200 ms, which by allowing most of the
time-dependent parameters to decay, reduces the influence of
one input image on another during the training process.

B. Influence of Competitiveness on RFs Development

In the proposed architecture, competitiveness is imple-
mented on two architectural levels: 1) competition on the
synaptic level within a single neuron as a result of the pro-
posed synaptic scaling and 2) an inhibition mechanism among
neurons implemented in the form of the WTA strategy [32],
[35], in which only the winning unit modifies its weights.
In order to check how 1) and 2) affect the development of
RFs, a series of 99 experiments were performed. In each run,
the steering parameters (τs and winh) were set to particular
values, and the whole training section of MNIST, comprising
60 000 images of digits, was transformed into spiking form
according to the procedure described earlier. These images
were then presented four times to a network composed of 100
neurons. When the training was completed, the network was
used as a classifier on the remaining 10 000 MNIST samples,
and the classification accuracy was used as a measure of the
success of the development of the RFs. Using the scaling
time constant, τs ∈ {10, 20, . . . , 90} and inhibition weight,
winh ∈ {0, 1, . . . , 10}, created 99 different parameter pairs.

Fig. 3(A) presents the highest rate classification perfor-
mance for all parameter pairs. Undoubtedly, both inhibitory
conductance and the scaling time constant are indispensable
for the successful development of RFs, and consequently
high classification accuracy. In the case of the absence of
lateral inhibition, (winh = 0) there is no competition among
neurons, and all of them react to all possible inputs (accuracy
is oscillating around 10%). The synaptic weights of the RFs
developed in this case, winh = 0 are shown in the bottom row
of Fig. 3(B). It is clear in this case that a selectivity mechanism
has not been developed, and all RFs have a similar shape that
does not resemble any of the input classes.

On the other hand, when synaptic scaling is too low
(τs ≤ 30) RFs do not develop even for high inhibition values,
and the accuracy stays below 20%. RFs developed for τs = 30
and winh = 4 are shown in the middle row of Fig. 3(B). We can
observe that the resultant network is dominated by certain
neurons which react to the majority of the input spike trains,
as evidenced by the bright oval RF shape in the rightmost
figure in the middle row. This phenomenon stems from the
dominance of the Hebbian factor, A+(t) over the scaling
factor, R(t)w in (18). Consequently, some neurons have not
had a chance to evolve, and their weights remain randomly
distributed, evidenced by the third image in the middle row.

Fig. 3. (A) Highest rate classification performance as a function of inhibitory
conductance, winh and synaptic scaling time constant, τs . (B) Visualization of
five sample RFs from three different trained networks with properly defined
competitiveness (top row), with too low scaling (middle row), and with too
weak lateral inhibition (bottom row).

In the range of winh > 1 and τs > 30, the highest rate
classification accuracy rises dramatically, and for 50 ≤ τs ≤ 90
reaches 70%–80%. RF weights developed in such scenarios
are shown in the first row of Fig. 3(B).

In order to further investigate the relationship between
synaptic scaling and inhibition, we present a closer look at
two particular scenarios of setting τs and winh. In the first, τs

was fixed at 70, and in each run, lateral inhibition was set to an
integer value between 0 and 9. In the other, winh was fixed at
4, and the scaling time constant varied: τs ∈ {10, 20, . . . , 90}.
The accuracy results (highest rate classification and scalar
product classification) achieved in both experiments are plotted
in Fig. 4, together with the average co-occurrence parameter
normalized to the range, [0, 1] (in each point of the plot, C is
divided by its maximum value over the entire session).

Fig. 4(A) shows the dependence of classification accuracy
on changing inhibitory conductance, winh (with τs fixed at 70).
Fig. 4(A) demonstrates that a certain level of inhibition (winh ≥
1) is required to achieve reasonably effective performance. For
winh = 0, there is no lateral inhibition and, unsurprisingly,
classification accuracy for both measures is around 0.1, which
is a random result.

Contrary to the average performance, spike co-occurrence,
C is highest when there is no lateral inhibition in the network.
This is an expected outcome since in such a case none of the
neurons influence the firing of any other unit in the layer.
The highest average co-occurrence value equals 38.20, which
means that during the refractory time of one neuron, 38 other
neurons, on average, were activated.

When inhibition efficacy increases, classification results
rise rapidly, and around winh = 2, the performance against
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Fig. 4. Classification performance and averaged normalized co-occurrence
as a function of (A) inhibitory conductance and (B) scaling time constant.
Each normalized co-occurrence point is annotated with co-occurrence value
before normalization.

both measures reaches approximately 72%. Along with an
increase in winh, the performance gain slows down, but the
final accuracy oscillates around 80% nevertheless.

Another point of interest observed in Fig. 4(A) is the corre-
lation between the performance growth and the co-occurrence
factor decrease. When normalized, C decreases, the network’s
selectivity rises, and classification performance improves.
When the network’s performance is around 80%, the average
value of C oscillates around 0.62, which means that during
the refractory time of a single neuron, less than one neuron
on average is active.

In the second scenario, winh was fixed to 4, and τs acted
as the changing parameter. Since τs determines the pace of
R(t) decay in (18), a larger time constant leads to stronger
scaling, since recent neuron activity, R(t) decays at slower
rate. It can be inferred from Fig. 4(B) that rapid performance
changes occur when τs < 40. Relatively low values of τs ,
in comparison with the low lateral inhibition in the previous
series of experiments, result in low performance.

Of special interest are the outcomes when τs = 30.
Although winh = 4 is rather a high setting—which resulted
in the performance above 77% in the previous experiment—
it now leads to only 13% for the highest rate classification
and 54% for the scalar product classification. It is clear
that, in order to accomplish a high classification score, both
synaptic scaling and layer level competition must contribute
simultaneously.

Similar to the previous experiment, the average co-
occurrence, C , in Fig. 4(B) gradually decreases along with
performance growth and reaches 0.66 for τs = 90.

C. Method Evaluation in Larger Networks

This section presents the results of the application of the
proposed method to larger networks to demonstrate its scaling
capabilities and true efficacy.

Several network configurations of between 100 and 5000
receptive neurons were considered, and for each of them,
the training set of MNIST data was presented ten times with
the input stimulus described in Section V-A2. Afterward, each
network was tested on the remaining 10 000 MNIST digits.
The procedure was repeated five times for each network size.

In preliminary experiments with larger networks, it turned
out that our vanilla approach presented in Section IV has to
be modified toward maintaining higher scaling level. To this
end, the scaling formula (16) was extended by adding a new
constant R0

R(t) =
∞�

k=1

e− (t−tk)
τs + R0 (22)

where R0 ∈ [0.1 − 0.4]. This added parameter boosts scaling
and its presence is of particular importance when the overall
activity of the network is low. For each network, after ten
training epochs classification quality was evaluated using two
performance metrics described in Section V-A.

In order to further improve the results, an additional training
epoch devoted to the tuning of final weights with higher a
scaling parameter, R0 ∈ [0.3 − 0.6], was performed. In effect,
the weights were rapidly downscaled, causing the neurons not
to react to some of the inputs anymore, especially in the case
of images with low intensity. In order to compensate for this
effect, the excitatory time parameter, τe, in the LIF neuron
equation (9) was increased to 1.5–2.0, causing the network
to become more responsive. Then, another evaluation was
performed in the manner described earlier.

In addition, for each tested sample, the mean value of
the scalar product classification (with scaling) was calculated
by averaging the respective class-related responses of all
five networks. The class with the highest average response
value was selected as the classification result. Accuracy
results with all five aforementioned measures are presented
in Fig. 5 and Table I. For both classification measures,
better results were achieved when the rapid scaling procedure
was applied. Interestingly, higher accuracy is achieved after
rapid scaling with the scalar product classification measure,
in contrast to the state before the application of rapid scal-
ing, in which the highest rate classification yielded better
results.

Unsurprisingly, increasing the number of neurons in the
receptive layer resulted in higher accuracy in all four tested
system configurations. A closer analysis revealed that with-
out additional rapid scaling, weight vectors oscillated around
certain points in the weight space, which is often the case
in competitive learning. Rapid weight decrease finally shapes
the RFs, and since the weight values became relatively low,
the weight vector stayed at a fixed position. Consequently, after
rapid scaling, each neuron became responsive to a narrower
range of inputs.
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TABLE I

CLASSIFICATION RESULTS OF LARGER NETWORKS. COLUMN “N” PRESENTS THE NUMBER OF NEURONS IN THE RECEPTIVE LAYER, THE NEXT TWO
COLUMNS—TEST RESULTS OF TWO CLASSIFICATION METHODS AFTER TEN TRAINING EPOCHS, COLUMNS FOUR AND FIVE—TEST RESULTS

AFTER APPLYING RAPID SCALING (ADDITIONAL TRAINING EPOCH WITH HIGHER R0 VALUE). THE LAST COLUMN PRESENTS THE

AVERAGE RESULTS (WITH SCALING) OF FIVE NETWORKS THAT WERE USED IN THE EXPERIMENTS

REPORTED IN THE PRECEDING COLUMN

Fig. 5. Classification performance as a function of receptive layer size. Blue
color denotes the scalar product results and red color denotes the ones with
the highest firing rates. In either case, classification is performed either by
applying additional rapid scaling (dashed line) or without (solid line). The
green line presents the results of the ensemble of networks obtained in five
runs.

VI. DISCUSSION

Similar to other related approaches, the proposed plasticity
mechanism, when applied to a linear neuron performs prin-
cipal component analysis [23], [25] of the input data. More
precisely, after the training process, the weight vector of each
neuron points in the direction of the first principal component
calculated from the subset of inputs that activate that neuron.
While in our solution, the linearization of neurons is only an
approximation of the actual nonlinear dynamics, and the main
conclusion—that each neuron becomes the representation of
some subset of the input—remains true. With an increase
in the number of neurons, the subset of inputs assigned to
a particular unit is respectively smaller, and the differences
among the RFs of the neurons become progressively more
subtle. In such a case, performing rapid synaptic scaling by
means of an additional fine-tuning learning epoch sets the
weights of the neurons to become focused on a particular
input representation. Consequently, the plasticity of the whole
network is decreased, which leads to a sparser input set rep-
resentation. This phenomenon corresponds to our theoretical
analysis (presented in Appendix A), which shows that increas-
ing R0 leads to a decrease in the total synaptic strength of
the receptive neuron (35), making it responsive only to highly

correlated inputs. Synaptic scaling based solely on the previous
neuron’s activity (R0 = 0) prevents uncontrolled growth of
its activity but is not sufficient for the development of a
selectivity mechanism, which is indispensable for achieving
high classification results.

The learning rule proposed in this article can serve as a
baseline component of an effective classification system. The
network, which is composed of 5000 receptive neurons was
able to achieve 94.65% classification accuracy with a single
network, and 95.17% as an averaged result of five networks on
the popular MNIST benchmark data set. The result is promis-
ing and comparable to state-of-the-art accomplishments of
similar architectures by [29] (93.5%), [36] (94.5%), and [30]
(95.0%).

It is worth noting that the competitive learning procedure
proposed here does not extract abstract features from the
input data and only divides the input space into clusters
composed of strongly correlated objects. Without extracting
abstract features it is, at a certain level, extremely difficult
to spot the differences between two strongly correlated inputs
representing different numbers, e.g., 9 and 4. Recently, this
limitation has been addressed by the convolution of SNNs
capable of encoding the input stimulus with hierarchical RFs,
leading to much higher performance on MNIST data set [37]
(98.4%) or [38] (97.2%). These networks, however, present an
entirely different approach than our shallow one-layer unsu-
pervised model, whose main asset is simplicity and biological
relevance. Furthermore, deep convolutional spiking models
are usually used for providing a spiking-based representation
which is afterward fed to an efficient classifier (e.g., support
vector machine) [37] for making the ultimate classification.

In the view of the aforementioned results, it should be
emphasized that the main focus of this article is on exploring
the development process of RFs by means of a new biologically
relevant method (learning rule and corresponding neural
architecture). The MNIST data set was used to illustrate
the efficacy of the proposed plasticity mechanism and to
demonstrate its comparable performance to the state-of-the-art
shallow SNN architectures trained in an unsupervised manner.

A. Time Efficiency

As mentioned earlier, the biological plausibility of the
proposed solution is our major concern. In this context, it is
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TABLE II

TIME COMPARISON OF OUR STDP LEARNING RULE WITH SELECTED OTHER RULES. THE BEST RESULTS ARE BOLDED

worth recalling the well-known tradeoff between computa-
tional complexity (solution cost) and biological plausibility.
In the proposed model, two major simplifications to the classi-
cal STDP approach were introduced. First of all, we neglected
to include an LTD mechanism, which is typically invoked
when a postsynaptic spike is observed before a presynaptic
one. In addition, the lateral inhibition—which can have a
very complicated form in biological brain structures—was
simplified to a single inhibitory neuron. Thanks to these two
simplifications, the number of differential equations describing
the model was reduced and the performance of the model
increased.

In order to quantitatively assess the time advantage of the
proposed method, we compared it with the rules proposed
in [30] and [39]. In addition, we checked the performance
of our STDP rule extended by adding the LTD mechanism
implemented in the same way, as in [39]. The results for
networks with 100, 300, 500, and 1000 neurons in the recep-
tive layer, respectively, are presented in Table II. For each
plasticity rule, the reported times (in seconds) correspond to
three training epochs (presentations of an entire training set).
Each experiment was run five times and Table II presents the
average and standard deviation values.

The shortest times were achieved by our method and the
longest time was required for the method from [39]. The
main reason for these time differences can be attributed to
different weight update schemes. In [39], the weights are
updated in each time step by the synaptic scaling mechanism,
as opposed to our approach and the one from [30], where the
update is made only during the postsynaptic spike. The time
difference between our method and the one of Diehl [30] is
caused by the smaller number of inhibitory neurons required
in our approach: in our implementation, there is only one
inhibitory neuron, whereas the number of them in [30] equals
the number of excitatory neurons (1–1 correspondence) which
increases the number of differential equations that need to be
calculated.

The rightmost column shows that incorporation of the LTD
mechanism from [39] to our method increased simulation time
significantly. At the same time, this change did not lead to
improvement of classification accuracy, which confirms our
observation that in the context of classification, if scaling is
applied the use of the LTD mechanism is not beneficial.

B. Ablation Study

In order to quantitatively assess the impact of particular
components on the overall computational complexity of the
proposed method, we ran simulations of the following four

model configurations: with/without inducing the LTD dur-
ing presynaptic activity and with a single/multiple inhibitory
neuron/s. In the case of multiple inhibitory neurons, their
number equaled the number of the receptive neurons (one-
to-one pairing), which is a common configuration in the
literature. Our model is the one without LTD induction and
with a single-inhibitory unit. All four experiments were run on
the same, randomly selected subset of 10 000 MNIST digits
and with various numbers of neurons in the receptive layer.
For each pair (configuration and network size) we ran six
experiments and averaged simulation times. The results are
presented in Table III.

A comparison of simulation times confirms that both sim-
plifications proposed in our model lead to execution time
reduction and that time savings grow along with the network
size. The main time gain is attributed to omitting the LTD
phase—which is a fundamental difference compared to the
standard STDP rule formulation. Since LTD is performed for
each neuron that received an impulse, a computation load
related to LTD calculation increases with the network size.
Leaving out the LTD phase becomes even more important in
the case of higher dimensionality of the input spike trains
and/or an increase of their frequency. At the same time,
omitting the induction of the LTD phase does not deteriorate
the results since its absence is compensated by a multiplica-
tive scaling mechanism which is the key concept in our
method.

The other simplification, i.e., reduction of the number of
inhibitory neurons to one (in other models inhibitory neurons
are usually one-to-one paired with receptive layer units [30],
[36]) also leads to time savings, though not as spectacular
as removal of the LTD calculation. In this case, the time
gain depends on the activation level of the receptive layer
neurons, as exceeding the activation threshold in a given
receptive unit is the sole trigger that activates the respec-
tive (paired) inhibitory unit. As expected, the longest simu-
lation times in Table III are those for the model “opposite”
to ours, i.e., having both LTD phase and multiple inhibitory
units.

C. Possible Research Prospects

We wish to highlight the following three research avenues as
possibilities for future work. First of all, it is worth considering
the proposed model as part of a deep spiking architecture.
To this end, we have performed preliminary experiments
aimed at testing the ability of our network to develop local
RFs, which could serve as first-layer filters in multilayer
convolutional architecture.
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TABLE III

TIME COMPARISON OF THE FOLLOWING FOUR MODEL CONFIGURATIONS: WITH/WITHOUT INDUCING THE LTD DURING PRESYNAPTIC
ACTIVITY AND WITH A SINGLE/MULTIPLE INHIBITORY NEURON/S. THE BEST RESULTS ARE BOLDED

Fig. 6. Closer look at the RFs developed in the training process. (a) Selected
examples of contour-related features of size 4 × 4 pixels developed in the
experiment aimed at verifying potential usability of the model as part of
a convolutional spiking architecture. (b) Reconstruction of the exemplar
MNISTTS

C digits based on linear combinations of the RFs developed in the
training procedure.

Specifically, we considered the MNIST training set (60 000
images) and extracted image contours in order to obtain
contour-based representations of the figures (set MNISTT R

C ).
Then, we trained small RFs (4 × 4 pixels) and checked
whether can be used for reconstruction of the MNISTT R

C
images, i.e., we divided all MNISTTR

C images into patches
of size 4 × 4 and used them as input to a neural network
composed of 45 receptive neurons with RFs of the same size
as the input patches. Twenty randomly selected RFs are shown
in Fig. 6(a).

In order to check the reconstruction capabilities of the RFs
developed by our method, we reconstructed all images from
the contour-based MNIST test set (MNISTTS

C ) according to
the following procedure. For each test image, the receptive
window of size 4 × 4 was slid over that image with a step
equal to two pixels (horizontally and vertically). In each step,
we reconstructed the image patch base on the RFs, which
were activated during this presentation. In other words, each
image patch was reconstructed as a linear combination of
the RFs where combination coefficients were equal to the
number of spikes emitted by the activated RFs. After that,
we concatenated all reconstructed patches. Examples of the
images reconstructed in an above-described way are shown
in Fig. 6(b).

For quantitative assessment of the reconstruction quality,
we normalized contour images (middle column) and recon-
structed images (right column) using the Frobenius norm (the
square root of the sum of the absolute squares of images

elements), in order to bring original and reconstructed contour
images to a common pixel intensity scale. Afterward, for each
image from MNISTTS

C , the reconstruction error was calculated
as

E =
�

x,y(g(x, y) − r(x, y))2�
x,y g(x, y)2 (23)

where g(x, y) and r(x, y) are pixel intensities from the contour
image and the reconstructed image, respectively. The aver-
age reconstruction error on the entire MNISTT S

C set (10 000
images) was equal to 0.13 ± 0.02, which is very encourag-
ing result. In addition, it is important to note that the vast
majority of the patches were reconstructed based on one or
two RFs only and the rest (out of 45 fields) were silent
during the presentation of a given patch, which proves that
representation of test images is indeed sparse. We believe
that small reconstruction errors and the sparse nature of the
image representation are a strong indication of the possible use
of the proposed plasticity mechanism in deep convolutional
architectures.

Another pertinent direction is related to a deeper analysis of
the relationship between the way the inhibition is implemented
in the model, the level of neuronal competition (scaling), and
the form of the RFs developed during the training of the
model. While, in this work, we have focused on the case in
which each neuron inhibits all the others, other approaches
are also possible. We believe that the analysis presented in
this work can be extended toward a formal description of the
relation between the parameterizations of these two processes
(inhibition and scaling) and the resulting representation of the
input data.

A third interesting extension of this study would be a thor-
ough comparison of various biologically plausible single-layer
SNN approaches, including the one presented in this article,
in terms of their noise tolerance and generalization capabil-
ities. On a general note, these methods should demonstrate
certain robustness to noise in the training data, which is an
inherent property of the Hebbian learning paradigm. On the
other hand, due to differences in STDP rule implementation,
the degree of noise tolerance may vary between particular
methods.

VII. CONCLUSION

In this article, a new plasticity mechanism is introduced
and evaluated in the context of RF development. It is shown
that there exists a strong relationship between competition
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on two architectural levels, which plays a critical role in
the proper formation of RFs. If the synaptic scaling rate is
insufficient then, even with relatively high competition among
neurons within the layer, the selectivity of neurons does not
properly develop. Maintaining an appropriate level of scaling
is especially important in larger networks, with high numbers
of competing neurons.

APPENDIX

A. Proof of Learning Stability

In order to prove the convergence of the learning rule,
we shall simplify the neuron model to a spike response
model with sharply peaked postsynaptic potential [9]. The
proposed approach allows us to reduce the spike-based model
to a rate-base model in which presynaptic and postsynaptic
spikes can be interpreted as the rates of independent Poisson
processes. Consequently, the expected evolution of weight,
	wi j 
, connecting the j th input with the i th output neuron
introduced in (12), can be rewritten as

d

dt
	wi j 
 = acorv jvi + apostvi (24)

where acor > 0 is a coefficient related to the co-occurrence of
presynaptic and postsynaptic spikes, and

apost = −R(t)wi j(t) = −
∞�

k=1

e− (t−tk)
τs wi j(t) (25)

demonstrates activation-dependent multiplicative synaptic
scaling (17). Furthermore, let us assume the following.

1) The weight evolution process is smooth and slow com-
pared with neuron dynamics [9] (i.e., the learning con-
stant is relatively low).

2) During time period, τs , the changes of both rates and
weights can be neglected.

Assumptions 1) and 2) imply that vi remains constant
during t = τs ; therefore, on average, the time between spikes
�t remains constant as well. Let us observe the changes in
synaptic scaling in subsequent time intervals of length τs .
According to the previous discussion, for a given time interval,
m, the average time between spikes can be expressed as �tm .
Now, if the number of spikes observed in this interval equals
Km , then the postsynaptic activity history R(t) for this interval
can be expressed as

R(t)m ≡ R
m =

Km�
k=1

e− k�tm
τs . (26)

Hence, if we integrate over all previous time intervals and
consider the fact that postsynaptic activity decays exponen-
tially, then (25) can be rewritten as

apost =
�
−

∞�
m=1

1

em−1

Km�
k=1

e− k�tm
τs

�
� �� �

Scaling factor

wi j(t). (27)

Equation (27) illustrates that the scaling factor can be
interpreted as the sum of geometric series (26), where each
element integrates Km spikes and

∞�
m=1

1

em−1
R

m =
K1�

k=1

e− k�t1
τs + 1

e

K2�
k=1

e− k�t2
τs

+ 1

e2

K3�
k=1

e− k�t3
τs + 1

e3

K4�
k=1

e− k�t4
τs + · · · (28)

Let us define a neuron’s rate as the number of spikes, K
observed in the time interval, t = τs , i.e., vi = K = τs/�t .
If weight, wi j in (24) evolves slowly, �t2 = �t1 + δt and
K2 = K1 + δK and further terms in (28) decrease rapidly
with the next powers of e. Therefore, the terms with m > 2
can be ignored and follows:

∞�
m=1

1

em−1

Ki�
k=1

e− k�tm
τs �

K1�
k=1

e− k�t1
τs + 1

e

K2�
k=1

e− k�t2
τs

=
K1�

k=1

e− k�t1
τs + 1

e

K1�
k=1

e− k�t1
τs e− δt

τs

+ 1

e

δK�
k=1

e− k�t1
τs e− δt

τs

�
�

1 + 1

e

� K1�
k=1

e− k�t1
τs

= α

e− �t1
τs

�
1 −

�
e− �t1

τs

�K1
�

�
1 −

�
e− �t1

τs

��
= α

�
1 − 1

e

�
e− �t1

τs�
1 −

�
e− �t1

τs

��
= β

e− �t1
τs�

1 −
�

e− �t1
τs

�� (29)

where β = (1 + 1/e)(1 − 1/e). Assuming that δK � K and
e−δt/τs � 1 [what stems from 1)] and combining (29), (25),
and (24 ) leads to the following weight evolution equation:

d

dt
	wi j 
 = acorv jvi − β

e− �t1
τs�

1 −
�

e− �t1
τs

��viwi j . (30)

In further analysis, following [9] and [31], we simplify the
neuron’s model from LIF to that of a linear Poisson neuron,
where vi = �N

j=1 wi jv j . It is also assumed that all input rates
are on average pairwise equal so v j = x , which implies that
vi = x

�N
j=1 wi j and in effect, (30) can be rewritten as

d

dt
	wi j 
 = vi

⎛
⎝acor x − β

e− 1
vi�

1 −
�

e− 1
vi

��wi j

⎞
⎠. (31)
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TABLE IV

NETWORK PHYSICAL PARAMETERS USED IN THE EXPERIMENTS

Let us now analyze the stability of the postsynaptic rate, vi

d

dt
vi = d

dt
x

N�
j=1

	wi j
 = x
N�

j=1

d

dt
	wi j 
 =

= xvi

N�
j=1

⎛
⎜⎜⎝acorx − β

e
− 1

x
�N

j=1	wi j 
�
1 −

�
e

− 1
x

�N
j=1	wi j 


�� 	wi j 


⎞
⎟⎟⎠ =

= xvi

⎛
⎜⎜⎝acorx − β

e
− 1

x
�N

j=1	wi j 
�
1 −

�
e

− 1
x

�N
j=1	wi j 


�� N�
j=1

	wi j 


⎞
⎟⎟⎠.

(32)

It can be concluded from (32) that vi is stable when

acorx�N
j=1	wi j 


− β
e

− 1
x

�N
j=1	wi j 
�

1 −
�

e
− 1

x
�N

j=1	wi j 

�� = 0. (33)

Equation (34) has only one solution which depends on the
input characteristic

N�
j=1

	wi j
 = γ (x) (34)

which means that proposed learning rule conserves total
synaptic strength γ (x). If additional constant scaling parame-
ter R0 is introduced, the postsynaptic stability condition is
expressed as

acor x�N
j=1	wi j


− β
e

− 1
x

�N
j=1	wi j 
�

1 −
�

e
− 1

x
�N

j=1<wi j >

�� − R0 = 0 (35)

and in such a case, the total synaptic strength, γ (x), must be
lower to satisfy (35). In [23], it is proven that the eigenvector
of the first principal component is a stable fixed point of such
rules.

Please note that since our neuron model is more complex
than the linear Poisson model, its dynamics are in actual
fact more complex than is assumed in the theoretical analysis
earlier. For instance, if the weights become relatively low, only
highly correlated inputs will activate the neuron and trigger

the weight change. In addition, in a general case, it cannot
be assumed that the average firing rate, x , is the same for
all inputs, and without such assumption, (35) would assume a
more complex form.

It is also imperative to observe, however, that similar
simplifications have been attempted in several related articles
(e.g. [9], [31], [40]), and their usage is considered a standard
approach to theoretical analysis in this domain. The resulting
model offers satisfactory intuition on the neuron plasticity
mechanism and presents a sufficiently close approximation of
the model discussed in the article.

B. Network Physical Parameters

See Table IV.
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Jacek Mańdziuk (Senior Member, IEEE) received
the Ph.D. degree from the Warsaw University of
Technology, Warsaw, Poland, in 1993, and the D.Sc.
degree from the Systems Research Institute, Polish
Academy of Sciences, Warsaw, in 2000.

He is currently a Professor with the Faculty of
Mathematics and Information Science, Warsaw Uni-
versity of Technology, where he is also the Head
of the Division of Artificial Intelligence and Com-
putational Methods and the Head of the Doctoral
Program in computer science. He has authored three

books and more than 150 research papers. His research interests include
application of computational intelligence (CI) and artificial intelligence (AI)
methods to games, dynamic and bilevel optimization problems, human
machine co-learning and cooperation in problem solving, development of
general-purpose human-like learning and problem-solving methods which
involve intuition, creativity, and multitasking.
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