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Abstract: We propose a 90 hybrid-based monolithically integrated coherent receiver
suitable for colorless operation in the complete C- and L-band (1530–1625 nm). In-phase
and quadrature (IQ) signal components are obtained from a calibrated analog IQ recovery circuit, which adequately combines all the four photocurrents at the output of the 90
hybrid nearly cancelling the baseband interference from the self-beating of adjacent
wavelength division multiplexing channels. We numerically demonstrate that the proposed downconverter supports colorless reception of 128 channels with 16-quadrature
amplitude modulation at 112 Gbps in the C+L band. Aside from this, this receiver exhibits a noticeable dynamic range, thereby not requiring a variable optical attenuator on
the signal path, and it is pretty robust under realistic fabrication errors of the optoelectronic chip.
Index Terms: Coherent communication, fiber optics systems, integrated photonic systems, waveguide devices.

1. Introduction
The improvement of coherent receivers to simultaneously achieve flexibility and high spectral
efficiency on new reconfigurable optical transport networks is a hot topic of practical interest.
Receivers exhibiting colorless performance, i.e., capable of selecting and detecting any channel
without any fixed optical filter device, just by tuning the frequency of the local oscillator (LO) [1],
[2], are essential building blocks for these systems. On the other hand, capacity transmission
can be increased adopting higher-order quadrature amplitude modulation (M-QAM) under wavelength division multiplexing (WDM) in the wide C+L band (i.e., 1530 nm–1625 nm) available
from recent advances in optical amplification [3].
The Optical Internetworking Forum (OIF) [4] has proposed a 90 hybrid based coherent receiver operating in the C- or L-band to support initially 100 Gbps per channel under polarization
multiplexed quadrature phase-shift keying (POLMUX-QPSK) signals. Its application to higherorder M-QAM (e.g., 16-QAM [3], [5]) readily allows increasing system capacity. Coherent receiver combines a polarization diversity network (e.g., polarization beam splitters PBS) and two
phase diversity downconverters (one per polarization). In this paper we will focus on the optical
downconverter and more specifically in one of the most widespread implementation: the
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monolithic integration on a same chip of a 90 optical hybrid, based on a 2  4 multimode interference structure (MMI), with four photodiodes [5], [6]. It must be noted that as usual, the term
monolithic does not include the electronic stage: transimpedance amplifiers (TIAs), signal conditioning circuitry, etc. Although an ideal implementation of a balanced coherent receiver, which
performs the analog photocurrent subtraction between each pair of photodiodes, would allow colorless reception under coincident WDM channels, real hardware suffers from different kinds of
imperfections (photodiode responsivity mismatch or hybrid imbalances produced either by fabrication tolerances or operation in the limit of the band). Hardware imbalances limit single-channel
or colorless reception for high signal power operation, reducing the dynamic range [1], [7]. Thus,
the design of reconfigurable optical systems may be constrained to a maximum/minimum optical
path length or tolerable wavelength loss fluctuation of optical devices such as filters, ROADMs or
amplifiers. Common-mode-rejection-ratio (CMRR) is a measure of the suppression of the interfering direct-detection term produced by coincident channels under colorless operation [1], [2].
Therefore, a balanced 90 hybrid coherent receiver would require for colorless operation a high
CMRR in the operation band and a high LO-to-signal power ratio. However, a wideband high
CMRR demands stringent fabrication tolerance requirements (resulting in high cost and low fabrication yield) to reduce hardware imbalances [8]–[10]. Recently, to make the most of the available
dynamic range of the 90 coherent receiver, it has been proposed to integrate in its signal path a
monitor photodiode and a variable optical attenuator (VOA) to control and optimize input signal
power level [4], [11]. Additional issues should then be solved as the integration of VOA and monitor photodiode, power consumption or time response of the required control process.
In this work we propose a robust and wideband integrated downconverter suitable for colorless operation, which does not require the aforementioned VOA to optimize the dynamic range,
thus simplifying the receiver operation. The downconverter is based on a six-port 90 optical hybrid and performs the demodulation of in-phase and quadrature (IQ) signal components from
the analog or digital linear combination of its four output photocurrents. The DSP (digital signal
processing) block remains the same than in conventional downconverters with balanced detection. It is worth to note that coherent reception of QPSK/QAM modulated channels in a five-port
phase diversity receiver from a calibrated analog circuit was reported in [10], [12] at optical frequencies and in [13] and [14] at microwaves frequencies. However, here we show for the first
time that the same concept can also be applied to significantly increase the colorless operational
bandwidth of an integrated six-port optical downconverter. The simulation results demonstrate
that the proposed receiver is pretty robust to fabrication errors of the optoelectronic chip and can
support colorless reception in the complete C+L band (1530 nm–1625 nm) of 128 channels with
16-QAM modulation at 112 Gbps showing a noticeable dynamic range. Compared with the colorless receiver based on the integration of a VOA at the signal path, the alternative approach proposed here can achieve a similar performance exhibiting two relevant advantages: i) the
integrated optical network remains simple and fully passive, ii) continuous monitoring of received
power is not required, since the electronic calibration is independent of the signal level.
The paper is organized as follows: in Section 2, two different calibrated monolithically integrated 90 downconverters are described for colorless reception under hardware imbalances. In
Section 3, the colorless performance of both schemes is numerically compared in a realistic fabrication scenario. Finally, Section 4 provides the main conclusions.

2. Calibrated 90 Hybrid Integrated Downconverters for Colorless Operation
Fig. 1 shows the schematic of the proposed architectures based on a 90 hybrid coherent downconverter monolithically implemented with a 2  4 MMI and four photodiodes. These architectures are a logical extension, from three to four photodiodes, of the recently proposed colorless
schemes by Alcatel-Lucent Bell Labs [12], based on a 3  3 fiber coupler, and by the authors
[10], based on a monolithically integrated 2  3 MMI. The additional degree-of-freedom provided
here by the extra available photodiode output and the development of a novel calibration strategy will offer additional benefits for colorless reception to be addressed in this paper. Thus we
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Fig. 1. Schemes of two architectures for colorless coherent reception based on a 90 hybrid.
Demodulation of IQ signal components is performed from the linear combination of its four photocurrents from (a) analog IQ recovery circuit (b) digital IQ recovery block.

study colorless reception of a selected channel from an incoming WDM signal composed of N
multiplexed channels (of equal power PS ). The LO (of power PLO ) should be tuned to the angular frequency !k of the channel to detect (the DSP will correct any minor frequency or phase
mismatch). Both the incoming signal and LO will be combined in the 2  4 MMI 90 hybrid, with
k
scattering parameters Sim
(i ¼ 3; 4; 5 or 6; m ¼ 1 or 2) defined between their ports at a frequency !k . Photocurrents iik are obtained from the photodiodes, with responsivities Ri , at the
MMI outputs (7) of the Appendix. In Fig. 1(a) the IQ components of the selected channel are recovered from an analog adder, with weighting coefficients found by calibration, and digitized in
two ADCs to be further processed in the DSP. In Fig. 1(b) the same operation to obtain the IQ
components is performed digitally after the ADC conversion. In both proposals the following
DSP algorithms remain the same as in conventional downconverters with balanced detection.
Thus the DSP implements a traditional orthogonalization algorithm (e.g., Gram-Schmidt orthogonalization procedure GSOP [15]) which fully compensates the linear distortion induced in the received signal constellation by the hybrid imbalances. It must be highlighted that the analog IQ
recovery option has important advantages with respect to the digital approach [10], [12] because: i) it requires two ADC less and ii) the interfering direct-detection term is largely cancelled
prior to the ADC conversion without reducing its effective number of bits (ENoB). For this reason
only the architecture depicted in Fig. 1(a) will be assessed in this paper. For simplicity, the photodiode shot noise, thermal noise from amplifiers and quantization noise from the ADC will not
be considered here but in the next section through numerical simulations. Mathematically, the
linear operation of the output photocurrents with constant weighting coefficients ðAIi ; AQi Þ from
the IQ recovery circuit can be described in matrix form as (superscript k is omitted for simplicity)
2 3
2 3
2
3
i3
iI
AI3 AI4 AI5 AI6
6 i4 7
4 5
5  6 7 ¼ A  i:
¼4
(1)
4 i5 5
iQ 4Cal
AQ3 AQ4 AQ5 AQ6
i6
For an ideal colorless operation, demodulated IQ components should result in just a linear
combination of the symbols received from the channel selected. However, as it is derived in the
Appendix from (9), there will be a limiting additive interfering baseband current from the selfbeating of the adjacent channels
2 Interf 3
iI
N
X
4
5 ¼ PS 
A  n  jn j2
(2)
Interf
n¼1
iQ
where the normalized symbol received at the nth channel has been defined in the complex
plane by n ¼ In þ jQn . This baseband interference depends on the signal power, the number of
coincident channels and the performance of the coherent receiver in terms of amplitude imbalance through the vector n . The expression for the intensity interfering vector n , although introduced in the (10) of the Appendix, is repeated here for the sake of completeness (the
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superscript t denotes transpose operation)
h
 n 2
 
 

 it
 ; R4  S n 2 ; R5  S n 2 ; R6  S n 2 :
n ¼ R3  S31
41
51
61

(3)

Note that a properly calibrated analog circuit, defined by a weighting coefficients matrix A,
could reduce the interference introduced by (2), improving this way the receiver colorless performance. Since the CMRR is a direct measurement of the power imbalance of the receiver, we
will use it as a figure of merit of its colorless behavior as usually done in literature [1], [2], thus
being defined by
2
3
 6
6
 n 2 P
 n 2
P
2
3




A

R

S
jA
j

R

S
CMRRI ð!n Þ
Ii
i
Ii
i
6
7
i1
i1
7
i¼3
4
5¼6

:
(4)
6 i¼3
6
6
 n 2 P
 n 2 7
4P
5
CMRRQ ð!n Þ
AQi  Ri  Si1 
jAQi j  Ri  Si1 
i¼3

i¼3

Under an ideal hardware (e.g., S31 ¼ S41 ¼ S51 ¼ S61 ¼ S32 ¼ S42 ¼ 1=2; S52 ¼ S62 ¼ j=2,
within the operation band and photodiodes with equal responsivity), it can be easily deduced
the weighting coefficients from the analog circuit that would fully recover IQ components for all
channels
2
4

iI

3

2

5

¼4

iQ

1 1
0

Conventional balanced Dc

0

2 3
i3
0 0
6 i4 7
5  6 7:
4 i5 5
1 1
i6
3

(5)

This operation can be easily implemented from photodiodes followed by differential amplification or in balanced configuration. Note that (4) would be reduced under these coefficients to the
CMRR defined by the OIF for the commonly known as conventional coherent balanced receiver
[4]. Adjusting the above non-zero coefficients between each pair of photocurrents, interfering
direct-detection term induced by hardware imbalances from (2) could be canceled at a unique
wavelength (i.e., at the middle of the operation band). The resulting scheme, hereinafter referred
to as 2-Cal(ibrated), will be characterized by the following calibration matrix
2
4

iI
iQ

3

2

5

¼4
2-Cal

AI3

AI4

0

0

0

AQ5

2 3
i3
6 i4 7
5  6 7:
4 i5 5
AQ6
i6
0

3

(6)

The additional degree-of-freedom available from the application of the full weighting coefficient matrix A formulated in (1) will allow now to cancel at two wavelengths ðA ; B Þ the interference direct-detection term induced by colorless operation. The resulting receiver scheme,
thereinafter called 4-Cal(ibrated), will provide a high broadband operation if ðA ; B Þ are properly
selected (e.g., equidistantly located on the operation band). The weighting coefficients of the
calibrated analog circuit can be determined only once at receiver manufacture by solving the
linear equation system obtained when receiving four known symbols at wavelength A , while a
coincident channel is transmitted at wavelength B . As it will be shown in Section 3, the dualwavelength CMRR cancellation (in linear terms) will allow our proposed receiver to exhibit a
broadband colorless operation even under reasonable tolerance errors in fabrication or adjustment of coefficients. It should be noted here that when using a colorless calibrated receiver
based on a 120 coupler, as it has been previously done in [12] for a 3  3 fiber coupler and in
[10] for a 2  3 MMI, CMRR cancellation can be provided only at a single wavelength because
it has a degree of freedom less than the proposed one.
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Fig. 2. CMRR versus wavelength (a) nominal devices (Case I) with exact weighting coefficients
(b) detuned devices due to typical fabrication errors (Case II) with 5% deviation in weighting
coefficients.

To evaluate numerically our proposals, the passive optical network has been implemented
using the same commercial InP/InGaAsP platform than in our previous works [7], [16]. Thorough
electromagnetic (EM) simulations have been performed to obtain the scattering parameters of
the photonic integrated circuit. All the components are based on rib waveguides of nominal core
thickness H ¼ 1 m and nominal etch depth D ¼ 0:5 m. Bending radiuses are higher than
650 m to assure negligible losses, whereas waveguide crossing angles are always greater
than 40 to minimize losses and crosstalk. The 90 hybrid is based on a conventional 2  4
MMI device designed to optimize amplitude and phase imbalances at the central wavelength of
the C+L band (i.e.,  ¼ 1575 nm). The nominal width and length of the MMI are respectively
WMMI ¼ 25:5 m, LMMI ¼ 1379 m. This receiver is a ‘best-effort’ design which covers the C+L
band with a Maximum Amplitude Imbalance (MAI) and a Maximum Phase Imbalance (MPI) better than 1.2 dB and 4 respectively. For the tolerance analysis, we have taken into account the
combined effect of typical waveguide width errors W ¼ 150 nm and etch depth errors D ¼
45 nm (i.e., narrower and deeper etched than nominal waveguides). Deviations from the nominal core thickness H has not been considered, since epitaxial growth of InGaAsP/InP layers is
very accurate. Although these errors do not appreciably degrade the behavior of the interconnection waveguides, tapers and crossings, they significantly deteriorate the MMI performance. It
can be easily derived from multimode interference basic theory [17] that deviations from the
MMI nominal effective width cause a detuning of the optimum operation wavelength of the device. In the example considered here, the device with fabrication errors is narrower than nominal, so its optimal operation wavelength is also lower (1530 nm) and it is no longer placed at
the middle of the C+L band (1575 nm). This shift of the optimum operation point to lower
wavelengths causes that, although the detuned device works better than nominal design for
the C-band, its performance is greatly deteriorated in the L-band, showing a MAI ¼ 5:2 dB and
a MPI ¼ 10:7 . It is worth to note that, if we consider wider and shallower etched waveguides
(W ¼ 150 nm, D ¼ 45 nm), the MMI response changes to higher wavelengths but the conclusions remain the same, so this case will be not studied here.
The wavelength dependence of the maximum value of the CMRR calculated from (4) for the
calibrated 90 downconverters are depicted in Fig. 2(a) for the nominal design (Case I-Nominal
device) and in Fig. 2(b) under typical fabrication errors (Case II-Detuned device). In both cases
it was considered a realistic photodiode imbalance responsivity of 5%. In Fig. 2(a) exact weighting coefficients have been calculated at the central operation wavelength (i.e., 1575 nm) for the
2-Cal downconverter and at intermediate wavelengths (A ¼ 1550 nm and B ¼ 1600 nm) for
the 4-Cal downconverter. Fig. 2(b) represents a more realistic case, where the worst-case combination of previous weighting coefficients with a 5% deviation from their exact values has been
introduced. From (2) and (4), the self-beating interference contribution from each adjacent channel will be weighted by the signal power and the CMRR at its respective wavelength. For this
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Fig. 3. Contour plot of the OSNR penalty (at a BER ¼ 104 ) as a function of the LO and input signal
power for the nominal design (Case I) and exact weighting coefficients (a) 2-Cal and (b) 4-Cal 90
downconverters.

reason, it will be considered in the 2-Cal downconverter the center of the C+L band (i.e.,
1575 nm) to cancel the CMRR (in linear terms), as it provides a better performance in the whole
band than any other alternative (as Fig. 2(b) shows for cancellations at 1550 nm and 1600 nm).
On the other hand, note that the proposed 4-Cal downconverter is the only option to achieve a
high CMRR over the complete C+L band with independence of the fabrication scenario. With
this approach CMRR is always below the 20 dB limit, as specified by the OIF [4], due to the
cancellation (in linear terms) of the CMRR at two intermediate frequencies. Hereinafter only the
calibrated 2-Cal and 4-Cal downconverters will be evaluated, as the conventional coherent balanced receiver shows in any case a worse performance (as it can be easily appreciated from
the black line in Fig. 2) that prevents it to operate simultaneously in both bands.

3. Colorless Performance Comparison of Calibrated Monolithically
Integrated 90 Downconverters
In this section the colorless performance of the calibrated 90 downconverters presented in the
previous Section will be numerically simulated and compared. It has been considered a WDM
incoming signal composed of 128 channels (distributed in 64 channels centered on each of the
C- and L-bands on the standard 50 GHz grid) of equal power modulated under 16-QAM at
112 Gbps (enabling 224 Gbps under dual polarization). The optical fiber has been modeled as
an AWGN channel, only limited by amplified spontaneous emission (ASE) noise, so the effect of
the residual dispersion or polarization orientation of adjacent channels on the receiver performance has not been assessed here (see [1] for a deeper study of the scaling factor to be introduced in the intensity interfering term). Incoming optical signal-to-noise ratio (OSNR) has been
adjusted for each incident channel at a BER ¼ 104 in an ideal coherent receiver in absence of
internal noise sources. These latter noise sources were included with reasonable values in each
of the calibrated downconverters: relative intensity noise from signal and LO ðRIN ¼
150 dB/HzÞ, photodiode shot noise and a same contribution from thermal noise at the output
pﬃﬃﬃﬃﬃﬃ
of the analog IQ recovery circuit with a noise current density of 20 pA= Hz. It has been assumed that photodiodes and TIAs exhibit a bandwidth behavior compatible with 28 Gbaud applications, since these components are already commercially available [18], [19]. Equivalently,
signal distortion induced by the limited bandwidth of the analog IQ recovery circuit has not been
taken into account. It has also been considered an ADC resolution of 5 bits offering a low quantization noise penalty ( 0.5 dB) [20]. Finally, a linear orthogonalization algorithm GSOP [15],
[16] has been implemented before the decision algorithm in the ideal DSP block (see Fig. 1).
Fig. 3 shows the contour plot of the OSNR penalty (worst-case channel) as a function of the
LO and input signal power for the 2-Cal and 4-Cal 90 downconverters under nominal design
(Case I) and exact weighting coefficients. Table 1 summarizes for each downconverter, and a
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TABLE 1

Dynamic range and sensitivity for the calibrated 90 downconverters as a function of LO power

Fig. 4. Contour plot of the OSNR penalty (at a BER ¼ 104 ) as a function of the LO and input signal
power for a moderate fabrication scenario (Case II) and weighting coefficients with a 5% deviation
(a) 2-Cal and (b) 4-Cal 90 downconverters.

LO power of 7 dBm and 10 dBm, the dynamic range and sensitivity obtained attending to the
contour lines labeled with a maximum OSNR penalty of 1.5 dB (OSNR penalty of 1 dB over the
0.5 dB quantization noise floor). Note that, although in this ideal scenario (where fabrication
errors are not taken into account) both receivers are limited by shot and thermal noise in a similar
way for low signal power, still a slightly better performance is appreciated from the 4-Cal 90
downconverter at low LO-to-signal power ratio. However, for a reasonable fabrication error
(Case II) shown in Fig. 4, only the 4-Cal downconverter clearly exhibits a good behavior for high
signal power despite coefficients undergo a 5% deviation from their exact values. Certainly, while
the 4-Cal 90 downconverter maintains in any scenario a high CMRR over the entire C+L band
(see Fig. 2), that results in a reduced interference contribution from adjacent channels and wide
dynamic range, the 2-Cal 90 downconverter shows instead here a degraded performance [with
approximately ten times less dynamic range) by its poor CMRR on the L-band (see Fig. 2(b)].
The increased interference under colorless operation of the 2-Cal downconverter, with respect to
the 4-Cal proposal, can be appreciated from the demodulated constellation of the worst channel
depicted in Fig. 5 (with a LO and input signal power of 7 dBm and 5 dBm, respectively), where
the frequency of occurrence of a specific IQ value is indicated by a temperature color grading.
Finally, it is worth discussing the saturation problem that may occur in photodetection and electronic amplification. When considering extreme values for the input signal power per channel of
0 dBm, 128 channels, and a LO power of 12 dBm, there will be a maximum optical power in each
photodiode of 14 dBm, corresponding to a DC photocurrent of 20 mA. This photocurrent is below
the typical saturation limit of PIN photodiodes [21]. On the other hand, for the actual state-of-art
analog IC amplifiers [19], linear operation will be achieved if differential AC current (proportional
to the product of the signal power per channel and LO power [1], [2]) is maintained below an upper bound. From Fig. 4 it is clear that only our proposed 4-Cal downconverter can achieve a remarkable dynamic range even for low LO powers, thus avoiding TIA saturation problems and
additional signal distortion. On the contrary, conventional [1], [2] or 2-Cal downconverters only
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Fig. 5. Demodulated IQ constellation (PLO ¼ 7 dBm; Ps ¼ 5 dBm; 1-dB OSNR penalty) for the
worst channel performance in a moderate fabrication scenario (Case II) (a) 2-Cal and (b) 4-Cal 90
downconverters. EVM is the ratio of the error vector magnitude relative to the average signal constellation power. (a) BER ¼ 1:5 103 ; EVM ¼ 15:4%. (b) BER ¼ 104 ; EVM ¼ 12%.

work for relatively high LO powers with a reduced dynamic range, so that they should rely on a
VOA in the signal path to avoid TIA overload (which complicates receiver operation and is not so
power efficient).

4. Conclusion
We propose a 90 hybrid based monolithically integrated downconverter for colorless operation
in the complete C+L band, where IQ signal components are obtained from a calibrated analog
circuit through a linear operation over the four output photocurrents. This proposal is compared
to a conventional balanced detection and to its calibrated approach, adjusting the weights applied between each pair of photocurrents. In any case our proposal outperforms these other alternatives from the dual-wavelength CMRR cancellation (in linear terms) provided for the
additional degrees-of-freedom. Numerical results clearly show that our proposal, even under
reasonable errors in the fabrication or adjustment of the weighting coefficients, exhibits a superior performance as it can effectively reduce the interference of adjacent WDM channels from a
high CMRR on a wide operating band. Specifically, it has been obtained that our proposal can
operate simultaneously in the C and L band, achieving colorless reception of 128 channels with
16-QAM modulation at 112 Gbps with a noticeable dynamic range. Our proposal becomes an
interesting alternative to conventional schemes which, as it has been recently proposed, rely on
a VOA in the signal path to optimize their dynamic range and achieve colorless detection. Furthermore, the digital coherent reception predicted for the next generation of optical metro and
access networks could benefit from the features of the proposed receiver [22], [23].

Appendix
Characterization of the Calibrated 90  Hybrid Based
Coherent Downconverter
Here it is derived the demodulated IQ components from a calibrated 90 hybrid based monolithically integrated downconverter under colorless operation. Four photocurrents will result from the
combination in the 2  4 MMI of a WDM signal (composed of N channels) and LO tuned to the
frequency !k of the selected k th channel
2


X
N
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ

k
n
j!n t
k
j!k t 
ii ¼ Ri  
Si1  PS  n  e
þ Si2  PLO  e
(7)
 i ¼ 3; 4; 5; or 6:

 n¼1
Photocurrents can be described in matrix form, neglecting the high frequency beating terms
at !n  !k (which will be completely filtered by the electronics [2]), as
i k ¼ PLO  k þ PS 

N
X

n  jn j2 þ 2 

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

PS  PLO  < uk  k :

(8)

n¼1
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The operation described by the analog IQ recovery circuit from Fig. 1(a) will result in the following demodulated IQ signal components
2 k3
iI
N

X
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
4 5 ¼ A  i k ¼ PLO  A  k þ PS 
A  n  jn j2 þ 2  PS  PLO  < A  uk  k :
(9)
n¼1
iQk
Three terms can be identified at the right-hand side of (9): an irrelevant DC offset term (canceled by the analog circuit), a baseband interfering direct-detection term from the self-beating of
adjacent channels (limiting colorless performance) and the desired LO power-dependent linear
combination from IQ signal components (that will be resolved from the GSOP algorithm under
hybrid imbalances). Vector parameters ð; ; uÞ can be described from
k ¼ ½k 3 ; k 4 ; k 5 ; k 6 t ;
t

n ¼ ½n3 ; n4 ; n5 ; n6  ;
t

uk ¼ ½uk 3 ; uk 4 ; uk 5 ; uk 6  ;

 k 2

ik ¼ Ri  Si2
 n 2
ni ¼ Ri  S 
uki ¼ Ri 

i1
k
Si2


k
Si1

(10)
(11)
(12)
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