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Abstract — To describe and control the polarization state of electromagnetic waves, a polarization control operator
of the complex vector form is proposed. Distinct from traditional descriptors, the proposed operator employs an angle
parameter to configure the polarization state of the polarized wave. By setting the parameter in the proposed operator,
the amplitude of the field components can be modified, resulting in changes in the magnitude and direction of the
field vector, and thus realizing control of the polarization state of the electromagnetic wave. The physical meaning,
orthogonal decomposition, and discrete property of the proposed operator are demonstrated through mathematical
derivation. In the simulation examples, the polarization control operator with fixed and time-varying parameters is
applied to the circularly polarized wave. The propagation waveform, the trajectory projection and the waveform cross
section in different reception directions of the new electromagnetic waves are observed. The simulation results indi-
cate that complex electromagnetic waves with more flexible polarization states can be obtained with the aid of the
polarization operator.
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I. Introduction

The polarization properties of electromagnetic waves
have enhanced the development of many fields. In the
field of communication, the electromagnetic spectrum re-
sources are limited. The new dimension introduced by
polarization allows the spectrum resources to be extend-
ed [1]-[3]. In the field of target identification, the materi-
al and geometry of the targets are reflected in the polar-
ized scattering characteristics. The polarization domain
can provide more characteristic information about the
targets [4], [5]. Therefore, the study of polarization con-
trol of electromagnetic waves is important.

Polarization is first investigated in the field of op-
tics. The polarization ellipse method provides a good
physical understanding of elliptically polarized waves,
but it is not convenient mathematically [6]. In 1941,
Jones found that the polarized light could be represent-
ed by the Jones vector [7] and the polarization state of

the light transmitted through a polarization device can
be analyzed with the vector. The Jones matrix is conve-
nient in mathematics but is restricted to describe the ful-
ly polarized electromagnetic waves [8], [9]. Stokes intro-
duced four quantities to characterize the amplitude and
polarization of a light wave [10]. This description can be
used to describe the optical field with arbitrary polariza-
tion properties and forms the basis of modern polariza-
tion measurement. In 1892, the Poincaré sphere was pro-
posed to describe arbitrary polarization states [11]. By
stereographic projection, a one-to-one correspondence be-
tween arbitrary polarization and point on the sphere is
established. After normalization, the Poincaré sphere can
directly characterize arbitrary polarization states, includ-
ing natural light, partially polarized light, and fully po-
larized light, and is a very intuitive and convenient way
to represent polarization states [12], [13].

Along with the polarization domain being widely
studied, its application prospects are broadened. Some
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researchers work on designing communication systems
with a special polarization state. A high-gain dual circu-
larly polarized antenna is presented in [14] for E-band
air-to-ground wireless link. A double V-shaped metasur-
face is proposed in [15] to efficiently convert linear polar-
izations of electromagnetic waves in wideband. A digital
communication system is developed in [16] by exploiting
circular polarization of the propagating electromagnetic
carrier as a modulation attribute. Further, the multi-
polarization system is designed to transmit high-speed
signals [17]-[19]. A novel polarization-reconfigurable micro-
strip antenna with a simple structure is presented in [20]
to match modern wireless system requirements with a
cost-effective solution. A polarization-reconfigurable an-
tenna is designed in [21] to realize high gains for 5G com-
munication applications. Recently, orbital angular mo-
mentum (OAM) was introduced into wireless communi-
cation system design [22]-[24]. The orthogonal modes of
OAM increase the channel capacity without extra fre-
quency bands.

Still, in order to further develop the potential of po-
larize domain, a polarization description method with
both clear geometric meaning and mathematical simplici-
ty is expected. In this paper, a novel polarization control
operator is proposed. The polarization state of electro-
magnetic waves can be described with the proposed oper-
ator, and the polarization state of electromagnetic waves
can be designed by assigning values to the characteristic
parameter of the proposed operator.

The rest of this paper is organized as follows. In Sec-
tion II, the polarization operator is derived in detail and
analyzed in terms of implication, orthogonal decomposi-
tion characteristic, and discrete sequences form. Section
IIT gives simulation results of the polarized electromag-
netic waves controlled by the proposed operator with
constant and time-varying parameters. The polarization
state of the wave is changed to different constant polar-
ization states and complex time-varying polarization
states, respectively. Finally, Section IV draws a brief
conclusion. Appendix A lists the mathematical transfor-
mation formulas of the proposed operator.

II. Formulation of the Polarization
Control Operator

First, this section demonstrates the definition of the
polarization control operator and how it re-expresses the
instantaneous field of any general harmonic waves. Then,
the implication of the proposed operator is analyzed to
show how it controls the polarization state of the instan-
taneous cross section of the electromagnetic wave. Final-
ly, in order to make the operator more practical, the or-
thogonal decomposition and discrete sequence forms of
the operator are derived.

1. Definition of the polarization control operator

The instantaneous field of a single-frequency wave
propagating along w can be generally written as [25]

E = ua, cos(wt — gy,) + va, cos(wt — g,) (1)

where u and v are orthogonal unit vectors on the plane
perpendicular to the propagation direction, a, and a,
are real amplitude of the field components, g, and g,
and real spatial phase of the field components. If we de-
fine a coefficient:

_ cos(wt — gu)
sin(wt — gu)
and let
cosa = ay /A
sina = ca, /A
where A = /a2 4 (ca,)?. Then equation (1) can be

transformed to

E = Alucosacos(wt — g,,) — vsinasin(wt — g,,)]  (2)

¢

To separate the “wave” properties and the “polar-
ization” properties of the field, equation (2) is decom-
posed as

E =Re[A(cos(wt — gy) + jsin(wt — g,,))(ucosa
+ jusina)] (3)

where Re] | is the real-part operator. We define a com-
plex vector:

rota = ucosa + jusina

and name rot[ ] “the polarization control operator”. Then
the harmonic vector field of (3) can be written as

E = ARe[e/“!~9)rota] (4)

From (4), it can be found that the complex vector
field E is decomposed into a complex scalar component,
Aexplj(wt — g,,)], and a complex vector component, rotc.
The value of a and its variation will influence the trace
of E by the polarization state of E by affecting F, and
E,.

For example, the normalized plane wave propagat-
ing along z with the polarization operator of v =0 rep-
resents a linearly polarized wave and is expressed as

E = Re[e/ @ %ot (0)] = u cos(wt — kz)

When « = m/4, the normalized plane wave repre-
sents a left-circularly polarized wave and is expressed as

_ j(wt—kz) ™
E—Re[e] rot(4>}
= ;[u cos(wt — kz) — vsin(wt — kz)]

The following contents will show more detail about
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controlling polarized electromagnetic waves with the po-
larization control operator.

2. Implication of the polarization control operator

According to (2), E, is in the range of [—|Acosa],
|Acosal] and E, is in the range of [—|Asina|, |Asinal].
Therefore, the instantaneous polarization ellipse of (4) at
t=ty and a=aqay can be bounded by the rectangle
whose dimensions are [2Acosap| and |2A4sinag|, and
sides are parallel to the u and v axes. The circumcircle
of the rectangle has a radius of A. The tilt angle of the
polarization ellipse satisfies [6]

tan(27) =0

The shape and pose of a polarization ellipse can be
determined by the bounding rectangle and the tilt angle.
Therefore, for fields of same A values and different «
values, the polarization ellipses have different title an-
gles and different bounding rectangles in a same circum-
circle, as shown in Figures 1(a)—(c).
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Figure 1 Polarization ellipses when ag takes different values in the
wave expressed with the proposed polarization control operator in
the UOV coordinates. (a) ag = 7/6; (b) ap = 7/4; (¢) oo = 7/3.

Overall, the relation between the value of oy and
the corresponding polarization state for waves propagat-
ing along w is symmetric, as shown in Figure 2. For the
polarization pattern, when «g € {0, 7}, the wave is lin-
ear horizontal; when «g € {m/2,3n/2}, the wave is lin-
ear vertical; when oo € {1n/4,3n/4,5m/4,77/4}, the
wave is circular; when «g takes other values, the wave is
elliptical. For the rotation sense, when «ag € (0,7/2)U
(m,3mw/2), the wave is left-handed; when ag € (7/2,7)U
(3w/2,27), the wave is right-handed.

Polarization pattern legends
=———— Linear polarization
- 3 Circular polarization
Other angles Elliptical polarization

Rotation sense legends
555 Left-handed rotation
KRKKXKXX  Right-handed rotation

Figure 2 Relationship between the value of g and the correspond-
ing polarization state for waves propagating along w.

3. Orthogonal decomposition of the polarization
control operator

According to the electromagnetic field theory, a po-

larized plane wave can be decomposed into two plane
waves of linearly independent polarization states [25].
This subsection will show that the decomposition can al-
so be realized for the proposed polarization control oper-
ator. The decomposition of the polarization operator may
be considered as an operation on the wave in the polar-
ization domain.

We take any local orthogonal basis noted by p and
q on the plane perpendicular to the propagation direc-
tion, as shown in Figure 3. Here, (z,y,z) forms the
global coordinate. 6, and 6, are the angle from x to p
and q, respectively.

0 Y
A
P
4 Ht/
0,
> X

Figure 3 Diagram of p and g in the XOY coordinates and the
POQ coordinates.

Obversely, we have

p =xcosl, +ysinb,
q=xcosb; +ysin,

and
0, =0, +7/2

According to the trigonometric function and com-
plex variable function knowledge, it can be obtained that

rot(#) =rot((6 — 6,) + 6,)
cos(f — 6,)rotd,, + sin(d — 0, )rot(6, + 7/2)
= cos(# — 6p)rotd, + sin(6 — 0, )rotd, (5)

The polarization vector rotf is decomposed into two
polarization vectors, rotf, and rotf,. The orthogonal re-
lationship between rotf, and rotf, can be proved by
making inner product that

rotf, - (rotd,)* =0

By substituting (5) into (4) and referring to Figure 2,
the decomposed results are equivalent to that of the di-
rect decomposition of the wave expression.

4. Discrete sequences of the polarization control
operator
Inspired by digital signal processing approaches, dis-
crete sequences of length N in the spatial polarization
domain can be constructed and expressed as
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{S(k)}{rot(?)}(lﬁo,l,...,Nl) (6)

According to the properties of the polarization oper-
ator, items in equation (6) can be divided into three cat-
egories. For ke (0,N/4)U(N/2,3N/4), the sequence
item stands for a right-handed polarized wave. For
ke (N/4,N/2)U(3N/4,N), the sequence item stands
for a left-handed polarized wave. And for k € {0,N/4,
N/2,3N/4}, the sequence item stands for a linearly po-
larized wave.

Items in {S(k)} can be used as bases to expand
electromagnetic waves, expressed as

N-1

. 2rk
(wt—gu)
e ,;,0 Akrot( N >] (7)

E =Re

The implications of (7) is that the rot[ ] items con-
stitute the polarization spectrum of the electromagnetic
wave, where Ay is the amplitude of the k-th spectrum
line. For illustrative purposes, Figure 4 gives the dia-
gram of a discrete decomposition of an electromagnetic
wave.

Figure 4 The discrete decomposition format of the electromagnetic
wave by 24 polarization basis in the XYZ coordinates.

A pair of transform formulas can be constructed re-
ferring to discrete Fourier transform and inverse discrete
Fourier transform, expressed as

N-1
E[K] =) eén]- Py"
n=0
) | N1 .
éln] = i Elk]- Py
k=0

where P} = rot(2rkn/N), Py™™ = rot(—2nkn/N).

III. Simulation Results of Polarization
Control over Electromagnetic Wave

This section considers controlling the electromagnet-
ic waves through the proposed polarization control oper-
ator with a fixed angle parameter and a time-varying
angle parameter. These examples show that the polariza-
tion control operator can achieve complex control over
the rotation and amplitude of the field.

1. Polarization control operator with fixed a

A left-handed circularly polarized plane wave travel-
ing in the z direction in the (x,y, z) coordinate frame is

given as

E = EgRe[d ™' *)rota] |oox (8)

4
where Fy is the amplitude of the electromagnetic wave.
When « in (8) is set to another fixed value at z = 0,
the wave propagating from z = 0 is expressed as

E. = EORe[ej(“t_kz)rota}

The influences introduced by rota are reflected in
the scaling of the E, component and E, component by
cosa and sina times respectively. Therefore, E,, can
have a different polarization state than FE. In addition,
since « is a real constant independent of time and dis-
tance, the polarization state of E,. is steady.

Figure 5 shows the rotation of E,, with time and
distance for different fixed « values. The black arrays
are the field vectors and the red curve is the path of the
field vector tip. When « =7/6, the electromagnetic
wave is noted as Eyy1. When a = 27/3, the electromag-
netic wave is noted as FE,2. Both of E.; and FEio
have different constant polarization state than E. Specif-
ically, the polarization ellipses of FE,.1 and FE,y2 have
the same axis ratio of /3. However, E,,1 is left-handed
and FE,o is right-handed.

—— Trajectory of the tip of E,

rot

— Trajectory of the tip of E,,

— Field vector — Field vector

Propagation direction

Propagation direction

(a) (®)

Figure 5 Rotation of E,, with time and distance for different fixed
« values in the XYZ coordinates. (a) a = w/6; (b) a = 2m/3.

The simulation results are consistent with the
demonstration in Section II.2. By controlling o to take
different values, different steadily polarized electromag-
netic waves can be obtained.

2. Polarization control operator with continuously
time-varying a

Without loss of generality, this subsection discusses
the case that « varies uniformly over time. The value of
« is expressed as

at) = wyt

where w, is the angular frequency of a over time. When
a in (8) is set to the time-varying value at z = zp, the
wave propagating from zq is expressed as

E.« = EoRe <ej(“)t_kz)r0t (wp (t _ iz ZO)))
Co
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In contrast to the results in which « is constant, the
scaling introduced by rota(t) on E, and E, is time-
varying, which makes the polarization state of the wave
change over time. This can lead to complex waveforms.
Since the value of w, decides the changing rate of the
polarization state and the value of w decides the rota-
tion rate of the field vector, the waveforms controlled by
continuously time-varying polarization control operator
are specifically discussed with the relative value of w and
wp. In the following discussion, zj is set to 0.

When w, <w, the period of E.; is extended to
Tt = 27 /w,. Compared to the original wave of E, the
new wave of E,y controlled by rota(t) presents a new
wave packet. The minimum distance of the repeated
wave packet, which is noted by A,, is larger than the
wavelength of the electromagnetic wave.

Figure 6 shows the polarization patterns with differ-
ent wy, by plotting the electric field vectors at different
locations and connecting the tips of the vectors. The
waves are observed over Az = 30A. In Figures 6(a), (c)
and (e), the field paths are projected onto the XOY
plane. In Figures 6(b), (d) and (f), the field paths are
presented as the waveforms propagating with time and
distance. It is noted that the densely displayed field vec-
tors form the black blocks in the waveform figures. As
shown in Figure 6, with the decrease of wy,, A, is getting
longer and the projection traces are getting denser.

— Trajectory projection ~ — Trajectory of the tip of E,

— Field vector
X

rot

— Field vector

(b)

— Trajectory of the tip of E,

rot

— Trajectory projection
— Field vector
Xi

— Field vector

(©)

— Trajectory of the tip of E,,
— Field vector

— Trajectory projection
— Field vector
X

®

Figure 6 Polarization pattern for different w, values. (a) Field path
projection on the XOY plane, wp =w/10; (b) Waveform,
wp =w/10; (c¢) Field path projection on the XOY plane,
wp = w/20; (d) Waveform, wp = w/20; (e) Field path projection on
the XOY plane, wp = w/50; (f) Waveform, wp = w/50.

To analyze the characteristics of the waveforms in

detail, cross sections from different viewing angles are
observed for w, = w/20. The observation configuration is
shown in Figure 7. The cross sections with different
viewing angles are shown in Figure 8. The waves are ob-
served over Az = 20)\. It can be found that the cross sec-
tion shows a modulation effect. The modulation parame-
ters are different for different 6 angles. This indicates
that the proposed polarization control operator can be
utilized to achieve modulation in the angular domain.

6 Viewing angle
Projection plane

Figure 7 Definition of viewing angles in the XYZ coordinates.

—Trajectory projection
—Field vector

z | z
204 204

(a) (b)

X —Trajectory projection X
. 1
—Field vector

—Trajectory projection
—Field vector

‘ z
202

(©) (d)

—Trajectory projection ¥
—Field vector I

Figure 8 Cross sections from different viewing angles in the XYZ
coordinates. (a) 8 =0; (b) 0 = 7/9; (c) 0 =4x/9; (d) 0 = 27 /3.

When w, = w, the scaling introduced by rotc(t) on
the field components has the same angular frequency
with the electromagnetic wave. Therefore, the period of
E,,; is the half of that of E, which is Tyt = 7/w. The x
component and the y component of E,, satisfy the line
equation given by

Erot,a: = EO + Erot,y
The field path projection onto the XOY plane and
the waveform propagating with time and distance are
shown in Figure 9. The waves are observed over
Az =4X. A linearly polarized wave of a new polarized

—Trajectory projection
—Field vector
X X

—Trajectory projection
—Field vector

VA

2 3 44
(b)

~ |

Figure 9 Polarization pattern when wp, = w. (a) Field path projec-
tion on the XOY plane; (b) Field path projection on the XOZ
plane.
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direction is attained.

When w, > w, the polarization state of the wave is
changed more frequently. Figure 10 shows the projection
of E,, on the XOY plane. The projection patterns here
are more convex compared to that of w, < w. Also, with
the increase of wy, A, is getting longer and the projec-
tion traces are getting denser, and the new wave con-
tains a wider variety of polarization states.

— Trajectory projection — Trajectory projection — Trajectory projection

- Field vector ~ Field vector ~ Field vector
X X

(b) (©
Figure 10 Field path projection on the XOY plane for different val-

ues of wp. (a) wp = 10w; (b) wp = 20w; (¢) wp =50w.

Figure 11 shows the cross sections from different
viewing angles when w, = 20w. Similar modulation ef-
fects are observed in the angular domain when w, < w.

— Trajectory projection — Trajectory projection — Trajectory projection
— Field vector — Field vector — Field vector

(2) (b) (©

Figure 11 Cross sections from different viewing angles in the XYZ
coordinates. (a) 8 =0; (b) 8 =x/6; (c) 0 = 7/3.

In summary, by adjusting the parameter of the pro-
posed control polarization operator to change with time,
the waveform of the electromagnetic wave in the angu-
lar domain can be modulated. This indicates a possibili-
ty that by designing the parameter of the proposed po-
larization control operator, the wave can be used to
transmit multiple information simultaneously at differ-
ent angles.

IV. Conclusion

A polarization control operator is proposed in this
paper, which is proven to be able to describe the instan-
taneous states and control the polarization state of the
electromagnetic wave. Two typical simulation results are
given about controlling the polarization state of a left-
handed circularly polarized electromagnetic wave. When
the operator is applied to a fixed parameter, the electro-
magnetic wave can be controlled as different constant
polarization waves. When the operator is applied to a pa-
rameter varying with time, the electromagnetic wave

with different modulation characteristics at different
angles can be obtained. Through these applications, it
can be found that the proposed polarization control oper-
ator can control the polarization properties of electro-
magnetic waves.

In further work, we will continue to use the polariza-
tion control operator for more applications in the field of
electromagnetic compatibility.

Appendix A

The basic properties and operation rules of the po-
larization control operator are derived based on the
trigonometric function and complex variable function
knowledge, as shown in Tables A-1 and A-2.

Table A-1 Basic properties of the polarization operator

No. Transformation Result
1 [rotd| 1
2 rot(—0) conj(rotd)
3 w - rotd 0
4 Re(rotd) w cos 6
5 Im(roth) vsinf
6 conj(rotd) rot(—0)
7 rot0 u
8 rot(m/4) V2 (u+jv) /2
9 rot(m/2) jv

Table A-2 Operation rules of the polarization operator

No. Transformation Result
1 rot(61 + 62) cos O1rotfs + sin Oyrot(02 + w/2)
2 rot(6 + 7/2) jw X rot(—0)
3 rot(6 + km) (=1)Frotd
4 rotf; X rotfs —jwsin(f1 — 02)
5 rotf; - rotfs cos(01 + 62)
6 rot; + rotfs 2rot[(01 + 62)/2] cos[(01 — 62)/2]
7 d(rot®)/d6 rot(6 + 7/2)
8 d?(rotd)/d6> —roté
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