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Abstract—For decades, high-accuracy localization has driven the interest of the research community. Recent cases
include augmented reality (AR) and virtual reality (VR), indoor robotics, and drone applications, which have led to
the emergence of subcentimeter localization requirements. This study introduces a new approach for high-accuracy
localization by utilizing isochrons in injection-locked tunable photonic oscillators, which we referred to as Isochrons
in Photonic Oscillators for Positioning (IsoPos). The proposed paradigm shift takes advantage of photonic oscillators’
radical frequency tunability and isochron structure to offer an innovative path for measuring the time of arrival (ToA).
To achieve precise ToA measurements, IsoPos utilizes the phase shift induced by the incoming user signal. This shift
is detected by analyzing the phase response of the receiver, i.e., a photonic oscillator, which is exclusively determined
by its isochrons’ structure. Furthermore, IsoPos uses the injection-locking method as well as the nonlinear properties
of injection-locked photonic oscillators to achieve highly accurate phase synchronization between different positioning
nodes. This contributes to a seamless 3-D localization devoid of errors caused by miss-synchronization. Our numerical
simulations show that IsoPos achieves sub-1 mm accuracy in 3-D localization, surpassing the precision of existing
positioning systems by at least one order of magnitude.

Index Terms—Injection locking, isochrons, localization, optimal anchor placement, photonic oscillators.

I. INTRODUCTION

H IGH-PRECISION positioning is crucial for the develop-
ment of indoor location-based services, such as emer-

gency response, asset tracking, and autonomous robotic sys-
tems [1], [2], [3]. This is especially true for futuristic innovations,
such as augmented reality (AR) and virtual reality (VR) [4].
Despite its crucial role in outdoor positioning and navigation, the
Global Positioning System (GPS) encounters substantial limita-
tions when used indoors [5]. This drawback mainly arises from
environmental disturbances, including obstruction of satellite
signals by buildings and other constructions. Even when GPS
signals can be received indoors, they often lack the precision
required to offer accurate positioning information [6]. As a
result, GPS technology fails to deliver optimal performance
when deployed indoors.
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Vision-based techniques are frequently utilized as the primary
technology for high-accuracy indoor localization/tracking due
to their superior accuracy [7]. However, such methods face
practical constraints, such as sensitivity to lighting conditions,
occlusion, and high computational complexity. Hence, the ef-
fectiveness of vision-based approaches is limited, especially in
visually impaired environments [8]. On the other hand, indoor
positioning can also be achieved using ranging-based tech-
niques, which involve utilizing radio frequency (RF) signals,
among others. However, the accuracy of such technologies is
contingent on the precision of time of arrival (ToA) or angle of
arrival (AoA) measurements [9].

The accuracy of time measurements in ranging-based tech-
niques hinges on measuring the RF signal after it has propagated
through the environment. As a result, any degradation of signal
quality, including the presence of noise, interference, and multi-
path fading, can significantly undermine the accuracy [10]. More
importantly, limitations in receiver resolution drastically affect
the accuracy of time measurements, thereby compromising the
overall positioning accuracy [9]. Ultimately, existing systems
for obtaining ToA suffer not only from these limitations but
also lack a mechanism for measuring time with high resolution,
resulting in inadequate localization accuracy.

One of the primary contributions of our work is the intro-
duction of a novel timing mechanism called Isochron Phase-
Shift Timing (IPT). IPT accurately calculates the phase shift
determined by the isochrons’ structure of an oscillator, enabling
highly precise measurement of the ToA for incoming RF signals.

© 2024 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more
information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

https://orcid.org/0000-0002-0617-5851
https://orcid.org/0000-0002-3409-168X
https://orcid.org/0000-0002-5992-7674
https://orcid.org/0000-0001-9888-0592
https://orcid.org/0000-0003-0697-8379
mailto:afamili@waywave.com
mailto:afamili@waywave.com
mailto:ghimona@mail.ntua.gr
mailto:gkomin@central.ntua.gr
mailto:angelos@vt.edu
mailto:vkovanis@vt.edu


FAMILI et al.: ISOCHRONS IN INJECTION LOCKED PHOTONIC OSCILLATORS 305

These precise time measurements play a crucial role in our
3-Dlocalization system, Isochrons in Photonic Oscillators for
Positioning (IsoPos). IsoPos utilizes these accurate ToA mea-
surements to determine the distances between the user and each
positioning node, which are later employed in a time difference
of arrival (TDoA) scheme for localization. Another key contri-
bution of our work is the introduction of a novel synchroniza-
tion scheme, named Injection-Locking Synchronization (ILS).
By leveraging ILS, we achieve precise synchronization among
all the positioning nodes within IsoPos. This synchronization
ensures that all nodes share the same clock for their measure-
ments, further enhancing the accuracy and reliability of the
system.

Novel timing mechanism: We introduce IPT, a novel ap-
proach for timing measurements with extremely high resolution
leveraging isochrons in photonic oscillators. This approach is
based on the concept of isochrons, originally introduced in the
context of mathematical biology [11] and closely related to any
robust self-sustained oscillation [12] occurring in physical or
man-made systems. Such oscillations, also known as limit cycles
in the terminology of the theory of dynamical systems, can serve
as clocks with an extremely precise period. Their periods can be
uniquely partitioned, not necessarily uniformly. Each partition is
known as an isochron, and the union of these isochrons provides
the subcycle time resolution. Isochrons dictate the system’s
phase response to external stimulations having the form of
either a single pulse or a periodic pulsatile sequence. The phase
response determines the induced phase shift of the clock due
to an incoming pulse, in the first case, and the synchronization
properties of the clock with the periodic sequence, in the second
case [13]. It is only recently that these concepts have been
introduced in photonic oscillators consisting of two coupled
lasers in a controller–follower configuration [14], [15]. Such
an optically injected laser is well-known for its tunable self-
sustained oscillations and widely used in various applications
including secure chaos [16] and quantum communications [17],
[18]. The potential of utilizing photonic oscillators along with
their isochrons’ structure for precise time is discussed for the
first time in this article.

Novel synchronization approach: We propose ILS, a novel
synchronization approach that employs optical injection locking
to implement precise time synchronization between different
positioning anchors, a significant challenge in many available
architectures. This synchronization ensures that all measured
ToAs at various nodes have the same time bias compared to the
user, enabling the utilization of the TDoA technique for 3-D
positioning.

Localization system: We construct our localization system,
IsoPos, by utilizing the IPT mechanism for timing and the ILS
protocol for anchor synchronization. IsoPos offers greater flex-
ibility compared to existing localization systems, as it provides
time measurements with extremely high resolution independent
of received RF signal characteristics. For the IPT mechanism
in IsoPos, the transmitted signal from the user only triggers the
system to generate excitation pulses, while ToA measurements
are derived from the phase response of the photonic oscillators’
behavior to these pulses, determined by the isochrons’ structure.

Fig. 1. General overview of the indoor positioning scenario using the
IsoPos system, depicting a cluttered indoor environment with multiple
moving users present.

A visual overview of the indoor positioning scenario within the
IsoPos system is depicted in Fig. 1.

Furthermore, we demonstrate that the positioning error bound
(PEB) of IsoPos is affected by ranging- and geometry-induced
errors. Utilizing IPT and ILS mechanisms, IsoPos reduces the
ranging-based errors substantially. The geometry-induced er-
rors, on the other hand, are caused by the relative geometry
between the positioning nodes and the user. Finding an optimal
anchor placement that encompasses all possible user locations
in a 3-D space is a known NP-hard problem [9]. To counter
the adverse impact of relative geometry, we propose an opti-
mization framework based on evolutionary algorithms (EAs).
Our findings indicate that our proposed system leads to precise
localization and tracking with sub-1 mm accuracy in all three
dimensions, which is an order of magnitude improvement over
existing systems that offer centimeter-level accuracy. These
results demonstrate the potential of IsoPos as a highly accurate
localization solution for real-world applications.

Our primary contributions are detailed as follows.
1) We present IsoPos, a high-accuracy 3-D localization

system that uses the structure of photonic oscillators’
isochrons and an injection locking scheme for precise
timing and synchronization. IsoPos achieves a subtenth
of a millimeter accuracy in distance estimation through
the IPT protocol, which calculates ToA by measuring
the induced phase shift in oscillations of the receiver,
exploiting the intricate structure of its isochrons.

2) Utilizing the ILS protocol, IsoPos achieves precise syn-
chronization among positioning nodes. This protocol
leverages the tunable, robust limit cycles of injection-
locked semiconductor lasers, enhancing the synchroniza-
tion capabilities of photonic oscillators for improved lo-
calization accuracy.

3) We derive the PEB for IsoPos and attribute the positioning
error to ranging- and geometry-induced errors. We design
an optimization framework to address the NP-hard prob-
lem of mitigating geometry-induced errors.
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4) Using commercially available semiconductor laser pa-
rameters, we design a comprehensive evaluation cam-
paign to assess the performance of our proposed system.
The numerical results confirm that IsoPos achieves sub-
millimeter localization accuracy in three dimensions.

The rest of this article is organized as follows. Section II
provides a concise overview of related work and background
information relevant to our proposal. In Section III, we present
the IsoPos overall framework and break down the system into
three subblocks, providing a brief overview of each. Section IV
is the core of this article, detailing the novel timing protocol used
by IsoPos to measure ToA with extremely high resolution, which
differs significantly from current state-of-the-art techniques. In
Section VI, we demonstrate how high-resolution ToA measure-
ments can be used to achieve high-accuracy 3-D positioning.
We also derive the PEB of the system, highlighting that the
accuracy is not solely based on the ToA measurement, but is also
impacted by the relative geometry between the positioning nodes
and the user. To address this issue, we propose an optimization
framework in Section VII that determines better placements for
the positioning nodes and mitigates geometry-induced errors.
Section VIII presents our evaluation setup and final results.
Finally, Section X concludes with a summary and discussion
of ongoing research.

II. RELATED WORK AND BACKGROUND

Our work is closely related to the following fields of study.
Localization: There exist three commonly used approaches

to localization [19], [20], [21], namely, fingerprinting tech-
niques [22], vision-based methods [23], and ranging-based
schemes [24]. Localization methods based on fingerprinting
that utilize received signal strength or channel state information
are well-suited for coarse measurements but are susceptible
to real-time fluctuations [25], [26], [27], [28]. Vision-based
methods provide superior accuracy but are vulnerable in visu-
ally challenging environments (e.g., low-light conditions) [8].
Ranging-based solutions are reliable and can achieve precise
localization even in dark areas. However, their accuracy is influ-
enced by the quality of the received signal and the resolution of
the system for time (ToA-based [29]) or angle (AoA-based [30])
measurements. High-resolution time measurements necessitate
a broad bandwidth, which can restrict the system’s operational
range and deteriorate the quality of the signal propagation
at higher frequencies due to the negative impact of channel
characteristics. In order to improve the accuracy of existing
ranging-based systems, we present a novel method for mea-
suring ToA with high accuracy that is completely independent
of the characteristic design (such as frequency and bandwidth)
and the quality of the received RF signal. Our system does not
require any demodulation or signal processing on the received
RF signal, unlike conventional techniques. Instead, the RF signal
is only used to initialize the system, and all measurements are
based on the phase shifts induced in the photonic oscillators.

Isochrons in photonic oscillators: Receiver clocks can be
effectively provided by photonic oscillators consisting of a set
of coupled semiconductor lasers, owing to their exceptional

frequency tunability, compact design, and implementation in
photonic integrated circuits [31], [32], [33]. A defining feature
of a photonic oscillator is its ability to maintain self-sustained
oscillations, representing a stable limit cycle inherent in the dy-
namical system that dictates its internal behavior. The oscillation
frequency is uniquely determined by the system’s parameters
and encompasses a wide spectrum, extending from 100 MHz
to well over 100 GHz [34], [35]. These oscillations are no-
tably resilient when exposed to noise perturbations. They are
distinctively defined by their frequency spectrum, as well as by
their isochrons’ structure. This structure plays a pivotal role in
governing both their synchronization properties when subjected
to periodic signals from an external controller and their phase
shift in response to a user-emitted pulse that initiates the photonic
oscillator.

The introduction of the concept of isochrons in oscillatory
systems is attributed to Winfree [11] and has found exten-
sive application within the realms of mathematical biology
and neuroscience [13]. In a technological context, later studies
of electronic oscillators have applied analogous concepts and
methodologies, albeit using distinct terminologies and without
explicit incorporation of the concept of isochrons [36], [37].
It is only recently that this concept has been applied to the
examination of photonic oscillators, specifically concerning
their synchronization dynamics and the formation of frequency
combs [14], [15]. Famili et al. [38] introduced the concept
of using isochrons for high-accuracy localization. However,
their exploration was preliminary, lacking depth and failing to
provide the PEB or insights into various error sources impacting
localization accuracy. Their work was also deficient in thorough
evaluation. In contrast, our study not only proposes the use
of isochrons in nonlinear photonic oscillators for localization
purposes but also delves deeply into the topic, presenting all the
mathematical background of our derivations. We provide the
PEB for our system and demonstrate how localization accuracy
is influenced by both ranging-based and geometry-induced er-
rors. Our approach addresses ranging-based errors with a novel
time measurement and synchronization strategy, and offers an
effective solution to mitigate the impact of spatial geometry on
localization accuracy. To the best of the authors’ knowledge,
we are the first to comprehensively address this issue with an
in-depth system evaluation.

Optimal beacon placement: The optimization of beacon
placement for localization purposes in both indoor environ-
ments [39], [40], [41] and wireless networks [42], [43], [44], [45]
has been extensively studied. The majority of the literature here
primarily addresses two core challenges: first, ensuring com-
prehensive coverage by optimally determining both the quantity
and locations of beacons [46], and second, refining beacon
placement to minimize localization errors due to the spatial
relationship between the user and positioning anchors [47]. In
tackling the first challenge, the choice of sensor technology is
crucial as it influences coverage capabilities. For instance, sys-
tems employing low-power Bluetooth sensors [48] benefit from
omnidirectional transmission, although their effective range
is constrained by physical barriers and distance. Conversely,
systems utilizing ultrasound sensors must also consider the
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Fig. 2. System overview showing user connection to the RF inter-
face of IsoPos to boot the follower oscillators by generating excitation
pulses. Precise synchronization is achieved by periodic pulses gener-
ated through the controller oscillator passed to the followers through
optical fiber links.

directional limitations imposed by the sensors’ beam an-
gles [49]. This aspect is particularly critical in complex struc-
tures, such as multistory buildings with multiple rooms, where
determining an optimal number of beacons is vital. Beyond
merely determining beacon quantity, the subsequent phase of
optimization focuses on their strategic placement to mitigate
errors introduced by the geometric configuration of beacons
relative to the user, thereby enhancing localization accuracy [50].

In this work, a distinctive focus of our research lies in the
optimal placement of a fixed number of beacons, assumed post
the initial coverage optimization, to minimize the localization
errors induced by the relative spatial geometry of the beacon
arrangement. Unlike the prevailing research trends that concen-
trate primarily on mitigating ranging-based errors or identifying
the minimum number of beacons necessary, our work delves
deeply into the strategic positioning of beacons in addition
to the mitigation strategies for ranging-based errors. To best
of the authors’ knowledge, this is the first approach that not
only addresses ranging errors through newly proposed IPT and
ILS protocols for enhanced timing measurements with high-
resolution distance estimation and seamless synchronization
but also rigorously focuses on optimizing beacon placement to
reduce spatial geometry-induced errors. This approach enhances
our system’s capabilities in ranging-based localization, offering
an integrated solution that significantly improves accuracy.

III. SYSTEM MODEL

In this section, we provide a concise overview of the pro-
posed localization approach, which is broken down into three
functional blocks for clarity. In the following, we will elaborate
on each block. The first two blocks mainly cover the IPT mech-
anism and timing procedure, while the third block covers the
ILS protocol and synchronization. A schematic overview of the
IsoPos mechanism is illustrated in Fig. 2.

User RF transmission: To initiate ToA measurement, we use
the RF signal transmission between the user and the proposed
system. This signal is denoted as s(t). Due to the fact that the
ToA measurement in our proposed approach does not require
demodulation of s(t), i.e., it is not based on the content of the
received signal, we are able to design it freely and robustly

against environmental influences. Because the receiver knows
s(t), it ensures that only this signal can activate the system while
rejecting all other signals. This design approach enhances system
robustness against destructive environmental impacts.

RF interface and follower oscillators: The initial part of this
block is the RF interface or booting block, which serves as
an intermediary between our system and the physical world. It
includes the control system for booting the follower oscillators,
as depicted in Fig. 2. Upon the arrival of the designed s(t), the
RF interface’s sole responsibility is to instantly boot the system.
In other words, it causes the system to generate the necessary
excitation pulses internally and feed them through optical fibers
to the follower oscillators. The phase transition curve (PTC)
quantifies the effect of an excitation pulse on each oscillator. Its
shape is determined by the structure of the system’s isochrons,
and the induced phase shift can be used to determine the time
instance at which the excitation pulse is generated. Since the
booting block starts instantaneously after receiving the RF signal
from the user, the measured time instance is the same as the
ToA of the received RF signal. At the stage where the excitation
pulses are fed into the follower oscillators, the amplitude of the
excitation pulse can be set to be the same for all oscillators. It
is noteworthy that this is independent of the received RF signal
strength or quality, which can be different due to attenuation
along different paths.

Controller oscillator: The last block of the system is the con-
troller oscillator, which is in charge of synchronizing the phase of
all the follower oscillators. This block leverages the combination
of the injection-locking mechanism with the synchronization
properties of the photonic oscillator under an externally modu-
lated periodic signal. This allows precise synchronization among
all follower oscillators and ensures that their initial phases are
identical. As a result, all the phase shifts caused by the excitation
pulses share a common frame of reference enabling the system
to perform precise positioning based on time differences of ar-
rivals. The stable phase-locking conditions for the amplitude and
frequency of the external synchronizing signal are determined
by the oscillator’s isochrons’ structure and corresponding phase
response. Notably, synchronization of the follower oscillators
is achieved by a periodic sequence of excitations modulating
the injection rate of the controller oscillator, whereas for the
measurement of ToA only, the effect of a single excitation pulse
on each follower oscillator is required.

IV. SYNCHRONIZATION PROTOCOL AND TIME-MEASUREMENT

MECHANISM

Here, we present the ILS protocol used for synchronization
and the IPT mechanism utilized for measuring ToA, which are
the core contributions of IsoPos system and the foundations of
our study. The following subsections delve into the essential
preliminaries and in-depth approach details concerning photonic
oscillators, isochrons, and time measurement concepts.

A. Photonic Oscillator Model

A fundamental tunable photonic oscillator consists of
two coupled semiconductor lasers in a controller–follower
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configuration, where the output of the former is optically injected
into the latter. The semiclassical description of this system is
given by the following set of differential equations for the com-
plex amplitude E of the optical field (Eopt(τ) = E(τ)eiω0τ )
and the carrier density n:

dE

dτ
=

ΓGN

2
(1 + iα)nE + κEine

iντ

dn

dτ
=

J − Jth
e

− n

τs
−
( 1
Γτp

+GNn
)
|E|2 (1)

where the optical field has been renormalized such that the power
|E|2 represents the number of photons in the active layer, the
injected monochromatic optical field is Ein(τ) = Ein(τ)e

iωinτ ,
and τ denotes real time. The parameter Γ is the confinement
factor, α is the linewidth enhancement factor, J is the pump
current, whereas Jth is the threshold current, e is the elemen-
tary charge, τp and τs are the photon and carrier lifetimes,
respectively—typically measured in psec—and GN is the gain
coefficient at transparency. The parameters κ and ν correspond
to the injected field and denote the injection rate and the detuning
between the injected signal and the follower laser, respectively.
By introducing the new time t and the new dependent variables
x, y, Z

t ≡ τ

τp
, x ≡ Re

(√
τsGN

2
E

)

y ≡ Im

(√
τsGN

2
E

)
, Z ≡ ΓGNτp

2
n (2)

a set of dimensionless nonlinear differential equations for the
normalized complex electric field Ẽ = x+ iy and the normal-
ized excess carrier density Z can be obtained

dx

dt
= (x− αy)Z +Ωy + η

dy

dt
= (y + αx)Z − Ωx

T
dZ

dt
= P − Z − (1 + 2Z)(x2 + y2) (3)

where

T ≡ τs
τp

, P ≡ τsτpGNΓ

2

(
J − Jth

e

)

η ≡
√

τsGN

2
τpκEin, Ω ≡ ντp. (4)

T is the ratio of carrier to photon lifetimes, P is the normalized
excess electrical pumping rate of the follower laser, η the nor-
malized injection rate, and Ω the normalized detuning between
the frequency of the controller laser and the frequency of the
free-running follower laser [51].

As a nonlinear system, this setup is known to have a rich
set of dynamical features ranging from stable steady states,
and limit cycles born out of Hopf bifurcations, to chaotic
outputs [52]. For our purpose, we focus on the well-defined
parameter range where this system supports stable limit cycles

TABLE I
PARAMETER VALUES FOR A SEMICONDUCTOR LASER [52]

corresponding to self-sustained oscillations. Each limit cycle is
characterized by its period Tlc (in the following analysis, Tlc has
been renormalized to 1), its spectral content (discrete spectral
lines at integer multiples of flc = T−1

lc , since it is in general
nonharmonic) and by the rate of convergence of nearby initial
conditions toward the limit cycle. Moreover, the limit cycle is
characterized by a phase variable parameterizing each point of
the cycle, as represented in Fig. 3(a). The concept of the phase
can also be extended outside the limit cycle by introducing
the asymptotic phase function [11], which is defined as the
relative phase with which an initial condition ends up in the
limit cycle. Isochrons are defined as the locus of the initial
conditions, within the basin of attraction of the limit cycle,
that have the same asymptotic phase [11], and partition the
phase space, as shown in Fig. 3(b) and (c). The structure of the
isochrons determines the phase response [12] of the limit cycle
to a pulse kick of amplitudeA that moves the system to an initial
condition outside the limit cycle, as illustrated in Fig. 3(c). The
relation between the phase of the oscillation at the time when
the pulse arrives and the new (asymptotic) phase is provided by
the PTC

PTC(θ) = θnew mod 1 (5)

or the phase response curve (PRC)

PRC(θ) = θnew − θ. (6)

Depending on the amplitude of the kick, the PTC can be
either invertible (Type 1) or noninvertible (Type 0), as shown in
Fig. 4.For the realistic values exhibited in Table I, the laser ex-
hibits a stable intensity oscillation, characterized by the presence
of a periodic orbit that exhibits a decreasing period in response
to an increase in the injection strength. As an example, we
select a moderate injection strength η = 0.04 that corresponds
to Tlc � 0.1 ns.

The isochrons of the system are computed as level sets of the
time average of an observable f along the trajectories of the
system [53]

f ∗
iω = lim

T→∞
1
T

∫ T

0
f ◦ φτ (x, y, Z)e−iωτdτ (7)

where ω represents the dimensionless angular frequency of
the limit cycle, f = x2 + y2 ≡ I , i.e., the dimensionless inten-
sity of system (3), and φ : R+ × R3 → R3, i.e., φ(t, x, y, Z) =
φt(x, y, Z), is the flow describing the dynamics of (3). This
integral is evaluated numerically over a finite time horizon, T =
kTlc, k ∈ Z. Longer time horizons lead to better convergence
toward the limit cycle, resulting in a more accurate calculation
of the asymptotic phase.
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Fig. 3. (a) Definition of phase function θ—measured in units of Tlc—on the limit cycle. The closed curve corresponds to the limit cycle, while the
black × point corresponds to one unstable equilibrium of the system. (b) Isochrons’ structure in the phase space of the system. (c) Asymptotic
phase on the section Z = 0 of the phase space. The closed continuous curve corresponds to the projection of the limit cycle of the system on this
section, while the closed dashed curve corresponds to the projection of the perturbed initial conditions on this section. B0: Point on the limit cycle,
and B: Perturbed initial point of the system.

Fig. 4. PTC. Type 1 PTC: Invertible; small-amplitude excitation. Type
0 PTC: Noninvertible; large-amplitude excitation.

B. Follower Oscillators Synchronization

IsoPos employs the TDoA technique to address the lack of
synchronization that arises between the user and the localization
system. As such, it is imperative to establish perfect synchro-
nization among the anchors in the localization system. However,
achieving perfect synchronization remains a significant chal-
lenge in the current state of the art, as even minute deviations
can have a substantial impact on the overall accuracy of the
system. To that end, we propose the ILS mechanism that uses
the controller–follower phase-lock injection scheme. Based on
that, the injected power is modulated with a synchronization
signal consisting of a train of periodic pulsatile stimulations of
magnitude A delivered with a period Ts (in units of Tlc)

η(t) → η +A
m∑

n=1

δ(t− nTs). (8)

The phase θn+1 ∈ [0, 1) at the moment of every stimulus (n+
1) is

θn+1 = [PTC(θn, A) + Ts] mod 1 (9)

where θn is the phase of the system before the stimulus. This
equation defines a Poincaré mapping of the interval [0,1) to itself,
i.e., a circle map that governs the synchronization dynamics
of the driven system. The fixed points θ� of this mapping
correspond to phase locking and are given by the following
equation:

PRC(θ�) = 1 − Ts (10)

expressing that synchronization is achieved when the stimulated
phase kick compensates for the frequency detuning between

the periods of the limit cycle and the synchronization signal.
The stability condition of the fixed point, and therefore the
synchronization process, is determined by the slope of the PRC
as follows:

−2 < PRC′(θ�) < 0. (11)

The stability of the fixed point is related to the robustness of
the synchronization process under the presence of noise and/or
small parameter deviations. The slope value μ = PRC′(θ�) =
PTC′(θ�)− 1 is equivalent to the characteristic multiplier gov-
erning the convergence of nearby initial conditions to the fixed
point. Synchronization dynamics of the Poincaré mapping to-
ward a fixed point corresponding to a phase-locked state are
depicted in Fig. 5. Given the parameter values specified in
Table I, it is possible to achieve synchronization among the four
follower oscillators, having different (random) initial phases,
through a sequence of 30 pulsatile stimulations of amplitude
A = 0.35 delivered every 1.105 ns. It is worth mentioning that
the above analysis ensures that the system evolves to the desired
phase-synchronized periodic state, which is appropriate for its
function as a clock, and not to chaotic states existing outside the
domain of the above stability conditions [14], [15].

C. Fine Time Measurements

Here, we outline the IPT mechanism to demonstrate how the
ToA measurements work in IsoPos. With each follower oscilla-
tor phase-synchronized using ILS protocol under the action of
the controller synchronization signal, a pulse is received from
the boot block at a different ToA in each oscillator, depending
on its distance from the user. This signal pulse arrives when the
oscillator’s cycle is at a specific phase θin and kicks the oscillator
to a new phase θout, with the two phases related through the PTC.
The new phase θout can be readily exploited for determining the
phase upon pulse arrival θin when the PTC is invertible (Type 1),
as in Fig. 4, and in regions where multistability [15] does not
take place, namely, for relatively small pulse amplitudes. This
condition dictates the common amplitude of the pulse that is fed
to the follower oscillators from the boot block. The ToA of the
user signal in each oscillator is calculated from the θin with the
PTC given as a lookup table. Based on the application, either
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Fig. 5. (a) PRC corresponding to a stimulation of amplitude A = 0.35 of the limit cycle in Fig. 3(a). The continuous part of the PRC indicates the
region of existence of stable fixed points, i.e., (11) is satisfied. (b) Cobweb diagram for the evolution of the four initial conditions to a stable fixed
point of the circle map (9). (c) and (d) Convergence of θn− orbits with varying initial conditions to a stable fixed point of (9), meaning that phase
locking is achieved.

this time is in the same cycle that we know or a number of cycles
have to be added to it based on the coarse measurement.

D. Time Scales and Accuracy

Resolution and accuracy in phase and time measurements
depend on three characteristics: 1) the frequency of the limit
cycle flc, 2) the convergence rate towards the stable limit cycle,
and 3) the slope μ of the PRC at the fixed point.

The frequency flc determines the coarse time unit, whereas
the final time and, consequently, the localization resolution is
determined by the division of the oscillation cycle into a discrete
set of isochrons. Since there are no inherent restrictions on the
level of discretization of the continuous isochrons’ structure, an
exceptionally high resolution can be achieved without resorting
to extremely high frequencies that would raise technological
requirements. The convergence rate toward the limit cycle dic-
tates the time required for the system to return to the oscillation
with the new asymptotic phase after receiving a user signal.
This rate indicates the limit cycle’s robustness and imposes
a restriction on the update speed for user positioning. The
slope μ provides a measure of the convergence speed of the
synchronization process for the follower oscillators. It is notable
that the remarkable tunability of the optically injected system
allows for appropriate parameter selections in order to have
sufficiently large frequencies flc ranging from 100 MHz to larger
than 100 GHz [34], [35] as well as desired convergence rates for
negligibly small waiting times, at the order of nanoseconds (ns),
and sufficiently high update rates for user positioning, even when
moving with a high speed.

V. NOISE ANALYSIS

The 1-D discrete Poincaré phase map is sufficient for exam-
ining the synchronization properties of our photonic oscillators.
Given the inevitability of noise in any real system, a sensitivity
analysis of (9) for the effect of noise on the synchronization of
the different nodes, according to the ILS approach, facilitates a
comprehensive understanding of the system’s resilience to noise
sources.

The synchronization dynamics, for a specific set of parameter
values, under ideal conditions is described in Section IV-B. For

the noise analysis, the amplitude of the external modulation
is considered as the deterministic component of our system,
whereas the period of the external modulation is considered as
the stochastic one. This simplification is justified by the sig-
nificantly larger difficulty in frequency and phase stabilization
in comparison to amplitude stabilization in the production of
periodic waveforms, in general. For a periodic pulse sequence,
an amplitude equalizer can ensure amplitude stability, whereas
the requirement for a constant time spacing between subsequent
pulses is more difficult to be achieved.

The period of the external controller signal is considered as a
stochastic component by introducing white noise into (9), where
the modified Ts is expressed as Ts + ξ(n); ξ(n) represents the
additive white noise of density D ≡ σ̃2/2 applied to Ts at time
step n, sampled from a Gaussian probability distribution with
mean value μ̃ = 1.05 and standard deviation σ̃, as in Fig. 6(a).

To assess the robustness of the desired phase-synchronized
periodic state, which is necessary for having the same time
bias in all nodes, we consider a progressive increment in white
noise density and study the distribution of the final phase of the
periodic state. For each specific value of the noise density, L
realizations of discrete phase orbits of length N are generated
using the iterative process described by (9) with the modified
Ts. The first half of each orbit is discarded to eliminate transient
effects and its corresponding variance σ2

θ is calculated. For
low noise density levels, θn−orbits also follow a Gaussian
probability distribution with mean value close to θ� and standard
deviation σθ; see Fig. 6(b). Upon averaging the mean variance
across all realizations and examining its response to increasing
noise levels, one can deduce that the noise present in the Poincaré
phase map does not undergo amplification, as seen in Fig. 7.

VI. 3-D POSITIONING

First, Section VI-A introduces the 3-D localization method
used by IsoPos. Following that, in Section VI-B, the PEB of the
proposed scheme is derived.

A. Trilateration Localization

Following the successful measurement of the ToA at each of
the follower oscillators, which is based on their phase response
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(a) (b)

(c) (d)

Fig. 6. Bar graphs representing (a) Ts and (b) θn values for a single
realization and noise density D = 10−3. Magenta curves depict the
corresponding normal distributions. Box plots representing (c) Ts and (d)
θn values across increasing noise density levels for a single realization.
Within each plot, the box’s lower and upper boundaries denote the
25th and 75th percentiles, respectively. The vertical span of the box
signifies the interquartile range (IQR). Dashed lines extending from the
box represent whiskers, with a length of 1.5 times the IQR. The red line
segments within the box denote the sample median, whereas outliers
(red symbols) correspond to values exceeding 1.5 times the IQR. Red
lines correspond to (c) Ts = μ̃ and (d) θn = θ�.

Fig. 7. Average of σ2
θ over L = 1000 realizations of θn−orbits of length

N = 212 as noise density increases (continuous line); bisector of the first
quadrant angle (dashed line).

to the periodic impulse excitation signal, the user’s final location
in 3-D space is determined. To accomplish this, the times must
be converted to distances and the distances must be trilaterated.

The RF signal transmitted by the target user and the localiza-
tion system (i.e., the follower oscillators) are not synchronized.
However, due to the controller injection-locking procedure, all of
the follower oscillators have synchronized phases, implying that
all of the measured ToAs in different follower oscillators have
a synchronized clock. This means that all of the received times
have the same synchronization bias, and the distances between
the user and follower oscillators can be written as follows:

ri = c× (ti − tT + β) = c× (τi + β) (12)

where ri represents the corresponding distance between the user
and the ith follower oscillator, ti is the received time at the ith

follower oscillator, tT is the transmit time, i.e., the time that the
signal left the RF transmitter on the user,β is the synchronization
bias between the transmitter clock on the user and any of the
follower oscillators, τi is the propagation time delay between the
RF transmitter on the user and the ith receiver follower oscillator,
and c is the speed of light; i ∈ {0, . . . , N − 1}, where N is the
number of follower oscillators, which equals four in our design.
For 3-D localization, the minimum number of four positioning
nodes is required.

The actual distances are unknown due to the β synchroniza-
tion bias between the transmitter and each of the receivers, as
shown in (12). However, β can be eliminated if we take one
of the follower oscillators as the reference and subtract the rest
from it as shown in the following:

ri − r0 = c× (ti − t0) (13)

where i ∈ {1, . . . , N − 1}, and the precise measurement of t0

and all the remaining ti values are available. A hyperboloid is
the geometrical representation of a set of points in 3-D space
with a constant distance subtraction to known points (the foci).
The user’s 3-D location is represented by the intersection of
all these hyperboloids. The mathematical model for finding the
intersection is as follows:

[x y z]T = min e(x, y, z) (14)

where [xy z]T is the location of the user in a Cartesian coordinate
system and e(x, y, z) is defined as

e(x, y, z) =

N−1∑
i=1

{
(ri − r0)−

√
(xi − x0)2 + (yi − y0)2 + (zi − z0)2

}

where [xi yi zi]
T values are the Cartesian coordinates of the ith

receiver follower oscillator.

B. Positioning Error Bound

In this section, we calculate the PEB for the proposed lo-
calization system. As previously stated, an accurate estimate of
ri is not available. However, the precise clock synchronization
among the positioning system’s follower oscillators, achieved
through injection phase-locking, enables the difference ri − rj
to be computed with high accuracy. The reference oscillator is
r0 for the remainder of the process, and the ri − r0 values are
calculated as follows:

ri − r0 =
√

(x− xi)2 + (y − yi)2 + (z − zi)2

−
√
(x− x0)2 + (y − y0)2 + (z − z0)2. (15)

Because of the ranging measurement errors, the precise
ri − r0 is unknown, resulting in errors when solving for [x y z]T

in (15). The variance of the 3-D location estimator is required
to find a correlation between the overall 3-D location error,
σT (x, y, z), and the distance estimation ranging errors, σri , that
come from the measurement devices

σT (x, y, z) =
√

σ2
x + σ2

y + σ2
z (16)
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where (σ2
x, σ

2
y, σ

2
z) are the variances of the error for x-, y-, and

z-axes estimation, respectively. Let ΔX = [Δx Δy Δz]T be
the derivative on the overall [x y z]T estimations; then, we have

Cov(ΔX) = E
(
ΔXΔXT

)
=

⎡
⎢⎣ σ2

x σxy σxz

σyx σ2
y σyz

σzx σzy σ2
z

⎤
⎥⎦ . (17)

As a result, for the variance of the overall location estimation,
based on (16), we have

σ2
T (x, y, z) = Trace

(
E
(
ΔXΔXT

))
(18)

and Trace(.) denotes the sum of the diagonal elements of the
matrix. Then, the correlation between σ2

T (x, y, z) and the σ2
ri

is
calculated. For this, we differentiate (15), that is

Δri −Δr0

=
Δx(x− xi) + Δy(y − yi) + Δz(z − zi)√

(x− xi)2 + (y − yi)2 + (z − zi)2

− Δx(x− x0) + Δy(y − y0) + Δz(z − z0)√
(x− x0)2 + (y − y0)2 + (z − z0)2

(19)

where second-order and higher order terms have been ne-
glected. For the localization system with N follower oscilla-
tors, (19) can be written as ΔRi −ΔR0 = ΨΔX, or equiv-
alently ΔX = (ΨTΨ)−1ΨT (ΔRi −ΔR0), where ΔRi =
[Δr1 · · · ΔrN−1]

T , ΔR0 = [Δr0 · · · Δr0]
T, and

Ψ =

⎡
⎢⎢⎣

x−x1
r1

− x−x0
r0

y−y1
r1

− y−y0
r0

z−z1
r1

− z−z0
r0

...
...

...
x−xN−1
rN−1

− x−x0
r0

y−yN−1
rN−1

− y−y0
r0

z−zN−1
rN−1

− z−z0
r0

⎤
⎥⎥⎦ .

Without loss of generality, we can assume Var(ri) = σ2
r and the

errors Δri to be uncorrelated; therefore, we have

Cov(ΔX)

=
(
(ΨTΨ)−1ΨT

)
(IN−1 + JN−1)

(
(ΨTΨ)−1ΨT

)T
σ2
r

where IN−1 is the identity matrix of size (N − 1)× (N − 1)
and JN−1 is the (N − 1)× (N − 1) matrix with all its entries
equal to one. It is important to emphasize that in the IsoPos
system, we assume Var(ri) = σ2

ri
= σ2

r, indicating that all re-
ceivers share the same error variance in distance estimation.
This assumption may not entirely reflect reality, as different
receivers might exhibit variations in error due to multiple factors.
However, for the purpose of deriving the closed-form PEB for
IsoPos, we consolidate these variances by adopting the largest
value as the common error variance for all receivers. This
conservative approach ensures that without compromising the
generality of the problem, we account for the worst-case scenario
by considering the highest σ2

ri
as the uniform error variance for

all receivers, allowing us to proceed with our analysis. Based on
(18), the variance of the 3-D location estimator is given by

σ2
T (x, y, z) = G(x, y, z) · σ2

r (20)

where G(x, y, z) is defined as

Trace
(
Φ(IN−1 + JN−1)Φ

T
)
; Φ = (ΨTΨ)−1ΨT . (21)

As a result, two factors influence overall location accuracy: 1)
the geometry-induced error G(x, y, z), which is primarily tied
to the relative geometry between the elements of the localization
system and the user; and 2) the ranging-error σ2

r, which is caused
by ranging measurements errors.

VII. OPTIMAL PLACEMENT OF FOLLOWER OSCILLATORS

The previous section illustrated that accurate 3-D user local-
ization cannot be achieved only with precise time and distance
estimation. To attain high-accuracy 3-D localization, the config-
uration of the localization system components is also essential.

The primary goal of current state-of-the-art research is to
reduce ranging-induced errors while ignoring the geometry-
induced source [24], [27], [54]. Even though advanced com-
mercial geolocation systems take this into account when making
calculations, their effects still cannot be completely eliminated.
This is because it is inherently difficult to determine the ideal
anchor placement in 3-D space for a moving user in order to
minimize geometric-induced errors at all points [55]. This is an
NP-hard open problem [47].

In addition, G(x, y) is typically not excessively dependent
upon various deployments. The majority of the available lit-
erature studies 2-D localization. Therefore, since the users do
not move along the Z-axis, the negative effect of geometry
is not obvious in their final solutions. Nevertheless, based on
our experiments, G(z) is significantly more sensitive to the
deployment of positioning nodes, and a random placement may
result in a very high G(z), resulting in an unreliable height
estimation.

We present an optimization algorithm for determining the
optimal deployment of follower oscillators for any given floor
plan in order to alleviate the geometry-induced localization
error. By constraining average G(x, y) and G(z), the proposed
algorithm improves estimation accuracy on the X − Y plane
(horizontal) and Z-axis (vertical), respectively. We made use
of two constraints on G(x, y) and G(z) in order to reach a
solution to the NP-hard problem in a timely manner. Once these
two constraints are satisfied, the placement configuration with
the smallest G(x, y, z) value represents the ultimate solution.
Although there may be other solutions with similar or lower val-
ues of G(x, y, z), our primary objective is to guarantee that the
relative geometry of the anchor placement does not significantly
impact the location estimation for any point in the room. As a
result, finding a placement that meets the desired thresholds for
G(x, y) andG(z) satisfies our ultimate objective. This subtle but
significant factor accelerates our optimization algorithm while
preserving our objective of minimizing the effect of geometry
on the overall location estimation of all points in the space.

In the rest of this section, we explain the details of our
proposed optimization framework. In Section VII-A, we for-
mulate the NP-hard optimal placement problem followed by
the illustration of the optimization algorithm’s mechanism in
Section VII-B.
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Algorithm 1: Follower Oscillators Deployment Algorithm.

Input: User domain (U), Anchor domain (A), G(x, y)
threshold (hT ), G(z) threshold (vT )

Output: Desirable placement for a set of four follower
oscillators

1: while G(z) > vT &amp; G(x, y) > hT do
2: Generate a set of PT random individuals, where each

individual is a set of four follower oscillator anchors
3: for i = 1 to i = number of iteration do
4: Check the fitness of all available individuals;
5: Kill the worst ones to keep having PT individuals;
6: Select the individuals with better fitness as parents;
7: Crossover every two adjacent parents, make an

offspring;
8: end for
9: end while

A. Problem Formulation

Given the user’s constant mobility, it is insufficient to compute
G(x, y, z), G(x), and G(z) for a single position. As a result, we
calculated the average of the G(x, y, z), G(x, y), and G(z) for
all possible indoor locations based on the provided floor plan.

Our primary goal is to determine the optimal placement for
a set of four follower oscillators by minimizing the average of
G(x, y, z) while keeping the averages of G(x) and G(z) below
the required thresholds. The concluding optimization framework
can be expressed as follows:

min
∑

U
Trace

(
Φ(IN−1 + JN−1)Φ

T
)

s.t. G(x, y) < hT ; G(z) < vT

where U is the user domain, which is a subspace of the indoor
environment including all the possible user positions, Φ comes
from (21), hT and vT are the threshold values for G(x, y) and
G(z), respectively; G represents the average of G.

Our primary objective is to minimize G(x, y, z) to determine
the optimized anchor placement for mitigating the negative im-
pact of relative geometry and improving localization accuracy.
In the meantime, to maintain low horizontal and vertical esti-
mation errors, we enforce the constraints for G(x, y) and G(z),
respectively. This ensures that enhancing the overall localization
accuracy is done by improving both theX − Y plane estimation
and Z-axis estimation. Optimization calculations are conducted
over all the points in U.

The positioning system nodes (i.e., the follower oscillators)
may be located anywhere within the anchor domain, denoted by
set A. This includes the entire ceiling as well as the top portion
of each side wall.

B. Optimization Framework

We construct Algoritm 1 that is based on the EAs class [56]
to find a solution with the least amount of computation time.

In our EA setup, an initial set ofPT random individuals is first
produced. Four follower oscillators, chosen at random from the

domain A, make up each individual. We divide the individuals
into various groups to prevent getting caught in local minima.

Following generation, the individuals are sorted according to
the fitness (cost) function and selected for reproduction based on
the outcome. The fitness function is theG(x, y, z) over the entire
setU obtained by arranging four follower oscillators in a specific
manner. The algorithm then selects the first Ps individuals to
serve as a parent group for the reproduction of new individuals.
Using a crossover technique, every two adjacent pairs create a
new set of four follower oscillators, resulting in a total of Ps/2
offspring. The algorithm then checks the fitness function of each
new individual once more. The lastPk = Ps/2 in terms of fitness
are eliminated from the total population of Pn = PT + Ps/2,
including both parents and offspring, leaving PT as the number
of the final individuals at the end of each stage.

Each set of parents includes eight follower oscillators in total,
four per parent, for generating new offspring. The crossover
technique replaces the first four follower oscillators’ coordinate
parameters with those from the second set.

We repeat the process forNiter iterations. Following the com-
pletion of the iterations, the first individual in the line according
to the fitness function is chosen. If it has G(x, y) and G(z)
over the entire set U that is less than hT and vT , respectively,
it represents the final solution as the four follower oscillator
placement configuration. Otherwise, the algorithm restarts the
procedure by generating a new set of PT individuals. When the
final result satisfies the constraints, the algorithm terminates.

The parameters PT , Ps, and Niter are established during
the preprocessing stage, considering the provided floor plan.
It is essential to underscore that our primary contribution does
not revolve around the proposal of this algorithm to mitigate
geometry-induced errors. Rather, this part serves as a com-
plementary element aimed at enhancing the overall system’s
performance by reducing second error sources. The main thrust
of our work resides in the introduction of innovative timing
and synchronization mechanisms, as expounded upon in pre-
ceding sections. Consequently, allocating additional time for
the assessment of the optimality or comparative analysis with an
alternative optimization algorithm is deemed unnecessary within
the scope of this study.

VIII. PERFORMANCE EVALUATION

This section includes an assessment of the optimal anchor
placement algorithm in Section VIII-A, followed by a compre-
hensive evaluation of the entire IsoPos system in Section VIII-B.

To provide a comprehensive assessment, we have established
an extensive simulation campaign using MATLAB R2022b, run-
ning on a Dell Optiplex 7080 computer equipped with an Intel
i9 CPU and 64 GB of RAM. For the benchmark simulations,
we locate the positioning nodes (i.e., the follower oscillators)
within the room where user localization is required, keeping
them spatially separated to avoid taking up valuable space or
interfering with other objects in the environment. Regardless
of the room’s shape or dimensions, we suggest installing the
positioning system nodes on the ceiling, thus preserving room
aesthetics and functionality while the user can move freely to
any point within the room. Also, we consider every possible
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location for the user within the room. At each location, we know
the exact position of the user, which serves as the ground truth.
The user’s location for each specific spot is then estimated using
our proposed system, and the discrepancy between the ground
truth and the estimated location constitutes the localization error.
We utilize a Rician channel model to simulate the multipath
effects and also add Additive White Gaussian Noise to all our
simulations to mimic the typical indoor setup’s multipath and
noise characteristics.

To ensure a comprehensive evaluation and to account for
various scenarios, our analysis also includes the movement of
the user and, importantly, the presence of other individuals in
the environment and their effect on performance evaluation. The
scenarios are categorized as follows.

1) User movement: The system’s performance is evaluated
at every conceivable point a user might traverse. This
includes lateral movements across various directions on
the ground as well as vertical motions such as sitting,
standing, and circumambulating.

2) Movement of others: The performance implications of
other individuals moving within the vicinity of the user
are critically assessed. Particularly, the impact on the
line-of-sight (LoS) signal between the user and the po-
sitioning system is examined. Should the LoS be entirely
obstructed, real-time localization ceases momentarily,
defaulting to the last confirmed position. This fallback
can result in minor positional discrepancies if the user
continues to move, although it remains precise if the user
is stationary. Furthermore, nonobstructive interference
from nearby users may degrade the communication link,
introducing additional errors. In contrast, movements oc-
curring at a considerable distance from the user generally
do not impact the system performance. All such scenarios
have been simulated, with errors appropriately accounted
for and discussed in detail within the test campaign.

As a final note, as mentioned earlier, our system has been
rigorously tested in complex environments, accounting for mul-
tipath effects and noise, with all errors included in our simula-
tions. As long as the communication link between the user and
the positioning system is not completely obstructed, the system
performs well. In scenarios where the link is fully blocked, the
system defaults to the last known location. If the user moves dur-
ing this period, slight errors may occur until the communication
link is reestablished. If the user remains stationary, the reported
location remains accurate.

A. Optimal Placement Algorithm Assessment

By displaying performance results and contrasting them with
a benchmark that ignores the optimal placement, the usefulness
of our suggested optimization algorithm is evaluated.

Because the primary goal is to identify the optimal placement
of follower oscillators, the solution is entirely dependent on the
dimensions of the room (i.e., the provided floor plan). As a result,
we devised our algorithm to take the floor plan as input and
produce the optimal placement of the oscillators as output.

The effectiveness of the algorithm is evaluated on three
distinct floor plans to showcase its adaptability to different

TABLE II
FOLLOWER OSCILLATOR PLACEMENT FOR DIFFERENT ROOM SIZES WITH

OPTIMAL SOLUTION

TABLE III
FOLLOWER OSCILLATOR PLACEMENT FOR DIFFERENT ROOM SIZES WITH A
CONVENTIONAL CONFIGURATION TO BENCHMARK THE OPTIMAL SOLUTION

room dimensions, ranging from modest to extremely large sizes.
The first example involves a typical office room measuring
5 m × 5 m × 4 m acts as an example for playing virtual games
on VR devices. The second example is a large conference room
with dimensions of 10 m × 10 m × 4 m, which is suitable for
AR applications in larger setups. Lastly, the algorithm is put to
the test on an extreme example, a large game room measuring
20 m × 20 m × 4 m that can accommodate multiuser AR/VR
games, such as laser tag.

Fig. 8 compares the G(.) values of optimal and nonoptimal
conventional placements. Nonoptimized configurations and the
optimal placements are listed in Tables II and III, respectively,
where all the numbers are demonstrated in meters.

As shown in the figure, the algorithm consistently produces
satisfactory results across all scenarios tested. Furthermore, the
provided figure emphasizes the importance of using the pro-
posed optimization algorithm for follower oscillator placement
rather than a conventional approach, due to the significant impact
of G(x, y, z) values on overall accuracy. It should be noted
that the values of G(x, y, z) differ for each (x, y, z) point in
the room. As a result, displaying values for all points in three
dimensions necessitates a 4-D plot. To avoid this, in Fig. 8, we
take an average of all the z planes and display the final result
on the X − Y plane. The proposed algorithm is expected to
perform well, particularly for smaller dimensions. However, it
demonstrated its ability to generate optimal solutions in a timely
manner even for significantly larger dimensions.

Fig. 9 presents the cumulative distribution function (CDF)
of G(.) values for the optimal placement in the mentioned
three distinct indoor environments. These optimal placements
are enumerated in Table II. The principal aim of the analysis
in this figure is to demonstrate the number of points in set
U that have G(x, y, z) values lower than a specific threshold.
The optimization problem’s objective was to guarantee that the
majority of the points had their G(x, y, z) lower than 20. We
set a threshold of 20 given the system’s accuracy in providing
distance information and the requirement to keep overall 3-D
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Fig. 8. Illustration of G(.) values comparison between the baseline and optimal placement for various indoor space dimensions. (a) Baseline
configuration for an office room. (b) Baseline configuration for a conf. room (c) Baseline configuration for a game room. (d) Optimal configuration for
an office room. (e) Optimal configuration for a conf. room. (f) Optimal configuration for a game room.

(a) (b) (c)

Fig. 9. CDF plot representation of G(.) values for various room dimensions with optimal configuration shown in Table II.

(a) (b) (c)

Fig. 10. CDF plot representation of G(.) values for various room dimensions with nonoptimal conventional configuration represented in Table III.

accuracy below 1 mm. As depicted in the figure, this objective
has been attained for all the scenarios.

For instance, in a typical office room, more than 95% of
the points in U have G(x, y, z) values less than 8. In the case
of a large conference room, this value is 14, and for a large
game room, it is 12. These values are all below 20, confirm-
ing that the proposed optimization framework performed as
anticipated.

In order to establish a benchmark and underscore the cru-
cial nature of optimal placement requirements, we present in
Fig. 10 the identical plots as depicted in Fig. 9, except with a
nonoptimal placement configuration, as listed in Table III. As
can be observed in this figure, the G(x, y, z) values surge to
several hundred, rather than being predominantly below 20 for

the majority of the points in set U. This implies that even if
a highly precise system is employed to measure time (and, by
extension, distance), the final 3-D accuracy may be unreliable
owing to the large G(x, y, z) values.

B. Final Assessment

Our study has three main goals. To begin, we propose a
novel method for measuring time with high precision using
isochrons in photonic oscillators. The accuracy is determined
by the oscillation frequency as well as the resolution of the
oscillation cycle in terms of isochrons. As shown in Fig. 11, the
accuracy of the phase shift measurement induced by an incoming
pulse is proportional to the number of cycles k required for the
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(a) (b)

Fig. 11. (a) Each PRCk(θ) indicates the phase response of the system
to an external excitation of fixed amplitude for varying relaxation intervals
corresponding to integer multiples of Tlc, i.e., kTlc. (b) Root-mean-
square error of the phase response for varying relaxation intervals.

excitation to relax on the system’s stable limit cycle. The spatial
resolution Δxrms is proportional to the phase measurement error
Δθrms as

Δxrms = Δθrms
c

flc
(22)

where the first term clearly demonstrates the benefit of mea-
suring the phase within a cycle versus measuring whole cycles.
As an example, for flc = 3 GHz or flc = 30 GHz the spatial
resolution due to time measurement is Δxrms = 10−4 m or
Δxrms = 10−5 m for a Δθrms = 10−3 achieved after k � 50
cycles corresponding to a negligible time span, smaller than
10−8 s.

Second, we look into the viability of using injection-locking
technology to achieve precise clock synchronization, which
is critical for TDoA systems. For the clock synchronization,
the nonlinear characteristic of the synchronization mechanism
ensures an exponential convergence rate and a precise phase
locking of the receivers’ clocks as presented in Fig. 5(c) and (d).
Finally, we improve 3-D localization accuracy by introducing
G(x, y, z) and creating an optimization framework to reduce
geometry-induced error in overall location estimation.

The CDF of localization accuracy with the optimal placement
is shown in Fig. 12, which is based on Table II. As shown in the
figure, regardless of the environment’s dimensions, an overall
3-D accuracy of less than 1 mm is achieved. These plots are
created using the parameter values discussed in Section IV s
core, which were used to develop our system.

To establish a baseline, we show nonoptimized placement
configurations in Fig. 13, as listed in Table III. These plots can
be compared to the optimal plots shown in Fig. 12. The 3-D
error increases to 1 cm in the nonoptimized case, but remains
primarily below 1 mm in the optimized case. This emphasizes
the importance of proper anchor placements.

We plot the localization accuracy for different lasers’ realistic
parameter values using our optimal placement approach, in
Fig. 14. The frequency of the limit cycle flc and the phase mea-
surement error Δθrms are of particular interest. Smaller values
for flc result in performance degradation, as shown in Fig. 14(a).
When we change the flc = 30 GHz to flc = 3 GHz for a fixed

value of Δθrms = 10−3, the localization error increases from
1 mm to 1 cm. This gives us design flexibility in determining
the frequency of the limit cycle based on the use case. Higher
frequencies are better suited for applications requiring greater
localization accuracy (sub-1 mm), such as finger tracking. Lower
frequencies, on the other hand, can be used for applications re-
quiring sub-cm accuracy, such as autonomous indoor navigation
of drones in large warehouses. Furthermore, in Fig. 14(b), we
investigate the tradeoff between the system’s update rate and
the overall accuracy: waiting for longer cycles enhances the
overall accuracy; for instance, k > 50, which is the plot with
Δθrms =

1
2 × 10−3. This means that the update rate will be

slowed by a few nanoseconds. Longer relaxation times, in gen-
eral, result in better resolution for phase measurements, which
leads to better overall 3-D accuracy. As shown in Fig. 11(b),
increasing the relaxation time to a hundred cycles (k = 100)
improves phase shift resolution significantly (Δθrms = 10−5),
which is hundred times better than k = 50 . This means that for
lower frequencies, we can achieve high-accuracy localization by
using a longer relaxation time (slightly slower update rate).

IX. DISCUSSION

In summary, in this work, we aim to enhance the localization
error inherent in ranging-based techniques by introducing a
novel photonic timing mechanism combined with an injection-
locking technique. This photonic timing allows for ultra-high-
resolution time measurements, leading to high-accuracy dis-
tance estimations, marking the first contribution of IsoPos.
The second contribution is the high-accuracy synchronization
achieved through the photonic injection-locking mechanism. In
our final contribution, unlike the majority of existing literature
that primarily focuses on ranging-based errors, we comprehen-
sively investigate all sources of error and offer solutions to
mitigate geometry-induced errors.

Accurate localization requires precise distance information to
mitigate significant errors when utilizing a trilateration system
that converts distances into locations; hence, precise timing is
crucial. To the best of the authors’ knowledge, our proposal
of a timing mechanism based on the isochronous structure of
photonic oscillators is unprecedented. Prior studies have focused
on enhancing localization accuracy mainly by modifying the
signal modulation [9] or increasing bandwidth for improved
timing and distance resolution [29].

Generally, existing literature [8], [29], [57] tends to minimize
the adverse impact of channels on signal reception, relying on
the system’s inherent capacity for distance estimation, such
as those provided in 5G New Radio [29] or Wireless Fidelity
positioning [57], without delving into the potential for sys-
temic improvements in timing mechanisms for more accurate
distance measurements. Our approach targets the fundamental
issue of distance estimation mechanisms. By introducing a
novel timing mechanism based on the isochronous structure of
photonic oscillators, we aim to fundamentally enhance overall
system performance. In addition, our assumptions are grounded
in reality. Achieving high-accuracy synchronization between
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Fig. 12. CDF plots representation of 2-D and 3-D and localization accuracy as well as the Z-axis estimation for various room dimensions with the
optimal configuration shown in Table II.

Fig. 13. CDF plots representation of 2-D and 3-D localization accuracy as well as the Z-axis estimation for various room dimensions with a
nonoptimized configuration shown in Table III.

Fig. 14. 3-D localization accuracy evaluations for different laser’s pa-
rameter values. (a) Effect of flc for the fixed value of Δθrms = 10−3

(k � 50 cycles). (b) Effect of Δθrms for the fixed value of flc = 30 GHz.

users and positioning nodes is challenging in wireless systems;
thus, we suggest employing a TDoA system for final location
determination. A significant challenge in TDoA localization
is the synchronization among positioning nodes themselves,
where minor drifts can lead to substantial errors. To counter this,
we propose an injection-locking technique that ensures highly
accurate synchronization among the positioning nodes through
a leader–follower design.

The majority of research presented in the literature [8], [9],
[21], [57] reports final 3-D localization accuracies ranging from
tens of centimeters [21] to a meter or more [57]. This limitation
is primarily due to the inherent constraints of the system’s timing
resolution capabilities. In contrast, by proposing a fundamental
shift in the method of time measurement, we can enhance this
accuracy to millimeter-level precision.

X. CONCLUSION AND FUTURE WORK

Conclusion: In this article, we propose a novel positioning
system, named IsoPos, that utilizes ideas from tunable photonic
oscillators and their isochrons’ structure to enhance localization
accuracy. To that end, we introduce IPT mechanism, a novel
approach for measuring the ToA with extremely high resolu-
tion. IPT exploits the phase shift in the receiver’s oscillation—
determined by its isochrons’ structure—induced by excitation
pulses. To attain precise synchronization among different posi-
tioning nodes, which is a challenge in current localization archi-
tectures, we propose ILS protocol, which employs the injection
locking of tunable photonic oscillators. In addition, we present
an optimization framework to mitigate the adverse impact of
geometry on location accuracy. Our comprehensive numerical
results show that the proposed system achieves sub-1 mm 3-D
localization accuracy across different scenarios.

Future work: The chief goal of this work was to introduce a
novel high-resolution ToA measurement and precise time syn-
chronization approach. These were the foundational elements of
our proposed positioning system. We intend to focus our future
research primarily on the RF transmission aspect and investigate
the possibility of mitigating potential channel-induced negative
impacts, such as multipath, noise, and interference, through the
robust selection of s(t). With that objective in mind, we plan to
examine the most effective design of s(t) as well as the feasibility
of using non-LoS information in large-scale scenarios. This is
significant when the existence of LoS is uncertain. Furthermore,
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we are developing a testbed that will include quantum well
and external cavity lasers. The end goal we aim to achieve is
the development of a chip-level model that can confirm the
effectiveness of the suggested system in practical situations, such
as delivering accurate hand-tracking for AR glasses.
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