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Proper Processing of S-Quaternion Wide-Sense
Markov Signals From Randomly Lost Observations

José D. Jiménez-Lopez

Abstract—This letter addresses the problem of estimating wide-
sense Markov signals within the 3-quaternion domain, under con-
ditions of first-order properness. This property offers a significant
advantage that cannot be achieved in the real fields: a reduction
in the dimensionality of the state-space model, resulting in lower
computational load when running estimation algorithms. Once the
equation of the wide-sense Markov signal model has been obtained,
and assuming that the observations used to estimate the signal are
affected by packet dropouts, a filtering algorithm based on first-
order 3-quaternion processing is devised for the optimal estimator.
The effectiveness of the estimators proposed is illustrated through
numerical comparison with those obtained by using traditional
quaternion processing.

Index Terms—Estimation, packet dropouts, properness
conditions, 3-quaternion processing, wide-sense Markov signals.

I. INTRODUCTION

HE linear least mean-squared error (LLMSE) estimation

problem has traditionally focused on wide-sense Markov
(WSM) processes, when Gaussianity is not satisfied. The interest
in assuming this Markov property lies in its ability to facilitate a
state-space representation for the signal. Numerous papers have
been published on WSM signals, mainly in the real and complex
fields (see e.g. [11, [2], [3]).

Over the last few years, the scientific community has shown
great interest in studying 4D hypercomplex algebras since some
real-world problems can be better modeled by using these kinds
of signals than with real or complex ones (see e.g. [4], [5], [6],
[71, [8]). The most widely used hypercomplex algebra is the
quaternion algebra [9], [10], [11], [12], [13], [14], [15]. How-
ever, recently, other hypercomplex algebras have emerged [16],
[17], [18], [19]. These new structures have provided better
results than those obtained with the quaternion algebra. In
particular, the B-quaternion algebra is a generalization of the
quaternions (case = —1), that makes possible the modeling
of a higher variety of practical problems. For instance, it has
proven to be a useful alternative framework for studying adaptive
filtering problems [19].

A wide range of literature on the estimation problem con-
cerning quaternion signals exists, where different assumptions
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are made on the observations used for the estimation [20], [21],
[22], [23], [24], [25]. One of these assumptions involves obser-
vations affected by packet dropouts, which model many real-life
situations where there is a probability that some observations are
lost [26], [27], [28], [29], [30].

The study of properness cases is of great interest when the
problem of estimating hypercomplex signals is being faced, as
these cases can lead to a significant reduction in the computa-
tional burden of the estimation algorithms devised, that cannot
be achieved in the real case [14], [31], [32], [33]. Thus, the esti-
mation problem under properness conditions in the S-quaternion
domain has been addressed in [19]. In general, widely linear (WL
processing, based on the augmented processes, is considered the
optimal approach. However, under first-order properness, the
optimal approach shifts to Q; processing, based solely on process
information. In fact, Q; and WL processing are equivalent under
first-order properness.

This paper aims to address the LLMSE estimation problem
of WSM signals from observations affected by packet dropouts,
under first-order properness conditions. The main contributions
obtained from this research are summarized in the following
points: 1) Proper WSM [-quaternion signals of order n > 1 are
introduced; 2) A state-space model is provided for these sig-
nals; 3) Computationally efficient reduced dimension filtering
algorithms are proposed to solve the problem; 4) Simulations
confirm that the estimators proposed perform better than those
obtained in the quaternion domain.

The rest of the paper is organized as follows. After a brief
review of the -quaternion processing (Section II), a represen-
tation of a WSM signal of order n > 1 in the state-equation
form is obtained under first-order properness (Section III). Sub-
sequently, in Section IV, a filtering algorithm is proposed, whose
computational load is significantly reduced under properness
conditions. The efficiency of the estimators is illustrated in
Section V, in comparison with those obtained by quaternion
processing in two different examples: one with simulated data
and another with a real-life application model.

II. B-QUATERNION SIGNAL PROCESSING: A REVIEW

Throughout the paper, lightface lowercase, boldface lower-
case, and boldface uppercase letters are used to represent scalars,
vectors, and matrices, respectively. So, ap x 1real (respectively,
[B-quaternion) vector r, will be written as r € RP (respectively,
rec Qfﬂ). Moreover, R{-} denotes the real part, E[-] the ex-
pectation operator, ® the Kronecker product, superscript “T”
represents the transpose, 6,,; the Kronecker delta function, 0,
is the p x ¢ zero matrix, I, the p X p identity matrix, and 1, the
p X 1 vector of ones. In addition, all the random variables are
assumed to have zero-mean.
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Definition 1: A random j-quaternion signal vector x(t) €
Qg, t € N, is a hypercomplex stochastic process stated as:
x(t) = %, (t) +ixi(t) + jx;(t) + kx(t),
where x,,(t), for © = 1,1, j, k are p-dimensional real stochastic
processes and the imaginary units satisfy the following rules:

12:_17j2: :Ba IJ:kaJk:_ﬁla kl:.]7 le:B7
with 8 € R — {0}.
For any x(t) € QZ, the next auxiliary processes are defined:

( ) = %:(t) + 1x1( ) —ixj(t) — kxx (),
XI(t) = x, () — ix; (1) + jx;(t) — ke (8),
x5(t) = %o (1) — ixi(t) — jx;(t) + kx (1),

x@ (1) = x,(t) — ix;(t) + éxj () + gxk(t), a€R —{0}.

Moreover, the associated real and augmented vectors are re-
spectively defined by x"(t) = [x; (), x{ (t), %] (), xj(t)]" and
x(t) = [x" (1), X (8), x" (£), %" (1)]".

In addition, the pseudo cross-correlation matrices of
x(t), y(t) € Q are defined as follows:

Y.5(ts) = Ex(t)y™ (s),  V8>0,
Y5(ts) = Ex(t)y™(s)], VB<O,

where y® (s5) £ y(®)"(s). The pseudo autocorrelation function
of x(t) € Q%, Y¥2(t, s), will be denoted by Y (t, 5), for v =
1,2, and Y29 (t,t) 2 Y48 (1).

Next, the first-order properness concept, introduced in [19],
is recalled.

Deﬁnition 2: Two random signals x(¢) €

ﬁ are said to be:

® Cross Pﬁo-proper (respectively, cross N, éo-proper), if there
exists a value By >0 (respectively, Bo < 0) such that
T,lcf,‘L (t, s) (respectively, Txyu (t,s)), for p =1,j,k, van-
ish, Vt,s. By setting y = x, the definition of x(t) as
Py, -proper (respectively, N -proper) is established.

e Jointly Pﬁlo-proper (respectively, jointly N Blo-proper), if
and only if, they are Pj -proper and cross Pj -proper
(respectively, IV éo-proper and cross N éo-proper).

The first-order properness assumption results in a reduction in
the dimensionality of the problem, which has no place in the real
field, thereby leading to computational advantages in computing
the LLMSE estimator (for further details, see [19]). Specifi-
cally, under Pﬂlo -properness conditions, the optimal processing

is Péo processing, which reduces the computational burden by a
quarter. Similar considerations can be made for N éo -processing
under N ég -properness conditions.

pl and y(t) €

III. PROPER WSM [-QUATERNION SIGNALS
Consider a random signal x(t) € Q%, and the vector:

n(t) = KT, KT = 1), XNt —n+ )T, (1)
such that there exists a value 5y > 0if v = 1 (respectively, 5y <
0if v = 2) satisfying that det(Y¥%(¢)) # 0.

Definition 3: A random signal x(t) € Q} is said to be
PEOWSM of order n > 1, denoted as PﬂlOWSM(n), if it is
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Pﬁl0 -proper and satisfies that

)A(Péﬂ(ﬂTSS) :&Pﬂ%O(ﬂs,s—1,...7s—n+1), Vs < t,

where the left-term denotes the estimator of x(¢), obtained under
Pﬁlo-processing, from the information supplied by {x(7),7 <
s}, and the right-term is the estimator, also derived from
P, -processing, based on {x(s),...,x(s —n +1)}.
Analogously, a N} WSM( ) signal is defined.
The advantage ofﬁ using a Markov signal is that it verifies a
state-space model, as shown in the following result.
Proposition 1: A random signal x(t) € Q7 is P, WSM(n)

if, and only if, 7(¢) in (1), can be expressed Wlth the equation

n(t+1)=K@)nt)+w(t), t>=n-1, 2)
where K(t) 2 K(t+1,t), K(t,s) = Y0 (t,5)a" (s),

w (t) is a white noise uncorrelated with n(n — 1), fort > n — 1,
and w(t) and n(n — 1) are jointly P/}D-proper. Consequently,

x(t+1) =K (t)nt) +w(t), t>=n-1, ()

where K () (t) is the matrix formed by the first p-rows of K(t)
in (2) and w(P)(¢) given by the first p-elements of w(t) in (2).

A similar result can be established for a NV éo WSM(n) random
signal, by substituting Pj with N .

Proof: Let x(t) € Qf be a P; WSM(n) signal. Then, n(t)
fulfills (2), where K(t,s) satisfies the condition K(t,s) =
K(t,0)K(¢, s), for t > ¢ > s. From (2), Property 1 in [19],
and properness conditions, it is deduced that w(¢) and n(n — 1)
are jointly Pﬁl0 -proper. In a similar way, using the principle of
recursion in (2), sufficient condition holds.

The proof for Nj WSM(n) signals is similar. [ |

IV. PROPER WSM [-QUATERNION SIGNAL PROCESSING

In this section, a classical signal estimation problem from
observations affected by packet dropouts is approached (see
e.g. [26], [27], [28], [29], [30], among others).

A. Problem Statement

Let x(t) € Q}; be a PﬁOWSM( n) signal and consider the
observation equatlon

y() =) *z(t) + (1, —v(@) xy(t —1), t=n;
y(n—1)=2z(n—-1),
z(t) = x(t) + v(t), t>n. 4

Product * between two [-quaternion vectors, for example,
~(t) * z(t), is another vector whose components, ;(t) * z;(t),
forl =1,...,p, are computed as v;(t) * z;(t) = i (¢) 21 () +
iy (£) 20 (8) + Jv(8) 215 (8) + kyne(t) zuc (). Moreover, ,(t),
for p =r,1i,j,k, are independent Bernoulli random variables
with parameters p;,, (t), with value 1 if the observation is up-
dated, and 0 if it is lost and substituted by last available one.

In addition, y(¢), x(¢) and v(t) are assumed to be mutually
independent. Furthermore, x(¢) and y(¢) are considered to be
jointly Pﬂl0 WSM (n), meaning that v(t) mustbe P; WSM(n),
and py,(t) = pi(t), Vt, 1, p. These assumptions reduce the
dimension of the augmented observation equation by a quarter.

When considering [V, éOWSM(n) signals, the same problem
can be easily formulated.
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B. Filtering Problem

This section approaches the LLMSE filtering problem of the
signal, x(t), from the observations {y(0), ...,y (¢)}. If the Pﬁl0
processing is used, the filter obtained is denoted by x50 (t]¢)
(similarly, X" (t|t) denotes the filter calculated from N 5o
processing). Next result shows a recursive algorithm to calculate
these estimators. The only difference in how it is applied is that
v =1 is employed when Pﬁl0 processing is used, and v = 2 is
employed when N, éo processing is used.

Theorem I: The filter X% (¢|t), for Q; = Pﬁlo, N3, is formed
by the first p components of 7)(¢|t), recursively calculated as:

() =t —1) + 012 (e(t), t =n, (5)
At +16) = KA, t > n— 1, ©)

with #(n —1n—1) = T2%n - DYY (n— Dy(n — 1)
as initial condition, and K(t) given in (2). Moreover, for t > n:
e(t) =yt)-IO)Rtlt —1)— (A, —II(t))y(t - 1), (D
o(t) = P(t|t — II*(1), (8)

Q(t) = 2(t) + ()P (¢t — DIT'(¢), ©)
with initial conditions e(n—1)=y(n—1), 8(n—1) =
Yy%(n—1), Qn-1)=7Y(n—-1), denoting by
Ay = L]0, p(n-1)]- Also, II(t) = [P(t)|0pxpn-1)], P(t) =
diag(p1(t),...,pp(t)), and 3X(t) =diag(&i(t) ..., & ().
whose elements & () are defined as follows:

&(t) = 4p(t) {1 = pu(1)) (E [27 ()] = 2E [an(t)wu(t — 1)]

+ E[y*t-D])+E[5;®)]}, 1=1,...,p,
where E[2?(t)], E[z;(t)y(t — 1)] and E[y,(t — 1)] are ob-
tained, respectively, from the element [ x [ of the matrices
Tflﬁo(t), 'I',”]f,o (é,t - 1), and T;BO (t —1). These matrices
satisfy the following recursive formulas, for t > n:

Yoo (t) = K(t — )Xyt — DK™ 2 (t — 1)

+x¥ho(t — 1), (10)
Yooo(t+1,t) = K(t) { X (t) ATP(t)
Xt t—1) I, - P}, (1)
T;ﬁo (t) =P(t) (Aprf’O (AT + Y1)
+ (@, = P) Xy (t - 1), (12)

with initial conditions TZIBO (n—1), T,’;f," (n,n—1)=
K(n—1)Y;%(n—1)A} and Y57 (n — 1) = A, XY (n —
DAY+ Y% (n - 1). P(t|t) is
computed from:

P(t[t) = P(t|t—1)—0()Q 1 ()82 (1), t > n, (13)

Moreover, recursively

P(t+1[t) = KP(t|t) K20 (£)+ X220 (1), t>n—1,(14)
with initial condition:
Pn—1n-1)= Tzﬂo(n —-1) - ngo(n -1)
XY (= )X (0 1),

Finally, the error associated to each element of x(t) is:

: _ 1Bl +1 .
(s (0) = g R b d=1p (9

IEEE SIGNAL PROCESSING LETTERS, VOL. 31, 2024

Proof: As known, the LLMSE linear filter is expressed as:
t
n(tlt) = > 06) " (i)e(i),
i=1

with 0(i) = E[n(t)e¥2»(i)], and Qi) = E[e(i)e"2 (i)].
In [19], the existence and uniqueness of the estimator are guaran-
teed (this result is used in this proof to derive all the estimators).
Then, from (16), this expression is obtained:
n(tlt) =ntlt — 1) +0(1)Q " (t)e(t), a7
and then, (5) is deduced from (17) by applying properness. Now
from (2), (6) is easily derived under properness.
Moreover, the augmented form of (4), taking the augmented
processes, under properness, can be reduced as

y(t) = DY (OT,n () + DY ()9 () + D (O)y(t - 1), (18)
with T, =1, ® A, D7(t) = F,diag(v" (1)) T, ", D7 (1)
= F,diag(1sy f'yr(t))Tgl, with 7, defined in [19] and
Fp=1[1,1,j,k] ® I,. Then, from (18), it follows that

()t —1) =D (Ot — 1)+ D' @)yt —1), (19

with D" (t) = E[D"(t)].for k = 7,1 — ~. Hence, since (t) =
y(t) — y(t|t — 1), (7) is obtained from (19) under properness
conditions.

From (18) and (19), the following expression is found:

e(t) = D' (WT,n(t) + D (t)v(t) + D " (t)y(t — 1)
+D ()T, 7t — 1), (20)

with D" (t) = D*(t) — D" (t), for k = ~,1 — 7, and H(t|t —
1) = (t) — n(t|t — 1). Then, to derive (8), O(t) is computed
from (20) and the resultant expression is used to deduce 6(t) =
E[n(t)es-2v ()] by applying properness. Moreover, (9) for
Q(t) = Ele(t)es-2v(¢)] is derived from (20), after some calcu-
lations. Expressions (10)—(12) are easily devised from (2) and
(18) by characterizing for properness.

In addition, (13) for P(t|t) = E[n(t|t)n"s 2 (t|t)] and (14)
for P(t + 1|t) = E[A(t + 1[t)n%-2"(t + 1|t)], with 7(s|t) =
n(s) —n(s|t — 1), for s =¢,t + 1, are immediately derived
from (2), (5) and (6). Finally, (15) is deduced from Corollary 1
in [19]. |

(16)

V. NUMERICAL RESULTS

The aim is to illustrate the improvement of the proposed
estimators over the ones obtained by using quaternion process-
ing [14], under first-order properness. The quaternion filter is
denoted by X% (¢|t), and its associated error by €%t (¢).

A. Example 1: Péo Processing From Simulated Data

Let x € Qg be a PéOWSM(Z) signal satisfying (3) for

K® () =[0.9,-0.2], and wP) () £ w(t) is a B-quaternion
white noise with Y- (¢, s) = Gdss, and G is of the form:

|Bolor  |Boloe 03 04

g — _|ﬁ0|g2 |ﬁ0|g1 04 —03 (21)
03 04 01 02
04 —03 —02 01

Likewise, the autocorrelation matrix of the real vector of n(1) =
[(1), z(0)]" satisfies that the submatrices Yxr (1), X (0), and
Y- (1,0) have the form of the matrix G given in (21), with the
following values for each of them:
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Fig. 1. Differences DP30 (t) by setting Bo = 4,5 and p, = 0.7,0.8,0.9.

® Yyr(1) =Yxr(0): 01 =4, 00 =04=0, 03 =1,

* Y.-(1,0): 01 =04, 02 = —0.1, p3 = —0.5, g4 = 0.6.

The observation equation is given by (4), where p,,, for p =
r,1, ], k, are constant in time, and v(t) is a S-quaternion white
noise with X'y (¢, s) = Gy, and G given in (21).

To guarantee that the signal is Péo WSM(2), with 5y = 4,5,
the values p1 = 1,00 = 0,903 =0.5,04 = 0.1and o1 = 3, 02 =
0, 03 = 0.5, o4 = 0.1 in (21) have been taken for Yy~ (¢, s)
and Yy~ (t, s), respectively. Moreover, to ensure that the sig-
nal and the observation are jointly Pﬁlo, Dr = Pi = Pj = Dk
is considered.

Then, to illustrate the effectiveness of the estimators proposed,

the S-quaternion filtering errors in (15), Fo (t), are compared
with the quaternion ones, €%t (¢). Specifically, the differences
between them, that is, D" % () = ®E(t) — Fo (1), have been
computed and displayedin Fig. 1,forp, = 0.7,0.8,0.9and 3y =
4, 5. As observed, since the differences are positive, the fact that
better results are obtained with the estimators proposed than
with those obtained with quaternion processing is concluded.
Moreover, in these particular cases, these differences are smaller
as the probabilities increase, and also as |3y | decreases.

B. Example 2: N éo Processing in a Real-Life Application
Model

Consider now the discrete-time model equivalent to the gen-
eral equation of motion [25]:

xte+1)= (5 A7) %0+ |54 v,

with x(t) = [p(t), ¢(t)]", where ¢ denotes the variable of
interest, ¢ delineating its range of variation, and w being the
system input. This equation is useful when applied to a broad
spectrum of practical scenarios that covers many areas including
bearings-only and rotation tracking. Note that this model repre-
sents a two-dimensional WSM(1) signal. It is assumed that the
initial condition x(0) = 0241, and AT = 0.04 represents the
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Fig. 2. Differences DN»BO (t) for o = —4,—5,—10 and p, = 0.7,0.9.

sampling interval. Moreover, the same hypotheses about w(t)
as in Example 1 are considered.

(4) models the observations, where v(t) = [v1(t),v2(¢)]" isa
B-quaternion white noise, with Yyr (¢, 5) = Yy (¢, s) as in Ex-
ample 1, forl = 1,2,andp;, = py,forl = 1,2, p =r,1i,j,k. To
ensure the [V, 10 scenario, with Sy = —4, —5, —10, the following
values have geen taken in (21): 01 = 4, 02 = 03 = 04 = 0, for
Ywr(t,s), and o1 = 3, 02 = 03 = 04 = 0, for Yyr (¢, ).

By setting different values of p,, the differences between the
errors obtained from a [V 510 processing (15), and its counterparts

in the quaternion domain are calculated: D% (¢) = ¢%L(¢) —

Vo (t). The results for p, = 0.7,0.9 are displayed in Fig. 2.
Similar conclusions to those drawn from Fig. 1 can also be made
from this graph. This real-life example illustrates how the [-
quaternion processing provides better results than those obtained
with quaternion one under properness conditions.Figs. 1 and 2
have been displayed for different time instants, to also show the
error convergence. Note that properness has no effect on the
convergence (see e.g. [26]).

VI. CONCLUSION

The main contributions presented in this letter are: firstly,
the representation of S-quaternion wide-sense stationary signals
in the form of a state equation, which is a key factor as it
enables the problem of estimating a state-space model to be
studied; secondly, a recursive filtering algorithm is proposed
under first-order properness conditions, which leads to the op-
timal estimators, and this is achieved by considerably reducing
the computational load. Moreover, the fact that the estimators
proposed perform better than those obtained with a quaternion
processing is numerically illustrated.

In [19], another properness of the J-quaternions has been
introduced, called the second-order one. Using the same method-
ology, Algorithm 1 can be easily extended to a second-order
proper setting, reducing the computational load by half (details
omitted for brevity).
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