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ABSTRACT This article deals with the nondestructive testing and evaluation (NDT/NDE) of dielectric
structures through a sparseness-promoting probabilistic microwave imaging (MI) method. Prior information
on both the unperturbed scenario and the class of imaged targets is profitably exploited to formulate the
inverse scattering problem (ISP) at hand within a differential contrast source inversion (CSI) framework.
The imaging process is then efficiently completed by applying a customized Bayesian compressive
sensing (BCS) inversion strategy. Selected numerical and experimental results are provided to assess
the effectiveness of the proposed imaging method also in comparison with competitive state-of-the-art
alternatives.

INDEX TERMS Bayesian compressive sensing (BCS), differential imaging, inverse scattering problem
(ISP), microwave imaging (MI), nondestructive testing and evaluation (NDT/NDE).

I. INTRODUCTION AND MOTIVATION

ELECTROMAGNETIC (EM) fields at microwave
frequencies can be profitably used to perform, also

contactless, inspections of materials with good spatial

resolution and nonionizing effects [1], [2]. More specif-
ically, microwave imaging (MI) techniques are aimed at
noninvasively reconstructing the dielectric properties of an
inaccessible domain by means of low-cost, portable, and safe
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equipment, with applications including biomedical imag-
ing [3], [4], [5], [6], [7], subsurface investigations [8], [9],
through-wall imaging [10], [11], and nondestructive testing
and evaluation (NDT/NDE) [12], [13], [14], [15], [16], [17],
[18]. Concerning this latter, MI is a valid alternative to
well-established technologies, such as eddy currents [19]
and ultrasounds [20]. Moreover, the structural evaluation
of composite low-permittivity/low-loss materials (e.g., foam,
honeycombs, and glass fiber reinforced polymers [14]),
without compromising their properties and functionalities, is
an attractive field of research due to their increasing diffusion
in modern aircrafts and radomes [21].

However, solving the underlying inverse scattering (IS)
problem to yield a faithful diagnosis of the structure under
test (SUT) in a reasonable amount of time, as well, is a
very challenging task because of 1) the nonuniqueness of
the IS solution due to the presence of nonradiating currents
giving null/nonmeasurable contributions to the collectable
field in the observation domain (i.e., outside the investigation
domain) [22]; 2) the presence of local minima (false
solutions) in the data mismatch cost function caused by
the highly nonlinear nature of the scattering phenomena in
the microwave regime [23]; and 3) the strong sensitivity to
noise caused by the ill-conditioning [1]. While no practical
solutions exist to avoid 1), the local minima issue 2) can
be effectively mitigated by designing suitable measurement
setups that collect all the available nonredundant information
on the imaged domain according to the scattered field
degrees-of-freedom theory [24]. Moreover, 1) linear approx-
imations [25]; 2) synthetic-aperture radar (SAR)-based
approaches [26]; 3) multiresolution schemes (IMSA) [27];
and/or 4) stochastic optimization algorithms [28], [29], [30]
proved to be valid counter-measures, as well. However,
strategies belonging to class a), such as the Born approxima-
tion [25], turn out to be reliable in those applications where
a qualitative guess of the shape and location of the unknown
targets is enough. Similar limitations affect the SAR methods
b) since they can only retrieve reflectance/emittance images
[26]. Many effective methods have been developed exploiting
IMSAs c) in combination with both deterministic and
stochastic solvers to reduce the ratio between unknowns and
data as well as to adaptively enhance the image resolution
only within the so-called regions-of-interest (RoIs). Finally,
the solution approaches based on multiagent strategies
d) with “hill-climbing” properties, such as the particle
swarm optimizer (PSO) [28], the differential evolution (DE)
[29], and the genetic algorithm (GA) [31], [32], [33], are
effective in sampling the solution spaces without being
trapped into local minima, but they are generally prone to
slow convergence and very high computational costs. This
latter drawback has been partially overcome by introducing
efficient tools for the prediction of the electric field (e.g., the
Sherman–Morrison–Woodbury (SMW) formulation [33]) or
exploiting the system-by-design (SbD) paradigm [34].
On the other hand, to effectively cope with iii), effective

regularization strategies must be used [1]. Toward this end,

suitable sources of a-priori information can be profitably
exploited. In NDT/NDE inspections, the generally available
knowledge on the unperturbed SUT can be taken into
account in the IS formulation to recover only differences
with respect to such a known scenario [11]. Furthermore,
a-priori knowing the class of imaged defects/cracks in terms
of their EM composition and/or shape can significantly help
in regularizing the IS problem (ISP) at hand. This is the case
of several state-of-the-art solutions based on GAs [31], [32],
[33], as well as of parametric inversion methods formulated
within the learning-by-examples (LBE) framework [19], [35]
which are aimed at real-time estimating a set of predefined
SUT descriptors thanks to the knowledge acquired from a
training set of properly selected input/output pairs.
Otherwise, compressive sensing (CS) is an effective alter-

native to yield regularized solutions of the ISP thanks to the
exploitation of sparseness priors on the unknown scatterers
[21], [22], [25], [36], [37], [38], [39]. This work presents
a novel CS-based technique—preliminarily presented and
validated in [40]—to deal with the NDT/NDE inspection
of dielectric structures when a-priori information on the
unperturbed SUT is available. Toward this end, the MI-ISP
at hand is suitably formulated within a differential contrast
source inversion (CSI) framework [41], [42] to perform the
offline computation of the inhomogeneous Green’s operator
of arbitrary SUTs, thus reaching a remarkable time saving.
The retrieval of the unknown differential contrast sources is
addressed in a probabilistic manner through a customized
multitask Bayesian CS (MT-BCS) solver [37], [38] that
enforces not only the sparseness of the solution but also
the physical correlation existing between the differential
currents induced by the different illuminations in a multiview
inspection set-up.
The outline of this article is as follows. The mathematical

formulation of the differential NDT/NDE problem is pro-
vided in Section II, while the proposed MT-BCS inversion
approach is described in Section III. Section IV provides
an extensive validation of the method through representative
numerical and experimental test cases as well as with some
comparisons with competitive state-of-the-art alternatives.
Finally, some conclusions and final remarks are drawn in
Section V.

II. MATHEMATICAL FORMULATION
With reference to the 2-D transverse magnetic (2D-TM)
NDT/NDE scenario sketched in Fig. 1(a), let � be an
investigation domain characterized by the following complex
permittivity distribution:

ε(r) =
{
ε�(r), if r ∈ � ⊂ �

εB(r), otherwise, r = (x, y) ∈ � (1)

and immersed in a free-space background (ε0 ≈ 8.85×10−12

[F/m], μ0 = 4π×10−7 [H/m], σ0 = 0 [S/m]). In (1), � ⊂ �

is the support (either simply connected or disconnected) of an
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FIGURE 1. Geometry of the (a) actual and (b) unperturbed NDT/NDE scenario.

unknown object with complex permittivity at the frequency
f 1 equal to

ε�(r) = ε0εr�(r)− j
σ�(r)
2π f

. (2)

εr� and σ� being the relative permittivity and the conductiv-
ity, respectively. Moreover, the unperturbed/reference SUT
[Fig. 1(b)] is modeled by the inhomogeneous distribution in
�

εB(r) = ε0εrB(r)− j
σB(r)
2π f

. (3)

The investigation domain � is illuminated by a set of EM
waves impinging from the V angular directions φv = (v−1)×
(2π/V) (v = 1, . . . , V), Evi (r) being the vth (v = 1, . . . ,V)

1A time-dependency factor exp(−j2π ft) is assumed and omitted here-
inafter.

associated z-polarized incident electric field. The arising EM
interactions within � are governed by the state equation

Evi (r) = Ev(r)− j
k2

0

4

∫
�

H(k0
∣∣r − r′∣∣)τ(r′)Ev(r′)dr′. (4)

(v = 1, . . . ,V), where Ev(r) is the vth (v = 1, . . . ,V)
total field, k0 = 2π f

√
ε0μ0, H(. ) is the 0th-order Hankel

function of second kind, |r − r′| = √
(x− x′)2 + (y− y′)2,

and τ(r) (τ (r) � [ε(r)/ε0] − 1) is the contrast function
[Fig. 1(a)]. Moreover, the scattered field Evs (rm) = [Ev(rm)−
Evi (rm)] (m = 1, . . . ,M, v = 1, . . . ,V) collected at M
probing locations rm (m = 1, . . . , .,M) within an external
observation domain 	 [	∩� = ∅—Fig. 1(a)] complies with
the data equation

Evs (rm) = j
k2

0

4

∫
�

H(k0
∣∣rm − r′∣∣)τ(r′)Ev(r′)dr′. (5)

(v = 1, . . . ,V). Similar equations hold true for the reference
scenario [Fig. 1(b)] where the state (r ∈ �) and data (rm ∈
	) equations read as

Evi (r) = EvB(r)− j
k2

0

4

∫
�

H(k0
∣∣r − r′∣∣)

×τB
(
r′)EvB(r′)dr′

v = 1, . . . ,V (6)

and

EvsB(rm) = j
k2

0

4

∫
�

H(k0
∣∣rm − r′∣∣)τB(r′)EvB(r′)dr′

m = 1, . . . ,M; v = 1, . . . ,V (7)

respectively, EvB(r) and E
v
sB(rm) (� [EvB(rm)−Evi (rm)]) (m =

1, . . . ,M) being the total and the scattered field of the back-
ground distribution modeled by the corresponding contrast
function τB(r) (τB(r) � [εB(r)/ε0] − 1). By subtracting (6)
from (4), it is possible to isolate the contribution of the
unknown target within � in terms of the differential field
EvD(r) = [Ev(r) − EvB(r)] (r ∈ �; v = 1, . . . ,V), which is
given by

EvD(r) = j
k2

0

4

∫
�

H(k0
∣∣r − r′∣∣)× [τB(r′)EvD(r′)+ JvD

(
r′)]dr′

(8)

where

JvD(r) = τD(r)Ev(r) (9)

is the vth (v = 1, . . . ,V) unknown differential contrast
source, while τD(r) = [τ(r) − τB(r)] is the differential
contrast function (τD(r) 
= 0 for r ∈ �, τD(r) = 0
otherwise). Similarly, by subtracting (7) from (5), we yield
the following vth (v = 1, . . . ,V) relation at rm ∈ 	, m =
1, . . . ,M:

EvD(rm) = j
k2

0

4

∫
�

H(k0
∣∣rm − r′∣∣)

×[τB(r′)EvD(r′)+ JvD
(
r′)]dr′. (10)

VOLUME 3, 2024 45002
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To numerically solve the ISP at hand, Richmond’s procedure
[43] is applied to (8) and (10) by subdividing � into N
square subdomains, {�n; n = 1, . . . ,N}, centered at {rn; n =
1, . . . ,N}. Accordingly, (8) can be rewritten in matrix form
as

Ev,�D = G�
B
JvD. (11)

(v = 1, . . . ,V), where Ev,�D = {EvD(rn); n = 1, . . . ,N}Tand
JvD = {JvD(rn); n = 1, . . . ,N}T, .T being the transpose
operator. Moreover, the matrix G�

B
is given by

G�
B

=
(
I − G�

0
τ
B

)−1
G�

0
(12)

where G�
0
is the (N×N) free-space internal Green’s matrix,

whose (p, q)th (p, q = 1, . . . ,N) entry is equal to G�
0
�p,q =

j(k2
0/4)

∫
�q

H(k0|rp − r′|)dr′ [1], I is the identity matrix,
and τ

B
is a diagonal matrix (i.e., τ

B
= diag{τB}) with

τB = {τB(rn); n = 1, . . . ,N}. Analogously, the discrete form
of (10) turns out to be

Ev,	D = G	
0

(
τ
B
G�
B

+ I
)
JvD. (13)

(v = 1, . . . ,V), where Ev,	D = {EvD(rm) = [Ev(rm) −
EvB(rm)]; m = 1, . . . ,M} and G	

0
is the (M × N) free-space

external Green’s matrix (G	
0
�m,n = j(k2

0/4)
∫
�n

H(k0|rm −
r′|)dr′, m = 1, . . . ,M, n = 1, . . . ,N).
The NDT/NDE problem at hand can be then formulated

as follows.
1) NDT/NDE Differential CSI Problem Formulation:

Starting from the knowledge of the incident field,
Ev,�i = {Evi (rn); n = 1, . . . ,N} (v = 1, . . . , V), of
the unperturbed SUT (τB), and of the differential field
samples (Ev,	D ), solve (13) subject to the hypothesis
that the V unknown differential contrast sources, JvD
(v = 1, . . . ,V), are a) intrinsically sparse with respect
to the adopted set of N basis functions, {ψn(r); n =
1, . . . ,N}, being ψn(r) = 1 if r ∈ �n and ψn(r) = 0
otherwise, and b) correlated.

III. SPARSITY-PROMOTING SOLUTION METHOD
Owing to the linear nature of (13) and the requirement that
the solution is assumed to be sparse with respect to a suitable
basis, the CS framework turns out to be a natural choice to
yield regularized solutions of the ISP at hand [38]. Toward
this end, (13) is rewritten as a real-valued system of equations
as follows:

�v = χ J v; v = 1, . . . ,V (14)

where

χ =
⎡
⎣�
{
G	

0

(
τ
B
G�
B

+ I
)}

−

{
G	

0

(
τ
B
G�
B

+ I
)}



{
G	

0

(
τ
B
G�
B

+ I
)}

�
{
G	

0

(
τ
B
G�
B

+ I
)}
⎤
⎦. (15)

�v = [�{Ev,	D }, 
{Ev,	D }]T, and J v = [�{JvD}, 
{JvD}],
while �{. } and 
{. } stand for the real and imaginary parts,
respectively.

Since the solution of (14) with standard 
1-based CS
approaches is generally prevented because of the need to
assess the compliancy of χ with the restricted isometry
property (RIP), its computation being unfeasible when
realistic values of M and N are considered [37], the
MT-BCS method [44] is adopted to yield a maximally
sparse prediction of the differential contrast sources (J̃ v =
[J̃ v

n ; n = 1, . . . , 2 × N], v = 1, . . . ,V). Such an alternative
probabilistic CS-based approach determines the vth (v =
1, . . . ,V) unknown as

J̃ v = arg

{
max
J v

[∫
P(J v

∣∣�v, u
)P(u∣∣�v)du

]}
. (16)

P(J v|�v, u) and P(u|�v) being the a-posteriori probability
and the hyperparameters posterior, respectively, while u =
{un; n = 1, . . . , 2 ×N} is the set of MT-BCS hyperparame-
ters. According to (16), the same set u is shared among all the
V views to enforce the underlying physical correlation among
the differential contrast sources induced by the different
illuminations. The closed-form solution of (16) is given by

J̃ v =
[
diag

(̃
u
)+ χT χ

]−1
χT�v. (17)

(v = 1, . . . ,V) where the estimated values of the hyper-
parameters u, ũ = {̃un; n = 1, . . . , 2 × N}, are determined
thanks to a fast relevance vector machine (RVM) solver [45]
by solving the following maximization problem:

ũ = arg

{
max
u

[
−1

2

V∑
v=1

2(M + γ1)

× log

((
�v)T(Q)−1

�v + 2γ2

)
+ log

∣∣∣Q∣∣∣
]}
. (18)

In (18), (γ1, γ2) are the MT-BCS control parameters, while

Q = I + χ
[
diag

(
u
)]−1

χT. (19)

Finally, the MT-BCS estimation of the contrast function turns
out to be

τ̃ (rn) = τB(rn)+ 1

V

V∑
v=1

J̃vD(rn)

Ẽv(rn)
. (20)

(n = 1, . . . ,N), J̃
v
D = {̃JvD(rn) = (J̃ v

n + jJ̃ v
n+N); n =

1, . . . ,N} and Ẽ
v,� = {Ẽv(rn); n = 1, . . . ,N} being the vth

(v = 1, . . . ,V) retrieved differential contrast source and total
field, respectively. This latter is yielded by substituting J̃

v
D

in (11) so that

Ẽ
v,� = Ev,�B + G�

B
J̃
v
D (21)

(v = 1, . . . ,V).
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FIGURE 2. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB = 1.5, σB = 0.0 [S/m], τB = 0.5, L = 2.0 [λ], N = 400). (a)
Actual and (b)–(e) MT-BCS retrieved contrast when processing noisy data with (b)
SNR = 50 [dB], (c) SNR = 20 [dB], (d) SNR = 15 [dB], and (e) SNR = 10 [dB].

IV. NUMERICAL AND EXPERIMENTAL ASSESSMENT
This section is aimed at assessing the proposed MT-BCS
method for microwave NDT/NDE. Toward this end, a set
of representative numerical (Sections IV-A and IV-B) and
experimental (Section IV-C) test cases from an exhaustive
validation are reported to show its behavior as well as to
point out its potentialities and current limitations. Such an
assessment is completed by some comparisons with compet-
itive state-of-the-art inversion techniques (Section IV-B).
To provide a quantitative index on the inversion accuracy,

the following integral errors (� ∈ {tot, int, ext})

ξ� = 1

Area(��)

∫
��

|τ(r)− τ̃ (r)|
|τ(r)+ 1| dr (22)

have been evaluated, τ(r) and τ̃ (r) being the actual and
the retrieved (20) contrast distributions, respectively, while
�tot = � (i.e., whole domain), �int = � (i.e., the unknown
object support), and �ext = (�\�) (i.e., the surrounding
background).

A. NUMERICAL ASSESSMENT
As for the numerical assessment, a square investigation
domain of side L = 2 [λ], λ being the free-space wavelength,

TABLE 1. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0, σ� = 0.0
[S/m], τ� = 0.0, εrB = 1.5, σB = 0.0 [S/m], τB = 0.5, L = 2.0 [λ], N = 400, SNR ∈ [10, 50]
[dB])—integral errors versus SNR.

has been illuminated by V = 18 different directions and
M = 18 ideal probes have been located at the locations

(xm, ym) =
(

2 × cos

[
(m− 1)

2π

M

]
[λ]

2 × sin

[
(m− 1)

2π

M

]
[λ]

)
. (23)

(m = 1, . . . ,M) to collect the scattering data in the
observation domain 	. To avoid the “inverse-crime” [1], the
investigation domain � has been partitioned in N′ = 1600
and N = 400 subdomains in the forward and the inverse
problems, respectively. The MT-BCS control parameters
(γ1, γ2) in (18) have been set according to the guidelines
in [36] and the robustness of the MT-BCS has been assessed
by blurring the scattered data with an additive white Gaussian
noise characterized by a signal-to-noise ratio (SNR).
The first synthetic benchmark [Fig. 2(a)] is concerned

with the retrieval of a single (S = 1, S being the number
of scatterers/disconnected regions in �) L-shaped crack
(εr� = 1, σ� = 0.0 [S/m] ⇒ τ� = [εr�−1]− j(σ�/ωε0) =
0.0) of side 
 = 0.2 [λ] and embedded within a homogeneous
lossless (σB = 0.0 [S/m]) background medium with relative
permittivity εrB = 1.5 (⇒ τB = 0.5). In this case, the
sparsity index P (P � ‖JvD‖0, P << N, v = 1, . . . ,V ,
‖. ‖0 being the 
0-norm) is equal to P = 3. Fig. 2 shows
the dielectric profiles retrieved with the MT-BCS method
when processing blurred data (SNR ∈ [10, 50] [dB]). As
it can be observed, the crack position and its shape are
always faithfully recovered independently on the amount
of noise. Slight inaccuracies affect the estimated contrasts
and negligible artifacts arise in the background region
(r ∈ �ext) only when processing highly noisy data [e.g.,
ξext|SNR=10 [dB] = 1.66 × 10−4—Fig. 2(e)], even though it
is still possible to correctly identify/shape the unknown
scatterer. These outcomes are quantitatively confirmed by
the values of the integral errors in Table 1 where the
total error increases of a factor 3.27 when increasing the
noise level, passing from SNR = 50 [dB] [Fig. 2(b)] to
SNR = 10 [dB] [Fig. 2(e)], while ξext = 0 when SNR ≥ 20
[dB].
The dependence of the MT-BCS inversion on the prop-

erties of the host medium has been assessed next. Toward
this purpose, first, the relative permittivity of the background
has been uniformly varied within the range εrB ∈ [1.5, 5.0]
and the results in terms of error indexes are reported in
Fig. 3. As expected, there is a progressive degradation of the

VOLUME 3, 2024 45002
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FIGURE 3. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, σB = 0.0 [S/m], L = 2.0 [λ], N = 400, SNR ∈ [10, 50] [dB]).
Behavior of the (a) total (ξtot), (b) internal (ξint), and (c) external (ξext) integral error as a
function of the background relative permittivity, εrB .

reconstruction accuracy when stronger differential contrasts
are at hand [e.g., |τD|εrB=1.5 = 0.5 ⇒ ξtot|εrB=1.5

SNR=10 [dB] =
4.03 × 10−4 versus |τD|εrB=2.0 = 1.0 ⇒ξtot|εrB=2.0

SNR=10 [dB] =
2.07 × 10−3—Fig. 3(a)]. Nevertheless, faithful qualitative
predictions of � have been always obtained as pictorially
pointed out by the color-maps in Fig. 4 concerned with the
case εrB = 2.0 (τB = 1.0) for different and highly blurred
data (SNR ∈ [10, 15] [dB]).
As for the inspection of lossy SUTs, the same reference

scenario has been imaged by varying the background
conductivity between σB ∈ [10−6, 10−2] [S/m]. The result
is shown in Fig. 5. It can be inferred that the reconstruction
is almost independent on the value of σB until the threshold
value of σ th

B = 10−3 [S/m] when (σB > σ th
B ) the error

significantly increases. For illustrative purposes, the real and
the imaginary parts of the retrieved contrast when SNR = 10
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FIGURE 4. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400). (a)
Actual and (b) and (c) MT-BCS retrieved contrast when processing noisy data with (b)
SNR = 15 [dB] and (c) SNR = 10 [dB].

[dB] and σB = 10−3 [S/m] or σB = 10−2 [S/m] are reported
in Fig. 6.
Concerning the a-priori assumption that the unknown

scattering distribution is sparse w.r.t. the selected pixel basis,
the next numerical test is aimed at investigating the case
of physically larger scatterers. Toward this end, a set of
inversions has been carried out by randomly generating
K = 1600 random scenarios with objects occupying a total
number of pixels in the range 1 ≤ P ≤ 8. The outcomes of
such a statistical analysis are summarized in Fig. 7 where
the average (ξ avgtot = (1/K)

∑K
k=1 ξ

k
tot), the minimum (ξmin

tot =
mink=1,...,K ξ

k
tot), and the maximum (ξmax

tot = maxk=1,...,K ξ
k
tot)

values of the total error are shown as a function of P.
As expected, the results get worse when larger and larger
scatterers have to be imaged because of the increase of
the pixel-sparsity order (i.e., P ↑ ⇒ ξ

avg
tot ↑), but is also

quite interesting to notice that multiple/disconnected (i.e.,
S = P) scatterers are on average more carefully retrieved
by the MT-BCS than the single/connected (i.e., S = 1)
ones (Fig. 7). As a representative example, Fig. 8 shows
the actual [Fig. 8(a) and (b)] and reconstructed [Fig. 8(c)
and (d)] profiles of random scatterers occupying P = 6
pixels. The case with S = 1 [Fig. 8(a) versus Fig. 8(c)]
turns out to be more complex than that with S = P
[Fig. 8(b) versus Fig. 8(d)] as quantitatively confirmed by the
comparison between the corresponding internal and external
errors (i.e., [(ξint|S=1

SNR=10 [dB])/(ξint|S=PSNR=10 [dB])] = 2.19 and
[(ξext|S=1

SNR=10 [dB])/(ξext|S=PSNR=10 [dB])] = 1.62).
Complex-shaped defects can be successfully retrieved, as

well, as proven by the color-maps in Fig. 9 related to the
X-shaped crack of Fig. 9(a). Despite the pixel-sparsity order
(i.e., P = 9), the shape of the object is always well resolved
regardless of the noise level, the external error being equal
to 0 when SNR = 50 [dB] (Table 2).
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FIGURE 5. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB = 2.0, σB ∈ [10−6, 10−2] [S/m], L = 2.0 [λ], N = 400,
SNR ∈ [10, 50] [dB]). Behavior of the (a) total (ξtot), (b) internal (ξint), and (c) external
(ξext) integral error as a function of the background conductivity, σB .

The next experiment is devoted to assess the flexibility
of the proposed NDT/NDE method, which is not limited to
the retrieval of homogeneous cracks, but it can be success-
fully applied to the more general case of inhomogeneous
scatterers, as well. As a proof, the MT-BCS inversions when
dealing with the randomly generated scenario of Fig. 10(a)
are reported in Fig. 10(b)–(e) (S = 4, P = 6, εr� ∈
[1.0, 1.8]). Very accurate predictions of the unknown profile
are yielded when SNR ≥ 20 [dB], while there is a slight
underestimation of the contrast and minor artifacts appear
when processing highly blurred data [e.g., SNR = 10 [dB]—
Fig. 10(e)], as quantitatively pointed out by the values of
the error indexes in Table 3.
Next, let us now analyze the MT-BCS performance

when dealing with nonuniform background media such as
the multilayer structure composed by two parallel layers
shown in Fig. 11(a) [εrB(x, y) = 2.0 for y > 0 and
εrB(x, y) = 3.0 for y < 0]. Despite the more complex
scattering scenario, which involves additional reflections
at the interface between the two layers, the two actual

λ

λ

τ λ

λ

τ

λ

λ

τ

λ

λ

τ

(a) (b)

(c) (d)

FIGURE 6. Numerical assessment (L-shaped profile, S = 1, P = 3, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB = 2.0, L = 2.0 [λ], N = 400, SNR = 10 [dB]). (a) and (b)
Real part and (c) and (d) imaginary part of the MT-BCS retrieved contrast when the
background conductivity is set to (a) and (c) σB = 10−3 [S/m] (τB = 1.0 − j0.06) and (b)
and (d) σB = 10−2 [S/m] (τB = 1.0 − j0.6).
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FIGURE 7. Numerical assessment (εr� = 1.0, σ� = 0.0 [S/m], τ� = 0.0, εrB = 2.0,
σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400, SNR = 10 [dB]). Average (ξavg

tot ), minimum
(ξmin

tot ), and maximum (ξmax
tot ) total error computed over K = 1600 random scenarios

dealing with a variation of the number of pixels belonging to the scatterer support �

(P) and considering single/connected (S = 1) or multiple/disconnected (S = P) targets.

TABLE 2. Numerical assessment (X-shaped profile, S = 1, P = 9, εr� = 1.0, σ� = 0.0
[S/m], τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400, SNR ∈ [10, 50]
[dB])—integral errors versus SNR.

small cracks [S = P = 2—Fig. 11(a)] are correctly
detected and localized [i.e., ξtot|SNR=15 [dB] = 1.34×10−3—
Fig. 11(c); ξtot|SNR=10 [dB] = 1.49 × 10−3—Fig. 11(e)].
The effectiveness of the proposed CS-based method in
dealing with inhomogeneous backgrounds is also confirmed
in the case of an SUT made of two concentric layers
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FIGURE 8. Numerical assessment (P = 6, εr� = 1.0, σ� = 0.0 [S/m], τ� = 0.0,
εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400, SNR = 10 [dB]). (a) and (b)
Actual and (c) and (d) MT-BCS retrieved contrast when imaging (a) and (c)
single/connected (S = 1) and (b) and (d) multiple/disconnected (S = P) scatterers.
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FIGURE 9. Numerical assessment (X-shaped profile, S = 1, P = 9, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400). (a)
Actual and (b)–(e) MT-BCS retrieved contrast when processing noisy data with (b)
SNR = 50 [dB], (c) SNR = 20 [dB], (d) SNR = 15 [dB], and (e) SNR = 10 [dB].

[εrB(x, y) = 3.0 for |x, y| < 0.5λ and εrB(x, y) = 2.0
for |x, y| > 0.5λ—Fig. 11(b)], since ξtot|SNR=15 [dB] =
1.03 × 10−3 [Fig. 11(d)] and ξtot|SNR=10 [dB] = 1.61 × 10−3

[Fig. 11(f)].
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FIGURE 10. Numerical assessment (inhomogeneous profile, S = 4, P = 6,
εr� ∈ [1.0, 1.8], σ� = 0.0 [S/m], εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400).
(a) Actual and (b)–(e) MT-BCS retrieved contrast when processing noisy data with (b)
SNR = 50 [dB], (c) SNR = 20 [dB], (d) SNR = 15 [dB], and (e) SNR = 10 [dB].

TABLE 3. Numerical assessment (inhomogeneous profile, S = 4, P = 6,
εr� ∈ [1.0, 1.8], σ� = 0.0 [S/m], εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 2.0 [λ], N = 400,
SNR ∈ [10, 50] [dB])—integral errors versus SNR.

It is also interesting to notice that a further increase
of the complexity of the imaged domain does not lead
to a significant degradation of the reconstructions. For
instance, let us consider the case of a three-layered concentric
background embedding S = 3 scatterers of side 
 = 0.1
[λ] [P = 3—Fig. 12(a)] and 
 = 0.2 [λ] [P = 12—
Fig. 12(b)], respectively, buried within the inner [εrB(x, y) =
3.0 for |x, y| < 0.4λ], middle [εrB(x, y) = 2.0 for
0.4λ < |x, y| < 0.7λ], and external [εrB(x, y) = 1.5
for |x, y| > 0.7λ] layers. As shown in the color-maps
in Fig. 12, all defects are always correctly detected even
though the retrieval accuracy depends on the size (
) of
the scatterers that defines their intrinsic sparseness [e.g.,
[(ξtot|
=0.1 [λ]

SNR=10 [dB])/(ξtot|
=0.2 [λ]
SNR=10 [dB])] = 0.26—Fig. 12(d) ver-

sus Fig. 12(c)].
Similar conclusions hold when both inhomogeneous scat-

terers and background are simultaneously present, as well.
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FIGURE 11. Numerical assessment (two-layer scenario, S = P = 2, εr� = 1.0,
σ� = 0.0 [S/m], τ� = 0.0, εrB ∈ [2.0, 3.0], σB = 0.0 [S/m], L = 2.0 [λ], N = 400). (a) and
(b) Actual and (c)–(f) MT-BCS retrieved contrast when processing noisy data with (c)
and (d) SNR = 15 [dB] and (e) and (f) SNR = 10 [dB] and considering background
distributions with (a), (c), and (e) parallel or (b), (d), and (f) concentric layers.

As a matter of fact, the MT-BCS faithfully retrieves an
image of � when considering both the scenarios depicted in
Fig. 13(a) and (b). Regardless of the increased complexity
of the imaging scenarios at hand, it turns out that the
inhomogeneous scatterers (εr� ∈ [1.25, 2.0]) are always
correctly detected [Fig. 13(c)–(f)].
Finally, going toward fully realistic NDT/NDE applica-

tions, the reconstruction capabilities of the MT-BCS have
been assessed when only a partial/imperfect knowledge of
the background is available for the reconstruction. More
specifically, Fig. 14 presents the obtained outcomes when
the actual background has some random variation around the
average value, while a homogeneous background (i.e., εrB =
2.0) has been assumed in the inversion. Assuming a white
Gaussian noise on the actual background permittivity values
with SNR ϒ , it can be inferred that the MT-BCS provides
very accurate guesses of the L-shaped scatterer when ϒ = 30
[dB] [e.g., ξint|ϒ=30 [dB]

SNR=15 [dB] = 7.1 × 10−2—Fig. 14(c) versus
Fig. 14(a)]. Moreover, the crack is still correctly detected and
localized in the very challenging case of ϒ = 20 [dB] [e.g.,
ξint|ϒ=20 [dB]

SNR=15 [dB] = 1.4×10−1—Fig. 14(d) versus Fig. 14(b)].

B. COMPARATIVE ASSESSMENT
To understand the key role of the enforcement of the corre-
lation among the V illuminations in significantly improving
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FIGURE 12. Numerical assessment (three-layer scenario, S = 3, εr� = 1.0, σ� = 0.0
[S/m], τ� = 0.0, εrB ∈ [1.5, 3.0], σB = 0.0 [S/m], L = 2.0 [λ], N = 400). (a) and (b) Actual
and (c)–(f) MT-BCS retrieved contrast when processing noisy data with (c) and (d)
SNR = 15 [dB] and (e) and (f) SNR = 10 [dB] and considering scatterers of side (a), (c),
and (e) � = 0.1 [λ] (P = 3) and (b), (d), and (f) � = 0.2 [λ] (P = 12).

the reconstruction accuracy, a comparative assessment has
been carried out with the single-task implementation (ST-
BCS [46]) of the same probabilistic CS formulation where
the multiview data are independently processed. The results
of such a comparison are reported in Fig. 15 for the retrieval
of the randomly shaped crack in Fig. 15(a). As it can be
visually inferred, the MT strategy remarkably overcomes its
ST counterpart by yielding more detailed and faithful guesses
of the contrast distribution. Indeed, the error improvement
is equal to [(ξtot|MT−BCS

SNR=10 [dB])/(ξtot|ST−BCS
SNR=10 [dB])] = 0.15

[Fig. 15(d) versus Fig. 15(e)]. The advantage of using the
MT-BCS over the ST-BCS is even more important when
changing the dielectric properties of the background medium
as confirmed by the plot of ξtot versus εrB in Fig. 16.
The numerical assessment of the MT-BCS has then been

completed with a comparison with four non-CS state-of-the-
art NDT/NDE solutions based on GAs. Toward this end, the
same benchmark dealt with in [33] has been considered. It
consists of a square investigation domain (N = 256) L =
0.8 [λ]-sided with known background properties (εrB = 2.0
and σB = 0.0 [S/m]) and embedding a single square-shaped
crack (S = 1, τ� = 0.0). Analogously to the analysis carried
out in [33], a set of reconstructions has been performed by
varying the crack area in the range A� ∈ [Amin

� , Amax
� ] =

[2.5 × 10−3, 2.5 × 10−1] [λ2] (P ∈ [1, 100]) and the noise
level as SNR ∈ [2.5, 30] [dB], while evaluating the quality
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FIGURE 13. Numerical assessment (three-layer scenario with inhomogeneous
scatterers, S = 3, εr� ∈ [1.25, 2.0], σ� = 0.0 [S/m], εrB ∈ [1.5, 3.0], σB = 0.0 [S/m],
L = 2.0 [λ], N = 400). (a) and (b) Actual and (c)–(f) MT-BCS retrieved contrast when
processing noisy data with (c) and (d) SNR = 15 [dB] and (e) and (f) SNR = 10 [dB] and
considering scatterers of side (a), (c), and (e) � = 0.1 [λ] (P = 3) and (b), (d), and (f)
� = 0.2 [λ] (P = 12).

of the NDT/NDE diagnoses in terms of the crack localization
error [31]

δ =
√
(x� − x̃�)2 + (y� − ỹ�)2

L
√

2
× 100. (24)

(x�, y�) and (̃x�, ỹ�) being the actual barycenter and the
retrieved one of �, respectively. As it can be inferred from
the plots in Fig. 17, the MT-BCS [Fig. 17(a)] overcomes
the FGA [31] [Fig. 17(b)], the IGA [32] [Fig. 17(c)], the
SMWU [33] [Fig. 17(d)], and the SMWB [33] [Fig. 17(e)]
when dealing with small cracks (A� ≤ 5 × 10−2 [λ2]) and
highly blurred data (SNR ≤ 20 [dB]), while the performance
is comparable in the remaining cases (i.e., A� > 5 × 10−2

[λ2]). As a matter of fact, it turns out that when SNR = 2.5
[dB] and A� = Amin

� only the MT-BCS localization error is
null and remarkably lower than the other methods (Table 4).
Similar positive outcomes can be also drawn when evaluating
the crack area estimation error [31]

η = A� − Ã�
A�

× 100. (25)

Ã� being the retrieved area of the defect. As a matter of
fact, the MT-BCS clearly takes advantage of sparseness
priors [Fig. 18(a)] when small defects are at hand. Increasing
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FIGURE 14. Numerical assessment (noisy-background scenario, S = 1, P = 3,
εr� = 1.0, σ� = 0.0 [S/m], εrB = 2.0, σB = 0.0 [S/m], L = 2.0 [λ], N = 400). (a) and (b)
Actual and (c)–(f) MT-BCS retrieved contrast for (a), (c), and (e) ϒ = 30 [dB] and (b),
(d), and (f) ϒ = 20 [dB] when processing noisy data with (c) and (d) SNR = 15 [dB] and
(e) and (f) SNR = 10 [dB].

TABLE 4. Comparative assessment (S = 1, P ∈ [1, 100], εr� = 1.0, σ� = 0.0 [S/m],
τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 0.8 [λ], N = 256)—error metrics at
SNR = 2.5 [dB].

the crack dimensions leads—as expected—to a degradation
of the results with respect to the GA-based alternatives
[Fig. 18(b)–(e)] since, as A� → Amax

� , the differential
currents become less and less sparse in the pixel-basis
(P → N). More in detail, when A� = Amax

� (i.e., P =
100⇒(P/N) = 39%) the errors at SNR = 2.5 [dB] made
by the MT-BCS are always more than 1.6 times higher than
the other techniques (Table 4).

As for the inversion time, �t, the MT-BCS outper-
forms all GA-based alternatives since the time saving
(�tsav = [(�t −�tMT−BCS)/�t] turns out to be�tsav|FGA =
94.69%, �tsav|IGA = 69.28%, �tsav|SMWU = 98.75%, and
�tsav|SMWB = 97.01% (Table 5), respectively.

C. EXPERIMENTAL ASSESSMENT
The last set of experiments is concerned with experimental
data. More specifically, the scattering data are those of the
Fresnel Institute of Marseille [47] collected when probing
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FIGURE 15. Comparative assessment (random-shaped profile, S = 1, P = 6,
εr� = 1.0, σ� = 0.0 [S/m], τ� = 0.0, εrB = 3.0, σB = 0.0 [S/m], τB = 2.0, L = 2.0 [λ],
N = 400). (a) Actual and (b)–(e) retrieved contrast by the (b) and (d) MT-BCS and (c)
and (e) ST-BCS methods when processing noisy data with (b) and (c) SNR = 15 [dB]
and (d) and (e) SNR = 10 [dB].

ξ

ε

FIGURE 16. Comparative assessment (random-shaped profile, S = 1, P = 6,
εr� = 1.0, σ� = 0.0 [S/m], τ� = 0.0, εrB =∈ [1.5, 5.0], σB = 0.0 [S/m], L = 2.0 [λ],
N = 400, SNR ∈ [10, 15] [dB]). Behavior of the total integral error, ξtot , as a function of
the background relative permittivity, εrB , for the MT-BCS and the ST-BCS methods.

a plastic cylinder of diameter d1 = 3.1 × 10−2 [m] and
contrast τ1 = 2.0 embedded within an external foam cylinder
of diameter d2 = 8.0 × 10−2 [m] and contrast τ2 = 0.45
[FoamDielInt—Fig. 19(a)]. The probing source was a wide-
band ridged horn working at f = 2 [GHz], while V = 8
illuminations andM = 241 measurement locations have been
considered [47].
By assuming the a-priori knowledge of the external foam

cylinder, the inner core has been reconstructed with the
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FIGURE 17. Comparative assessment (S = 1, P ∈ [1, 100], εr� = 1.0, σ� = 0.0 [S/m],
τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 0.8 [λ], N = 256, SNR ∈ [2.5, 30] [dB]).
Behavior of the crack localization error, δ, as a function of the SNR and the scatterer
area, A� , for the (a) MT-BCS, (b) FGA [31], (c) IGA [32], (d) SMWU [33], and (e)
SMWB [33] methods.

TABLE 5. Comparative assessment (S = 1, P ∈ [1, 100], εr� = 1.0, σ� = 0.0 [S/m],
τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 0.8 [λ], N = 256)—average inversion
times.

MT-BCS [Fig. 19(b)] and the ST-BCS [Fig. 19(c)]. While
both Bayesian CS (BCS) implementations are able to detect
and correctly localize the dielectric inclusion, there is a non-
negligible advantage in using the MT approach since the ST
one underestimates the contrast and the image of � presents
some artifacts [Fig. 19(c) versus Fig. 19(b)]. Quantitatively,
the values of the integral error are: ξtot|MT−BCS = 5.13×10−3

[Fig. 19(b) versus Fig. 19(a)] and ξtot|ST−BCS = 1.36×10−2

[Fig. 19(c) versus Fig. 19(a)]. For completeness, it is also
worth highlighting the computational efficiency of the MT-
BCS w.r.t. the ST-BCS since �t|MT−BCS = 22.9 [sec] versus
�t|ST−BCS = 36.5 [sec] (⇒ �tsav|ST−BCS = 37.26%) thanks
to the joint processing of the multiview data.

V. CONCLUSION
A novel CS-based MI technique for NDT/NDE has been
presented. The proposed method is based on a differ-
ential formulation of the scattering equations governing
the EM interactions between the SUT and the impinging
fields. Suitable sparseness regularizers have been profitably
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FIGURE 18. Comparative assessment (S = 1, P ∈ [1, 100], εr� = 1.0, σ� = 0.0 [S/m],
τ� = 0.0, εrB = 2.0, σB = 0.0 [S/m], τB = 1.0, L = 0.8 [λ], N = 256, SNR ∈ [2.5, 30] [dB]).
Behavior of the crack area estimation error, η, as a function of the SNR and the
scatterer area, A� , for the (a) MT-BCS, (b) FGA [31], (c) IGA [32], (d) SMWU [33], and (e)
SMWB [33] methods.
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FIGURE 19. Experimental assessment (FoamDielInt profile [47], f = 2.0 [GHz],
L = 2.0 [λ], N = 400). (a) Actual and (b) and (c) retrieved contrast by the (b) MT-BCS
and (c) ST-BCS methods.

exploited by solving the differential ISP within a BCS
framework and enforcing the existing correlation between
the contrast sources induced by different illuminations.

From a methodological point of view, to the best of
the authors’ knowledge, the key novelties of this work
include 1) the formulation of the NDT/NDE problem in
a differential CSI probabilistic framework to exploit the
a-priori knowledge of the unperturbed scenario and 2) a
suitable customization of the MT-BCS inversion approach
to retrieve the differential current induced within arbitrary
inhomogeneous structures.
The numerical and experimental assessment has shown

that the proposed method:

1) provides accurate guesses of the SUT status with a
remarkable robustness to the noise in many hetero-
geneous scenarios concerned with different scatterers
and single/multilayered backgrounds;

2) is not limited to the retrieval of cracks with prede-
termined shape since it can handle arbitrarily shaped
and disconnected defects with inhomogeneous EM
properties;

3) remarkably outperforms its “naive” implementation
based on a single-task formulation (ST-BCS) when
applied to NDT/NDE;

4) positively compares with state-of-the-art (non-CS)
inversion methods based on stochastic optimization
approaches in terms of both reconstruction accuracy
and computational burden;

5) has been successfully applied to experimental
data.

Future works, beyond the scope of this article, will be
aimed at extending the proposed method to 3-D NDT/NDE
problems as well as at its integrations with iterative
multiresolution techniques to also exploit the progressively
acquired information beyond that on the target sparsity
[27]. Moreover, proper reformulations of the differential CSI
framework allowing to enforce the correlation between the
real and imaginary parts of the sparse differential contrast
currents (as done for free-space targets in [22]) will be
investigated. Finally, as for the current limitations of the
proposed method, it has been shown that the MT-BCS
performance degrades when considering the retrieval of
large cracks since they are not compliant with the basic
assumption of sparsity (in the adopted representation basis).
To overcome such a limitation, the imaging of nonsparse
objects in the pixel basis through the exploitation of
alternative representations (e.g., wavelets [39]) will be the
object of future research.
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