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ABSTRACT The integration of Distributed Energy Resources (DER) like renewable generation into the
power system has increased the need to develop effective strategies for procurement of flexibility services
from these distribution network connected resources. In order to realize the flexibility potential of DERs to
support flexibility needs of the system operators, the aggregated available flexibility at the interconnection
point between transmission and distribution system needs to be estimated. This paper presents a novel
optimization-based method to estimate the time-dependent flexibility at a primary distribution substation
while accounting for the uncertainty of renewable generation. The proposed approach integrates the stochas-
ticity of the flexibility resources using a scenario-based robust optimization and incorporates the intertemporal
constraints of DER into the estimation process, ensuring a realistic representation of the flexibility capability
over time. The scenarios are derived through sampling from a probability distribution of the renewable
energy forecasts. This process utilizes a joint probability distribution and copulas to account for the temporal
and spatial correlation among the renewable energy sources of the same region. Based on the joint hourly
probability of the different scenarios a robust solution is finally obtained according to the assumed confidence
level.

INDEX TERMS Active distribution grids, distributed energy resources, operational flexibility, optimal
power flow (OPF), TSO-DSO coordination.

NOMENCLATURE
A. SETS AND INDICES
i Index over distribution system nodes (buses).
l Index over distribution system branches l = (i, j)

(lines).
ω Index over scenarios.
g Index over generation unit.
s Index over batteries energy storage systems.
d Index over loads.
B set of distribution system nodes (buses).
L set of distribution system branches (lines).
T set of time intervals.
� set of selected scenarios.
G set of generation units of distribution system.
Gi set of generation units connected to bus i.
FG set of flexible generation units of distribution

system (subset of G).

FGi set of flexible generation units connected to bus i.
S set of energy storage units.
Si set of energy storage units connected to bus i.
D set of demand of distribution system.
Di set of demand connected to bus i.
FD set of flexible demand of distribution system (subset

of D).
FDi set of flexible demand connected to bus i.

B. OPTIMIZATION VARIABLES

δpGgtω, δq
G
gtω Active/reactive power flexibility of genera-

tion unit g during time slot t and scenario ω.
δpSstω, δq

S
stω Active/reactive power flexibility of storage

unit s during time slot t and scenario ω.
δpDdtω, δq

D
dtω Active/reactive power flexibility of demand

d during time slot t and scenario ω.
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δpTDtω , δq
TD
tω Active/reactive power flexibility of distribu-

tion grid during time slot t and scenario ω.
δpTDt , δqTDt Robust active/reactive power flexibility of

distribution grid during time slot t .
vitω Voltage magnitude at bus i during time slot

t and scenario ω.
θitω Voltage angle at bus i during time slot t and

scenario ω.

C. PARAMETERS

PGgt ,Q
G
gt Forecasted active/reactive power injected

of generating unit g during time slot t .
PDdt ,Q

D
dt Forecasted active/reactive power

absorbed of demand d during time
slot t .

PSst ,Q
S
st Forecasted active/reactive power injected

or absorbed of storage unit s during time
slot t .

ηcs , η
d
s Charging/ discharging efficiency of

battery energy storage system s.
SoCstω State-of-Charge of battery energy storage

unit s during time slot t and scenario ω.
PTDt ,QTDt Active/reactive power injected or

absorbed to distribution grid during time
slot t .

WPG
gtω,W

QG
gtω Active/reactive power deviation of gener-

ating unit g from its base case operating
point during time slot t and scenario ω.

Vmin
i ,Vmax

i Minimum and Maximum voltage limit of
bus i.

SF,maxl Maximum flow limit of line l.
φ The angle of the selected search direction.
PGming ,PGmaxg Minimum and Maximum active power

generation limit for generation g.
QGming ,QGmaxg Minimum and Maximum reactive power

generation limit for generation g.
1PG+g ,1PG−g Upward/ downward active power flexibil-

ity limit offered by flexible generation g
during time slot t .

1QG+g ,1QG−g Upward/ downward reactive power flexi-
bility limit offered by flexible generation
g during time slot t .

PF lagg ,PF leadg Lagging and leading power factor limit of
the V-curve for generation g.

1PD+d ,1PD−d Upward/ downward active power flexi-
bility limit offered by flexible demand d
during time slot t .

1QD+d ,1QD−d Upward/ downward reactive power flexi-
bility limit offered by flexible demand d
during time slot t .

1PS+s ,1P
S−
s Upward/ downward flexibility limit

offered by battery energy storage system
s during time slot t .

Smaxs Maximum power capability limit of
battery energy storage system s.

SoC−s , SoC
+
s Minimum/ maximum acceptable State-

of-Charge level of battery energy storage
system s.

I. INTRODUCTION

THE energy sector is undergoing a significant transfor-
mation, driven by the increasing need for clean and

sustainable energy sources. The integration of an increasing
amount of distributed Renewable Energy Sources (RES) in
particular, leads to a paradigm shift in conventional power
system operation. The traditional one-way power flow from
the transmission system to the distribution system is evolv-
ing into a more complex bidirectional flow, highlighting the
importance of the coordinated operation of the respective
operators, Transmission System Operators (TSOs) and Dis-
tribution System Operators (DSOs) [1]. The interconnection
point between transmission and distribution is the significant
point through which energy flows from high to low voltage
levels and vice versa.

The concept of flexibility in power systems has been for-
mally introduced in [2], [3], and [4]. Flexibility was defined
in [2] as ‘‘the ability of a system to deploy its resources to
respond to changes in net load’’. In [3], flexibility is defined
as ‘‘the ability of a power system to cope with variabil-
ity and uncertainty in both generation and demand, while
maintaining a satisfactory level of reliability at a reasonable
cost, over different time horizons’’. Reference [4] reviews the
concept of power system flexibility, and its role in ensuring
power system security, while examines the origin, technical
classification, and economic aspects of reserve.

In this paper, we specifically refer to the operational flex-
ibility in terms of the feasible region of active (P) and
reactive power (Q) adjustments at the TSO-DSO intercon-
nection point. This operational flexibility is crucial for the
controllability of P and Q flows, especially in the context
of power systems with increasing penetration of Distributed
Energy Resources (DERs) such as PVs, Battery Energy Stor-
age Systems (BESS), and Electric Vehicles (EVs), at the
distribution level.

A. PROBLEM DESCRIPTION
TSOs are responsible for managing the transmission sys-
tem, while DSOs operate the distribution networks. In the
near future, as the role of DSOs evolves, they are expected
to also provide flexibility services to TSOs through the
efficient coordination of local DERs [5]. This flexibility
could be utilized to support the transmission network sta-
ble operation. A TSO-DSO flexibility curve is the area of
active and reactive power capacity at the point of inter-
connection between TSO and DSO, which respects feasible
operation of the distribution grid. The TSO-DSO flexibil-
ity curve depicts the aggregated available flexibility at the
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interconnecting substation that the distribution system can
offer to the transmission system [6].
The estimation of operational flexibility at the TSO-DSO

interconnection point is a challenging task due to the
time-dependent and stochastic nature of the power system
operation. This difficulty arises from the inherent uncertain-
ties associated with the generation of RES, the fluctuations in
demand, and the operational constraints of DERs and network
components.

Furthermore, traditional power system planning and oper-
ation methods, which often assume a static and deterministic
system state, are inadequate to address the uncertain nature
of modern power systems with a high share of renewables.
As the uncertainty and variability of the operation of the
power system is increasing, the need for efficient and reliable
provision of flexibility services from DERs located in the
distribution grid becomes increasingly important. A stochas-
tic estimation of operational flexibility is thus necessary for
a reliable proliferation of flexibility while ensuring the safe
and efficient operation of both transmission and distribution
system.

The purpose of this research paper is to propose a holis-
tic approach for the efficient estimation of time-dependent
operational active and reactive flexibility at the TSO-DSO
interconnection point. The paper explores the integration
of optimization models, and advanced statistical techniques
to account for the uncertain aspects of renewable power
generation. The proposed framework uses a scenario-based
optimization to integrate the stochasticity of the flexibility
resources and incorporates the inter-temporal constraints of
distributed flexibility resources into the estimation process to
ensure a realistic representation of the flexibility capability
over time. The robustness of the flexibility curve is incorpo-
rated into the proposed framework by utilizing a probability
density function considering the realizations of available flex-
ibility under the scenarios. This approach enables the acqui-
sition of a robust flexibility curve with a certain confidence
level.

B. LITERATURE REVIEW
The methodologies to estimate the aggregated flexibility of
DERs in the distribution grid at the interconnection point with
the transmission system are typically classified into two main
groups: (i) Monte-Carlo-based approaches [7], [8], [9] and
(ii) optimization-based approaches [10], [11], [12], [13], [14],
[15], [16], [17], [18], [19].

The optimization-based approaches, in contrast to Monte
Carlo methods, aim to directly identify the boundaries of
the flexibility area around an operating point. These methods
focus on maximizing the active-reactive power flexibility that
the distribution system can offer at the substation connecting
TSO and DSO networks. Presented in the literature as more
promising, these approaches require fewer calculation steps
and directly identify the boundary of the flexibility area in
a specified search direction at each step. A search direction

is specified by the power factor, i.e., the ratio of the aggre-
gated active over reactive powers. Reference [10] identifies
the boundary conditions of the flexibility area by minimiz-
ing the reactive power import from the TSO for a selected
set of active power setpoints. References [11] and [12]
incorporate in the non-convex non-linear optimization-based
approach the cost of flexibility and determine different curves
depending on the associated cost. Reference [13] investigates
the impacts of the grid components, such as tap changing
transformers, active/reactive generation, and demand on the
estimated flexibility. In both [11] and [13], first, the extreme
points of the flexibility area are calculated, minimizing or
maximizing the active and reactive power exchange between
the TSO andDSO, followed by granulated calculations, based
only on the active power exchange, so that the boundaries
are refined. Reference [14] proposes to explicitly formu-
late the time-variant P − Q capabilities of each type of
flexibility-providing unit as constraint in the two-step opti-
mization employed in [11] and [13]. References [15] and [16]
neglect the time-dependency of the flexible DERs powers and
focuses on the uncertainty of demand and stochastic genera-
tion, proposing robust approaches to determine the available
flexibility. Reference [18] emphasizes on various aspects of
DERs such as capacity, ramp, duration, and cost to determine
different flexibility features. Reference [19] focuses on the
real-time estimation of support provision capability in poorly
observable distribution networks. The study enhances net-
work state estimation accuracy but underscores the need to
consider real-world constraints such as limited monitoring
infrastructure.

References [20], [21], and [22] propose new model-
ing approaches to solve this problem. However, these
studies tend to overlook critical constraints that are essen-
tial for practical implementation, such as real-time oper-
ational limits and dynamic grid conditions. Recently, the
authors in [23] and [24] presented an interesting applica-
tion of optimization-based approaches for aggregating the
time-dependent flexibility that EVs can offer. However, both
approaches neglect the network constraints, leading to a flex-
ibility estimation that might not be feasible, resulting an
overestimation of available flexibility.

Most of these works calculate the flexibility curve using
deterministic predictions, neglecting important factors of the
operational planning such as the inherent uncertainty in
RES generation and the time-dependent restrictions of stor-
age systems’ operation. These limitations lead to inaccurate
predictions of available flexibility in day-ahead or several-
hour-ahead planning, required by power system operators
(both TSOs and DSOs). Reference [25] provides a com-
prehensive review of methodologies for assessing feasible
operating regions at the TSO–DSO interface. This paper
discusses the challenges and future directions in TSO-DSO
coordination, highlighting the need for more comprehensive
constraint inclusion in modeling approaches. Our previous
work focused on identifying the contribution of residential
PVs and BESS (residential or utility scale) to the amount and
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nature of the aggregated flexibility [26]. In this paper, we esti-
mate the maximum available flexibility for each time-step
and we explicitly take into account the contribution of each
type of resources providing flexibility services (RES and
BESS). This extends our previous work in [17] and [26]
by integrating implicitly in the optimization problem the
inter-temporal constraints of the flexibility resources and
formulating a multi-period optimization problem, in order to
represent the time-dependent flexibility. Moreover, the pro-
posed methodology integrates in the optimization model the
stochasticity of the flexibility resources with a scenario-based
robust optimization. The scenarios are obtained through sam-
pling from the probability distribution of the energy forecasts.
The sampling is performed from a joint probability dis-
tribution using copulas in order to take into consideration
the temporal correlation among the time series and spatial
correlation among the RES of the same region. Within this
framework, we propose two alternatives for deriving the
robust flexibility curve: 1) Identifying the worst realization
of the estimated flexibility under the scenarios to ensure
robustness against the most unfavorable conditions; and
2) Applying Kernel Density Estimation (KDE) at each flexi-
bility point to derive a probability density function, allowing
for the extraction of robust flexibility with a specified level
of confidence and offering a probabilistic approach to assess
flexibility under varying conditions.

The contribution of this paper can be summarized as
the introduction of a robust optimization framework that
efficiently addresses the following aspects:
• Modeling uncertainty in stochastic generation: The
proposed approach explicitly incorporates the uncer-
tainty of stochastic generation into the optimization
problem by using scenario-based modeling. This allows
for a more realistic and practical representation of
uncertainty.

• Integration of time-dependent flexibility resources:
The proposed methodology integrates effectively
the inter-temporal constraints of DERs, such as BESS,
in the optimization problem. The methodology proposes
the formulation of a multi-period optimization problem
that schedules the time-dependent DERs to maximize
the total daily summation of hourly flexibility.

• Incorporating probabilistic forecasting using mul-
tivariate distributions: The methodology efficiently
integrates the probabilistic forecast in the optimization
problem by generating scenarios using Gaussian copu-
las. This approach accounts for both temporal and spatial
correlations, enhancing the accuracy and reliability of
the forecasts.

• Estimation of the flexibility curve under uncertainty:
The proposed methodology introduces a KDE-based
method to derive the probability density function of
available flexibility. This enables the efficient estimation
of a robust flexibility curve with a chosen level of
confidence.

FIGURE 1. Example of determining search directions for
estimating flexibility at the TSO-DSO interconnection point.

• Holistic solution for TSO-DSO coordination: By
providing a holistic solution, the proposed framework
improves the accuracy and reliability of flexibility esti-
mation and enhances the coordination between TSOs
and DSOs. This comprehensive approach ensures effec-
tive integration and operation of DERs within the power
system.

II. ESTIMATING THE AGGREGATED FLEXIBILITY AT
THE TSO-DSO INTERCONNECTION POINT
A. GENERAL OPTIMIZATION-BASED APPROACH
The optimization-based approaches estimate the flexibility
curve taking into account the thermal limits of the distribu-
tion lines, the voltage constraints and the capability limits
of the DERs to ensure no violation of the constraints in
the distribution grid. The search direction of the method is
determined by the power factor angle, as shown in Fig. 1.
The general workflow of the method comprises three main
steps:

1) Defining the search directions φ which outlines a
search direction on the P − Q plane. The angle can
vary between 0◦ and 360◦ degrees and helps determine
ap and aq that are used in the second step, for solving
optimization problem as follows:

(ap, aq) =



(−1, 0), 0◦ ≤ φ < 90◦

(0,−1), φ = 90◦

(1, 0), 90◦ < φ < 270◦

(0, 1), φ = 270◦

(−1, 0), 270◦ < φ < 360◦

2) Computing the points of the flexibility curve by solving
the optimization problem and identify one boundary
feasible active-reactive power point of the flexibility
curve.

3) Estimating the overall flexibility curve is performed
upon defining the points of the flexibility curve.
The overall flexibility curve is approximated by
interpolating the boundary points.
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B. INCORPORATING THE TIME-DEPENDENT DER
FLEXIBILITY
The presence of time-dependent flexibility resources such
as BESS, EVs, controllable loads, impacts the hourly total
potential flexibility available at the TSO-DSO interface.
These resources, especially BESS, have operational con-
straints that bound their current state of charge or discharge
with the previous operational states. For instance, if a BESS
is heavily discharged in one hour to support grid demand, its
available flexibility to provide further support in the subse-
quent hours might be limited. Thus, the flexibility a BESS
can offer is not just a function of its inherent capacity but also
relies on its operational history and previous decisions.

Therefore, it is crucial to estimate the time-dependent flex-
ibility as it takes into account the changing DER constraints,
and hourly demand conditions across different periods. The
results will be a set of flexibility areas that vary over time.
The shape of the curves changes depending on the P − Q
capabilities of flexible resources and the state of the partici-
pating DER at each time step. A set of feasible and realistic
flexibility maps for multiple time periods provides valuable
input to the TSO for the daily operational planning. In this
paper we use a multi-period optimization algorithm that aims
to the maximization of the total available daily flexibility
at the TSO-DSO interconnection point. The time-dependent
flexibility estimation provides a more comprehensive
and realistic view of the flexibility areas of distribution
grids.

C. ESTIMATING THE FLEXIBILITY CURVE UNDER
UNCERTAINTY
The proposed methodology estimates the robust flexibility
curve using a scenario-based approach. The uncertainty of
stochastic generation is explicitly modeled with scenarios
which are used to derive a robust estimation of the avail-
able flexibility. The flowchart of the proposed method is
presented in Fig. 2. The process begins by obtaining the
probabilistic forecast for PV units production. This is used
to create different scenarios for PV generation considering
spatial-temporal correlations by a statistical method known
as Copulas. To simplify calculations, deterministic forecast
is considered for the demand, since the uncertainty of load
forecast is generally much lower and the results of load fore-
casting more accurate. Moreover, the expected values of the
probabilistic PV forecast are used to determine the schedule
of BESS units, i.e. when they are used to locally optximize
the exploitation of PV generation to meet the load demand,
minimizing the energy exchange with the transmission sys-
tem. The forecast and the BESS schedule are used to estimate
the flexibility of the system for each hour over a 24-hour
period for each set of PV generation scenarios. A polygon
flexibility curve is then created using the flexibility points for
each scenario. Finally, a robust solution is defined marking
the worst-case scenario that aims to optimize the operation of
the system under all possible scenarios.

FIGURE 2. Flowchart of the proposed methodology.

III. PROBLEM FORMULATION
A. GENERAL MATHEMATICAL FORMULATION
This section describes the scenario-based robust optimization
problem that determines the points of the time-dependent
flexibility curve for a selected search direction.

Assuming φ ̸= 90◦, 270◦, the optimization problem is
formulated as follows:

min ap
T∑
t

δpTDt + aq
T∑
t

δqTDt (1)

subject to ∀i ∈ B, t ∈ T, ω ∈ �

g(ψ) = 0 (2a)

h(ψ) ≤ 0 (2b)

δpTDtω = tan(φ) δqTDtω (2c)

δpTDt ≤ δp
TD
tω (2d)

δqTDt ≤ δq
TD
tω (2e)

where ψ denotes the set of optimization variables.
Therefore, the objective function (1) minimizes −δpTD

(or equivalently maximizes δpTD) when ap = −1, which
corresponds to positive values of δpTD in quadrants 1 and 4.
Similarly, the objective function minimizes δpTD when ap =
+1, which corresponds to negative values of δpTD in quad-
rants 2 and 3. Therefore at each point the objective function
aims to maximize the flexibility provision at the TSO-DSO
interface substation. Similarly, for search directions φ =
90◦, 270◦, the objective function aims to maximize the reac-
tive power flexibility δqTD at the TSO-DSO interface and
constraint (2c) is modified to set the active power flexibility
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δpTD to zero as follows:

δpTD = 0 (3)

B. TECHNICAL CONSTRAINTS OF DISTRIBUTION
NETWORK
The net deviation of the active/ reactive power injection at
node i from its base case operating point (for the selected time
slot t) during the scenario ω can be written as:

1Pdevitω =

Gi∑
g

WPG
gtω (4a)

1Qdevitω =

Gi∑
g

WQG
gtω (4b)

Additionally, the net active/ reactive power injection flexi-
bility that can be offered at node i for the selected time slot t
during the scenario ω can be written as:

1Pflexitω =

FGi∑
g

δpGgtω +
Si∑
s

δpSstω −
FDi∑
d

δpDdtω (5a)

1Qflexitω =

FGi∑
g

δqGgtω +
Si∑
s

δqSstω −
FDi∑
d

δqDdtω (5b)

The optimization is formulated using the non-linear
AC power flow equations given by (6e), (6f). Con-
straints (6a)-(6d) enforce active and reactive power injection
in each bus. 0 denotes the substation bus. Within the context
of this paper, the proposed method is implemented using
traditional optimization solvers for AC OPF, which have
demonstrated considerable efficiency in managing the non-
linear complexities of such optimization problems. However,
considering the advancements in semidefinite programming
and its growing application in this field, the proposed frame-
work can be easily adapted and further increase the efficiency
of the flexibility area estimation.

Pitω =
Gi∑
g

PGgtω +
Si∑
s

PSstω −
Di∑
d

PDdtω +1P
flex
itω +1P

dev
itω

(6a)

P0tω =
Gi∑
g

PG0tω +
Si∑
s

PS0tω + P
TD
0tω −

Di∑
d

PD0tω

+1Pflex0tω +1P
dev
0tω (6b)

Qitω =
Gi∑
g

QGgtω +
Si∑
s

QSstω −
Di∑
d

QDdtω +1Q
flex
itω +1Q

dev
itω

(6c)

Q0tω =

Gi∑
g

QG0tω +
Si∑
s

QS0tω + Q
TD
0tω −

Di∑
d

QD0tω

+1Qflex0tω +1Q
dev
0tω (6d)

Pitω = vitω
N∑
k=1

[vktω(Gik cos(θitω − θktω)

+ Bnk sin(θitω − θktω)] (6e)

Qitω = vitω
N∑
k=1

[vktω(Gik sin(θitω − θktω)

− Bnk cos(θitω − θktω)] (6f)

Vmin
i ≤ vitω ≤ Vmax

i (7a)

0 ≤ Sl ≤ S
F,max
l ∀ l ∈ L (7b)

C. MODELING THE CAPABILITY LIMITS OF DERS
The capability curves describe the limits of the active and
reactive power that a generator can provide. These curves
establish a boundary that covers all feasible operating points
on the MW/MVAr plane. The power capability curves are
typically nonlinear but within the context of this paper a
linearized approximation is adopted. Following in this section
the modeling and the operational flexibility capability are
further presented and analyzed.

1) DISTRIBUTED GENERATION
DERs are capable of providing downward reserve and voltage
support thanks to the flexibility of the converters, their P−Q
capability curves are usually assumed to be in the form of a
‘‘V-Curve’’ and are dependent on the power production and
therefore are time-variant [14], [17]. The generators may also
have different shapes of capability curves such as rectangular
and D-shapes. The rectangular and D-shapes of the curve
theoretically allow using the generator to provide voltage
regulation services even when the unit does not produce
active power (due to low wind or no sun), essentially working
as a static synchronous compensator. The additional con-
straints for modeling the flexibility provision of distributed
generation are:

PGming ≤ PGgt +W
PG
gtω + δp

G
gtω ≤ P

Gmax
g

(8a)

QGming ≤ QGgt +W
QG
gtω + δq

G
gtω ≤ Q

Gmax
g

(8b)

1PG−g ≤ δpGgtω ≤ 1P
G+
g (8c)

1QG−g ≤ δqGgtω ≤ 1Q
G+
g (8d)

− arccosPF lagg ≤ arctan
PGgt +W

PG
gtω + δp

G
gtω

QGgt +W
QG
gtω + δq

G
gtω

(8e)

arctan
PGgt +W

PG
gtω + δp

G
gtω

QGgt +W
QG
gtω + δq

G
gtω

≤ arccosPF leadg (8f)

2) DEMAND-SIDE FLEXIBILITY
Flexibility from the demand side can be achieved by allowing
the system operator to control, or provide price signals to,
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various electricity demand devices, including power-to-heat,
power-to-hydrogen, electric vehicle chargers, smart appli-
ances, and industrial demand components. In this paper,
continuous flexibility domain for these resources is consid-
ered. The capability curve has simple rectangular boundaries
and represents loads with variable reactive power. The addi-
tional constraints for modeling the flexibility provision of
controllable loads are:

1PD−d ≤ P
D
dt + δp

D
dtω ≤ 1P

D+
d (9a)

1QD−d ≤ Q
D
dt + δq

D
dtω ≤ 1Q

D+
d (9b)

3) DISTRIBUTED BATTERY ENERGY STORAGE
SYSTEMS
BESS have the ability to absorb and inject active power.
Thanks to their interface via power electronic converters, they
also have the potential to provide reactive power. The capabil-
ity chart is often described as a circle, defined by the current
limitations of the power converter. In our approach we have
adopted a linearized rectangular approximation of the BESS
capability curve, equipped with four-quadrant capability. The
additional constraints formodeling the flexibility provision of
BESS are:

1PS−s ≤ δpSstω ≤ 1P
S+
s (10a)

1QS−s ≤ δqSstω ≤ 1Q
S+
s (10b)

(PSst + δp
S
stω)

2
+ (QSst + δq

S
stω)

2
≤ (Smaxs )2 (10c)

SoCstω =
t∑

τ=1

(PSsτ + δp
S
sτω) (10d)

SoC−s ≤ SoCstω ≤ SoC
+
s (10e)

IV. ILLUSTRATIVE EXAMPLE
A. DISTRIBUTION SYSTEM
We estimate the flexibility that can be provided by PVs, BESS
and controllable loads at the TSO-DSO interface, using a
33-bus radial distribution system, as shown in Fig. 3. The
distribution system contains 4 PV+BESS systems in buses 8,
22, 24 and 30, 3 PV systems in buses 4, 17 and 32 and 4 con-
trollable loads in buses 7, 14, 25, 31. The implementation
is performed in MATLAB using YALMIP as the modeling
layer [27] and IPOPT as the solver [28].

We demonstrate the proposed methodology for a schedul-
ing horizon of one day with hourly resolution. Fig. 4
presents the probabilistic PV generation forecast and the
BESS charging/discharging schedule for a PV system located
at bus 32 and for a PV+BESS system located at bus 24.
Each BESS is assumed to be locally controlled to reduce
the net demand of the specific bus. Therefore, the base case
schedule of each BESS is determined using the deterministic
forecast of the corresponding PV system in order tomaximize
the self-consumption by charging during the morning hours
when there is excess PV energy and discharging later in the
day when the demand is higher and PV generation reduces
gradually to zero.

FIGURE 3. 33 bus distribution system.

B. MODELING RES UNCERTAINTY
The uncertainty associated with PV generation is integrated
by employing the scenario approximation technique. This
approximation approach allows the representation of com-
plex, high-dimensional uncertainties with a set of scenarios
in the non-linear, non-convex optimization problem, simpli-
fying the computational burden while maintaining accuracy
of the solution. The ability to adjust the number of scenarios
allows an optimal balance between computational effort and
the precision of the solution.

Probabilistic models, used in energy generation forecast-
ing and scenario generation methods, are usually parametric
models, that estimate the parameters of marginal prob-
ability distributions, for each unit and time step. These
marginal distributions are considered independent and do
not capture the spatio-temporal dependencies between the
different time steps and the different units, although a RES
unit generation is correlated with the neighboring units of
the same technology. The effectiveness of the proposed
framework under uncertainty is highly dependent on the
quality of the forecast. Accurate forecasts of RES generation
are crucial for reliable flexibility assessments. As part of
this study, we use forecasts developed by the forecasting
method presented in [29], which ensures high accuracy and
robustness.

Generating scenarios using a typical sampling method has
several limitations since it neglects these temporal and spa-
tial correlation. Thus, realistic distributions should consider
the auto-correlation of the RES generation time series and
their spatial correlation. The use of copulas for the gener-
ation of multivariate distributions resolves these issues and
enables the sampling accounting for the spatial and temporal
correlation of RES forecast [30]. Copulas are mathemat-
ical constructs used to model and study the dependence
structure between random variables. A copula enables the
separation of the marginal distributions from the dependence
structure.

In the presented test case, the sampling method is based
on Gaussian copulas and marginal distributions for each
RES unit produced by the parametric probabilistic forecast-
ing model [29]. The method for generating the scenarios is
performed as follows:
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1) Generate samples from the constructed Gaussian
copula zt,g,ω ∼ cZ (µ,6)

2) Compute the inverse cumulative distribution function
(ICDF) for each marginal distribution of the copula
PG
t,g,ω = F−1t,g (ut,g,ω)

3) Transform the uniform samples ut,g,ω to the original
domains PG

t,g,ω = F−1t,g (ut,g,ω) for the t th time step and
gth unit.

Fig. 5 graphically compares a set of 10 sampling scenar-
ios of sampling for a PV unit using a standard sampling
approach and the proposed sampling approach from multi-
variate distributions. Fig. 5(b) illustrates that the generated
scenarios present both temporal and spatial correlations. For
example, incorporating temporal correlations indicates that
the scenarios do not develop as random time series throughout
the examined day with increased abnormal shifts from one
instance to the next as in Fig. 5(a). Spatial correlations indi-
cate that variations in one PV unit often mirror or influence
the behavior of other PV units in the same region.

The significance of time and space in PV generation is
illustrated through the covariancematrix as depicted in Fig. 6.
The matrix is segmented into submatrices, each representing
the covariance of PV generation over time between pairs
of PV parks. For instance, a specific section of the matrix,
as highlighted in the zoomed-in area, details the covariance
relationship between PV 1 and PV 2. The diagonal elements
of thematrix represent the self-covariance of PV generation at
individual time steps. Notably, as the time lag increases, there
is a decrease in the absolute values of covariance, indicating a
reduction in time-dependency. Furthermore, the off-diagonal
elements, which represent the covariance between different
time steps, reveal a spatial dependency. More specifically, for
adjacent time steps a significant spatial dependency is iden-
tified, driven by similar weather conditions that affect PVs at
adjacent geographical locations. Details for the creation of the
joint distributions using Copulas are provided in Appendix.

Typically the robust flexibility curve is derived by identi-
fying the worst realization of the estimated flexibility under
the scenarios, as demonstrated in [15]. In addition to these
approaches, this paper proposes a KDE-based approach that
can extract a robust flexibility with a specified level. The
generation of adequate number of scenarios at each time
step can be used to obtain the probability density function of
the available flexibility at this time step by applying a KDE
method. This allows the extraction of flexibility values with
specified confidence levels. It should be noted that the use
of probability density functions provides a smoothed repre-
sentation of the flexibility values, highlighting the general
trend without getting overshadowed by individual extreme
scenarios. The proposed approach offers a more holistic
view of grid’s flexibility under varying conditions of RES
generation.

V. SIMULATION RESULTS
The performance of the proposed methodology in estimat-
ing the flexibility curve is explored through two distinct

FIGURE 4. Forecast for PV production and BESS
charging/discharging of the distribution network for a day with
high solar PV generation.

FIGURE 5. PV generation scenarios using a standard sampling
approach (a) and sampling from a joint probability
distribution (b).

test cases: one without considering the inter-temporal con-
straints of the DERs (Subsection-A), and the other with
these constraints (Subsection-B). In Subsection-A and -B,
the stochastic flexibility curves presented depict both the
expected and the robust flexibility curves. The expected
curve is derived through a deterministic optimization process
using the deterministic estimations of the PV generation, and
the robust curve is represented by the worst realization of
the estimated flexibility. Subsequently, in Subsection-C, the
proposed KDE-method is applied to the scenarios already
estimated in the previous subsections to derive the flex-
ibility curve with a specified confidence level, providing
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a probabilistic approach to assessing flexibility under
uncertainty.

A. ESTIMATION OF AGGREGATED FLEXIBILITY WITHOUT
CONSIDERING THE INTER-TEMPORAL CONSTRAINTS
This approach leads to an overestimated and unrealistic flex-
ibility curve. This limitation is driven by the assumption that
the flexibility provided by DERs is fully available at each
hour. Even if the DSO had full control of the PV units and
it is assumed that their expected generation is fully available,
it cannot be applied to BESS and controllable loads, since
the available flexibility strongly relies on the status of the
previous/next hours. Fig. 7 presents the results for 4 different
hours during the day namely:
• when PV units are not producing and the batteries are
fully discharged (at hour 7),

• when PV units are producing and the BESS charge and
store the excess energy (at hour 12), when PV units are
producing but not enough to cover the local demand and
the BESS are discharging to provide the stored energy
(at hour 19) and

• when PV units are not producing but batteries contribute
and cover part of the demand (at hour 22).

Each figure (Fig 7(a)-(d)) depicts the flexibility curve
calculated with the expected PV generation (dashed curve),
the flexibility curves for the scenarios (light green curves),
and the robust flexibility curve of the scenario approximation
method (dark green curve). The robust flexibility curve is
obtained by the worst realization of the flexibility curve for
the scenarios at each specified search direction. Estimated
flexibility is represented from the viewpoint of the TSO, i.e.
positive values for active/reactive power flexibility signify an
increase in net demand within the distribution network, lead-
ing to the TSO supplying more energy to the DSO. Similarly,
negative values indicate a decrease in net demand, resulting
in the DSO providing more energy to the TSO.

During the first hours of the day (Fig. 7 (a)), PV units do
not generate and BESS units do not have any stored energy,
so only downward flexibility can be offered by charging
BESS. Following during the day (Fig. 7 (b)), when PV units
generate more than the local demand, and BESS store the
excess energy, the distribution system can offer both upward
and downward flexibility. The downward flexibility can be
offered either by the PV generation or by the BESS increasing
charging since they are not fully charged. Upward flexibility
can be offered by providing the stored energy. When local
demand is lower than solar power generation as in hour 19
(Fig. 7 (c)), BESS starts charging to cover additional energy
demand. During these hours the distribution system can again
offer both upward and downward flexibility by reducing the
PV generation and controlling the BESS discharging. During
the last hours of the day (Fig. 7 (d)), PV units do not generate
again and BESS units can offer the remaining stored energy
as upward flexibility or increase the discharge for downward
flexibility.

FIGURE 6. Visualization of correlation matrix for the PV
generation forecast.

B. ESTIMATION OF AGGREGATED FLEXIBILITY
CONSIDERING THE INTER-TEMPORAL CONSTRAINTS
In the second test case, the same scenarios are used. Integrat-
ing in the optimization problem the inter-temporal constraints
for the flexibility provision of BESS provides a more realis-
tic flexibility curve since it internally optimizes each BESS
unit’s operation schedule aiming to maximize the total
available flexibility over 24 hours.

Fig. 8 presents the results for the same hours as in the
previous section for the flexibility curves. The optimization
problem internally determines the optimal scheduling of the
time-dependent flexibility resources to maximize the amount
flexibility that can be provided from the whole distribution
system in the examined day. By comparing the curves dis-
played in Fig. 7 and Fig. 8, we observe a significant reduction
of available flexibility provision, especially during the hours
that PV generation is expected to be high. The introduction
of inter-temporal constraints in the optimization problem
reduces the available flexibility in some hours of the day
providing feasible and more realistic results.

Fig. 9 addresses the computational efficiency aspect of
the optimization framework by presenting the execution
times required to calculate the flexibility curves for the
two test cases with varying numbers of scenarios. The
results show that the execution time increases significantly
as the number of scenarios grows, particularly when tempo-
ral constraints are included. To tackle this issue, integrating
parallel processing techniques into the optimization frame-
work can substantially enhance computational efficiency.
By leveraging parallel processing, it becomes feasible to
handle a bigger distribution system with a large number
of scenarios, even with temporal constraints, within rea-
sonable time frames. This ensures the applicability of the
proposed framework for its integration to TSO-DSO coor-
dination schemes for the provision of flexibility services
from DERs.

C. EVALUATION OF ROBUST FLEXIBILITY CURVE UNDER
UNCERTAINTY
To better demonstrate the impact of the uncertainty of RES
on the robust flexibility curve, the proposed KDE-based
approach is applied to the estimated flexibility points. Fig. 10
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FIGURE 7. Estimated available flexibility area (without the inter temporal constrains) at 4 different hours of the day.

FIGURE 8. Estimated actual flexibility area (considering the inter temporal constraints) at 4 different hours of the day.

FIGURE 9. Comparison of execution time.

FIGURE 10. Uncertainty map and robust flexibility curve for
different confidence levels at Hour 12 (Fig. 8 (b)).

presents the uncertainty map and the robust flexibility curves
of the distribution grid at Hour 12 (considering also the inter-
temporal constraints) under the varying scenarios of RES
generation. Two distinct curves are plotted, representing two
confidence levels: 99% (red dotted) and 90% (green dashed).

FIGURE 11. Multi-period robust flexibility area with
0.99 confidence level.

These curves depict the robust flexibility of the grid, ensuring
that the grid can achieve the indicated flexibility with the
respective confidence level. The resulting flexibility map
aims at capturing the intricacies of different search directions.
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Additionally, Fig. 10 presents the estimated distribution for
apparent power flexibility provision that was obtained for
various search directions. The distribution is unique at each
search direction since it is created by the kernels that were
added at the specific search direction. The results indicate that
as the confidence level increases, the size of the flexibility
map decreases. This is expected, as a higher confidence level
implies a more conservative estimate, ensuring that the grid
can handle the indicated flexibility under more tight condi-
tions. However, in areaswhere the provision of reactive power
is high, the robust flexibility curves converge and become
identical. This is attributed to the fact that DERs can offer
similar amounts of reactive power without violating the volt-
age limits under varying conditions of RES generation. As a
result, despite varying conditions, the grid exhibits similar
flexibility characteristics in regions where reactive power is
dominant.

Fig. 11 present the hourly results of the estimated robust
flexibility curves with 0.99 confidence level over a 24-hour
period. The multi-period flexibility curves in Fig. 11(a)
are constructed without enforcing the inter-temporal con-
straints of the BESS. Therefore, the set of flexibility curves
presents the maximum available flexibility at each time
slot. The curves show that each period has a flexible area
that varies depending on network constraints, RES Uncer-
tainty, DER constraints and demand conditions. In Fig. 11(b),
the BESS inter-temporal constraints are enforced in the
optimization problem. As a result, the available flexibil-
ity of time-dependent resources is optimally shared among
the hours to maximize the flexibility offered to the upper
level.

The comparison of the robust flexibility curves indicates
a flexibility reduction throughout the day when considering
the inter-temporal constraints. This phenomenon is better
shown between 10:00 and 18:00 when the PV generation
is high. Additionally, we observe a change on the shape of
the curve. An in-depth analysis of the results shows that
depending on the search direction, the reactive power require-
ments and the corresponding losses of the distribution drive a
bigger amount of available active power flexibility at different
hours.

VI. CONCLUSION
This paper introduces a comprehensive methodology for
estimating robust aggregated flexibility at the TSO-DSO
interconnection point. The proposed approach leverages
scenario-based robust optimization to incorporate the inher-
ent stochasticity of DER and RES, enabling a more accurate
and realistic representation of available flexibility, accom-
modating the variability and uncertainty of power generation
and demand. By integrating a joint probability distribution
and copulas, the proposed framework accounts for both
temporal and spatial correlations among RES time series
data within the same region, enhancing the reliability and
robustness of the flexibility estimation. Finally, the appli-
cation of a KDE approach enables the construction of a

robust flexibility curve with a specified confidence level,
derived from the realizations of available flexibility under
various scenarios. The proposed methodology advances the
current state of flexibility estimation by addressing the com-
plexities of modern power systems characterized by high
penetration of RES. It offers a practical tool for TSOs
and DSOs to better coordinate and utilize DERs, ultimately
contributing to the stability and efficiency of the power
grid.

APPENDIX
JOINT PROBABILITY DISTRIBUTION USING COPULAS
CONSIDERING THE SPATIO-TEMPORAL CORRELATION
In modeling spatio-temporal dependence structures,
we denote the predicted PV generation for time step t and
unit g by

PGg,t ,∀t = 1, 2, . . . ,T , g = 1, 2, . . . ,G (11)

Therefore, the total number of random variables that describe
the problem under study is equal to D = T × G, and the
dependence structure is noted as a D-variate joint probability
distribution. The D-variate cumulative distribution function
(CDF) is described by

FD(pG1,1, . . . , p
G
T ,G) = Pr(PG1,1 ≤ p

G
1,1, . . . ,P

G
T ,G ≤ p

G
T ,G)

(12)

Based on Sklar’s theorem, the independent marginal distri-
butions of the predicted PV generation for each time step and
unit can be linked using a copula function, in order to model
their dependence structure. The CDF of a copula C is defined
as follows

F̂D(pG1,1, . . . , p
G
T ,G) = C(F1,1(pG1,1), . . . ,FT ,G(p

G
T ,G)) (13)

where Ft,g is the predicted marginal distribution of the gth

unit for the t th time step. A copula tinuous random variable is
distributed uniformly inU [0, 1]. Therefore, to use the copula,
the random variables [PG1,1, . . . ,P

G
T ,G] must be transformed

into a uniform domain through CDF transformation. The
CDF transformation can be mathematically written as

PGt,g = F−1t,g (U )←→ U = Ft,g(PGt,g), ∀t, g ∈ [1,T ], [1,G]

(14)

Based on the previous equations, the copula CDF can be
represented by

C(U1,1, . . . ,UT ,G) = F̂D(F
−1
1,1 (U1,1),F

−1
T ,G(UT ,G)) (15)

According to [30], the Gaussian copula is a good and
robust approach for modeling dependency structures for a
large number of random variables. The transformed random
variables are denoted as Zt,g = 8−1(Ut,g). Second, the
joint distribution is modeled using a multivariate Gaussian
distributionwithmean vectorµ and covariancematrix6. The
covariance matrix is obtained from the correlation matrix R
by normalizing the variances. The copula density function,
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cZ (U1,1, . . . ,UT ,G) of the transformed variables can then be
expressed as

cZ (z) =
1

√
det(6)

exp
(
−
1
2
(z− µ)T6−1(z− µ)

)
(16)

where z is defined as [U1,1, . . . ,UT ,G]. Once the Gaussian
copula is constructed, it can be used to create realis-
tic scenarios of PV generation, respecting the underlying
spatio-temporal correlations.
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