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ABSTRACT This paper introduces a DOA estimation method for sources beyond the aliasing frequency.
The method utilizes multiple frequencies of sources to exploit the frequency difference between them,
enabling processing at a frequency below the aliasing frequency. Gridless sparse processing with atomic
norm minimization is derived for DOA using difference frequency (DF). This approach achieves higher
DOA resolution than previous DF-DOA estimators by enforcing sparsity in the beamforming spectrum and
estimating DOAs in the continuous angular domain. We consider one or more measurements in both time
(snapshot) and frequency (DF). We also analyze approaches for considering multiple DFs: multi-DF and
multi-DF spectral-averaging. Numerical simulations demonstrate the effective performance of the method

compared to existing DF techniques.

INDEX TERMS Difference frequency, DOA estimation, spatial aliasing, atomic norm minimization.

I. INTRODUCTION

Spatial aliasing for DOA estimation requires the frequency to
be less than ¢/2d (velocity ¢ and element spacing d). Pro-
cessing above this gives ambiguous DOA estimates. Signals
of interest can be out of band at higher frequencies, e.g., for
passive array systems. We introduce a gridless sparse method
for DOA with difference frequency (DF), which accurately
estimates the DOAs of sources beyond the aliasing frequency.

The method utilizes a pair (or more) of multiple frequen-
cies on the array. Multi-frequency processing leverages more
information than one frequency, giving more accurate estima-
tion [1], [2], [3], [4], [5]. An intuitive approach is to treat each
frequency individually using single-frequency techniques and
then average the DOAs across all frequencies to obtain the
final DOAs. Methods that jointly handle multiple frequencies
can outperform single-frequency methods.

The spectral properties of multi-frequency signals were
used for DOA using co-prime arrays with improved perfor-
mance. Multiple frequencies were used to fill in the elements
of the virtual co-array, resulting in improved DOA perfor-
mance [6], [7], [8], [9], [10]. Co-prime arrays use spacing dif-
ferences between elements to obtain virtual co-array elements.
Similarly, DF employs frequency differences to acquire vir-
tual low frequencies. In co-arrays for one frequency, each

virtual sensor response is obtained by multiplying the sensor
data at one sensor with the complex conjugate at another.
Co-array approach with high-order cumulant-based methods
outperforms traditional second-order statistics methods as it
suppresses noise and achieves virtual array expansion [11],
[12], [13], [14], [15], [16], [17]. Similarly, in the DF frame-
work, the data at one frequency at one sensor is multiplied
with the complex conjugate at another frequency. This could
lead to higher-resolution sensing, contributing to integrated
sensing and communications [18].

Multi-frequency DF enables processing signals above the
aliasing frequency fyias- The technique utilizes sources with
a pair of high frequencies {f, f + Af} > falias» With the fre-
quency difference Af below the aliasing frequency Af <
falias- The received far-field on the array is assumed to be
a superposition of plane waves. The frequency difference is
then achieved by taking the product of the complex conjugate
of the data at frequency f and the data at frequency f + Af.
This gives virtual data at the lowered frequency A f, avoiding
spatial aliasing [19], [20], [21], [22].

The DF technique was used for array processing and val-
idated experimentally [20], [21], [22], [23], [24], [25], [26],
[27]. For DOA, conventional beamforming (CBF) was em-
ployed [20]. The DF-CBF at frequency Af lowered by DF
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showed comparable results to the CBF at frequency A f with-
out DF [23]. For source localization, DF for matched field
processing was demonstrated [28], [29], [30]. High-resolution
DE-MUSIC (multiple signal classification) [21] and DF grid-
ded sparse processing [22] were performed, but no gridless
DF has been derived.

Gridless sparse beamforming [31], [32], [33] offers high-
resolution DOAs. Sparse DOA methods can be extended
to multi-frequency and have demonstrated improved perfor-
mance over the single-frequency model [9], [34], [35], [36],
[371, [38], [39]. Gridded sparse methods [31], [40] for DOA
suffer from basis grid mismatch when the true DOAs are
not on the search grid, as discrete dictionaries do not repre-
sent the data [41], [42], [43]. Mitigating grid mismatch bias
can be achieved by adaptive grid refinement [34], off-grid
methods [44], and gridless methods [40], [41], [45], [46].
The gridless method leverages the mathematical theory of
super-resolution and estimates DOAs in the continuous angle
domain.

We present gridless atomic norm minimization (ANM) for
DF-DOA for sources above the spatial aliasing frequency.
While the DF approach provides aliasing-free DOA estima-
tion, it generates unwanted (artifact) DOA estimates. An ideal
DF DOA estimator should estimate both true and artifact
DOAs, and further analysis should refine these DOAs to the
true DOAs. In addition to numerical verification [Section VI],
the key contributions are as follows:

1) We introduce DF-DOA and analyze the DOA character-
istics caused by DF, providing insights for integrating the DF
concept into state-of-the-art DOA estimators [Section III].

2) We formulate high-resolution DF-DOA estimation with
ANM [40], [41], [45], [46]. This handles noise-corrupted
data and provides mean-squared-error estimates for denoising
beamforming spectra with the atomic norm [Section IV-B].

3) Multiple measurements in time and frequency are used.
With multiple equally spaced frequency differences, multiple
DFs with the same frequency difference and thus steering
vectors. Like conventional multi-snapshot processing, where
multiple snapshot data vectors are aligned in a matrix and
processed, the multi-DF aligns and processes multiple DF
data. This approach is expanded to the multi-snapshot-DF,
where all multi-snapshot and multi-DF data are grouped and
processed [Section V1.

4) Multi-DF spectral-averaging (SA) is proposed for ar-
bitrarily spaced multiple DFs by solving the multi-snapshot
ANM for each frequency pair (DF) and obtaining null spectra
to identify the DOA support of the sparse signals for each
DF. Subsequently, the null spectra are averaged across DFs
to extract DOA estimates. This method generalizes to non-
uniformly spaced DFs and is simple and effective at high
signal-to-noise ratios (SNRs). In contrast, at low SNR, the
multi-snapshot-DF integrates DF data more effectively than
the multi-snapshot-DF-SA [Section VI-E].

Notation: For a matrix A, AT is the transpose, A* the
complex conjugate, and A" the conjugate transpose. The
Hadamard products of matrices A and B is denoted A o B.
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1l. ARRAY DATA MODEL

Consider K DOAs with L snapshots at frequency f. We
assume the sources with DOAs 0; € [—90°,90°) are in the
far-field of a uniform linear array (ULA) with M sensors.
Let X; € CK*L be the complex source amplitudes, whose
(k,l)-element is xy,, € C, k=1,...,K, [ =1,... L, and
the array data Yy = [y, . r... ¥y.7] € CM*L | where Yu.f =
D17 - - - Yun, r1T € CM, is modeled as

K

Yr =) ap@x ;+Ef. ey
k=1

where XkL,f = [xk,l,f . )thL,f]T € CL, Ef = [e,l’f - e,L,f]
€ CM*L where e, ; = [e1s,.f ... emy.r1T € CM, is the addi-
tive noise, and the steering vector,

as(0) = [e—jznfdl sind/c = j2n fdy sin0/c]Te cM ()

where c is the velocity of propagation and d,, = (m — 1)d,
m=1,...,M, is the distance between sensors 1 and m with
the ULA element spacing d. The additive noise E is assumed
independent across sensors and snapshots, with each element
following a complex Gaussian CAV(0, o'2).

The signals and noise are assumed to be statistically inde-
pendent. The array covariance matrix is expressed as

Ely,.ry) 1 = AEIx, ;x;' JA" +Ele, ref' 1, (3)

where E[-] is the expectation across time f#;, at time f;,
Yo f =Dtgs-o ymn 1T € CM, Xy p =[xy 7. Xk, 17 €
(CK, €, fr= [el,l’f . eM,],f]T € (CM, I=1,...,L,and A =
[ar(©)... as(Ok)] € CM*K with K true DOAs {6y, ..., 6}

The signal-to-noise ratio (SNR) is defined for one snapshot,
SNR = 20Togyo (| 352 %y, rar (B l12/ ey, ll2)-

11l. DF FOR DOA
This section reviews DF for DOA [21], [22].

A. ARRAY DATA MODEL USING HADAMARD PRODUCT FOR
DF

We model the array data for a single frequency as a sum of
plane waves (1) and assume multi-frequencies arrive at the
array at the same DOAs. To exploit the frequency difference,
Afi=fU — fL, £V > fL, we utilize the Hadamard product
(o) of upper-frequency data Yf,-U and the complex conjugate

of lower-frequency data Y 1 [21], giving Zaf, € CMF,

J— * * *
Zag =Y OYfl.L = [yn,f,-U e ytL,f,-U]O[yzl,f,.L e yzL,f,.L]

i

K

= D _aa; ) I:XZL,f.U © Xlle,f,L]
k:1 1 v
K K
32 [ap @ oag @] [xh, woxtl, 1]
K=1k"=1
Kk
+Ea, (4)
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anp0)= aﬁu((?)oazL(@)

_ [eszmf,»dl sinf/c = j2mAfidy sinG/c:IT.
(5)
Compared to (1), the product Zx f, (4) is a sum of steering vec-
tors but in Af;, aaz(0) (5). Unlike the frequencies {fY, f-},
the DF A f; can be below array aliasing frequency.
The cross-terms in (4) generate artifact DOAs {6, ...,
03> ) [Section II-D]. Let XlAf,- = [X;I‘Afi... X;L’Afi] €
C**L be the true source components and X3 . =[x} .,

2 .
X} Apl € CK"=K)*L be the artifact source components.
XY 1 and X% f are related to the source amplitudes x;, I and
Xty £ for the (k, [)-element,

| = * I
Xty A f; _xk/tl,fiUx //llsfil" fork' = k",

i = * ’ "
xkt;,Af,- — xk/l],fiUx //llvfiL’ fork # k s (6)

where K/, k" =1,...,K.
The product Zx 7, (4) is given by

Zng = Ay Xnp + AN XL +Ea, (7

where Al - = [aaz(61)... an;(6k)] € CM*K s the DF
steering matrix (5) corresponding to the true DOAs and
AL, = [ans,(00)... apf (0%, )] € CM*K*=K) is for the
artifact DOAs.

The array covariance matrix of z;, a 7, has fourth-order com-
ponents in x and is expressed as

H H H
E [z,,,Aﬁz,,,Aﬁ] =AY E [X;l’AﬁX}l’Afi]AtAfi
H H
+AL4E [Xg,Aﬁxg,Aﬁ] ALY
+ Ele,.a€] Al )

. T M
where, at time 1, Z; af = [2i1y,Af --- 2My.a5] € CY,

t P t T K a A
Xt,,Afi_[xltl,Af,-"'thl,Afi] e C*, Xr,,Aﬁ_[xlt,,Aﬁ"'

x?{tl’Aﬁ]T € (CKZ_K, and e, A = [e1,a .- - eMt,’A]T eCM,

The first term in (8) is similar to the first term in (3), but
evaluated at Af; and shows the true DOAs in the quadri-
covariance matrix. The second term with K> — K components
represents artifact DOAs. The challenge will be to reduce the
effect of these in the following steps, although we are not
directly using the covariance matrix.

B. CBF

CBF for one frequency f uses the data sample covariance
matrix (SCM) Ry as an estimate of K[y, fy;' f] (3). For
N potential DOAs @ = [f; ... Oy]" € [-90°, 90°), the beam-
former power for CBF is then,

PEPR(0,) = all@)Rsap(0,), n=1,....N, (9
1 L

Ry =22 Vi (10)
=1
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FIGURE 1. CBF and DF-CBF for K = 2 equal-strength DOAs at [-61, 45]°
The ULA has M = 20 sensors with a spacing d. The frequencies are
measured using the spatial aliasing frequency Af = (c/d)/2. CBF uses
frequencies f € [0.2Af, 11Af]. DF-CBF uses a constant Af(= fU — f) with
f' € [0.2Af, 10Af] and U € [1.2Af, 11Af]. Across frequencies, DF-CBF has
constant K2 = 4 DOAs, with K true and K2 — K artifact.

This gives aliasing for f > ¢/(2d).

C. DF-CBF

DF DOA estimation uses the product Z 4 7, (4) and the steering
matrix built using ax () (5). The CBF for DF DOA uses the

DF-SCM Ry, as an estimate of IEI[z,l,Afl.zgI Aﬁ] (8). For N
potential DOAs @ = [0 ... Gy]" € [—90°, 90°), the DF-CBF
power is then,

PRE PR (G, =al  (B.)RAfan 7 (0n), (1)
1 L
H
RAfz:zZ BN
=1
L
1 H H *
== D (Yo o) (v y 0) - (12)

1=

—_

Note that CBF for one frequency f uses Y (1), ap(0) (2),
and the data SCM, i.e., Zlel Vi, fy;" ¥ /L, thus averaging the
single-snapshot SCM. The DF uses the Hadamard product of
two array covariance matrices (12).

Fig. 1 shows CBF and DF-CBF. CBF has aliasing, which
increases with frequency. DF-CBF has a consistent K> num-
ber of DOAs across frequencies. As the processing frequency
is lowered, A f; < fl.L, the resolution of the beamformer dete-
riorates. The beamwidth of the main lobe increases, and this
decreases the resolution. The cross-terms in (4) show artifact
DOA patterns in the beamforming spectrum. K true DOAs
have K2 — K artifact DOAs, determined by the frequency and
true DOAs. DF processing can have aliasing when the fre-
quency difference A f; exceeds the aliasing frequency (A f; >
falias), see Fig. 2. K2 — K artifact DOAs are independent of
aliasing.
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FIGURE 2. DF-CBF for Af; and potential DOASs. As in Fig. 1, but with
different Af; e [0.2Af, 1.8Af] using f' = 10Af and fU € [10.2Af, 11.8Af].
DF-CBF has aliasing, when Af; exceeds the aliasing frequency (= Af)
(dash-dotted).

D. ARTIFACT DOA PROBLEM

The artifact DOA can be found by assuming the power
XpL b = Xpp U = 1, only retaining the cross terms in (4), and
finding when the beam power is 1, [21]

K K

aAfi(é)T Z Z afiU (9](/) o aj;_L (Ok”) =1.
K'=1k"=1 o
k/#k//

(13)

Solving this gives the artifact DOAs

5 in-! ( fUsin6y — fLsin 6y
/=1t

where £ is an integer that represents the number of jumps that
must be added or subtracted to return 6 € [—90°, 90°).

To give intuition, the artifact DOAs g (14) vary based on
lower frequencies fl.L for constant Af;, see Fig. 3(top), and
true DOAs 6, see Fig. 3(bottom).

Even with only one DF pair, we can obtain the true DOA.
DF DOA provides K> DOA estimates. If we assume K out
of K? are the true DOAs, the corresponding K> — K artifact
DOA:s are given by (14). The K assumed true DOAs and K> —
K artifact DOAs are compared with the estimated K> DF DOA
estimates, and by finding the matching case, we retrieve the
true DOAs. Since DF DOA requires estimating K> DOAs, K>
should be sufficiently less than the number of sensors.

We utilize sparse techniques to enable high-resolution es-
timation of K> DOAs in DF DOA. Sparse methods provide
high-resolution DOA performance with both single and mul-
tiple snapshots.

+ 2%‘) , K £ (14)

IV. SPARSE METHODS FOR DF DOA ESTIMATION

We explore sparse methods in support of DF for DOA, aiming
for high resolution. For reference, we start with the gridded
sparse approach with an angular search grid [Section IV-A]
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80 |

1083

DOA [°]

-40

-80

-80 -40 0 40 80
Snapshot (second source DOA [°])

FIGURE 3. Predicted DF-DOA locations (14) (top) vs. lower frequency f*
with a constant DF Af; = Af, and (bottom) moving DOA [-90, 90]° at
f! = 4Af with Af; = Af, thus f = 5Af. The plots show true DOAs
(orange), the corresponding artifact DOAs (blue), and when true and
artifact DOAs coincide (red x). The ULA is as in Fig. 1.

and focus on the gridless sparse technique using the atomic
norm to address the grid mismatch issue [Section IV-B].

A gridded sparse method for DOA with DF [22] utilizes
/1 norm minimization for sparse processing and handles one-
snapshot data z,, A5, € CM. This work utilizes gridless ANM
and handles multi-snapshot and multi-DF data [Section IV-B].

A. GRIDDED SPARSE PROCESSING
This section is only for reference as the paper is focused on
gridless methods. For the noiseless measurement (1) with K
true DOAs, the product of the noiseless data Z7, ;. € CMxL
(4) has K2 DOAs, including the true and artifact, see Fig. 4(a),
ie.,

K2

ANVEDILIIC NS
k=1

15)

where X, x e = ¥ af - XA 1" € CE, whose element
isx,:ll‘Afi,k =1,...,K*1=1,...,L. For N potential DOAs
0=16,...0y]" € [-90°,90°), the gridded DF DOA estima-
tion, when there is no grid mismatch, is expressed as,

(16)

A7)

Zps, = AprXaf + En,
Ay =laap@1)... ans(0n)],

where the complex source amplitude X 7, € C¥*L exhibits a
K 2—row—sparse structure for Z% i (15), see Fig. 4(b).
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(c) Gridless DOA estimation, see (21) and (22)

FIGURE 4. DF DOA estimation (16) for noiseless data (4) (K = 2).

Sparse methods [31], [34], [47], [48] exploit the joint (row)
sparsity of the solution to improve performance, which leads
to the /2,1 mixed-norm minimization problem,

min - Zag — AagXaglE+ 15 Xaglhr. ()

Afi

The regularization parameter t(21) > 0 balances the data
fitting AxpXap —Zay, and the (row) sparsity level in
Xas, € CV*L_Joint sparsity on the rows X,z a7, € C1*E n =
I, ..., N,is achieved by the / | mixed-norm, defined as
( ) ” 1

IXagill2n = I1Xx7 19)

(12)

Xy = [Ixiz.azlz ... (20)

T
Ixnveafll2] -

An inner /; norm is applied on the rows of Xy, and an

outer /; norm is applied on the vector of /; row-norms X(IZ)
The inner /; norm couples the elements in a row. Although
it is appropriate to seek the solution with the minimum /o
pseudo-norm, it leads to an NP-hard combinatorial problem,
which is computationally intractable. Convex relaxation with
an /> ; mixed-norm is employed to obtain computationally
tractable problems [31], [34], [47], [48].

B. GRIDLESS SPARSE PROCESSING AND ATOMIC NORM
Gridless sparse methods for DOA [31], [32], [33] are lever-
aged with DF. They operate directly in the continuous angle

918

domain, thus, not needing to grid the look angles, cf. N po-
tential DOAs (16). This enables resolving the grid mismatch
problem [40], [41], [45], [46].

The sparse signal Xz*I,Af,« = [x’]*tl Af xl*ﬂz,Afi]T e CX for
the /th sample z;)Afl_ = [ZTU,Af,- .. ZX/ITI;Afi]T € CM (15) hav-

ing continuous 6 is expressed as

K2
MOEDBEINTICEL)
k=1

21

where x,:tlg Af; € C is the complex amplitude of the kth DOA
for the /th sample Z;z, Af, and §(6) is the Dirac delta function
with 8 € [—90, 90). The mth element of Z"A f for the /th sam-
ple is expressed as [45], [49], [50]

— 2 A fidy sin 6 fc
Zn A :fee i O

- zxkf, s L [580x] | (2

where the operator I(M o maps the continuous signal X; to the
data Zz, N CM 5o that z ]—'( f’)Xl For the gridded
method (16), Aap (17) maps the grldded sparse signal Xy,

to the data 77 T ie., Z, A= =ArrXag- .7-'< )" is linear in
amplitudes and nonhnear in DOAs: (for each o, B €R)

FPaXi6) + BXi0)] = aFyt X, (6) + BFLX6),

(23)
FO0X, by + BO2) # «F20X,(01) + BF2X,(607).
(24)
The data 77 i (I5) is expressed as 75, = =
[]:(Afﬁ)Xl ... }'ﬁff")XL], see Fig. 4(c).

In ANM [40], [41], [45], [46], Z,

a convex combination of atoms a(6y)¢,; with (sz e CL,
@iz ll2 = 1 and the DOAS 6 are continuous and thus gridless.
The atomic norm of the noise-free Z"A £ is defined as

ﬁ_(15) is considered as

|24 = int Zsk A= ZskaAf,wk)m .9

9k ¢kL k=1
cf. the gridded method has Z7 N = AppXay (16). Regard-
ing the support (nonzero rows) of Xy (16), ka,Af’_, k=
1,...,K?, the kth component has the relation, X]:L’ AR =
&Py - Thus, the atomic norm (25) can be viewed as a con-
tinuous counterpart of the [ ; mixed-norm (19) used in the

gridded setting, i.e., ||Z% Af la = IX% ||2 1.
The atomic norm (25) has the equlvalent SDP [41],

inf —Tr(Toep(uAf))—i- Tr(VL)

llA/ VL
|:Toep(uAfi) Z*Aﬁ:| - 0

«H
Zyy, Vi

z\,;H

(26)
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where Toep(uyy,) is a Toeplitz matrix related to the data co-
variance matrix, containing DOA information 6; within the
data 77, i and V; € CL*L is a free matrix variable.
Gridless sparse processing for noisy data Z 7, (4) is formu-
lated using the atomic norm (25) [51], [52],
min ©Zag — Z4 2 + T1Z s @7
zy, 2
where 7, i is a measurement parameter to be estimated. The
regularization parameter t can be tuned as in (18). Using the
equivalent SDP formulation (26), the SDP formulation of (27)
is given by [41], [S1], [52]

1 L oo T 1
min 5 1Zf, —ZAﬁ|IF+§ (MTr (Toep(uAﬂ))+Tr(VL)>

Afy
“A_fi>VL
Toep(upr) Z7%
St pr o) Ziagi | o, (28)
ZAf,- \Y3

The standard SDP solver CVX [53] is employed for (28).

C. DOA RECOVERY

DOAs are encoded in Toep(uay) (26). After solving (28)
and obtaining Toep(uyy;), we retrieve the DOAs using the
Vandermonde decomposition of the Toeplitz matrix,

K2
k=1
Al = [aag(01). .. an;(Ox2)]. (30)

Any positive semidefinite Toeplitz matrix Toep(uay) €
CM*M of rank K2 < M admits the atomic Vandermonde de-
composition (29). The decomposition is unique if K2<M
[31, Theorem 11.5]. The Vandermonde decomposition (29)
can be computed efficiently via root finding or by Prony’s
method [40], [48] or matrix pencil approaches [31], [54].

We employ the decomposition method [55, Sec. III.B] and
the steps are:

1) Eigendecompose Toep(uay) into signal- and noise-

subspace, i.e.,

Toep(uay) = UsAsUY + UyAyUY. (31
2) Compute the null spectrum, given by
Dag(z) = ak;, (2)UyURapy (2), (32)
7= e—jZnAf,-d sin@/c (33)
ap;(z) = [0z M (34)

Recall the steering (2) and DF steering vectors (5).

3) Find the roots of Daf(z) in complex z-plane by local-

izing the K2 lowest local minima of Dy 1{(z) on the unit
circle |z| = 1 [55, Eq. (43)],

K.

k
Z=argmin Drg(z), k=1,... (35)

lz1=1
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FIGURE 5. Null spectrum contour [dB] and evaluation on the unit circle
with one DF data. The environment is as in Fig. 1 at f* = 10Af and
U = 11Af.

Since Uy L apf(zx) and |zx| = 1, the DOA 6 encoded
in z; is associated with the K2 roots of Da £(z) on the
unit circle.

4) DOAs are obtained by

b = —sin™! —Cizk
2rAfid )’

5) Refine the amplitudes of the corresponding f; using
least squares and construct a K2-rank Toeplitz matrix
(29).

The null spectrum is plotted in Fig. 5. There are K true
and K? — K artifact DOAs, with changes in A f;, the true
DOAs remain stationary while the artifact DOAs vary [Sec-
tion VI-B].

(36)

V. MULTIPLE TIME AND FREQUENCY SAMPLES

Multiple measurement vector (MMV) processing deals with
multiple observations simultaneously. Simultaneous sparse
methods group MMVs into a matrix and recover sparse sig-
nals from MMVs. The condition for using MMV models is
that they share the common support (sparsity profile) [Fig. 4].
Simultaneous MMV treatment outperforms single measure-
ment vector (SMV) because it handles more data together.
For stationary DOAs (DOAs are constant but amplitudes
vary), sparse MMV models are ideal. In the following, we
introduce a multi-snapshot MMV model with one DF and pro-
pose two methods to handle DF MMVs: multi-snapshot-DF
[Section V-B] and multi-snapshot-DF-SA [Section V-C].
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FIGURE 6. DF DOA estimation (16) for noiseless data (4) (K = 2) with
multiple observations: L time samples, t;, ..., t;, and F DF samples,

fi, ..., fr. (a total LF samples) Note that, multiple time samples share a
common Ay, which multiple DF samples do not.
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FIGURE 7. Gridless sparse DF DOA estimation with MMVs:
(a) multi-snapshot model (37) [the ANM (43)], (b) multi-DF model (39), and
(c) multi-snapshot-DF model (40) [the ANM (42)].

A. SINGLE-DF MULTI-SNAPSHOT PROCESSING

Joint sparse DOA methods in Section IV are MMV models,
which handle multiple L time snapshots as MMVs and a
DF Af; as an SMV. As L MMVs zl Af l=1,...,L, share
the common K 2-sparsity profile, multi-snapshot processing is
available, see Fig. 7(a). Multi-snapshot DOA estimation for
a single DF A f; collects all snapshot data into one matrix,
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Zy ap € CMXL(5),

Zinp =205 2.05] 37

L snapshot samples Z:,,Af,» l=1,...,L, share common

dictionaries ap 7, (0 ) and a common K 2-sparsity profile.

F DF samples zt INE in contrast, have different dictionaries
foreachDFAf,,l— 1,. F,i.e.,aAﬁ(G);éaAfj(Q)(i;éj)
and share a common K- sparsity profile for the true DOAs but
not for the K2 — K artifact DOAs, see Fig. 7(b).

B. MULTI-SNAPSHOT-DF WITH UNIFORMLY-SPACED DFS
Consider the DF data z,; oz, i=1,...,F. If DFs are
uniformly-spaced, Af; = Af,i=1,..., F, the DF-steering
vector ap f;,(0) (5) is the same over F DF pairs, i.e.,

(33)

aAf(Q) = aAfl (9) =... = aAfF(G).

This provides thatz, Az,i =1, ..., F, share the same ax r(6)
(38). Then we can concatenate F DF observations at time
#; and achieve multi-DF processing, see Fig. 7(b). Multi-DF
DOA estimation for one snapshot #; collects all DF data into
one matrix, Zy, r € CMxF

(39)

ZII,F = [ZtlsAfl . Zt/,AfF] .

The L time samples are concatenated as each z, oy, shares
the same DF-steering vectors ap £ (6) (5) over L snapshots.
Compared to the multi-snapshot [Fig. 7(a)], the multi-DF
has artifact DOAs different across DFs Af;, i=1,...,F
[Fig. 7(b)].

Uniformly-spaced DFs A f enables multi-snapshot-DF pro-
cessing, which treats all LF time and frequency observations
jointly, see Fig. 7(c). The method is achieved by concatenating
LF data,Z r € CMXLF je.

Zir =2 Af - Ty Afy - Tty Afr -+ Zip, Afr ] 40)
C. MULTI-SNAPSHOT-DF-SA
We propose a method that handles L-time data jointly at each
DF (the multi-snapshot [Section V-A]), solves the SDP (28)
for F-DFs, and aggregates the sparse spectra across DFs using
averaging from which the DOAs are extracted. While the arti-
fact DOAs are inconsistent across DFs, the true DOAs remain
consistent, see Fig. 7(b). Therefore, we can extract the true
DOAs from consistent DOA estimates across DFs. An exam-
ple of using MUSIC with spectral averaging (SA) to handle
multiple DFs is in [3, Eq. (12)]. Unlike the multi-snapshot-DF
[Section V-B], the multi-snapshot-DF-SA is not restricted to
uniformly-spaced DFs.

As in Fig. 5, we calculate Da (zx) (34) in terms of ¢ in-
stead of z,i.e., Daf(2x) = Dap(Ok), k=1,..., K?, using the
relation (36). The multi-snapshot-DF-SA obtains DOAs from
averaging F spectra

0= rgmm — Z Das(0)
lz1=1
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F
ko1 H H
= argmin 7 i; 1 a,;, (0)U; U ans (0), 41)

lz|=1

where U; is the noise subspace Uy at DF Af; (31). Since the
noise in each DF Af; is assumed statistically independent,
averaging the spectra across DFs improves the DOA accuracy.
The null spectra are in Fig. 9.

Averaging of the null spectrum (41) reduces the impact of
noise, resulting in more reliable spectral minima at the true
DOAs. Additionally, averaging provides robust estimates of
the dominant DOAs across DFs for true DOAs and mitigates
artifact DOAs.

D. SDP FORMULATION
The implementation of the multi-snapshot-DF [Section V-B]
and multi-snapshot-DF-SA [Section V-C] is done using
Zyp € CM¥LE (40) and Z; pp € CM*E (37),i=1,...,F,
respectively.

We use the following steps for each method:

1) Multi-snapshot-DF [Section V-B] solves (28) with Z;,
(40),

. 1 7 7> 2
min || L.F — L,F”F
Zp. 2

upr, Vir

“(Lrm Te(V
+§<A_/I r (Toep(uag)) + Tr( LF))

Toepluar) Lip | g 42)
ZL,F VLF
DOAs are extracted using Toep(usr) (42) and
Section IV-C.
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2) Multi-snapshot-DF-SA [Section V-C] solves (28) with
Z; ap (37) foreachAfi,i=1,...,F,

in & Z Z |2
min ~||Zy ap, — Zy ap lIF
LAf
upf. Vi

(L (m Te(V
+5<A—4 r (Toep(uay,)) + Tr( L)>

T ) 7]
. [ oep(uaf,) L,Afi:| = 0. (43)

+H
ZL,Af,- Vi

DOAs are extracted using (41).

VI. RESULTS

We present several results for our DF DOA estimation. First,
we compare the beamforming spectra of the method to those
of DF-CBF and DF-MUSIC [21] under various conditions.
Next, we discuss results on multiple time and frequency sam-
ples and evaluate the DOA performance.

Various scenarios are considered, including single (L = 1)
and multiple (L = 25) snapshots with one DF (F = 1), co-
herent arrivals (multipath environment), in Figs. 8 and 9,
and with multiple DFs (F' = 3) using the multi-snapshot-DF
[Section V-B] and multi-snapshot-DF-SA [Section V-C] in
Figs. 10 and 11.

We consider a ULA with M = 20 elements with a spacing
d. The frequencies are measured using the spatial aliasing
frequency Af = (c¢/d)/2. The DF is uniform for all pairs of
frequencies, i.e., Afi = Af,i=1,...,F.
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FIGURE 10. (a) Multi-snapshot-DF-SA for DOA [Section V-C]. Top: Null
spectrum and Bottom: the resulting DOA spectrum. Three F = 3 null
spectra in Fig. 9(c) are averaged. (b) Multi-snapshot-DF for DOA

[Section V-B]. Top: Null spectrum and Bottom: the resulting DOA spectrum.
A total of LF = 75 samples [L = 25 and F = 3] are simultaneously
processed.

The DOA performance is evaluated based on the root-
mean-squared error (RMSE), which is computed,

1 K . 2
RMSE = \/IE[E >, (B —6) ]

A. DF DOA ESTIMATION FOR EACH SINGLE DF

Fig. 8(a) compares DF-CBF and sparse method in the case of
one snapshot and one DF. DF-CBF fails to estimate all DOAs
accurately due to its low resolution.

The multi-snapshot considers all snapshots simultaneously
and seeks support across snapshots to improve estimation
accuracy [Fig. 8(b)]. With multiple snapshot data, we can
use DF-MUSIC [21], which provides high-resolution esti-
mates for all DOAs. However, MUSIC cannot handle coherent
arrivals [Fig. 8(c)]. In contrast, the gridless sparse method
handles all scenarios.

(44)

B. NULL SPECTRA AND THE SPARSITY PROFILES IN MMVS
Fig. 9 shows the DOA recovery using null spectra D £(6)
(34), evaluated on the unit circle by locating the minimum
points [Section IV-C]. The spectra for one snapshot show
peaks at the true and artifact DOAs while sharing a common
sparsity profile [Fig. 9(a)]. The multi-snapshot [Fig. 9(b)]
exploits the shared support to achieve accurate estimates by
handling all snapshots simultaneously.

The null spectra for the multi-snapshot-single-DF (L = 25
and F = 1) exhibit peaks at the true DOAs and artifact DOAs,
see Fig. 9(c). Compared to Fig. 9(a), the polynomials across
£ share a common sparsity profile for the true DOAs but not
for the artifacts [Fig. 9(c)].

Dealing with multiple DFs is illustrated: the multi-
snapshot-DF [Section V-B] and multi-snapshot-DF-SA [Sec-
tion V-C]. The multi-snapshot-DF-SA solves (43) and re-
covers DOAs using (41) [Fig. 10(a)]. The multi-snapshot-
DF solves (42) and recovers DOAs as in Section IV-C
[Fig. 10(b)]. Both methods consider multiple DFs, enhancing
the true DOAs while mitigating the artifacts.
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FIGURE 11. Multi-snapshot-DF [Section V-B] and multi-snapshot-DF-SA
[Section V-C] with different single DF (a), (c) and multi-DF (b), (d): CBF
(dotted), multi-snapshot-DF-SA (orange), and multi-snapshot-DF (blue). In
(a)-(d), DOAs are at {—49, 45)° at SNR = 20 dB. RMSEs are (a) 0.03° (both),
(b) 0.01° (orange) and 0.02° (blue), (c) 0.18° (both), and (d) 0.03° (orange)
and 0.04° (blue). (e,f) As in (a), (b), (c), (d), DOAs are at {15, 45}°. RMSEs
are (e) 0.16° (both) and (f) 0.01° (orange) and 0.02° (blue).

C. MULTIPLE DF DATA

We compare the performance of two methods for multiple
DF data: the multi-snapshot-DF [Section V-B] and multi-
snapshot-DF-SA [Section V-C]. We consider two scenarios as
in Fig. 3. In the first example, all true and artifact DOAs are
well-separated. In the second example, they are nearby.

Fig. 11(a) has all true and artifact DOAs well-separated,
leading to accurate DOA performance, RMSE 0.03°. In con-
trast, in Fig. 11(c), the minimum separation between true
{—49, 45}° and artifact DOAs {—52.3,48.1}° is only 3.1°.
The sparse method can distinguish between them. However,
the RMSE 0.18° increases relative to Fig. 11(a).

Multiple DF data give accurate DOA performance when
all true DOAs and artifact DOAs are well-separated, see
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Fig. 11(b). Moreover, the multi-snapshot-DF-SA reduces
DOA error when true and artifact DOAs are close, see
Fig. 11(d). The averaging mitigates the error for fiL =
9.92Af, as the other fiL = 9.00A f and 9.48A f have the ar-
tifact at another location, resulting in improved performance,
RMSE 0.03°.

Similar to the scenario where true and artifact DOAs co-
incide based on DF pairs in Fig. 3(left), a similar situation
occurs based on DOA pairs, see Fig. 3(right). Figs. 11(e) and
(f) show a case having the true at {15, 45}° and artifact DOAs
at {13.0, 47.9}°, with a minimum separation of 2.0° between
the true and artifact. The performance is similar to that of
Figs. 11(c) and (d).

D. BIAS OF THE MULTI-SNAPSHOT-DF

Dealing with multiple DFs offers improved DOA accuracy
and mitigates errors when true and artifact DOAs are closely
located. However, the multi-snapshot-DF performs worse than
the multi-snapshot-DF-SA. For the multi-snapshot-DF, where
multiple DF data are handled simultaneously [Section V-B
and Figs. 7(b) and 7(c)], the artifact DOAs which vary
across DFs impact the true DOAs, giving larger RMSE (0.04°
[Fig. 11(d)] and 0.02° [Fig. 11(f)]) than the multi-snapshot-
DF-SA (0.03° [Fig. 11(d)] and 0.01° [Fig. 11(f)]). This
is because the nonlinear SDP used in the multi-snapshot-
DF is less effective than the SA for closely spaced DOAs.
Artifact DOAs show variations across DFs, reducing the
multi-snapshot-DF performance.

E. SNR PERFORMANCE

We compare the RMSE (250 trials) of the DOA estimates
produced by our approach to those obtained using existing
methods including DF-CBF and DF-SBL [a DF version of
sparse Bayesian learning (SBL) [56], [57], [58], [59], [60],
[61], [62]] and the Cramér-Rao bound (CRB) [63, Eq. (110)]
(considering DF data as MMVs). The gridded methods use a
grid [—90 : 0.005 : 90]°. We consider L = 18 snapshots. The
lower frequencies of the DFs are F' = 25 uniformly spaced
in f& € [SAf,7.5Af], and the paired upper frequencies are

fU=r-+Ar.
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Fig. 12 presents three DOA scenarios: (a) one, (b) two, and
(c) three DOAs. The sources have equal magnitude but each
has random phases on [0, 277) at SNRs [—15 : 3 : 30] dB.

For one DOA [Fig. 12(a)], all methods exhibit good results.
The DF is beneficial in one DOA because it avoids artifact
DOAs caused by cross-terms generated by multiple DOAs due
to the product in the DF application.

For two DOAs [Fig. 12(b)], DF-CBF has bias from the in-
teraction between the two main lobes near the corresponding
DOAs (RMSE 0.1° at high SNR). In contrast, both multi-
snapshot-DF-SA and multi-snapshot-DF perform better.

The multi-snapshot-DF-SA with gridless sparse processing
shows a similar curve to that with SBL (also for the multi-
snapshot-DF), as seen in Fig. 12(b) and (c). The estimates can
be biased when DOAs are closely located in DF data, but well-
spread-out DOAs give accurate estimates. With the DF-SA,
since each DF is processed independently, averaging reduces
the impact of the biased results.

The multi-snapshot-DF method, on the other hand, con-
siders all DFs together. DFs with closely located DOAs and
the other DFs with well-spread-out DOAs are processed si-
multaneously, leading to an overall bias in the results. It
was shown [3], [21], [64], [65] that in multi-frequency DOA
estimation, the multi-frequency (coherent) method performs
worse than the averaging (incoherent) method in high SNRs
due to this bias.

At high SNRs, the multi-snapshot-DF-SA, which estimates
the DOA spectrum for each DF, outperforms the multi-
snapshot-DF, see Fig. 12(c) for SNR > 15 dB.

The advantage of the DF is its ability to process more
DF data simultaneously. In low SNRs, where accurately es-
timating DOA for individual DFs is challenging, the DF
outperforms the DF-SA despite the inherent bias, owing to
the larger data being considered, see Fig. 12(c) for SNR —6 to
15 dB.

F. COMPLEXITY

The CPU times on an M2 MacBook Pro are shown in
Fig. 13(a) vs. number of DFs F for L = 10 and in Fig. 13(b)
vs. number of snapshots L for F = 10. The CPU time is
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FIGURE 13. (a) CPU times vs. number of snapshots L for F = 10 and (b)
CPU times vs. number of DFs F for L = 10. 2 DOAs are at [-49, 45]°.

mainly determined by solving the SDP. The multi-snapshot-
DF-SA solves an SDP separately for each DF. The semidefi-
nite constraint dimension is (M + L) x (M + L) (43), and this
SDP is solved F times. The multi-snapshot-DF considers all
LF data, solving an SDP once with a semidefinite constraint
dimension of (M + LF) x (M + LF) (42). These SDP-based
methods are slower than the SBL.

The DF-SA’s CPU time increases linearly with F since it
solves the SDP F times, see Fig. 13(a). The DF’s CPU time in-
creases more rapidly with increasing F' due to the larger SDP
constraint dimension LF . For F > 6, DF becomes slower than
DF-SA. Fig. 13(b) presents the CPU time as L varies with
F =10. For L < 6, the DF-SA, which repeats solving the
SDP F = 10 times, is slower than the DF. As L increases, the
semidefinite constraint dimension in DF grows with LF. This
gives slower CPU time for DF than DF-SA for L > 6.

VII. CONCLUSION

We derived an aliasing-free DOA estimator for high-
frequency sources. It utilizes multiple frequency components
of the source, particularly their frequency differences, to pro-
cess signals at frequencies lower than the aliasing frequency,
thus resolving spatial aliasing. However, this difference
frequency (DF) application introduces unwanted (artifact)
DOAs, necessitating a high-resolution DOA estimator for fil-
tering.

To address this, we employed gridless sparse DOA process-
ing. A gridless sparse method injects sparsity to obtain a sharp
beamforming spectrum, enhancing resolution and estimating
DOAs in the continuous angle domain to overcome grid mis-
match. From the application perspective of this technique, we
provided formulations for various scenarios when multiple
data are measured in time and frequency: multi-snapshot-DF-
SA and multi-snapshot-DF methods.

The performance indicates that the multi-snapshot-DF,
which requires uniformly-spaced DFs and treats all time and
frequency measurement data together, works best at low SNR,
while the multi-snapshot-DF-SA, where each DF is handled
individually and the null spectra are averaged across DFs for
handling arbitrarily-spaced DFs, performs best at high SNR.

924

REFERENCES

(1]
(2]

[3]

(4]

(31

(6]

(71

[8

[

[9

—

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

W. Liu and S. Weiss, Wideband Beamforming: Concepts and Tech-
niques. Hoboken, NJ, USA: Wiley, 2010.

P. Gerstoft, W. S. Hodgkiss, W. A. Kuperman, H. C. Song, M.
Siderius, and P. L. Nielsen, “Adaptive beamforming of a towed ar-
ray during a turn,” [EEE J. Ocean. Eng., vol. 28, no. 1, pp. 44-54,
Jan. 2003.

Y.-S. Yoon, L. M. Kaplan, and J. H. McClellan, “TOPS: New DOA
estimator for wideband signals,” IEEE Trans. Signal Process., vol. 54,
no. 6, pp. 1977-1989, Jun. 2006.

A. K. Shaw, “Improved wideband DOA estimation using modified
TOPS (mTOPS) algorithm,” IEEE Signal Process. Lett., vol. 23, no. 12,
pp- 1697-1701, Dec. 2016.

E. D. D. Claudio, R. Parisi, and G. Jacovitti, “Space time MU-
SIC: Consistent signal subspace estimation for wideband sensor ar-
rays,” IEEE Trans. Signal Process., vol. 66, no. 10, pp. 2685-2699,
May 2018.

E. BouDabher, Y. Jia, F. Ahmad, and M. G. Amin, “Multi-frequency
co-prime arrays for high-resolution direction-of-arrival estimation,”
IEEE Trans. Signal Process., vol. 63, no. 14, pp.3797-3808,
Jul. 2015.

Q. Shen, W. Liu, W. Cui, S. Wu, Y. D. Zhang, and M. G. Amin,
“Focused compressive sensing for underdetermined wideband DOA
estimation exploiting high-order difference coarrays,” IEEE Signal Pro-
cess. Lett., vol. 24, no. 1, pp. 86-90, Jan. 2017.

S. Qin, Y. D. Zhang, M. G. Amin, and B. Himed, “DOA estimation
exploiting a uniform linear array with multiple co-prime frequencies,”
Signal Process., vol. 130, pp. 37-46, Jan. 2017.

F. Wang, Z. Tian, G. Leus, and J. Fang, “Direction of arrival estimation
of wideband sources using sparse linear arrays,” IEEE Trans. Signal
Process., vol. 69, pp. 4444-4457, 2021.

S. Zhang, A. Ahmed, Y. D. Zhang, and S. Sun, “Enhanced DOA es-
timation exploiting multi-frequency sparse array,” IEEE Trans. Signal
Process., vol. 69, pp. 5935-5946, 2021.

C. L. Nikias and J. M. Mendel, “Signal processing with higher-
order spectra,” IEEE Signal Process. Mag., vol. 10, no. 3, pp. 10-37,
Jul. 1993.

Q. Shen, W. Liu, W. Cui, and S. Wu, “Extension of co-prime arrays
based on the fourth-order difference co-array concept,” IEEE Signal
Process. Lett., vol. 23, no. 5, pp. 615-619, May 2016.

A. Ahmed, Y. D. Zhang, and B. Himed, “Effective nested array design
for fourth-order cumulant-based DOA estimation,” in Proc. IEEE Radar
Conf., 2017, pp. 998-1002.

Q. Shen, W. Liu, W. Cui, S. Wu, and P. Pal, “Simplified and enhanced
multiple level nested arrays exploiting high-order difference co-arrays,”
IEEE Trans. Signal Process., vol. 67, no. 13, pp. 3502-3515, Jul. 2019.
S. Ren, W. Dong, X. Li, W. Wang, and X. Li, “Extended nested arrays
for consecutive virtual aperture enhancement,” /EEE Signal Process.
Lett., vol. 27, pp. 575-579, 2020.

A. B. Gershman and H. Messer, “Robust mixed-order root-MUSIC,”
Circuits Syst. Signal Process., vol. 19, no. 5, pp. 451-466, Oct. 2000.
Z. Yang, Q. Shen, W. Liu, Y. C. Eldar, and W. Cui, “High-order cumu-
lants based sparse array design via fractal geometries—Part I: Structures
and DOFs,” IEEE Trans. Signal Process., vol. 71, pp. 327-342, 2023.
S. Lu et al., “Integrated sensing and communications: Recent advances
and ten open challenges,” IEEE Internet Things J., vol. 11, no. 11,
pp. 19094-20120, Jun. 2024.

K. Sarabandi, “Ak-radar equivalent of interferometric SAR’s: A the-
oretical study for determination of vegetation height,” IEEE Trans.
Geosci. Remote Sens., vol. 35, no. 5, pp. 1267-1276, Sep. 1997.

S. H. Abadi, H. C. Song, and D. R. Dowling, “Broadband sparse-
array blind deconvolution using frequency-difference beamforming,” J.
Acoust. Soc. Amer., vol. 132, no. 5, pp. 3018-3029, Nov. 2012.

Y. Park, P. Gerstoft, and J.-H. Lee, “Difference-frequency MUSIC for
DOAs,” IEEE Signal Process. Lett., vol. 29, pp. 2612-2616, 2022.
J.-H. Lee, Y. Park, and P. Gerstoft, “Compressive frequency-difference
direction-of-arrival estimation,” J. Acoust. Soc. Amer., vol. 154, no. 1,
pp. 141-151, Jul. 2023.

A. S. Douglass, H. C. Song, and D. R. Dowling, “Performance com-
parisons of frequency-difference and conventional beamforming,” J.
Acoust. Soc. Amer., vol. 142, no. 3, pp. 1663—-1673, Sep. 2017.

L. Xie, C. Sun, and J. Tian, “Deconvolved frequency-difference beam-
forming for a linear array,” J. Acoust. Soc. Amer., vol. 148, no. 6,
pp- EL440-EL446, Dec. 2020.

VOLUME 5, 2024



ISEEE i 2y IEEE Open Journal of
dcessing  Signal Processing

Processing
i

[25]

[26]

[27]

[28]

[29]

(30]

(31]

[32]

[33]

[34]

[35]

[36]

[37]

(38]

(391

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

L. Yang, Y. Wang, and Y. Yang, “Aliasing-free broadband direction of
arrival estimation using a frequency-difference technique,” J. Acoust.
Soc. Amer., vol. 150, no. 6, pp. 4256-4267, Dec. 2021.

X. Wang, H. Sun, L. Zhang, C. Dong, and L. Guo, “Unambiguous
broadband direction of arrival estimation based on improved extended
frequency-difference method,” J. Acoust. Soc. Amer., vol. 152, no. 6,
pp. 3281-3293, Dec. 2022.

D. Kim, G. Byun, and J. Kim, “Direction-of-arrival estimation based
on frequency difference—wavenumber analysis for sparse vertical array
configuration,” Sensors, vol. 23, no. 1, Dec. 2023, Art. no. 337.

B. M. Worthmann, H. C. Song, and D. R. Dowling, “High frequency
source localization in a shallow ocean sound channel using frequency
difference matched field processing,” J. Acoust. Soc. Amer., vol. 138,
no. 6, pp. 3549-3562, Dec. 2015.

D. J. Geroski and D. R. Dowling, “Long-range frequency-difference
source localization in the Philippine Sea,” J. Acoust. Soc. Amer.,
vol. 146, no. 6, pp. 4727-4739, Dec. 2021.

Z. Yuan, H. Niu, Z. Li, and W. Luo, “Difference frequency coherent
matched autoproduct processing for source localization in deep ocean,”
J. Acoust. Soc. Amer., vol. 153, no. 4, pp. 2131-2147, Apr. 2023.

Z. Yang, J. Li, P. Stoica, and L. Xie, “Sparse methods for direction-of-
arrival estimation,” in Academic Press Library in Signal Processing:
Array, Radar and Communications Engineering, vol. 7. Cambridge,
MA, USA: Academic Press, 2018, ch. 11, pp. 509-581.

A. Xenaki and P. Gerstoft, “Grid-free compressive beamforming,” J.
Acoust. Soc. Amer., vol. 137, no. 4, pp. 1923-1935, Apr. 2015.

Y. Park, Y. Choo, and W. Seong, “Multiple snapshot grid free
compressive beamforming,” J. Acoust. Soc. Amer., vol. 143, no. 6,
pp. 3849-3859, Jun. 2018.

D. Malioutov, M. Cetin, and A. S. Willsky, “A sparse signal reconstruc-
tion perspective for source localization with sensor arrays,” IEEE Trans.
Signal Process., vol. 53, no. 8, pp. 3010-3022, Aug. 2005.

Z.-M. Liu, Z.-T. Huang, and Y.-Y. Zhou, “Direction-of-arrival esti-
mation of wideband signals via covariance matrix sparse represen-
tation,” IEEE Trans. Signal Process., vol. 59, no. 9, pp. 4256-4270,
Sep. 2011.

Z. Tang, G. Blacquiere, and G. Leus, “Aliasing-free wideband beam-
forming using sparse signal representation,” /EEE Trans. Signal Pro-
cess., vol. 59, no. 7, pp. 3464-3469, Jul. 2011.

Z.-Q. He, Z.-P. Shi, L. Huang, and H. C. So, “Underdetermined DOA
estimation for wideband signals using robust sparse covariance fitting,”
IEEE Signal Process. Lett., vol. 22, no. 4, pp. 435-439, Apr. 2014.

S. Nannuru, K. L. Gemba, P. Gerstoft, W. S. Hodgkiss, and C. F.
Mecklenbriuker, “Sparse Bayesian learning with multiple dictionaries,”
Signal Process., vol. 159, pp. 159-170, Feb. 2019.

Y. Wu, M. B. Wakin, and P. Gerstoft, “Gridless DOA estimation under
the multi-frequency model,” in Proc. IEEE Int. Conf. Acoust., Speech
Signal Process., 2022, pp. 5982-5986.

Y. Chi and M. F. D. Costa, “Harnessing sparsity over the continuum:
Atomic norm minimization for superresolution,” IEEE Signal Process.
Mag., vol. 37, no. 2, pp. 39-57, Mar. 2020.

G. Tang, B. N. Bhaskar, P. Shah, and B. Recht, “Compressed sensing
off the grid,” IEEE Trans. Inf. Theory, vol. 59, no. 11, pp. 7465-7490,
Nov. 2013.

Y. Chi, L. L. Scharf, A. Pezeshki, and A. R. Calderbank, “Sensitivity to
basis mismatch in compressed sensing,” IEEE Trans. Signal Process.,
vol. 59, no. 5, pp. 2182-2195, May 2011.

P. Pal and P. P. Vaidyanathan, “A grid-less approach to underdetermined
direction of arrival estimation via low rank matrix denoising,” IEEE
Signal Process. Lett., vol. 21, no. 6, pp. 737-741, Jun. 2014.

Z. Yang, L. Xie, and C. Zhang, “Space time MUSIC: Consistent signal
subspace estimation for wideband sensor arrays,” IEEE Trans. Signal
Process., vol. 61, no. 1, pp. 38-43, Jan. 2013.

E. J. Candés and C. Fernandez-Granda, “Towards a mathematical the-
ory of super-resolution,” Commun. Pure Appl. Math., vol. 67, no. 6,
pp. 906-956, Apr. 2014.

Z. Yang and L. Xie, “On gridless sparse methods for line spectral
estimation from complete and incomplete data,” IEEE Trans. Signal
Process., vol. 63, no. 12, pp. 3139-3153, Jun. 2015.

P. Gerstoft, A. Xenaki, and C. F. Mecklenbriuker, “Multiple and single
snapshot compressive beamforming,” J. Acoust. Soc. Am., vol. 138,
no. 4, pp. 2003-2014, Oct. 2015.

C. Steffens, M. Pesavento, and M. E. Pfetsch, “A compact formulation
for the ¢5,1 mixed-norm minimization problem,” IEEE Trans. Signal
Process., vol. 66, no. 6, pp. 1483-1497, Mar. 2018.

VOLUME 5, 2024

[49]
[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

E. J. Candes and C. Fernandez-Granda, “Super-resolution from noisy
data,” J. Fourier Anal. Appl., vol. 19, pp. 1229-1254, Aug. 2013.

C. Fernandez-Granda, “Super-resolution of point sources via convex
programming,” Inf. Inference, vol. 5, no. 3, pp. 251-303, Apr. 2016.

B. N. Bhaskar, G. Tang, and B. Recht, “Atomic norm denoising with
applications to line spectral estimation,” IEEE Trans. Signal Process.,
vol. 61, no. 23, pp. 5987-5999, Dec. 2013.

Y. Chi and Y. Li, “Off-the-grid line spectrum denoising and estima-
tion with multiple measurement vectors,” IEEE Trans. Signal Process.,
vol. 64, no. 5, pp. 1257-1269, Mar. 2016.

M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex
programming, version 2.1,” 2014. [Online]. Available: https://cvxr.com/
cvX

H. Groll, P. Gerstoft, M. Hofer, J. Blumenstein, T. Zemen, and C. F.
Mecklenbriuker, “Scatterer identification by atomic norm minimization
in vehicular mm-wave propagation channels,” IEEE Access, vol. 10,
pp. 102334-102354, 2022.

M. Wagner, Y. Park, and P. Gerstoft, “Gridless DOA estimation and
root-MUSIC for non-uniform linear arrays,” IEEE Trans. Signal Pro-
cess., vol. 69, pp. 2144-2157, 2021.

M. E. Tipping, “Sparse Bayesian learning and the relevance vector
machine,” J. Mach. Learn. Res., vol. 1, pp. 211-244, Jun. 2001.

D. P. Wipf and B. D. Rao, “Sparse Bayesian learning for basis se-
lection,” IEEE Trans. Signal Process., vol. 52, no. 8, pp. 2153-2164,
Aug. 2004.

Z. Yang, L. Xie, and C. Zhang, “Off-grid direction of arrival estimation
using sparse Bayesian inference,” IEEE Trans. Signal Process., vol. 61,
no. 1, pp. 38-43, Jan. 2012.

P. Gerstoft, C. F. Mecklenbriuker, A. Xenaki, and S. Nannuru, “Mul-
tisnapshot sparse Bayesian learning for DOA,” IEEE Signal Process.
Lett., vol. 23, no. 10, pp. 1469-1473, Oct. 2016.

P. Chen, Z. Cao, Z. Chen, and X. Wang, “Off-grid DOA estimation
using sparse Bayesian learning in MIMO radar with unknown mutual
coupling,” IEEE Trans. Signal Process., vol. 67, no. 1, pp. 208-220,
Jan. 2019.

J. Dai and H. C. So, “Sparse Bayesian learning approach for outlier-
resistant direction-of-arrival estimation,” IEEE Trans. Signal Process.,
vol. 66, no. 3, pp. 744-756, Feb. 2018.

R. R. Pote and B. D. Rao, “Maximum likelihood-based gridless DOA
estimation using structured covariance matrix recovery and SBL with
grid refinement,” IEEE Trans. Signal Process., vol. 71, pp. 802-815,
2023.

H. L. V. Trees, Optimum Array Processing (Detection, Estimation, and
Modulation Theory, Part IV). New York, NY, USA: Wiley, 2002.

H. Wang and M. Kaveh, “Coherent signal-subspace processing for the
detection and estimation of angles of arrival of multiple wide-band
sources,” [EEE Trans. Acoust., Speech, Signal Process., vol. ASSP-33,
no. 4, pp. 823-831, Aug. 1985.

D. N. Swingler and J. Krolik, “Source location bias in the coherently
focused high-resolution broad-band beamformer,” IEEE Trans. Acoust.,
Speech, Signal Process., vol. 37, no. 1, pp. 143—145, Jan. 1989.

YONGSUNG PARK (Member, IEEE) received
the Ph.D. degree from Seoul National University
(SNU), Seoul, South Korea, in 2019. Since 2019,
he has been with the Marine Physical Laboratory,
Scripps Institution of Oceanography, University of
California San Diego, La Jolla, CA, USA. His cur-
rent research interests include underwater acous-
tics, ocean engineering, array signal processing,
sparse signal recovery, statistical signal processing,
Bayesian inference, and machine learning.

PETER GERSTOFT (Fellow, IEEE) received the
Ph.D. degree from the Technical University of
Denmark, Lyngby, Denmark, in 1986. Since 1997,
he has been with the University of California, San
Diego. His current research interests include signal
processing and machine learning applied to acous-
tic, seismic, and electromagnetic signals. For more
information, see http://noiselab.ucsd.edu.

925


https://cvxr.com/cvx
https://cvxr.com/cvx
http://noiselab.ucsd.edu


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


