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ABSTRACT Mobile manipulators find versatile applications across various fields, leveraging the combi-
nation of autonomous functionalities and bilateral teleoperation schemes to enhance the effectiveness of
these robotic mechanisms. Regarding teleoperation, command generation involves a leader robot with a
few degrees of freedom in a bounded workspace, accompanied by a redundant follower robot operating
in an unbounded workspace. This article introduces the concept of Cartesian/articular control for delayed
bilateral teleoperation of a mobile manipulator, where the follower robot aims to execute the rate/nonlinear-
position commands issued by a human handling the leader robot through a proposed hybrid mapping. We
implement a P+d controller applied in Cartesian space for the leader while a controller based on inverse
kinematics in joint space is employed for the follower, taking advantage of its redundancy. We then propose
a Lyapunov–Krasovskii candidate function to analyze theoretically and numerically the time derivative of the
functional on the system trajectories. As a result, we derive the conditions that the proposed hybrid mapping
and controller parameters must satisfy to ensure bounded errors. Finally, we statistically evaluated objective
metrics from multiple pick-and-place task executions considering time delays to quantify the performance
achieved.

INDEX TERMS Bilateral teleoperation, Lyapunov–Krasovskii, mobile manipulator, rate-position mapping.

NOMENCLATURE
Scalars:
m, n Leader and follower DoF.
αm, αs Damping gain constants for controllers.
km, kp Proportional gain constants for con-

trollers.
k1, k2, k3, k4, η, γ Lyapunov–Krasovskii function con-

stants.
ka, kb, kg Gain constants for rate/NL-position ref-

erences.
tc, tc+1 Initial and final transition time between

modes.
h1, h2 Forward and backward delays.
c Number of transition between modes.

V Lyapunov–Krasovskii function candi-
date.

�r p Transition period when changing modes.
χ Coriolis matrix bound.
Eh, Ee Human and environment energies.

Functions:
ε(t ), β(t ) Functions to transition between rate and

NL-position modes.
ε̇(t ), β̇(t ), ξ Derivative of the functions to transition

between modes and its upper bound.

Vectors:
xm, ẋm, ẍm ∈ Rm Position, velocity, and acceleration of the

leader robot in the Cartesian space.
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xs, ẋs, ẍs ∈ Rm Position, velocity, and acceleration of the
follower robot in the Cartesian space.

qs, q̇s, q̈s ∈ Rn Position, velocity, and acceleration of the
follower robot in the articular space.

gm ∈ Rm, gs ∈ Rn Gravity vector for the leader and fol-
lower robot.

fm, fh, fe ∈ Rm Leader, human, and environment Carte-
sian forces.

τs, τe ∈ Rn Follower and environment articular
torques.

fp(.) ∈ Rm Nonlinear-position mapping function.
ref, rėf ∈ Rm Function linking rate and nonlinear-

mapping modes and its derivative.
e, ė ∈ Rm Coordination error and its derivative.
γ ∈ Rm Transition between modes effect.
ϒ1,ϒ2 ∈ Rm Nonlinear and linear perturbations.

Matrices:
Mm, Cm ∈ Rm×m Leader’s inertia and centripetal and Cori-

olis forces.
Ms, Cs ∈ Rn×n Follower’s inertia and centripetal and

Coriolis forces.
J, JD ∈ Rn×n Follower raw and damped Jacobian.
W ∈ Rn×n Weighting matrix.
∇fp ∈ Rm×m Nonlinear-mapping function’s gradient.
P ∈ Rm×m Gain matrix.

I. INTRODUCTION
Teleoperation systems enable the extension of human ma-
nipulation and navigation capabilities across different scales,
facilitating interaction with remote or hazardous environ-
ments [1], [2]. An increasingly utilized type of robot is the
mobile manipulator, a mechanism that combines the mo-
bility of a mobile robot with the manipulation capabilities
of a robotic arm [3]. These systems are versatile and find
applications across various industries [4]. Mobile manipula-
tors are employed in diverse fields such as manufacturing,
logistics, warehousing, agriculture, construction, healthcare
assistance, inspection and maintenance, and the delivery of
goods and services, among others [5]. Depending on the task
and the location of the working environment, mobile manip-
ulators follow commands generated through the processing
of sensor information and set objectives (automatic control),
references sent from a remote station (teleoperated control),
or a combination of both. In bilateral teleoperated control,
several considerations must be taken into account when de-
signing the control scheme. These include the control mode
of the follower robot with a mobile part and the robotic arm,
workspaces of the robots considering the disparity between
mechanisms, time delays produced by the communication
channel, haptic feedback, and other relevant factors.

The strategies employed in teleoperating mobile manipu-
lators, as identified in the current state of the art, can be
summarized as follows: a) managing the robotic arm in posi-
tion control and the mobile platform in rate mode separately,
using either two devices or a single device that switches to

operate each part; or b) sending velocity references to the
operating end, as demonstrated in [6]. In this article, we adopt
an approach akin to b), treating the follower robot as a unified
mechanism. This allows us to capitalize on the redundancy
inherent in mobile manipulators. To achieve this unified con-
trol, we consider the inherent disparity between the local and
remote robots. The local robot, serving as the manipulator,
is constrained by a limited workspace, typically associated
with the reach of a human operator’s arm. In contrast, the
remote robot represents a highly redundant mechanism with
a practically infinite workspace, limited only by the height the
manipulator can reach.

From the literature, two common approaches are proposed
for teleoperating robots with different workspaces: 1) posi-
tion and 2) rate mapping. The conventional solution involves
scaling the leader haptic device’s workspace to match the task
space, enabling the human operator to interact with remote
environments at scale. However, position-mode control faces
a resolution challenge when accurately placing the follower in
the presence of a substantial disparity in workspace between
leader and follower [7]. While linear mappings are frequently
used in position mode, this option represents a specific case
within the broader category of potential nonlinear mappings,
including those leveraging artificial intelligence techniques.
An alternative approach is to utilize rate (velocity) mode,
where the follower’s velocity corresponds to the leader’s dis-
placement. Rate mode control has demonstrated its suitability
for the follower’s operation in free motion, allowing it to
cover large workspaces. Nevertheless, operating a robot in
rate mode presents significant stability limitations and trans-
parency issues when in contact with the environment [8]. In
addressing this concern, a proposed solution incorporates both
scaled-position and rate in its internal structure, aiming to
exploit the advantages of both methods, where the transition
between modes is a crucial consideration in the design pro-
cess [9], [10].

Transition, in this context, refers to the activation of modes,
whether through switching or continuous adjustment. Given
that the command mapping involves both position and rate,
the transition between these modes significantly impacts the
overall stability of the system. In addressing this aspect, vari-
ous proposals lean toward discrete switching between modes
due to its ease of implementation. This can be achieved
through external events, such as button presses, or internal
events, like defining zones within the leader’s workspace [11],
[12]. On the other hand, continuous transitions between
modes can be facilitated by using derivable functions such as
sigmoids, as demonstrated in [8].

Furthermore, time delays between the remote robot and the
haptic device can produce a low performance of the bilateral
teleoperation system. Consequently, the stability of the coor-
dination error and velocities must be analyzed by introducing
some control scheme, placed on both haptic device and remote
robot, to mitigate such effects [13]. Although to date it is not
standardized which is the optimal control scheme for bilat-
eral teleoperation systems with time delays, there are many
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TABLE 1. Related Works in Literature

alternatives that can be applied to manipulator and mobile
robots such as wave variables [14], artificial-intelligence-
based techniques [15], passivity-based control [16], P+d
techniques [17], among others. In general, most techniques
are calibrated depending on the time delay, for example, in the
P+d strategy the damping level directly depends on the time
delay magnitude. Moreover, the operator can receive either
force feedback to alert a mode change, damping from the
leader, or the force exerted by the follower when working in
the environment [11], [18], [19]. Table 1 shows a summary
of the state of the art, focusing mainly on manipulator robots
and the gradual switch between modes of rate mapping and
position linear mapping, without neglecting inherent param-
eters of teleoperation, such as time delays, bilateral system
stability, and force feedback.

As shown in Table 1, the literature includes strategies for
teleoperating a mobile manipulator, typically treating the fol-
lower robot as a system divided into its mobile base and
the manipulator. Continuous switching between rate and po-
sition modes primarily depends on the position of the local
robot’s end-effector (E.E.) [21], [24]. However, we identified
a weakness in the stability analysis of these teleoperation
systems, which is necessary to understand the behavior of
velocities and errors over time, especially when the commu-
nication channel may introduce time delays that can lead to
discrepancies between local commands and remote system
responses. To the best of our knowledge, the existing literature
does not include a proposal for achieving a stable delayed
bilateral teleoperation scheme for mobile manipulators, with

rate/position transitions dependent on an additional degree of
freedom rather than solely on the leader robot’s position. Next,
we state the main contributions of this article.

1) Formulation of a delayed bilateral teleoperation system,
employing Cartesian control for the local robot and ar-
ticular control for the redundant follower robot.

2) Proposal of a hybrid mapping function, integrating two
commonly used teleoperation modes: 1) rate and 2)
nonlinear position, with transitions mediated by an addi-
tional degree of freedom, creating a continuous and dif-
ferentiable mapping that allows generating references
using a bounded leader workspace to an unbounded
follower workspace.

3) Stability analysis of the delayed bilateral teleoper-
ated system, combining a study based on Lyapunov–
Krasovskii theory with a numerical evaluation method.

4) Analysis of the required conditions for the rate/position
mapping, the transition function between modes, and
the parameters of the control scheme to ensure the
boundedness of velocities and coordination error.

5) Testing of the proposed scheme, conducting a statistical
evaluation of quantitative metrics, with human-in-the-
loop experiments using a haptic device, communication
equipment between the local and remote sites, and a
dedicated computer running ROS2 and the Gazebo sim-
ulator. The results obtained are compared objectively
with another strategy from the state of the art.

To validate the results obtained, human-in-the-loop exper-
iments are conducted using a haptic device, communication
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equipment between the local and remote sites, and a ded-
icated computer running ROS2 and the Gazebo simulator.
The reported results for coordination error and velocities are
computed considering tests with and without time delays,
ultimately presenting objectively measured metrics and com-
paring them with a proposal from the literature.

The rest of the article is organized as follows: Section
II introduces the models and assumptions and defines the
control objective. Moreover, a comprehensive mapping is
established, integrating rate and NL-position modes. Subse-
quently, Section III delves into stability analysis, providing
detailed conditions alongside illustrative surface plots. Sec-
tion IV outlines the experimental setup and showcases the
results of human-in-the-loop simulations conducted. Finally,
Section V concludes this article.

II. PRELIMINARY AND PROBLEM STATEMENT
A. NOTATION
If k is a scalar, x is a vector with its transpose xT. M is a matrix
with its transpose MT and its Moore–Penrose pseudoinverse
M†, kx is a vector x scaled by k, |x| and ‖x‖ represents
the absolute value and the Euclidean norm of x, respectively,
and ‖M‖ stands for the infinity norm of matrix M. ẋ and ẍ
represent the first and second derivatives of x respect to time.
diag(x) generates a gain matrix X from the x vector.

B. PROPERTIES, ASSUMPTIONS, AND LEMMAS
Property 1: The inertia matrices Mm(xm) and Ms(xs) are
symmetric positive definite, and it is known that

λmmin I ≤ Mm ≤ λmmax I

λsmin I ≤ Ms ≤ λsmax I.

Property 2: The matrices Ṁs(xs) − 2Cs(ẋs, xs), and
Ṁm(xm) − 2Cm(ẋm, xm) are skew-symmetric, i.e.,

Ṁm(xm) = Cm(ẋm, xm) + CT
m(ẋm, xm)

Ṁs(xs) = Cs(ẋs, xs) + CT
s (ẋs, xs).

Property 3: Defining a constant χ so that χ = ‖P‖, where
each element (i, j)th of the matrix P is calculated from
the uniform upper bound c̄k ji of the Christoffel symbols
ck ji(|ci jk (q)| ≤ c̄k ji )

pi j =
√√√√ s∑

k=1

(c̄k ji )2

a uniform bounded of the Coriolis matrix can be pro-
posed [25], i.e.,

‖C(ẋ, x)‖ ≤ χ‖ẋ‖ ∀x ∈ Rs.

Assumption 1: The human operator and the environment
can be represented as follows [26]:

Eh = φh −
∫ t

0
fh(ε)Tẋm(ε)dε � 0 (1)

Ee = φe −
∫ t

0
fe(ε)Tẋs(ε)dε � 0. (2)

Moreover, we supposed that fh∈ L∞.
Assumption 2: The communication channel is represented

by a forward h1(t ) and a backward h2(t ) time-varying delays.
These time delays are considered bounded, i.e., 0 ≤ h1(t ) ≤
h̄1 and 0 ≤ h2(t ) ≤ h̄2 for all t . For this article, it is considered
that the channel can store energy given the delays, but there is
no loss of information.

Lemma 1: For real vector functions a(.) and b(.) and a
time-varying scalar h(t ) with 0 ≤ h(t ) ≤ h̄, the following in-
equality holds:

−2aT(t )
∫ t

t−h(t )
b(ρ)d (ρ) −

∫ t

t−h(t )
bT(ρ)b(ρ)d (ρ)

≤ h(t )aT(t )a(t ) ≤ h̄aT(t )a(t ).

C. TELEOPERATION SCHEME AND MATHEMATICAL
MODELING
Fig. 1 illustrates the complete bilateral teleoperation scheme,
denoting both sites and the communication channel. To the
left, the local site displays the interaction between the hu-
man operator and the haptic device, where the mapping of
rate/NL-position commands is generated. To the right, the
follower robot interacting with its working environment is
shown, where the modified-Jacobian-based controller is ap-
plied. The communication channel allows for the transmission
of both the mapping information (generated by the local site)
and the position of the remote robot’s E.E., both delayed by
the influence of the technology used. The exchange of this
information is used to calculate the Proportional+damping
controllers for each robot. In this way, this section presents the
design of references for rate and position modes, the mathe-
matical representation of both robots and controllers.

1) RATE/NL-POSITION MAPPING MODE
Assuming that the transition between rate and nonlinear-
position mapping modes is controlled via an ON/OFF degree of
freedom (mode button), the operator can initiate the cth mode
transition at any time interval starting from tc until the subse-
quent transition to c + 1, where c = 0, 1, 2, . . ., j. Therefore,
considering adjustment constants ka, kb, and kg, we present the
mapping from leader position to follower reference formed by
those two modes: a rate mapping part ka

∫ tc+1
tc

tanh(kbxm)dt
and a nonlinear-position mapping kgfp(xm), additionally con-
sidering the current state at the time of the mode transition
reftc . In this way, a continuous and differentiable reference is
established as

ref = ε(t )ka

∫ tc+1

tc
tanh (kbxm)dt + β(t )kgfp (xm)

+reftc (3)
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FIGURE 1. Bilateral teleoperation scheme with Rate/NL-Position mapping showing local site, remote site, and communication channel.

FIGURE 2. Generation of the mapping function ref to combine rate and NL-position modes. In the lower subplot: Behavior of one component of the
leader’s E.E. position shown in orange; in the upper subplot: mapping generated by the behavior of the local robot and the modes transition (highlighted
in cyan).

where ε(t ) and β(t ) are continuous and differentiable func-
tions whose output goes from 0 to 1 each time the mode button
(rate/nonlinear-position) is pressed.

We define a minimum interval between transition �r p such
that tc+1 − tc � �r p.

Fig. 2 facilitates the interpretation of transitions between
the rate mode (highlighted in cyan) and NL-position mode.
At the bottom, the behavior of one component of the leader’s
E.E. position is shown in orange. This variation of the local
robot and the mode transition allows mapping the reference
displayed in the upper subplot. Thus, the generated mapping
is shown in black, with sections indicating: Secc.1) transi-
tion to rate mode (from t = 14.2 s to t = 14.5 s) and Secc.2)
transition to NL-position mode (from t = 21.4 to t = 21.8 s).
Both sections indicate the smooth transition generated by the

functions ε(t ) and β(t ). Since fp(xm) used to exemplify the
mapping is a scaled linear function, it can be observed in
the position mode sections (e.g., from t = 22 to t = 30 s) that
both ref and xm are analogous.

Next, upon activating either the NL-position or rate mode,
the dynamics of the mapping described in (3) is obtained as

rėf = ε̇ka

∫ tc+�r p

tc
tanh (kbxm)dt + εka tanh (kbxm)

+ β̇kgfp (xm) + βkg∇fpẋm.

Now, if in the last equation, we consider that both the
dynamics of the function activating the rate mode ε(t ) and the
function activating the position mode β(t ) are upper-bounded
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by a constant ξ , i.e., ε̇, β̇ ≤ ξ , then

rėf � ξγ + εka tanh (kbxm) + βkg∇fpẋm (4)

where

γ = ka

∫ tc+�r p

tc
tanh (kbxm)dt + kgfp (xm) .

In addition to merging the rate and nonlinear-position
modes into a unified expression, the mapping function ref
enables a continuous transition between modes through a dis-
crete degree of freedom. This transition does not rely on xm
[21] (simplifying the control of the leader robot) or the state
of the environment [27], thus facilitating its generalization to
other applications. Furthermore, it also meets the necessary
criteria for subsequent stability analysis of the system.

2) ROBOTS MODELING
According to the dynamic behavior [28] of the robots and us-
ing Euler–Lagrange modeling, the typical nonlinear dynamic
model

Ms(qs)q̈s + Cs(qs, q̇s)q̇s + gs(qs) = τs + JTfe (5)

represents the articular behavior of the follower robot E.E.,
whereas

Mm(xm)ẍm + Cm(xm, ẋm)ẋm + gm(xm) = fm + fh (6)

represents the Cartesian behavior of the local robot’s E.E.,
where Mm and Ms are inertial matrices, Cm and Cs are Cori-
olis and centripetal forces matrices, and gm and gs are gravi-
tational vectors, for the leader and the follower robots, respec-
tively. Additionally, for the remote robot, qs(t ), q̇s(t ), q̈s(t ) ∈
Rn are the articular position, velocity, and acceleration of the
follower, respectively; τs is the control torque applied to the
remote robot, and fe represents the environment behavior. On
the other hand, for the local robot, xm(t ), ẋm(t ), ẍm(t ) ∈ Rm

are the Cartesian position, velocity, and acceleration of the
leader’s E.E., respectively; fm is the force applied to the local
robot; and fh is the force applied by the human operator.

3) CONTROLLERS
In this work, we use Cartesian/articular control schemes [29]
based on P+d structures for bilateral teleoperation expressed
by

fm = −km (ref−xs (t − h2)) − αmẋm + gm (7)

and

τs = kpJ†
D (ref (t − h1) − xs) −αsq̇s+gs (8)

with J†
D defined as

J†
D = W−1JT

D

(
JDW−1JT

D

)−1

where JD ∈ Rm×n, with n being the degrees of freedom
(DoF) of the robot, m being the DoF of the task space, and
W ∈ Rn×n is a weighting matrix. The modified Jacobian JD
depends on J and is defined in Appendix A.

In this manner, the control objective for the remote robot is
to track, with its E.E., the reference produced by the proposed
mapping at the local site ref (t − h1). Given the structure of
(8), the follower robot can be controlled in a coupled way [3].
Therefore, the resulting commands from the controller for the
mobile manipulator robot are torques for each joint of the
torso-manipulator set and thrust-rotation forces for the mobile
platform [13].

The control objective of the delayed bilateral teleoperation
is to bound for the stationary state, the coordination error, and
the velocities of the leader and follower robots, that is, e =
ref − xs, ẋm, ẋs ∈ L∞, despite the time-varying delays.

III. STABILITY ANALYSIS
A. LYAPUNOV–KRASOVSKII CANDIDATE
In this section, we will analyze the stability of the delayed
teleoperation system. The proposed Lyapunov–Krasovskii
candidate V consists of two parts, namely V1 and V2, given
by

V = V1 + V2. (9)

First, V1 is proposed as

V1 = 1

2
k1eTe + 1

2
k2ẋT

mMmẋm + 2k4eTMmẋm

+ k2Eh + 2
∫ 0

−h̄2

∫ t

t+θ

ẋT
s (ρ)ẋs (ρ) dρdθ (10)

which includes the behavior of coordination errors e and its
dynamics ė between the local and remote robots

e = ref−xs (11)

ė = rėf − ẋs (12)

considering the kinetic energy of the leader robot ẋT
mMmẋm,

the energy of the human operator Eh, terms related to the
energy accumulated in the communication channel, and the
term eTMmẋm, which relates the coordination errors and
the velocities of the local robot.

The second part of the proposed candidate is

V2 = 1

2
k3q̇T

s JT
DJDMsq̇s + k3Ee + η

γ

∫ t

t−γ

q̇T
s JT

DJDq̇s

+
∫ 0

−h̄1

∫ t

t+θ

ẋT
m (ρ)ẋm (ρ) dρdθ (13)

which includes the kinetic energy of the follower robot with
JD being a modified Jacobian (as shown in Appendix A), the
environment energy, and terms related to the energy accumu-
lated by the communication channel.

The positiveness of both V1 and V2 is demonstrated in Ap-
pendix B.

B. STABILITY ANALYSIS BASED ON
LYAPUNOV–KRASOVSKII
In this section, the time derivative of V will be performed and
evaluated on the system trajectories.
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1) DERIVATIVE OF V1

Taking (10), the evolution of V̇1 along the trajectories of the
system is established as

V̇1 = k1eTė + 1

2
k2ẋT

mṀmẋm + k2ẋT
mMmẍm

+2k4ėTMmẋm + 2k4eTMmẍm + 2k4eTṀmẋm

+k2Ėh + 2h̄2ẋT
s ẋs − 2

∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ. (14)

Now, if we include (12) in (14), the mathematical represen-
tation of the leader robot from (6), and the proposed controller
in (7), using the distributive property of the sum, it yields

V̇1 = k1eTrėf − k1eTẋs + 1

2
k2ẋT

mṀmẋm

−αmk2ẋT
mẋm − kmk2ẋT

m (ref−xs (t − h2))

−k2ẋT
mCmẋm + 2k4ėTMmẋm − 2αmk4eTẋm

−2kmk4eT (ref−xs (t − h2)) −2k4eTCmẋm

+k2ẋT
mfh + 2k4eTfh + 2k4eTṀmẋm + k2Ėh

+2h̄2ẋT
s ẋs − 2

∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ. (15)

The terms 1
2 k2ẋT

mṀmẋm and −k2ẋT
mCmẋm simplify by

Property 2 while k2ẋT
mfh cancels out with the derivative of

k2Eh. Now, by adding and subtracting xs in a couple of
terms in (15), considering that Ṁm = CT

m+Cm, knowing that∫ t
t−h ẋ(ε)dε = x(t ) − x(t − h), and using (11), (15) is equal

to

V̇1 = k1eTrėf − k1eTẋs − αmk2ẋT
mẋm − kmk2ẋT

me

−kmk2ẋT
m

∫ t

t−h2

ẋs (ρ) dρ + 2k4ėTMmẋm

−2αmk4eTẋm − 2kmk4eTe

−2kmk4eT
∫ t

t−h2

ẋs (ρ) dρ + 2k4eTfh

+2k4eTCmẋm + 2h̄2ẋT
s ẋs − 2

∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ.

(16)

Rearranging (16), including (4), and using the distributive
property of the sum, V̇1 can be rewritten as

V̇1 � − αmk2ẋT
mẋm − 2kmk4eTe + k1ξeTγ

+k1kaεeT tanh (kbxm) + k1kgβeT∇fpẋm

−k1eTẋs − kmk2ẋT
m

∫ t

t−h2

ẋs (ρ) dρ

−2kmk4eT
∫ t

t−h2

ẋs (ρ) dρ + 2k4ėTMmẋm

−kmk2ẋT
me − 2αmk4eTẋm + 2k4eTCmẋm

+2k4eTfh + 2h̄2ẋT
s ẋs − 2

∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ. (17)

To simplify the bound of V̇1, knowing that tanh(kbxm) � 1,
defining k4 = 1

4
1

αm
, k1 = 1

kg
, k2 = 1

2
1

km
and rearranging (17),

we have

V̇1 � − 1

2

αm

km
ẋT

mẋm − 1

2

km

αm
eTe + ξ

kg
eTγ

+ka

kg
ε ‖e‖ + βeT∇fpẋm − 1

2
ẋT

me − 1

kg
eTẋs

−1

2
ẋT

m

∫ t

t−h2

ẋs (ρ) dρ −
∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ

−1

2

km

αm
eT

∫ t

t−h2

ẋs (ρ) dρ −
∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ

+1

2

1

αm
ėTMmẋm − 1

2
eTẋm + 1

2

1

αm
eTCmẋm

+1

2

1

αm
eTfh + 2h̄2ẋT

s ẋs. (18)

Taking into account Lemma 1, it can be established that the
eighth and ninth term of (18) hold

−1

2
ẋT

m

∫ t

t−h2

ẋs (ρ) dρ −
∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ

� 1

16
h̄2ẋT

mẋm (19)

while the tenth and eleventh term of (18) verify

−1

2

km

αm
eT

∫ t

t−h2

ẋs (ρ) dρ −
∫ t

t−h̄2

ẋT
s (ρ)ẋs (ρ) dρ

� h̄2

16

k2
m

α2
m

eTe. (20)

Now, replacing (12), (19), and (20) into (18), using again
rėf � ξγ + εka tanh(kbxm) + βkg∇fpẋm, considering Prop-
erty 3, using the distributive property to extend the terms
added when replacing rėf , and employing the associative
property to group terms related to eTẋm, V̇1 of (18) results
in

V̇1 � − 1

2

αm

km
ẋT

mẋm − 1

2

km

αm
eTe + 2h̄2ẋT

s ẋs

+ 1

16
h̄2ẋT

mẋm + 1

16

k2
mh̄2

α2
m

eTe + eT (
β∇fp − I

)
ẋm

+1

2

ξ

αm
γTMmẋm + 1

2

ka

αm
ε tanh (kbxm)TMmẋm

+1

2

kg

αm
βẋT

m∇T
fpMmẋm − 1

kg
eTẋs

−1

2

1

αm
ẋT

s Mmẋm + 1

2

χ

αm
‖e‖ ẋT

mẋm + ξ

kg
eTγ
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+ka

kg
ε ‖e‖ + 1

2

1

αm
eTfh. (21)

Moreover, the eleventh term of (21) holds

− 1

2

1

αm
ẋT

s Mmẋm

� 1

4

1

αm
ẋT

s ẋs + 1

4

1

αm
ẋT

mMT
mMmẋm. (22)

Now, (22) is replaced in (21), and considering the most unfa-
vorable case for the crossed terms except − 1

kg
eTẋs, we have

V̇1 � −1

2

αm

km
ẋT

mẋm − 1

2

km

αm
eTe + 2h̄2ẋT

s ẋs

+ 1

16
h̄2ẋT

mẋm + 1

16

h̄2k2
m

α2
m

eTe

+1

2

kg

αm
βẋT

m∇fpMmẋm + 1

4

1

αm
ẋT

s ẋs

+1

4

1

αm
ẋT

mMT
mMmẋm + ‖e‖‖β∇fp − I‖‖ẋm‖

− 1

kg
eTẋs + 1

2

χ

αm
‖e‖ ẋT

mẋm

+ ξ

kg
‖e‖ ‖γ‖ + ka

kg
ε ‖e‖ + 1

αm
‖e‖ ‖fh‖

+1

2

ξ

αm
‖γ‖ ‖Mm‖ ‖ẋm‖ + 1

2

ka

αm
ε ‖Mm‖ ‖ẋm‖ . (23)

Now, taking into account that ẋs = Jq̇s, then 1
kg

eTẋs =
1
kg

q̇T
s JTe. In addition, we can use the associative property of

addition for the third and seventh terms of (23), having

ẋT
s

[
2h̄2I + 1

4

1

αm

]
ẋs = q̇T

s

[
2h̄2JTJ + 1

4

1

αm
JTJ

]
q̇s. (24)

Replacing (24) into (23) and using Property 1, V̇1 is estab-
lished as

V̇1 � −1

2

αm

km
ẋT

mẋm − 1

2

km

αm
eTe

+q̇T
s

[
2h̄2JTJ + 1

4

1

αm
JTJ

]
q̇s + 1

16
h̄2ẋT

mẋm

+ 1

16

h̄2k2
m

α2
m

eTe + 1

2

kg

αm
βẋT

m∇fpMmẋm

+1

4

1

αm
ẋT

mMT
mMmẋm + ‖e‖‖β∇fp − I‖‖ẋm‖

− 1

kg
q̇T

s JTe + 1

2

χ

αm
‖e‖ ẋT

mẋm + ξ

kg
‖e‖ ‖γ‖

+ka

kg
ε ‖e‖ + 1

2

1

αm
‖e‖ ‖fh‖ + 1

2

ξ

αm
λmmax ‖γ‖ ‖ẋm‖

+1

2

ka

αm
ελmmax ‖ẋm‖ . (25)

2) DERIVATIVE OF V2

The evolution of V̇2 along the trajectories of the system is
established as

V̇2 = k3q̇T
s JT

DJDMsq̈s + 1

2
k3q̇T

s JD
TJDṀsq̇s

+1

2
k3q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s + k3Ėe

+h̄1ẋT
mẋm −

∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (26)

Now, considering the dynamics of the follower in joint
space given in (5) and the proposed controller (8), we have

V̇2 = k3kpq̇T
s JT

DJDJ†
De1−k3αsq̇T

s JT
DJDq̇s

+k3q̇T
s JT

DJDJTfe−k3q̇T
s JT

DJDCsq̇s

+1

2
k3q̇T

s JT
DJDṀsq̇s

+1

2
k3q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s − k3fT
e ẋs

+h̄1ẋT
mẋm −

∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (27)

Considering well-known properties of matrix pseudoin-
verses, then

JDJ†
D = JDW−1JT

D

(
JDW−1JT

D

)−1 = I

while if we use Property 2 for the terms −k3q̇T
s JT

DJDCsq̇s

and k3q̇T
s JT

DJD
1
2 Ṁsq̇s, and add and subtract rate/NL-position

references ref , V̇2 is expressed as

V̇2 = k3kpq̇T
s JT

D (ref (t − h1) −xs+ref − ref )

−k3αsq̇T
s JT

DJDq̇s + k3q̇T
s JT

DJDJTfe

+1

2
k3q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s − k3fT
e ẋs

+h̄1ẋT
mẋm −

∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (28)

Equation (28) can be manipulated to insert the coordination
error given in (11), operate it knowing that

∫ t
t−h ẋ(ε)dε =

x(t ) − x(t − h) to obtain k3kpq̇T
s JT

D

∫ t
t−h1

rėf (ρ)dρ, replace
rėf with (4), and use the distributive property of the sum,
resulting in

V̇2 = k3kpq̇T
s JT

De − k3kpq̇T
s JT

D

∫ t

t−h1

ξγdρ
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−k3kpq̇T
s JT

D

∫ t

t−h1

εka tanh (kbxm) dρ

−k3kpq̇T
s JT

D

∫ t

t−h1

βkg∇fpẋmdρ

−k3αsq̇T
s JT

DJDq̇s + k3q̇T
s JT

DJDJTfe

+1

2
k3q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s − k3fT
e ẋs

+h̄1ẋT
mẋm −

∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (29)

To simplify the bound of V̇2, we have that
∫ t

t−h1
dρ � h̄1,

tanh(kbxm) � 1,
∫ t

t−h1
tanh(kbxm(ρ))dρ � h̄1,

∫ t
t−h1

∇fpẋm

dρ � ∇̄fp
∫ t

t−h1
‖ẋm‖dρ, where ∇̄fp is the upper bound of

∇fp, i.e., ∇fp � ∇̄fp. Moreover, having ẋs = Jq̇s, using the
distributive property of addition, and considering the most
unfavorable case for the crossed terms, V̇2 of (29) results in

V̇2 ≤ k3kpq̇T
s JT

De + k3kpξ h̄1 ‖q̇s‖ ‖JD‖ ‖γ‖
+k3kakph̄1ε ‖q̇s‖ ‖JD‖ + h̄1ẋT

mẋm

−k3kgkpβq̇T
s JT

D∇̄fp

∫ t

t−h1

‖ẋm‖ dρ

−
∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ−k3αsq̇T

s JT
DJDq̇s

−k3q̇T
s

(
I − JT

DJD

)
JTfe

+1

2
k3q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (30)

Given that I − JT
D(q)JD(q) ∈ Rn×n is a matrix which

projects JTfe to the null space of JD; therefore, (I −
JT

DJD)JTfe = 0 [30]. Taking into account Lemma 1, it can be
established that the fifth and sixth terms of (30) hold

−k3kgkpβq̇T
s JT

D∇̄fp

∫ t

t−h1

‖ẋm‖ dρ

−
∫ t

t−h̄1

ẋT
m(ρ)ẋm (ρ) dρ

� 1

4
h̄1k3

2kg
2kp

2β2q̇T
s JT

D∇̄fp∇̄T
fpJDq̇s. (31)

Using (31), considering k3 = 1
kgkp

, V̇2 is finally established
as

V̇2 ≤ 1

kg
q̇T

s JT
De + ξ h̄1

kg
‖q̇s‖ ‖JD‖ ‖γ‖

+kah̄1

kg
ε ‖q̇s‖ ‖JD‖ + 1

4
h̄1β

2 q̇T
s JT

D∇̄fp∇̄T
fpJDq̇s

− αs

kgkp
q̇T

s JT
DJDq̇s

+1

2

1

kgkp
q̇T

s (J̇T
DJD + JT

DJ̇D)Msq̇s + h̄1ẋT
mẋm

+η

δ
q̇T

s JT
DJDq̇s − η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) . (32)

3) ADDITION OF THE CANDIDATE DERIVATIVES
The procedure developed in previous sections allows us to
obtain V̇ adding V̇1 and V̇2, considering that the ninth term
of (25) and the first term of (32) holds

1

kg
q̇T

s

(
JT

D − JT
)

e � 1

4

1

kg
eTP−TP−1e

+ 1

kg
q̇T

s

[
JT

D − JT
]T

PTP
[
JT

D − JT
]

q̇s (33)

where P is a gain matrix. Thus

V̇ � ẋT
mAẋm + q̇T

s Bq̇s + eTCe

−η

δ
q̇T

s (t − δ) JT
DJDq̇s (t − δ) + ϒ1 + ϒ2 (34)

where

A = − 1

2

αm

km
I + 1

16
h̄2I + 1

4

1

αm
MT

mMm

+1

2

kg

αm
β∇fpMm + h̄1I (35)

B = − αs

kgkp
JT

DJD + 2h̄2JTJ + 1

4

1

αm
JTJ

+1

4
h̄1β

2JT
D∇̄fp∇̄T

fpJD + η

δ
JT

DJD

+1

2

1

kgkp
(J̇T

DJD + JT
DJ̇D)Ms

+ 1

kg

[
JT

D − JT
]T

PTP
[
JT

D − JT
]

(36)

and

C = −1

2

km

αm
I + 1

16

k2
mh̄2

α2
m

I + 1

4

1

kg
P−TP−1 (37)

are the internal terms of the quadratic variables

ϒ1 = 1

2

χ

αm
‖e‖ ẋT

mẋm + ‖e‖‖β∇fp − I‖‖ẋm‖ (38)

is a nonlinear disturbance while

ϒ2 = ξ ‖γ‖ � + εka� + 1

2

1

αm
‖e‖ ‖fh‖ (39)

with

� = 1

kg
‖e‖ + 1

2

λmmax

αm
‖ẋm‖ + h̄1

kg
‖q̇s‖ ‖JD‖ (40)

VOLUME 5, 2024 671



CHICAIZA ET AL.: DELAYED BILATERAL TELEOPERATION OF MOBILE MANIPULATORS WITH HYBRID MAPPING: RATE/NONLINEAR-POSITION MODES

represents a set of linear disturbances.

C. ANALYSIS OF V̇
Let us analyze the first four terms of (34). These expressions
include quadratic terms of the local robot velocity ẋm, remote
robot velocity q̇s, coordination error between E.E. e, and
delayed velocity of the remote robot q̇s(t − δ). For the local
robot velocity, a high value of αm and a low value of km allow
achieving the negativity of the internal terms of ẋT

mẋm. How-
ever, these values have an inverse relationship when achieving
negative values for the coordination error e.

For the joint velocities of the follower robot, the terms
αs, kg, and kp allow achieving the negativity of q̇T

s q̇s. It is
important to note that the damping values of the leader in-
versely affect the behavior of q̇s, as well as η, δ of the delayed
velocities of the remote robot. This is reasonable, given that
the reduction of leader velocities through αm will limit the
change in ref , causing the coordination error to be smaller,
and therefore the change in the remote’s robot velocities.

Thus, considering bounded values for fh and fe, the appro-
priate configuration of αm, αs, km, kp, kg, ka, ∇fp, ε̇(t ), and
β̇(t ) allows achieving A, B, C < 0, but this analysis must be
complemented with a numerical analysis to evaluate the effect
of ϒ1 and ϒ2 on ẋm, q̇s, e.

D. ANALYSIS OF PERTURBATIONS IN V̇
Let us assume a calibration that satisfies A, B, C < 0. As
shown in the development of V̇ , both the nonlinear ϒ1 and
linear perturbations ϒ2 will depend on the transitions and the
type of selected mode.

Initially, we analyze the terms that do not depend on vari-
ables ε and β. The first term of the nonlinear perturbation ϒ1
results from Property 3 but can be reduced through the adjust-
ment of αm. Moreover, the first term of ϒ2 is related to the
transitions, depending on ε̇(t ) and β̇(t ) (both upper-bounded
by ξ (t )), ka and kg (internal elements of γ), and �. The
functions ε(t ) and β(t ) are designed to avoid discontinuities
and must be sufficiently smooth to decrease the energy during
the transition. However, the term ξ‖γ‖� of (39) is null if the
leader’s position is placed at the origin during the transition,
reducing the effect of the transitions on the system’s stability.

The remaining parameters of the linear and nonlinear per-
turbations are analyzed, taking into account each mode. A
more precise depiction of the response of V̇ along the system
trajectories is visually presented. Figs. 3 and 4 illustrate, on
each axis, a spectrum of coordination errors e, velocities of
the leading robot ẋm, and velocities of the follower robot q̇s.
The values of V̇ are visualized using a color scheme, where
shades of blue correspond to more negative values and shades
of yellow denote more positive values. Specifically, positive
values of V̇ are represented in red.

1) ANALYSIS OF BEHAVIOR IN NL-POSITION MODE
Let us consider that ref is in NL-position mode through β =
1 (after completing the transition, i.e., β̇ = 0). In this case,

TABLE 2. Conditions to Evaluate V̇ Depending on e, ẋm, ẋs for NL-Position
Mode

the second term of ϒ2 is null, and the second term of ϒ1 has
the form ‖e‖‖∇fp − I‖‖ẋm‖. This shows that the shape of the
normalized function fp(xm) affects V̇ through its gradient ∇fp.
If fp is linear, its gradient is equal to the unit, and the second
term of the nonlinear perturbation is null.

To determine the response of the system in this mode, we
propose six configurations, as shown in Table 2. These config-
urations illustrate the system’s behavior with and without time
delay for the position mode, considering different parameters
of the mapping and controllers. We numerically evaluate the
behavior of V̇ depending on e, ẋm, and q̇s for the selected
parameter combinations (A1, A1-h, A2-h, B1, B1-h, and B2-
h). Subsequently, we present this through color variations in
Fig. 3, where values closer to zero for V̇ are represented by
light yellow while more negative values tend toward dark blue.
For configurations A1 and B1, the bounding of e, ẋm, and q̇s
is achieved because V̇ takes negative values away from the
origin for these nondelayed cases. On the other hand, with
similar parameters, the time delays in A1-h and B1-h cause
zones that do not guarantee energy dissipation, highlighted
with red dots. To solve this problem, the developed theoretical
analysis provides guidelines to ensure stability by simultane-
ously adjusting the parameters of mapping and controllers,
as demonstrated for A2-h and B2-h. Despite the time delay,
the recalibration of parameters avoids zones with positive V̇ ,
ensuring bounded velocities and errors in the teleoperation
system.

2) ANALYSIS OF BEHAVIOR IN RATE MODE
Now, let us consider that ref is in rate mode through ε = 1
(after completing the transition, i.e., ε̇ = 0). In rate mode, the
second term of the linear perturbation ϒ2 is activated but can
be regulated through the gain constant ka. This is reasonable
because a configuration of ka with a high value will generate
large values of ref , and therefore, the coordination errors will
grow, not ensuring the bounding of e. The selection criteria
for ka involve a tradeoff, given that, a higher ka value enables
faster movement of the robot but undermines stability while
a lower ka value enhances stability albeit with a reduction in
the follower robot’s velocities. Additionally, the second term
of ϒ1, i.e., ‖e‖‖ẋm‖ remains active and must be compensated
with the calibration of constants in A, B, and C.

Similar to the NL-position mode, we propose six configura-
tions depicted in Table 3 for different time delays, considering
various parameters of the mapping and controller. Graphi-
cally, the behavior of V̇ is visualized in Fig. 4, where lighter
colors indicate a tendency toward zero for the time derivative
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FIGURE 3. Analysis of the behavior of V̇ along the trajectories of the system in position mode: Values tending toward dark blue are more negative.
Red-colored points indicate areas where energy dissipation is not guaranteed.

TABLE 3. Conditions to Evaluate V̇ Depending on e, ẋm, ẋs for Rate Mode

of the Lyapunov candidate while darker colors imply more
negative values of V̇ . For case B1, the provided value for
ka yields zones where energy dissipation is not guaranteed
(highlighted in red), areas that grow when time delays are
induced, as seen in cases A1-h, B1-h, and B2-h. However,
by simultaneously calibrating the controller and mapping pa-
rameters based on the developed theoretical analysis, it is
possible to achieve V̇ values lower than or equal to zero for
both nondelayed cases, such as A2-h, and delayed situations,
such as B2-h, thus ensuring bounded errors and velocities.

IV. EXPERIMENTAL EVALUATION
A. EXPERIMENT SETUP AND TASK DESCRIPTION
Robots: At the local site, the haptic device used to generate
control commands is the Novint Falcon, which also pro-
vides force feedback in three Cartesian axes. The leader’s
workspace is normalized to 9 cm per axis, and it also features
buttons used to start the experiments and switch between rate
and NL-position modes. At the remote site, the robotic system
is a simulated Dual Mobile Manipulator with Torso (DMMT)
in Gazebo-ROS2 (as shown in Fig. 5), where its right manip-
ulator is used for experiments, defining the follower robot as a
mobile manipulator with torso (MMT). The mobile platform
of the MMT is of the skid-steering type [13] while the torso
consists of two degrees of freedom, the first rotating about the
Z-axis and the second about the Y -axis. The manipulator has
6 degrees of freedom. The designed controller considers the
E.E. of the right arm as the point of interest. The workspace
of the torso-manipulator set with the static mobile part is ap-
proximately 60 cm while with the movement of the platform,
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FIGURE 4. Analysis of the behavior of V̇ along the trajectories of the system in rate mode: Values tending toward light yellow are more positive while
red-colored points indicate areas where energy dissipation is not guaranteed.

the workspace is limited only in the Z-axis in a range from the
floor until 1.20 m.

Operators: Five operators with experience in bilateral tele-
operation are considered to perform the tasks. One of the
operators is female, and all have an average age of 33 years,
with all being right-handed.

Task Description: As a case study, the task to be executed
is based on capturing, transporting, and placing an object. The
task can be divided into two subtasks: 1) task-A: move the
E.E. of the follower robot from a starting point to target A
(position where the object is captured for transportation) and
2) task-B: move the E.E. of the MMT from target A to target B
(place where the transported object is released). Considering
that the robot always starts from the same initial position, the
operator is suggested to move the entire robotic mechanism
toward the target object. This movement is achieved through
the rate mode. Once near the first target, the follower’s E.E.
must be positioned close to the point A with low velocity,
allowing for the automatic grip of a near object. This part
of the test can be executed either in rate mode or position
mode, to get more accuracy in the motion. Subsequently, the
second target is marked in the scenario, assuming the point

where the captured object should be released. This part of the
test assumes a similar execution to task-A. It is established
that the targets are considered reached when the follower’s
E.E. is within a radius of approximately 0.02 [m] from the
center of the indicated target, with a velocity lower than 0.01
[m/s]. A button on the haptic device allows the operator to
start the test, activating a timer to subsequently determine
the time required for the complete task execution. The timer
stops when reaching target B. The selection between rate and
NL-position modes is free for each operator and is not limited
in any way.

Instructions: Prior to being briefed on the task to be exe-
cuted, operators are free to navigate the scenario and execute
commands to control the follower robot’s E.E. either in rate
or position mode for approximately 15 min. During this time,
free tests with and without time delays are also conducted.
This familiarization encompasses both strategies: the one
proposed in this work and one selected from the literature.
Considering that the haptic device is in a comfortable location
and both haptic and visual feedback are appropriate, operators
are informed of the task, clarifying that they have the freedom
to choose the mapping mode, and that the objective of the task
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FIGURE 5. Simulation of a DMMT-type robot in the Gazebo-ROS2 environment. On the right, an image displaying information from a camera located on
the robot’s torso; on the left, a third-person image of the robot interacting with the environment.

FIGURE 6. Execution reconstruction while performing a pick-and-place task. The test establishes consistent positions for all executions, with the robot’s
initial position set at [−3.0, 0.0, 0.5], the object’s capture location at [0.0, −2.0, 0.6], and the object release position at [−0.2, 4.0, 0.35].

is to reach and release the object at the designated positions
in the shortest possible time. Subsequently, each operator is
instructed to perform the task, where either strategy, with or
without time delay, may be randomly presented. This is done
to prevent execution by memorization. For each operator, a
minimum of 10 complete executions is required for each strat-
egy and with each time delay, results that are subsequently
statistically evaluated. Executions exceeding 250 s are not
considered.

B. TASK RECONSTRUCTION
Reconstructing two of the executed tasks provides insight into
the overarching behavior of the proposed bilateral teleopera-
tion system. Fig. 6 illustrates the stroboscopic movement of
the robot, indicating its initial position, progression toward
capturing the object, and subsequent placement at the des-
ignated point. The norm of the coordination errors is shown
in Fig. 7 while the norm of velocities for both the local and
remote robots is depicted in 8 and 9, respectively. Changes
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FIGURE 7. Euclidean norm of the tracking error for a pair of executed tasks, with and without time delay.

FIGURE 8. Euclidean norm of leader robot E.E. velocities, indicating when each mode is activated.

to nonlinear-position mode are indicated with green shading.
The norm of the coordination errors between the E.E. for both
robots shows that, although errors are bounded in both cases,
an increase is noticeable when a time delay is considered (as
will be further demonstrated through statistical analysis). In
Fig. 8, a decrease in the norm of the E.E. Cartesian velocity
of the local robot is observed when the execution includes
delays, due to additional damping being injected in this case.
Fig. 9 illustrates the behavior of the velocities of the remote
robot. Since we consider an articular controller for the MMT,
the follower robot’s velocities are depicted in three parts:
the dashed red and blue lines indicate the linear and angular
velocities of the mobile platform, respectively, while the black
line represents the norm of the robotic manipulator-torso set’s
articular velocities. Given the task protocol, it is noteworthy
to mention that in position mode (utilized for reaching and
releasing the object), the follower’s velocities tend to zero
upon reaching each target. For instance, in the execution
without delay: Approximately at t = 51 s (for capturing) and
t = 135 s (for releasing); while for the execution with delay:
approximately at t = 73 s (for capturing) and t = 192 s (for

releasing). Finally, Fig. 10 illustrates the norm of the force
feedback experienced by the human operator. The right part
displays the effect induced by time delays, with maximum
values reaching up to 9 N, whereas the haptic response to tasks
without time delay typically does not exceed 5 N.

With the aim of demonstrating the operation of the en-
tire bilateral teleoperation system, a video has been included
at https://youtu.be/PjtSxeigUeM. This video showcases both
robots, the force feedback experienced by the human operator,
and the coordination errors between the E.E. of the local robot
and the remote robot, both with and without time delays.

C. PERFORMANCE ANALYSIS: COMPARISON TO AN
ALTERNATIVE STRATEGY
1) ADAPTATION OF PEPE ET AL.’S APPROACH TO OUR
ROBOTS
Diverse strategies for continuously transitioning between rate
and position mappings have been proposed in the literature (as
shown in Table 1). Specifically for mobile manipulators, Pepe
et al. [21] proposed splitting the workspace of the leader robot
into three radii: an outer radius Rm containing an intermediate
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FIGURE 9. Euclidean norm of follower robot velocities. The dashed red and blue lines correspond to the linear and angular velocity of the mobile
platform, respectively. The solid black line corresponds to the norm of the joint velocities of the torso-manipulator set.

FIGURE 10. Euclidean norm of the feedback force.

TABLE 4. Configuration Parameters to Replicate the Experimentation of
Pepe et al. [21]

one Ro, which in turn contains an inner radius Ri. In this
way, it is proposed to control the follower’s E.E. when the
leader’s E.E. is positioned within an inner radius Ri while
controlling the movement of the mobile platform in the area
bounded by the radii Ro and Rm. The region between Ri and
Ro is used for smooth transitioning between rate and scaled-
position modes. The strategy given in [21] (Pepe strategy)
has been implemented in this work to compare its perfor-
mance with our proposal (our strategy), where the parameters
shown in Table 4 have been calibrated to apply [21] to our

TABLE 5. Parameters Used in Our Proposal

robots: the Falcon Novint haptic device (leader robot) and a
follower composed by a custom mobile and the Manipulator-
H provided by Robot is: https://emanual.robotis.com/docs/en/
platform/openmanipulator_p/ros_simulation/. The parameters
used in our proposal are shown in Table 5.

VOLUME 5, 2024 677

https://emanual.robotis.com/docs/en/platform/openmanipulator_p/ros_simulation/
https://emanual.robotis.com/docs/en/platform/openmanipulator_p/ros_simulation/


CHICAIZA ET AL.: DELAYED BILATERAL TELEOPERATION OF MOBILE MANIPULATORS WITH HYBRID MAPPING: RATE/NONLINEAR-POSITION MODES

TABLE 6. Table Comparing Objective Metrics From the Experimental Data

For a fair comparison, the protocol for executing a pick-
and-place task of an object remains consistent. A set of
executions involving human operators is conducted for both
cases: with and without time delay. Subsequently, valid ex-
ecutions are analyzed considering the following objective
metrics: time to complete the task (Ttask), coordination error
between the robots’ E.E., force feedback, and velocities of
both robots. Table 6 presents the statistical measurements
of this comparison, calculating the mean, standard deviation
(SD), and confidence interval at 95% (CI).

2) DESCRIPTION OF THE METRICS CONSIDERED
The time required to complete a task is influenced by each
operator’s ability to translate and position the follower robot’s
E.E. over the indicated targets. On the other hand, the task co-
ordination error is calculated through the difference between
the reference generated by the local robot’s mapping and the
position of the follower robot’s E.E.. For our proposal, the de-
fined controller requires knowledge of xs; therefore, we have a
continuous measurement of the position of the remote robot’s
E.E. However, for Pepe et al. [21], the E.E. of the manipulator
robot (mounted on the mobile platform) is exclusively utilized
in the position mode. Within this mode, position errors are
computed between the reference generated by the local robot
and the position of the follower’s E.E. (depicted in the same
row as the coordination errors of our proposal). Regarding the
rate mode, we compute velocity coordination errors and in-
clude them in an additional row to illustrate their performance

in the experiments. Moreover, for our case, force feedback
depends on damping and coordination errors between E.E.
while haptic feedback for Pepe et al. [21] is only activated in
the rate mode, where higher velocity injected into the mobile
platform results in greater force perceived by the human oper-
ator. Finally, E.E. velocities in Cartesian space are measured
in the local robot, whereas for the remote robot, linear and
angular velocities for the mobile platform and joint velocities
for the manipulator are distinguished.

D. COMPARISON BETWEEN STRATEGIES
The main advantage of our strategy compared to that of
Pepe et al. [21] is reflected in the significant reduction of
the Time to complete the task (about 20%). The proposed
scheme entails the application of force feedback and control
actions on the follower robot, contingent upon the calibration
of parameters within the local controller, remote controller,
and mapping function. This framework is substantiated by the
theoretical findings presented in Section III. In agreement with
this result, Table 6 shows a reduction in the kinetic energy of
the leader due to an increase in force feedback for executions
with delay. This leads to a reduction in the velocity of the mo-
bile manipulator, effectively bounding the coordination errors
within the bilateral teleoperation system.

Furthermore, it is worth noting that in Pepe et al.’s strategy,
the calibration of force feedback and mapping occurs inde-
pendently of a theoretical stability analysis. In this approach,
the transition between control modes (rate/position) is gradual
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and contingent upon the leader’s position. Despite its simplic-
ity in implementation, we have encountered challenges when
teleoperating the remote robot using the Pepe strategy. Specif-
ically, when attempting to maneuver the mobile platform, the
designed mapping necessitates extending the arm initially,
resulting in heightened coordination errors and prolonged task
completion times.

In summary, as depicted in Table 6, our strategy enhances
system performance measured in terms of coordination error
and task completion time, both with and without time delay.

V. CONCLUSION
This article presents a stability analysis of a bilateral tele-
operation system for a mobile manipulator, considering time
delays and incorporating rate/nonlinear-position mapping.
Utilizing Cartesian/articular controllers structured on P+d
frameworks, we have formulated a continuous function that
maps the position of the leader robot, operating within a
confined workspace, into reference commands for the fol-
lower robot situated in a more extensive workspace. As
the main contribution, a theoretical analysis grounded in
Lyapunov–Krasovskii principles, substantiated through nu-
merical evaluations and human-in-the-loop experiments under
time delays, has been conducted to discern the impact of
mapping and controller parameters on constraining the ve-
locities of the leader and follower robots, as well as the
coordination error between them. The Lyapunov–Krasovskii
functional proposed allows obtaining a partial result where
linear and nonlinear perturbations appear against quadratic
terms, with matrices A (35), B (36), and C (37) that can be
negative definite by calibrating αm, αs, and the relation km

αm
,

depending on the time-varying delay. The numerical analysis
is performed by evaluating the time derivative of the proposed
functional considering the nonlinear and linear perturbations.
Primarily, the rate and transitions parameters of the mapping
and human operator force modify such perturbations. This ar-
ticle collaborates to confirm, with scientific support, that as the
human force (fh) is greater, the transition is more abrupt, and
the rate gain (ka) is higher, the coordination error (e) is bigger.
Furthermore, the series of experiments conducted reveals that
force feedback constrains the mobility of the leading robot.
This limitation stems from the escalating coordination error
between the rate/NL-position mapping and the positional ac-
curacy of the follower robot’s E.E., attributed to time delays
or the remote robot’s interaction with its surroundings. Hence,
we highlight the utility of integrating rate/nonlinear-position
mapping alongside Cartesian/articular controllers in the de-
layed bilateral teleoperation of mobile manipulators, where
the inclusion of an additional degree of freedom (independent
of the leader’s E.E. position or environmental characteristics)
is used to achieve mode transition in our work. The proposed
scheme facilitates the operation of redundant systems utilizing
haptic devices with restricted degrees of freedom.

Part of our future work will include analyzing the per-
formance of the proposal with various switching methods,

aiming to demonstrate the generalization of our strategy to
diverse applications. Moreover, experiments involving pick-
and-place tasks with various types of objects and unstructured
environments, using a real mobile manipulator, will be con-
ducted to evaluate practical performance. Furthermore, the
proposed bilateral teleoperation scheme is designed to be
extended to the teleoperation of a real mobile dual manipu-
lator. Accordingly, further research will involve extending the
rate/NL-position mapping to control a primary manipulator
and developing another mapping to control a secondary E.E.
This extension will be evaluated for its behavior through sta-
bility analysis and experimentation.

APPENDIX A MODIFIED JACOBIAN
Given a full-rank Jacobian matrix J, its pseudoinverse is com-
puted using the Moore–Penrose method with the inclusion of
a weight matrix W, resulting in: J† = W−1JT(JW−1JT)−1.
The Jacobian can be treated through singular value decompo-
sition (SVD) as

J = UPVT =
r∑

i=1

ρiuivT
i (41)

having r = maxi{i|ρi > 0}, all eigenvalues greater than zero
are located on the main diagonal of P, U, and V are or-
thonormal matrices while ui and v are the columns of U and
V, respectively. This decomposition can be used to modify
the eigenvalues ρi, using quadratic damping, singular value
filtering, and error damping, among others [31]. The selection
of these methods is beyond our scope. Therefore, we use JD
as the Damped Jacobian in the form [31]

JD = hν,ρ0 (ρi )uivT
i (42)

where

hν,ρ0 (ρ) = ρ3 + νρ2 + 2ρ + 2ρ0

ρ2 + νρ + 2
(43)

and ν is a configurable shape factor and ρ0 is the minimum
value imposed as the lowest eigenvalue.

APPENDIX B POSITIVITY OF THE CANDIDATES
A. POSITIVITY OF V1

Considering

aTb � aTa+bTb (44)

the condition for part of V1 to be positive definite is

2k4eTMmẋm � 1

2
k1eTe+1

2
k2ẋT

mMmẋm. (45)

Taking into account Property 1, the worst case scenario to
meet is 2k4λmmaxeTẋm � 1

2 k1eTe+ 1
2 k2λmmin ẋT

mẋm. According
to (44), let us define the components a = √

k1e and b =√
k2

√
λmmin ẋm, which allows us to determine the conditions

for k1, k2, and k4. Noticing that the inequality (45) holds if

2k4λmmaxeTẋm �
√

k1

√
k2

√
λmmineTẋm = aTb
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where k4 � 1
2

√
k1

√
k2

√
λmmin
λ2

mmax
. Now, considering the given val-

ues for the constants k1, k2, and k4 in the development of V̇1,
we have

1

4

1

αm
� 1

2

√
1

4

1

km

√
1

kg

√
λmmin

λ2
mmax

.

Simplifying, the final inequality is established as

αm �
√

km
√

kg

√
λ2

mmax

λmmin

. (46)

Note that αm adjusts the damping, which bounds the velocities
of the follower robot, so (46) ensures that (45) is satisfied,
since the higher αm is, the lower k4 will be.

B. POSITIVITY OF V2

For V2, consider the term 1
2 k3q̇T

s JT
DJDMsq̇s. Considering

JT
DJD and Ms as positive definite, their multiplication does not

guarantee positive definiteness, i.e., in the most unfavorable
scenario, the inner product of

q̇T
s JT

DJDMsq̇s

could be less than zero.
The proposed V2 in (13) includes the fourth term, where δ

and η can be configured to ensure that

1

2
k4q̇T

s JT
DJDMsq̇s + η

δ

∫ t

t−δ

q̇T
s JT

DJDq̇s � 0. (47)

Therefore, considering k3 = 1
kgkp

from the development of

V̇ , δ > 0, and Property 1, we can configure η > 1
2

1
kgkp

λmmax in
order to satisfy (47).
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