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ABSTRACT Cell-free massive MIMO (CF-mMIMO) emerges as a pivotal technology in the landscape
of beyond-5G and 6G wireless networks, addressing the ever-increasing demand for seamless connectivity
and unprecedented data throughput. This paper undertakes a comprehensive exploration of scalable user-
centric (UC) CF-mMIMO systems, focusing on critical aspects of downlink (DL) channel state information
(CSI) acquisition and its intricate interactions with both distributed and centralized precoding strategies.
The paper delves into the crucial role of DL CSI acquisition, particularly in scenarios of weak channel
hardening arising from sparse subsets of access points (APs) serving specific mobile stations (MS) in UC
strategies, and transmission over spatially correlated multiple keyhole Ricean fading channels. The main
contributions of this research work include in-depth analyses of different detection schemes under varying
precoding scenarios, offering valuable insights for practical deployment. The pivotal role of DL CSI
acquisition in optimizing the performance of UC CF-mMIMO networks is fully assessed, dismissing the
use of DL pilot-based detection approaches and advocating for either centralized precoding architectures
with statistical CSI-based decoding strategies at the MSs or distributed precoding schemes with DL blind
channel estimation-based decoders at the MSs.

INDEX TERMS Cell-free massive MIMO, user-centric, scalability, keyhole channels, downlink training,
channel hardening.

I. INTRODUCTION
A. CONTEXT AND PREVIOUS ART WORK

EMERGING as one of the most promising wireless
networking technologies, cell-free massive MIMO (CF-

mMIMO) addresses the pervasive connectivity demands and
escalating data traffic needs in the realms of beyond-fifth
generation (5G) and sixth generation (6G) networks [1], [2].
In a CF-mMIMO network, a large number of access points
(APs), spread across a wide coverage area and typically
equipped with small antenna arrays, collaboratively serve
multiple mobile stations (MSs). The collective number of
antennas across all APs far exceeds the count of MSs
scheduled concurrently within the same time-frequency
resources. Consequently, CF-mMIMO systems can be con-
sidered as a synergistic combination of ultra-dense networks

(UDNs), massive multiple-input multiple-output (MIMO),
and network MIMO, leveraging the advantages of each of
them to deliver ubiquitous connectivity with uniformly high
spectral and energy efficiencies (see, for instance, [3] and
references therein).
The acquisition of accurate channel state information (CSI)

is crucial in CF-mMIMO networks, as it enables the precoders
at the transmitter and the combiners at the receiver to
effectively adapt to the short-term time-frequency variations
in the propagation channels. In these scenarios, time division
duplex (TDD) operation is preferred for CSI acquisition
because it allows APs to obtain uplink (UL) CSI from UL
pilot transmissions by the MSs and leverage UL-downlink
(DL) channel reciprocity to use it also as a proper DL CSI.
This approach ensures that the required pilot resources are
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proportional to the number of MSs and independent of both
the number of APs and the number of antennas per AP.
To perform coherent detection and decoding of DL data,

MSs must use an estimate of the effective DL channel gain
and the variance of the effective noise (i.e., interference
plus thermal noise) in the detection/decoding algorithm. The
effective DL channel gain is a scalar, representing the inner
product of the precoding and the channel vectors, and it
undergoes short-term variations due to channel fading. A
common approach in the CF-mMIMO literature is to assume
that channel hardening occurs due to the large number of
antennas used [3], [4]. Channel hardening is observed when
the random realizations of the effective channel are close to
the mean value (i.e., the variance is small), resulting in a
consistent effective scalar channel across coherence blocks.
This allows the system to be operated as if APs and MSs were
communicating over a deterministic channel characterized by
the mean of the effective DL channel, a scalar based on
long-term statistics that can be safely assumed to be known
at the MSs [3], [4]. The number of APs and the number
of antennas per AP required to achieve channel hardening,
however, strongly depend on the propagation environment,
the precoder design, the user-centric (UC) policy used to
associate MSs and APs or even the DL power control strategy
implemented at the APs. In particular, results presented by
Chen and Björnson in [5], where stochastic geometry tools
were used tomodel the deployment of APs across the coverage
area and uncorrelated Rayleigh fading was assumed, show
that whether or not the channel hardens as the number of APs
increases depends strongly on the propagation pathloss model.
These authors also show that in this particular scenario, and for
a given total number of antennas, hardening can be improved
by using multi-antenna APs rather than single-antenna APs.
Willhammer et al. in [6] experimentally show that channel
hardening occurs in massive MIMO scenarios. However, they
also show that the uncorrelated Rayleigh channel models
commonly assumed in theoretical studies tend to provide
overoptimistic performance metrics and do not accurately
model the channel hardening metrics observed in realistic
massive MIMO deployments. This discrepancy arises because
real environments do not provide as rich scattering as assumed
in the uncorrelated Rayleigh model, and line-of-sight (LOS)
propagation paths can also play an important role in this
particular context. In this regard, Álvarez-Polegre et al. in [7]
show that under a spatially correlated Ricean fading channel
and considering different precoding and combining strategies,
the dominant LOS component of the Ricean fading has a
positive impact both on the hardening of the channels as well
as on the DL achievable spectral efficiencies. Interestingly,
they also show that spatial antenna correlation degrades
the channel hardening and rate performance when using
a simple distributed conjugate beamforming (CB) precoder
but improves this performance metric when implementing a
centralized zero-forcing (ZF) precoding strategy. The use of
more sophisticated distributed precoding schemes to enhance
the channel hardening behavior has also been explored by

Interdonato et al. in [8], Femenias et al. in [9] or Sutton et al.
in [10]. In particular, these authors show that appropriately
designing short-term normalized CB precoders, the channel
hardening can be boosted thus enabling the MSs to reliably
decode data relying on long-term statistical CSI.
In realistic scalable UC CF-mMIMO systems, the set of

APs serving a particular MS might be rather sparse, the
antennas at the APs might be correlated, there might be
some of the propagation links between a particular MS
and its serving APs that are in LOS and, moreover, there
might be MSs being subject to propagation through keyhole
channels [11], [12], [13]. In this situation, and based on the
conclusions drawn from the evaluation of the aforementioned
research work, channel hardening might be compromised.
Therefore, using decoding strategies based solely on the
availability of statistical CSI might not be appropriate. Under
these circumstances, particularly when using distributed
precoding schemes, a more effective approach to acquiring
accurate CSI involves the APs transmitting beamformed
DL pilots to help the MSs estimate the instantaneous
effective DL channel [8]. Transmitting precoded DL pilots
improves the quality of the CSI available at the MSs.
However, it also consumes time-frequency resources that
could otherwise be used to transmit DL payload data.
Therefore, there is a clear trade-off between the performance
improvement expected from the availability of instantaneous
CSI and the performance degradation associated with the
DL pilot transmission overhead. In [8], Interdonato et al.
demonstrate that allowing the MSs to estimate the effective
channel using DL pilots can significantly improve achievable
spectral efficiency, especially in scalable UC CF-mMIMO
deployments. A limitation of this work, however, is that
the conclusions are solely based on results obtained for
uncorrelated Rayleigh channels and assuming the use of
distributed CB-based precoders.
Another method for acquiring instantaneous CSI is the

blind channel estimation strategy. In this approach, the
effective DL channel gains are estimated using the received
DL payload data signals. Such an estimation method was
developed by Ngo and Larsson in [13] for single-cell massive
MIMO and was later generalized to a multi-cell massive
MIMO network by Pasangi et al. in [14], assuming uncor-
related Rayleigh fading channels and simple CB precoders.
In [15], Ghazanfari et al. proposed model-based and data-
driven approaches for DL multi-cell massive MIMO blind
channel estimation that accommodate spatially correlated
Rayleigh fading, arbitrary linear precoding schemes, and
generic pilot assignment strategies among MSs. Finally,
Souza et al. in [16], investigated the performance of the
blind estimation approach in UC CF-mMIMO networks
under spatially correlated channels and considering different
distributed precoding schemes, namely, the CB and the local
partial-MMSE (LP-MMSE). The blind channel estimation
approach has proven its capability to yield better estimates
compared to simply using the mean of the effective channel
gains, especially in scenarios with poor channel hardening
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TABLE 1. Research gap analysis of the main bibliographical references.

conditions. Additionally, it can outperform the pilot-based
DL channel estimation approach by eliminating the necessity
for additional pilot overhead.

B. MOTIVATION AND CONTRIBUTIONS
Summarizing the contributions of the aforementioned
research works and in order to highlight the research gaps
that are still left and which are intended to be fully addressed
in this research work, Table 1 presents the research gap anal-
ysis of the main bibliographical references on this topic. As
it can be observed, there is some previous art work dealing
with the issue of channel hardening only in the UL, some of
the bibliographical references have not considered the use
of DL blind estimators, only two references have addressed
propagation through keyhole scenarios, and Rice fading
and/or spatially correlated fading have only been adequately
treated in a few bibliographical references. Additionally,
not all of the aforementioned bibliographical references are
dedicated to the study of CF-mMIMO networks and even
fewer to the study of scalable UC CF-mMIMO networks. It
is also worth noting that most of these research works focus
on studying the impact of channel hardening in systems that
use low-complexity distributed precoders and do not evaluate
the impact that the use of advanced centralized precoders
might have on system performance. Hence, building on
the background knowledge provided by the aforementioned
earlier work and aiming at filling the gaps they have left,
especially in the context of UC CF-mMIMO networks, our
main goal in this paper is to provide solid answers to the
following open questions:

• Considering that the number of APs serving an MS may
be relatively small when implementing a scalable UC
strategy, can it be ensured that all MSs in the system will
experience sufficient channel hardening when relying
on statistical CSI?

• Given that distributed precoding schemes based on CB
tend to provide weak channel hardening metrics, partic-
ularly in scenarios involving multi-keyhole and spatially
correlated fading channels, can these limitations be
mitigated through the deployment of more advanced

distributed precoders or even sophisticated centralized
precoding techniques?

• Blind channel estimation schemes have demonstrated
their ability to improve the DL performance of cellular
massive MIMO systems, especially in environments
with poor channel hardening. Can these schemes
also deliver substantial performance gains in UC CF-
mMIMO network deployments? Furthermore, how well
do they adapt to environments characterized by multi-
keyhole spatially correlated fading channels? Lastly,
do blind channel estimation schemes outperform the
traditional DL training-based methods?

• In the context considered in this paper, is it preferable
to deploy a UC CF-mMIMO network with a large
number of APs equipped with few antennas or fewer
APs equipped with a large number of antennas? Should
the same deployment strategy be followed regardless of
the precoding scheme used at the APs?

In an effort to answer these and many other questions, the
main contributions of this manuscript can be summarized as
follows:

• A multiple keyhole spatially correlated Ricean fading
channel model is introduced to examine the impact
of channel hardening on system performance across
diverse propagation conditions. The proposed model is
general enough to encompass arbitrary channel models,
ranging from purely spatially uncorrelated Rayleigh
fading to spatially correlated keyhole propagation envi-
ronments.

• Pilot-based UL and DL linear minimum mean square
error (MMSE) channel estimators have been designed to
operate under the generalized multiple keyhole spatially
correlated Ricean fading channel model proposed in
this work. To properly assess the performance provided
by the pilot-based DL linear MMSE channel estimator
under various system configurations, different scalable
linear precoders are considered including the distributed
CB and LP-MMSE precoders [3], as well as the central-
ized improved partial MMSE (IP-MMSE) precoder [17].
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Remarkably, analytical closed-form expressions for the
DL linear MMSE channel estimator are computed when
using CB-based precoding.

• Exploiting the asymptotic properties of the sample
average power of the received signal samples per frame,
a blind channel estimation scheme is also adapted to the
generalized multiple keyhole spatially correlated fading
channel model in UC CF-mMIMO environments, thus
avoiding the use of DL training pilots. Again, all the
terms in this estimator are computed in closed-form for
the CB precoder.

• Achievable spectral efficiency expressions are derived
for each of the DL decoding strategies under evaluation.
These expressions are applicable regardless of the
propagation conditions or the precoding strategy used
at the APs. Closed-form expressions for the achievable
spectral efficiencies are obtained when employing the
distributed CB precoder. These expressions are then
used to derive significant insights into the impact of
system parameters on network performance.

• Extensive numerical results are provided, suggesting
that performing channel estimation in the DL may
be completely unnecessary when centralized precoding
schemes are used, and that it can provide substantial
improvements in system performance when imple-
menting distributed precoders. Additionally, the results
indicate that blind channel estimation schemes offer
significantly superior performance compared to DL
pilot-based channel estimation schemes.

C. PAPER ORGANIZATION AND NOTATIONAL REMARKS
The remainder of this paper is organized as follows.
Section II describes the general system model including
the proposed multiple keyhole spatially correlated Ricean
fading channel characterizing the propagation between APs
and MSs, the UL training phase, the DL payload data
transmission phase and both the blind and pilot-based
DL channel estimation processes. The hardening ratio
and achievable spectral efficiency are fully evaluated in
Section III. Numerical results and discussions are set forth
in Section IV, while the conclusions are summarized in
Section V. For convenience, the most important acronyms
and related descriptions are reproduced in alphabetical order
in Table 2.
Notation: Vectors and matrices are denoted by lower-

and upper-case boldface symbols. The q-dimensional iden-
tity matrix is represented by Iq. The operators X−1,
XT , X∗ and XH denote the inverse, transpose, conjugate
and conjugate transpose (also known as Hermitian) of
matrix X, respectively. The expectation operator is denoted
by E{·}. Finally, CN (m,R) denotes a circularly sym-
metric complex Gaussian vector distribution with mean
m and covariance R, and N (0, σ 2) denotes a real val-
ued zero-mean Gaussian random variable with standard
deviation σ .

TABLE 2. List of main acronyms (in alphabetical order).

II. SYSTEM MODEL
Let us consider a CF-mMIMO network where M APs, each
equipped with an array of N antennas, simultaneously serve
K single-antenna MSs in the same frequency band. The
APs, indexed by the set M = {1, . . . ,M}, are randomly
distributed across a large geographical area, and are all
connected via fronthaul links to a central processing unit
(CPU) (or multiple interconnected CPUs). The MSs, indexed
by the set K = {1, . . . ,K}, are uniformly spread on the cov-
erage area of the network. Assuming a scalable user-centric
dynamic cooperation clustering (DCC) implementation of
the CF-mMIMO network, a MS k ∈ K is served by a subset
Mk = {mk1, . . . ,mkMk} ⊆ M of Mk ≤ M APs [3].
As usually done in the context of massive MIMO

communications, a standard block-fading channel model is
considered where the channel response is assumed to be
constant in a time-frequency coherence block of size τc
samples (or channel uses) and that varies independently
between successive coherence blocks. The CF-mMIMO
network operates using a TDD protocol, where the frames,
with a size of τf samples, are assumed to fit within the
channel coherence block (i.e., τf ≤ τc). Depending on the DL
transmission strategy under consideration, the TDD frame is
organized as follows:

• No DL Pilot Transmission: In this case, the TDD frame
includes three phases, namely, the UL training phase,
the UL payload data transmission phase and the DL
payload data transmission phase, of sizes τpu, τu and
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τd samples, respectively, with τf = τpu + τu + τd.
During the UL training phase, the MSs transmit their
pilot sequences to the APs that estimate the propagation
channels corresponding to theMSs they serve.At theMSs,
two detection strategies can be implemented, namely, the
hardening-based detection (HBD) and the blind channel
estimation-based detection (BBD) schemes. The HBD
strategy assumes that a sufficient degree of channel
hardening holds for the CF-mMIMO scenario under
consideration, allowing the MSs to reliably decode the
DL payload data by relying exclusively on the knowledge
of statistical CSI. The BBD strategy, in contrast, does
not rely on channel hardening and, instead, the MSs
implement an explicit estimate of their instantaneous
effective DL channels. Since the APs do not transmit
DL pilots, the MSs must necessarily implement a blind
channel estimation process.

• DL Pilot Transmission: In this case, the TDD frame
includes an additional DL training phase, of size τpd
samples, in between the UL and DL payload data
transmission phases, with τf = τpu+τu+τpd+τd. During
the DL training phase, the APs transmit precoded pilot
sequences to the MSs that, in this way, are able to
obtain pilot-based instantaneous CSI that can be used
to improve the quality of the detection process. In the
sequel, this will be denoted as the pilot-based detection
(PBD) strategy. It is important to note that, as the size
of the frame is fixed, the more samples are dedicated
to the transmission of DL pilots, the fewer samples can
be dedicated to the other phases of the TDD frame.
Thus, assuming that the introduction of the DL training
phase should not affect the sizes of the UL training and
payload data transmission phases, transmitting DL pilots
will unavoidably decrease the number of samples that
can be dedicated to the DL payload data transmission
phase and thus compromise the achievable spectral
efficiency metrics.

A. CHANNEL MODEL
The propagation channel between the kth MS and the mth
AP is denoted by the N-dimensional complex-valued vector
hmk ∈ C

N×1. In order to examine the impact of channel
hardening on system performance across diverse propagation
conditions, a model called generalized multiple keyhole
spatially correlated Ricean fading channel is proposed. A
schematic representation of some examples of the gen-
eralized multiple keyhole channel model is presented in
Fig. 1. Within the framework of this propagation model, the
aforementioned channel vector can be characterized as

hmk =
Nmk∑

j=1

cmkjαmkjgmkj, (1)

where Nmk is the number of effective keyholes around MS k
as observed by AP m, cmkj is the deterministic complex gain

FIGURE 1. Schematic representation of some examples of the generalized multiple
keyhole channel model: pure Ricean fading channel between MS u and AP l, pure
Rayleigh fading channel between MS u and AP m, single keyhole Ricean fading
channel between MS p and AP m, single-keyhole Rayleigh fading channels between
MSs p and k and APs l and m, respectively, and finally, double-keyhole Ricean fading
channel between MS k and AP l.

of the jth keyhole, which is assumed to be normalized such
that

∑Nmk
j=1 |cmkj|2 = 1, αmkj denotes the random channel gain

between MS k and the jth keyhole, and gmkj is the random
channel vector between the jth keyhole and the mth AP. The
channel gains between a MS and its associated keyholes are
independent and distributed as αmkj ∼ CN (0, 1). The channel
vectors between a keyhole and the corresponding APs are
modeled as spatially correlated Ricean fading channels with

gmkj =
√

Kmk
Kmk + 1

χmkja(ϕmk, ϑmk) +
√

1

Kmk + 1
qmkj, (2)

where Kmk is the so-called Ricean K-factor, χmkj ∼
CN (0, βmk) is the random channel gain of the LOS compo-
nent of the Ricean channel, with βmk denoting the average
channel propagation gain, a(ϕmk, ϑmk) is used to denote the
array response vector at the azimuth and elevation angles ϕmk
and ϑmk of the LOS propagation channel between the kth MS
and the mth AP, with ‖a(ϕmk, ϑmk)‖2 = N, and finally, the
non-line-of-sight (NLOS) component is modeled as qmkj ∼
CN (0,Cmk), with Cmk ∈ C

N×N denoting the corresponding
positive semi-definite spatial correlation matrix and holding
tr(Cmk) = Nβmk.
The jth Ricean component of hmk is distributed as gmkj ∼

CN (0,Gmk), with

Gmk = Kmk
Kmk + 1

βmkAmk + 1

Kmk + 1
Cmk, (3)

where Amk = a(ϕmk, ϑmk)(a(ϕmk, ϑmk))H . The multiple
keyhole spatially correlated Ricean fading channel, modeled
as the sum of products of Gaussian random variables, is
a zero-mean random vector whose positive semi-definite
spatial correlation matrix can be obtained in closed form as
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Rmk = E

{
hmkhHmk

}

=
Nmk∑

j=1

Nmk∑

j′=1

cmkjc
∗
mkj′E

{
αmkjα

∗
mkj′
}
E

{
gmkjg

H
mkj′
}

=
Nmk∑

j=1

∣∣cmkj
∣∣2Gmk = Gmk. (4)

B. UL TRAINING PHASE
During the UL training phase, MSs transmit pilot sequences
of τpu symbols to enable the APs performing channel
estimation. Note that, in this case, the number of available
orthogonal pilot sequences is equal to τpu. The pilot sequence
allocated to MS k is denoted by ϕuk and is drawn from
a set of τpu orthonormal sequences (i.e., ‖ϕuk‖2 = 1 and
ϕHu kϕul = 0 for all ϕul 
= ϕuk). The N× τpu received signal
matrix at the mth AP during the UL training phase can be
expressed as

Ym =
∑

k∈K

√
τpuPpuhmkϕ

T
u k + Nm, (5)

where Ppu is the transmit power per pilot symbol at the MSs,
and Nm is an N× τpu matrix of independent and identically
distributed (iid) additive noise samples with each entry
distributed as CN (0, σ 2

u ). If needed,1 sufficient statistics to
estimate hmk can be obtained by projecting Ym onto ϕ∗

uk as

ymk = Ymϕ∗
uk =

√
τpuPpu

∑

l∈Puk

hml + Nmϕ∗
uk, (6)

where Puk is the set of MSs sharing the same UL pilot
sequence that has been allocated to MS k, including itself.
The linear MMSE estimate of hmk can be obtained as [18]

ĥmk = E{hmkyHmk}
(
E{ymkyHmk}

)−1
ymk

=
√

τpuPpuRmk�
−1
mk ymk, (7)

where

�mk = E{ymkyHmk} =
∑

l∈Puk

τpuPpuRml + σ 2
u IN . (8)

Note that the linear MMSE channel estimates are zero-
mean random vectors whose positive semi-definite spatial
correlation matrices can be obtained as

R̂mk = τpuPpuRmk�
−1
mkRmk. (9)

Furthermore, even though the channel estimation vectors
h̃mk = ĥmk − ĥmk are not statistically independent of the
corresponding linear MMSE channel estimates, they are
uncorrelated and, hence, h̃mk is a zero-mean random vector
whose positive semi-definite spatial correlation matrix is

R̃mk = Rmk − R̂mk. (10)

1Note that the mth AP will only estimate the channel of MS k if it
participates in the combining and/or precoding of signals received from
and/or transmitted to this particular MS.

Denoting by Dm the set of MSs served by the mth AP, and
assuming that each of the MSs in Dm uses a different pilot
sequence (this is a condition typically enforced by the DCC
algorithm), the computational complexity for UL channel
estimation at AP m is equal to |Dm|(Nτpu + N2) complex
multiplications per coherence block [3, Sec. 4.2].

C. DL PAYLOAD DATA TRANSMISSION PHASE
Let sk = [sk(1) . . . sk(τd)]T be the vector of symbols intended
for MS k in a generic TDD frame, where it is assumed that
E{skskH} = Iτd , and that E{sksHl } = 0, for all l 
= k. Using
this definition, the signal vector transmitted by the mth AP
in the tth symbol period of the DL payload data transmission
phase, with t ∈ {1, . . . , τd}, can be expressed as

zm(t) =
∑

l∈Km

wmlsl(t), (11)

with

E

{
‖zm(t)‖2

}
=
∑

l∈Km

E

{
‖wml‖2

}
≤ Pd, (12)

where Km denotes the set of MSs being served by the mth
AP, and Pd is the DL transmit power available at the APs.
Let us define hMlk = [hTml1k . . . hTmlMl k

]T as the collective
channel between MS k and the set of APs serving MS l, and
wl = [wTml1l . . .w

T
mlMl l

]T as the NMl-dimensional precoding
vector used to transmit data to MS l. Using these definitions,
the received DL signal at MS k in the tth symbol period can
be expressed as

ydk(t) =
∑

m∈M
hHmkzm(t) + ndk(t)

=
∑

l∈K
aklsl(t) + ndk(t), (13)

where

akl = hHMlk
wl (14)

is the effective precoded channel between MS k and the set
of APs serving MS l, and ndk(t) ∼ CN (0, σ 2

d ).
Even though the proposed framework is general enough to

encompass any DL precoding scheme, three scalable linear
precoders will be considered in the following subsections:
the distributed CB precoder (also known as the maximal ratio
transmission (MRT) precoder) [4], the distributed LP-MMSE
precoder [3], and the centralized IP-MMSE precoder [17].
The selection of these precoders is not arbitrary. The CB
precoder aims to maximize the fraction of transmitted power
effectively conveyed from a particular AP to the desired MS,
but it ignores the interference that the AP might cause to
other MSs in the network. Despite providing modest spectral
efficiencies, this precoder has the advantage of reducing the
fronthaul signaling load while also entailing much lower
computational complexity. Moreover, most of the analytical
expressions involved in both the channel estimation process
and the determination of the achievable spectral efficiency
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can be computed in closed form, providing valuable insight
into the behavior of the system under different scenarios.
The centralized IP-MMSE precoder strikes a proper balance
between achieving a strong received signal and suppressing
interference, aiming to maximize the signal-to-interference-
plus-noise ratio (SINR) based on the channel estimates
and statistics available at the set of APs jointly serving a
particular MS. This scalable centralized precoder provides
spectral efficiencies very close to those achievable using
the optimal non-scalable MMSE precoder. However, unlike
the CB precoder, it does not allow the computation of the
achievable spectral efficiency in closed form and can only
be analyzed using numerical results obtained through Monte
Carlo methods. In contrast to the centralized IP-MMSE
scheme, the LP-MMSE precoder implemented at a specific
AP utilizes solely the channel estimates and statistics asso-
ciated with the MSs served by that AP. As anticipated, this
precoder presents a trade-off between performance metrics
and computational complexities as those demonstrated by
the CB and IP-MMSE precoders. As with the IP-MMSE,
its performance assessment must rely on Monte Carlo
simulations. Recognizing that the list of scalable precoding
methods that could be evaluated in the proposed user-centric
CF-mMIMO scenario is extensive, including options like
the local-partial regularized zero forcing (LP-RZF) or the
partial regularized zero-forcing (P-RZF) precoders [3], the
selected precoders (i.e., CB, LP-MMSE, and IP-MMSE)
were chosen because they represent a range of performance
and complexity levels that sufficiently illustrate the key trade-
offs that might be confronted in CF-mMIMO networks.
The number of complex multiplications per coherence

block required to compute the precoding vector used to
convey payload data to a particular MS, including the
computation of the channel estimates, is summarized in [3,
Table 5.1]. Note that the computational complexity asso-
ciated with the IP-MMSE precoder is the same as that
associated with the P-MMSE precoder.

1) CENTRALIZED IP-MMSE PRECODING

In centralized DL operation, the precoding vector computed
at the CPU to transmit DL payload data to MS k capitalizes
on the UL-DL duality theorem [3] and can be expressed as

wk = √
pdk

wk√
E
{‖wk‖2}

, (15)

where pdk is the transmit power allocated to MS k, and wk
is the combining vector applied to MS k in the UL payload
data transmission phase.
Relying on the large-scale CSI available at the CPU, the

IP-MMSE combiner can be designed as [17]

wk = √
puk�k

−1ĥMkk, (16)

where puk ≤ Pu is the UL transmit power allocated to MS
k, with Pu denoting the transmit power available at the MSs,

and

�k =
∑

l∈Sk

pul
(
ĥMklĥ

H
Mkl + R̃Mkl

)

+
∑

l 
∈Sk

pulRMkl + σ 2
u IMkN, (17)

with Sk denoting the set of MSs that are served by partially
the same network nodes as MS k, that is, Sk = {l:Mk ∩
Ml 
= ∅}, ĥMkl = [ĥ

T
mk1l . . . ĥ

T
mkMk l

]T denoting the MMSE
estimate of the channel between MS l and the set of APs
serving MS k, RMkl = blockdiag(Rmk1l, . . . ,RmkMk l), and

R̃Mkl = blockdiag(R̃mk1l, . . . , R̃mkMk l).
Inspired by the approach proposed by Nikbakht et al.

in [19] and Chen et al. in [20], a scalable distributed
UL fractional power control strategy was described by
Demir et al. in [3, Sec. 7.2.1], where

puk = Pu

(∑
m∈Mk

βmk
)υ

maxl∈Sk

(∑
m∈Ml

βml
)υ , (18)

with the exponent υ ∈ [−1, 1] operating as a knob to modify
the power control behavior, from a max-min fairness power
allocation strategy to a sum-rate maximization approach.
In the DL, the power pdk allocated to the kth MS

is distributed among the channels of the different APs
according to the normalized precoding vector described
in (15). Although other scalable power allocation strategies
can be found in the literature on CF-mMIMO (see, for
example, [21], [22]), one of the proposals that has gained
more acceptance in this research area is the one proposed
by Demir et al. in [3, Sec. 7.2.2], where

pdk = Pd
(∑

m∈Mk
βmk
)υ

ωk
−κ

maxm′∈Mk

∑
l∈Km′

(∑
m∈Ml

βml
)υ

ω1−κ
l

. (19)

This proposal was inspired by the heuristic UL fractional
power control strategy in (18) and incorporates, on the one
hand, the power constraints at the APs and, on the other
hand, the scaling parameters defined as

ωk = max
m∈Mk

E
{‖wmk‖2}

E
{‖wk‖2} , (20)

which prevent the transmit powers from being allocated in
an overly conservative manner. The exponent 0 ≤ κ ≤ 1
reshapes the ratio of power allocation between different MSs.

2) LOCAL TRANSMIT PRECODING

Assuming a distributed DL operation, a local transmit
precoder can be implemented at each of the APs in the
network. Assuming that AP m serves MS k (i.e., k ∈ Km), the
corresponding precoding vector can be generically expressed
as

wmk = √
pdmk

wmk√
E
{‖wmk‖2}

, (21)
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where pdmk denotes the DL transmit power allocated by
the mth AP to MS k, and wmk is a vector pointing out
the direction of the precoder. As suggested by Demir et al.
in [3], two scalable versions of the local transmit precoder
are worth considering. The first one, defined by

wmk = �−1
m ĥmk, (22)

with

�m =
∑

l∈Km

pul
(
ĥmlĥ

H
ml + R̃ml

)
+ σ 2

u IN, (23)

is called the LP-MMSE precoder. The second one, known
as the CB precoder, is defined by

wmk = ĥmk, (24)

thus holding that E{‖wmk‖2} = tr(R̂mk). Again, a fractional
DL power allocation is considered for the distributed
operation [3], [8], [19], where

pdmk =
{
Pd

β�
mk∑

l∈Km β�
ml

if k ∈ Km

0, otherwise,
(25)

with the exponent � ∈ [ − 1, 1] dictating the power control
behavior, similar to υ in the centralized scenario.

D. DL BLIND CHANNEL ESTIMATION
Following the steps of the DL blind channel estimation
technique proposed by Ngo and Larsson in [13] for a
cellular massive MIMO scenario, when implementing the
BBD strategy, the sample average power of the received
signal ydk(t) during the DL payload data transmission phase
of a generic TDD frame can be computed as

ξ k = 1

τd

τd∑

t=1

|ydk(t)|2. (26)

When τd is large, the application of the law of large numbers
allows the sample average ξ k to be approximated as2

ξ k ≈ |akk|2 + �k + σ 2
d , (27)

with

�k =
∑

l∈K
l 
=k

E

{
|akl|2

}
. (28)

The variables �k, for all k ∈ K, solely depend on large-
scale CSI that remains almost invariant over many coherence
blocks and can be straightforwardly computed at the MSs [4].
Therefore, taking into account that, with high probability,
the real part of akk is much larger than the corresponding
imaginary part (i.e., the phase of akk is approximately equal

2It is worth noting that, with high probability |akl|2 � |akk|2, for all
l 
= k and, hence, the approximation is still valid even for small values
of τd .

to zero) when MkN is large, an estimate of akk can be
obtained as [15]

âbbdkk =
{√

ξ k − �k − σ 2
d , if ξ k > θk

E{akk}, otherwise,
(29)

where âbbdkk has been set equal to E{akk} when the argument
of the square root is larger than θk. To ensure that the square
root in (29) provides a real number, the value of the switching
point θk between the two cases must hold that θk ≥ �k+σ 2

d .
Note that the estimate âbbdkk obtained in (29) is correlated

with all the symbols in sk and, as shown in [13, Sec. V],
this complicates the computation of an achievable spectral
efficiency for this particular detection strategy. To address
this issue, when computing the achievable spectral efficiency
provided by the BBD scheme (see Section II-B2), the channel
estimate that will be assumed to be used when detecting the
tth DL payload data symbol at MS k will be obtained as

âbbdkk ≈ âbbdkk (t) =
{√

ξ k(t) − �k − σd, if ξ k(t) > θk
E{akk}, otherwise,

(30)

where

ξ k(t) = 1

τd

τd∑

t′=1
t′ 
=t

∣∣ydk
(
t′
)∣∣2. (31)

This guarantees that âbbdkk ≈ âbbdkk (t) is uncorrelated with sk(t).
Note that the computational complexity associated with

the blind-based channel estimation (measured in terms of
complex multiplications) may be considered negligible, as it
only increases linearly with τd.
Theorem 1: For the distributed CB case, the APs (or the

CPU) can compute the variables E{akk} and �k in closed
form as

E{akk} =
∑

m∈Mk

√
pdmktr

(
R̂mk

)
, (32)

and

�k =
∑

l∈K
l 
=k

∑

m∈Ml

pdml

tr
(
R̂ml
) tr
(
RmkR̂ml

)

+
∑

l∈Puk
l 
=k

∣∣∣∣∣∣∣

∑

m∈Ml

√√√√
pdml

tr
(
R̂ml
) tr
(
R̂mkRmlR

−1
mk

)
∣∣∣∣∣∣∣

2

+
∑

l∈Puk
l 
=k

∑

m∈Ml

pdml

tr
(
R̂ml
)λmk

×
[

tr

(
RmkRml

(
R−1
mk R̂mk

)2
R−1
mkRml

)

+tr
(
R̂mkRmlR

−1
mk

)
tr
(
R̂mkR

−1
mkRml

)]]
, (33)
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respectively, where

λmk =
Nmk∑

j=1

∣∣cmkj
∣∣4. (34)

Proof: See Appendix B.

E. DL TRAINING PHASE IN THE PBD CASE
When implementing the PBD strategy, DL pilot sequences
of τpd symbols are beamformed to the MSs by using the
same precoding filters that will be employed during the DL
payload data transmission phase. Let us denote the DL pilot
sequence allocated to MS k by ϕdk. As in the UL, these
pilot sequences are assumed to be drawn from a set of τpd
orthonormal sequences (i.e., ‖ϕdk‖2 = 1 and ϕdkϕdl = 0 for
all ϕdl 
= ϕdk). Under these assumptions, the N× τpd signal
matrix transmitted by the mth AP during the DL training
phase can be expressed as

Xm = √
τpd

∑

l∈Km

wmlϕd
T
l . (35)

Equivalently, the Nτpd-dimensional vector of samples trans-
mitted by the mth AP during the DL training phase can be
written as

xm = vec(Xm) = √
τpd

∑

l∈Km

vec
(
wmlϕd

T
l

)

= √
τpd

∑

l∈Km

(
ϕdl ⊗ IN

)
wml, (36)

and the average power spent by the mth AP to transmit the
DL pilots can be obtained as

E

{
‖xm‖2

}

= τpd

∑

l∈Km

∑

l′∈Km

E

{
wHml
(
ϕHd lϕdl′ ⊗ IN

)
wml′

}
. (37)

The average transmit power must be constrained to ensure
that E{‖xm‖2} ≤ τpdPd, and achieving this is quite difficult
in a general setting where UL and/or DL pilot sequences
are allocated arbitrarily. To address this issue, the DL pilot
assignment is constrained such that, for any pair of MSs l
and l′ in Km, with l 
= l′, it holds ϕHd lϕdl′ = 0. Note that this
is tantamount to assume that a given AP can only serve up
to τpd MSs, and all of them are allocated orthogonal pilot
sequences. Interestingly, this constraint is already imposed by
the classical UL pilot allocation and DCC strategy proposed
by Demir et al. in, and it can be readily extended to the DL
scenario, as will be shown in the following subsections.3 In

3Even though this algorithm is fully detailed in [3, Sec. 4.4], it is worth
noting that it iteratively assigns pilots to the MSs by always selecting,
in a greedy manner, the one that results in the least pilot contamination.
This approach prevents worst-case scenarios where closely spaced MSs are
assigned the same pilot. After the pilot sequences have been allocated,
cluster formation is implemented by allowing each AP to serve exactly τpu
MSs. For each pilot, the AP serves the MS with the strongest channel gain
among the subset of MSs assigned to that pilot.

this particular case, (37) simplifies to

E

{
‖xm‖2

}
= τpd

∑

l∈Km

E

{
‖wml‖2

}
, (38)

which is equivalent to constraint (12).
The τpd-dimensional row vector received at the kth MS

during the DL training phase is given by

yTp k =
∑

m∈M
hHmkXm + nTp k, (39)

where npk ∼ CN (0, σ 2
d Iτpd ). Sufficient statistics to estimate

the effective precoded DL channel akk can be obtained by
projecting the received signal vector onto the pilot sequence
ϕdk

∗ as follows

y̌pk = yTp kϕdk
∗ =

∑

m∈M
hHmkXmϕdk

∗ + ňpk

= √
τpd

∑

m∈M
hHmk

∑

l∈Km

wmlϕd
T
l ϕdk

∗ + ňpk

= √
τpd

∑

l∈Pdk

akl + ňpk, (40)

where Pdk is the set of MSs sharing the same DL pilot
sequence as MS k, including itself, and ňpk = nTp kϕdk

∗.
Given y̌pk, the linear MMSE estimate of the effective

precoded channel between MS k and the set of APs in Mk

can be obtained as

âpbdkk = E{akk} + cov
{
akk, y̌pk

}

var
{
y̌pk
}
(
y̌pk − E

{
y̌pk
})

, (41)

where

E
{
y̌pk
} = √

τpd

∑

l∈Pdk

E{akl}, (42a)

cov
{
akk, y̌pk

} = E

{
akky̌

∗
pk

}
− E{akk}E

{
y̌∗pk
}
, (42b)

E

{
akky̌

∗
pk

}
= √

τpd

∑

l∈Pdk

E
{
akka

∗
kl

}
, (42c)

var
{
y̌pk
} = E

{∣∣y̌pk
∣∣2
}

− ∣∣E{y̌pk
}∣∣2, (42d)

and

E

{∣∣y̌pk
∣∣2
}

= τpd

∑

l∈Pdk

∑

l′∈Pdk

E
{
akl′a

∗
kl

}+ σ 2
d . (42e)

As in the BBD case, the pilot-based DL channel estimation
has negligible computational complexity, involving only
a small number of complex multiplications per coher-
ence interval that depend linearly on τpd. These complex
multiplications are necessary for projecting the received
signal vector onto the pilot sequence and for calculating the
covariances and variances of scalar random variables, which
must then be multiplied by the projected received signal
sample.
Theorem 2: For the distributed CB case, the APs (or the

CPU) can compute the linear MMSE channel estimate âpbdkk
in closed form by using E{akk} as obtained in (32),
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E
{
y̌pk
} =

∑

l∈Pk

∑

m∈Ml

√√√√
τpd pdml

tr
(
R̂ml
) tr
(
R̂mkRmlR

−1
mk

)
, (43)

with Pk = Pdk ∩ Puk,

E
{
akky̌pk

∗} =
∑

l∈Pk

∑

m∈Mkl

√√√√
τpdpdmkpdml

tr
(
R̂mk

)
tr
(
R̂ml
)

×
[

tr
(
RmkR̂mkR

−1
mkRml

)

+λmk

[
tr

(
Rmk

(
R̂mkR

−1
mk

)2
Rml

)

+tr
(
R̂mk

)
tr
(
R̂mkR

−1
mkRml

)]]

+
∑

l∈Pk

∑

m′∈Mk

∑

m∈Ml

√√√√
τpdpdm′kpdml

tr
(
R̂m′k

)
tr
(
R̂ml
)

×tr
(
R̂m′k

)
tr
(
R̂mkR

−1
mkRml

)
, (44)

with Mkl = Mk ∩ Ml, and

E

{∣∣y̌pk
∣∣2
}

=
∑

l∈Pk

∑

l′∈Pk

∑

m∈Mll′

√√√√√
τ 2
p d
pdml′pdml

tr
(
R̂ml′

)
tr
(
R̂ml
)

×
[

tr
(
RmkRml′R

−1
mk R̂mkR

−1
mkRml

)

+λmk

[
tr

(
RmkRml′

(
R−1
mk R̂mk

)2
R−1
mkRml

)

+tr
(
R̂mkRml′R

−1
mk

)
tr
(
R̂mkR

−1
mkRml

)]]

+
∑

l∈Pk

∑

l′∈Pk

∑

m′∈Ml′

∑

m′∈Ml

√√√√√
τ 2
p d
pdm′l′pdml

tr
(
R̂m′l′

)
tr
(
R̂ml
)

×tr
(
R̂m′kRm′l′R

−1
m′k

)
tr
(
R−1
mkRmlR̂mk

)

+
∑

l∈Pdk
l 
∈Puk

∑

m∈Ml

τpdpdml

tr
(
R̂ml
) tr
(
RmkR̂ml

)
+ σ 2

d . (45)

Proof: See Appendix B.

III. PERFORMANCE ANALYSIS
A. HARDENING RATIO
The channel hardening property of cell-free massive MIMO
systems is essential when a generic MS k attempts to
detect its desired signal solely based on the statistics of the
effective channel gain akk (i.e., using the HBD strategy).
With sufficient channel hardening, the effective channel gain
akk converges to its mean value, allowing MS k to reliably
utilize E{akk} as the true effective channel gain for detection.
However, in scenarios with weak channel hardening, relying
on E{akk} for signal detection can significantly compromise
system performance. The robustness of channel hardening

can be quantified using the channel hardening ratio, which
is defined, for a specific MS k, as [23]

HRk = var{akk}
|E{akk}|2

= E{|akk|2}
|E{akk}|2

− 1. (46)

Note that a perfect channel hardening occurs whenever
var{akk} = 0 and, hence, HRk = 0.
Theorem 3: For the distributed CB case, the hardening

ratio of the effective precoded channel between MS k and
the set of APs in Mk can be computed in closed form by
using E{akk} as obtained in (32), and

var{akk} =
∑

m∈Mk

pdmk

tr
(
R̂mk

)
[

tr
(
R̂mkRmk

)

+λmk

[
tr
(
RmkR̂mkR

−1
mk R̂mk

)
+
(

tr
(
R̂mk

))2
]]

(47)

Proof: See Appendix B.
The parameter λmk, defined in (34), is bounded by

1

Nmk

⎛

⎝
Nmk∑

j=1

∣∣cmkj
∣∣2
⎞

⎠
2

≤ λmk ≤
Nmk∑

j=1

∣∣cmkj
∣∣2, (48)

where, as stated by Sutton et al. in [10], the lower
bound follows from the application of the Cauchy-Schwarz
inequality, and the upper bound is based on the fact that
|cmkj|2 ≤ 1. Now, taking into account that

∑Nmk
j=1 |cmkj|2 = 1,

it holds that

1

Nmk
≤ λmk ≤ 1. (49)

The upper bound corresponds to the scenario in which
the propagation channel between MS k and the mth AP
is characterized by a single keyhole. The lower bound,
in contrast, is attained when |cmkj|2 = 1/Nmk for all j ∈
{1, . . . ,Nmk}. These results lead to the following insights
with respect to the DL hardening ratio for the distributed
CB case:

• First, the worst-case scenario arises when an MS
receives signals from all its serving APs through single-
keyhole channels. This specific condition leads to the
weakest channel hardening situation (i.e., the largest
hardening ratio).

• Second, for a given number of keyholes, the optimal
scenario is a channel between a particular AP and a
MS characterized by equal keyhole gains, as it leads to
the strongest hardening ratio condition (i.e., the lowest
hardening ratio).

• Third, as the number of keyholes through which an MS
receives signals tends to infinity (i.e., as Nmk → ∞), the
propagation channel approximates a pure Ricean fading
channel. In this case, the parameter λmk tends to zero,
minimizing the hardening ratio and creating the best-
case scenario for specific channel parameters, including
the Ricean K-factor and the spatial correlation matrix
of the NLOS component.
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• Finally, using similar arguments as those employed
in [7], it can be demonstrated that: (i) the presence of a
dominant LOS component in the wireless link between a
given MS and the corresponding APs enhances channel
hardening, (ii) spatial correlation among the antennas
at the APs results in weaker channel hardening metrics
compared to a scenario with uncorrelated antennas, and
(iii) the pure cell-free scheme, where all APs serve
all MSs, represents the best-case scenario for channel
hardening compared to any scalable UC strategy.

B. SPECTRAL EFFICIENCY
1) HBD STRATEGY

Assuming that MS k has only access to the average CSI
E{akk}, a deterministic number that can be easily obtained in
practice without the need to transmit DL pilots, an achievable
spectral efficiency of MS k can be obtained as [3, Th. 6.1]

ηk
hbd = τd

τf
log2

(
1 + SINRk

hbd
)
, (50)

where the DL effective SINR can be expressed as

SINRk
hbd = |E{akk}|2∑

l∈K E
{|akl|2

}− |E{akk}|2 + σ 2
d

. (51)

Theorem 4: For the distributed CB precoding case, the
achievable spectral efficiency ηk

hbd can be expressed in
closed form by using E{akk} as defined in (32) and
∑

l∈K
E

{
|akl|2

}
=
∑

l∈K

∑

m∈Ml

pdml

tr
(
R̂ml
) tr
(
RmkR̂ml

)

+
∑

l∈Puk

∣∣∣∣∣∣∣

∑

m∈Ml

√√√√
pdml

tr
(
R̂ml
) tr
(
R̂mkRmlR

−1
mk

)
∣∣∣∣∣∣∣

2

+
∑

l∈Puk

∑

m∈Ml

pdml

tr
(
R̂ml
)λmk

×
[

tr

(
RmkRml

(
R−1
mk R̂mk

)2
R−1
mkRml

)

+tr
(
R̂mkRmlR

−1
mk

)
tr
(
R̂mkR

−1
mkRml

)]]
,

(52)

in (51).
Proof: See Appendix B.
By employing arguments akin to those articulated in the

section focused on the assessment of channel hardening and
leveraging Theorem 4, significant insights concerning the
spectral efficiency dynamics when employing a distributed
CB precoder and the HBD strategy can be gleaned:

• First, the self-interference term resulting from the chan-
nel estimation error experienced by a particular MS k
contains components that are multiplied by λmk. As this
parameter is maximized when the MS receives signals
through single-keyhole channels, this condition leads to
the worst-case situation in terms of achievable spectral

efficiency. In other words, the spectral efficiency that an
HBD-based CF-mMIMO network might offer to an MS
experiencing single-keyhole channel propagation can be
seriously compromised.

• Second, the parameter λmk decreases as the number
of effective keyholes characterizing the propagation
channel MS k and AP m increases. Moreover, for a
given number of keyholes, λmk is minimized when all
of them have exactly the same gain. Consequently,
the achievable spectral efficiency experienced by a
particular MS increases with the number of surrounding
keyholes, specially when they have similar gains.

• For an infinite number of keyholes, the propagation
channels behave as pure Ricean fading channels. In
this case, the parameter λmk equals zero, causing the
corresponding components in the self-interference term
to vanish. As a result, the achievable spectral efficiency
increases.

2) BBD AND PBD STRATEGIES

The received DL signal at MS k, expressed in (13), can be
rewritten as

ydk(t) = akksk(t) + ñdk(t), (53)

where

ñdk(t) =
∑

l∈K
l 
=k

aklsl(t) + ndk(t). (54)

Note that, when implementing the PBD strategy, sk(t) is
independent of apbdkk and of âkk, ñdk(t) has zero mean, and
sk(t) and ñdk(t), when conditioned on âkk, are uncorrelated
since

E

{
ñdk(t)|âpbdkk

}
= E

{
sk

∗(t)ñdk(t)|âpbdkk

}

= E

{
a∗
kksk

∗(t)ñdk(t)|âpbdkk

}
= 0. (55)

Hence, the achievable spectral efficiency can be obtained
using [18, eq. (2.46)] as

ηk
pbd = τd

τf
E

{
log2

(
1 + SINRk

pbd
)}

, (56)

with

SINRk
pbd =

∣∣∣E
{
akk|âpbdkk

}∣∣∣
2

∑
l∈K E

{
|akl|2|âpbdkk

}
−
∣∣∣E
{
akk|âpbdkk

}∣∣∣
2 + σ 2

d

,

(57)

where the outer expectation in (56) is obtained with respect
to âpbdkk .
As already mentioned in Section II-D, the constraints

in (55) do not hold for the BBD case when using the channel
estimate obtained in (29). Just for the purpose of calculating
an achievable spectral efficiency, the aforementioned issue
can be addressed by approximating âbbdkk with âbbdkk (t) and
substituting âpbdkk with âbbdkk (t) in (55)-(57) (see [13, Sec. V]
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for more details) to obtain ηk
bbd and SINRk

bbd. Note that in
this case, for the sake of conciseness and with a slight abuse
of notation, we will continue using analytical expressions
written in terms of âbbdkk instead of explicitly employing
âbbdkk (t).
Since the random variables {akl} are not Gaussian dis-

tributed, their estimates {âxbdkl }, where xbd is a token used
to denote either the BBD (i.e., xbd = bbd) or the PBD (i.e.,
xbd = pbd) strategies, and corresponding estimation errors
are uncorrelated, but not independent. This makes computing
the expectations in SINRk

bbd and SINRk
pbd challenging,

if at all possible, in closed form. As suggested by Ngo
and Larsson in [13], however, these expectations can be
numerically computed by first using Bayes’ theorem and
then the Riemann integration rule in such a way that

ηk
xbd = τd

τf

∑

i

�xipâxbdkk
(xi) log2

(
1 + SINRk

xbd(xi)
)
, (58)

with

SINRk
xbd(xi) = |E{akk|xi}|2∑

l∈K E
{|akl|2|xi

}− |E{akk|xi}|2 + σ 2
d

,

(59)

and

E{akk|xi} ≈
∑

j

yj�yj

pakk,âxbdkk

(
yj, xi

)

pâxbdkk
(xi)

, (60a)

E

{
|akl|2|xi

}
≈
∑

n

zn�zn

p|akl|2,âxbdkk
(zn, xi)

pâxbdkk
(xi)

, (60b)

where �xi , �yj and �zn denote the sizes of the ith, jth
and nth intervals of the partitions used in the corresponding
Riemann integration processes. Moreover, the probability
density function pâxbdkk

(xi), as well as the joint density
functions pakk,âxbdkk

(yj, xi) and p|akl|2,âxbdkk
(yj, xi) can be obtained

using standard numerical computing tools.

3) PERFECT DL CSI

For benchmarking purposes, let us also consider the idealistic
scenario where perfect CSI is available at the MSs. In
this ideal case, the useful term in (13) is akksk(t) and,
consequently, the achievable spectral efficiency of MS k can
be expressed as [3]

ηk
ideal = τd

τf
E

⎧
⎪⎨

⎪⎩
log2

⎛

⎜⎝1 + |akk|2∑
l∈K
l 
=k

|akl|2 + σ 2
d

⎞

⎟⎠

⎫
⎪⎬

⎪⎭
. (61)

IV. NUMERICAL RESULTS
Following the common practice in the literature on CF-
mMIMO networking (see, for instance, [3] and references
therein), APs and MSs are uniformly distributed within
a square coverage area with a side length of D meters.
Additionally, to emulate the effects of a large network
deployment without edges, a wrap-around topology is used

TABLE 3. Summary of default simulation parameters.

where all APs and MSs experience equivalent interference
conditions.
The probability of a MS being in a keyhole scenario is

set to a fixed value denoted as pKH, and the number of
keyholes characterizing the propagation channels of MSs in
such a situation are set to a constant value Nmk = NKH, with
|cmkj|2 = 1/NKH. The links between the mth AP and the Nmk
keyholes, which characterize the environment surrounding
the kth MS, are classified as either LOS or NLOS, with the
LOS probability determined by [24]

pLOS(dmk) = min

(
1,

d0

dmk
+
(

1 − d0

dmk

)
e
− dmk

2d0

)
, (62)

where d0 and dmk denote a reference distance and the
distance between AP m and MS k, respectively. The Ricean
K-factor is set to Kmk = 0 for NLOS propagation links. For
LOS propagation links it is characterized as 10 log10(Kmk) ∼
N (μk, σ k

2). The propagation gain of the link between the
mth AP and the kth MS can be expressed as

βmk = 10(α+10β log10(dmk)+χmk)/10, (63)

with χmk ∼ N (0, σ 2
χ ) denoting the shadow fading

component, whose spatial correlation model is described
in [4, (54)-(55)]. The parameters α, β and σχ vary depending
on whether the link is in LOS or NLOS conditions.
Each AP is assumed to be equipped with a N-antenna

uniform linear array (ULA) located on the xy-plane and
with half wavelength antenna spacing. The generic analytical
expression for the antenna array response vector at the
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FIGURE 2. CDFs of the DL hardening ratio achieved when using CB, LP-MMSE or
IP-MMSE precoding (M = 80 APs, K = 20 MSs, N = 2 antennas per AP).

azimuth and elevation angles ϕ and ϑ can then be expressed
as

a(ϕ, ϑ) =
[
1 ejπ sin ϕ cos ϑ . . . ejπ(N−1) sin ϕ cos ϑ

]
. (64)

Moreover, considering the Gaussian local scattering model
described in [3, Sec. 2.6], where the scattering components
are distributed around the nominal azimuth and elevation
angles according to a Gaussian distribution, the components
of the spatial correlation matrix Cmk can be computed
using [3, eqs. (2.18)-(2.19)].
Default parameters used to set-up the simulation scenarios

under evaluation are summarized in Table 2 and are inspired
by prior research works on this topic (see, for instance, [3],
[4], [24], [25] and references therein). Remarkably, it has
been assumed that in the HBD, BBD and Ideal cases, τpu =
15 samples, τu = �(τf −τpu)/2� and τd = τf −τpu−τu. In the
PBD case, in contrast, it has been assumed that τpu = τpd =
15 samples, τu = �(τf −τpu)/2� and τd = τf −τpu−τpd−τu.
Moreover, the DCC scheme described in [3, Sec. 4.4] is used
to allocate the available training sequences to MSs.
Figure 2 shows the CDF of the channel hardening

coefficient averaged across the MSs in the network (solid
lines), using the CB, LP-MMSE, and IP-MMSE precoders,
and assuming the default system parameters provided in
Table 3. Furthermore, it also presents the CDFs of the
average channel hardening coefficient for MSs either not
subject to propagation through keyhole channels (dashed
lines) or subject to propagation through keyhole channels
(dotted lines). A key observation from these graphs is
that the centralized IP-MMSE precoder offers significantly
better channel hardening coefficients (much closer to zero)
compared to distributed precoding schemes. Additionally,
among the distributed schemes, the LP-MMSE precoder
performs notably better than the CB precoder. These
performance differences can be quite large, with the median
channel hardening coefficient being 6.1·10−6 for IP-MMSE,
2.6 · 10−3 for LP-MMSE, and 3.8 · 10−1 for CB. These
results suggest that DL channel estimation at the MSs may
be completely unnecessary in systems using centralized

FIGURE 3. CDFs of the achievable spectral efficiency per MS for the different
channel estimation and precoding strategies evaluated in this work (M = 80 APs,
K = 20 MSs, N = 2 antennas per AP).

precoding and could yield substantial improvements in
systems using distributed precoding schemes, particularly
with CB precoding. As expected, MSs subject to propagation
through keyholes experience significantly worse channel
hardening coefficients compared to those that do not.
In Fig. 3, well-known results within the realm of CF-

mMIMO systems are clearly visible. Firstly, centralized
precoding offers significantly better achievable spectral
efficiency metrics than distributed precoding. Secondly,
among the distributed precoders, the CB scheme provides
achievable spectral efficiencies that are considerably lower
than those provided by the LP-MMSE precoder. However,
these are not the most interesting findings that can be
drawn from the analysis of the graphs presented in this
figure. The most interesting results lie in the fact that
different precoding schemes exhibit very different channel
hardening coefficients, as seen in Fig. 2, and consequently,
their impact on the behavior of the various detection
schemes that are analyzed in this paper will also be quite
different. Firstly, it can be observed that since the system
based on IP-MMSE exhibits very good channel hardening
coefficients (very close to zero), the HBD scheme, which is
based on the assumption that massive MIMO-based systems
exhibit channel hardening, delivers performance metrics
very close to that of the ideal system. The BBD scheme
provides slightly better performance (almost imperceptible
in the figure) than the HBD scheme. However, this slight
performance gain does not seem to justify the increased
complexity associated with the blind channel estimation
process. The PBD-based scheme, although it provides an
accurate channel estimation, does so at the cost of reducing
the number of coherence block samples dedicated to data
transmission. Therefore, the performance improvement due
to better channel estimation does not compensate for the
performance losses due to the decrease in the value of the
ratio τd/τf .
The proposed detection schemes behave radically dif-

ferently when the CB precoding scheme is used. In this
case, since the channel hardening coefficients are high (i.e.,
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FIGURE 4. Impact of Nmk and pKH on the average hardening ratio and spectral efficiency per MS for the different channel estimation and precoding strategies evaluated in this
work.

channel hardening is very weak), the HBD scheme provides
achievable spectral efficiencies that are far from what an
ideal scheme (i.e., a genie-based scheme) would offer. This
fact makes the implementation of detection schemes based
on effective channel estimation, both the BBD and PBD
schemes, worthwhile. It is interesting to note, however, that
the PBD scheme provides lower performance than the BBD
scheme. In other words, the blind estimation, although it
provides a lower quality channel estimation, compensates
for this because it does not use samples from the coherence
interval to transmit pilot sequences.
Focusing now on the performance of the different

detection schemes when using an LP-MMSE precoder,
we observe, as expected, that its behavior falls between
that of the CB and IP-MMSE schemes. Specifically, the
performance of the HBD scheme tends to that of the
ideal scheme but still leaves a considerable margin for
improvement. This margin for improvement, as in the case
of the CB precoder, is considerably exploited by the BBD
scheme. The PBD scheme, as in the case of the IP-MMSE
precoder, is unable to compensate for the losses due to the
decrease in the ratio τd/τf .

The general conclusions that can be drawn from the results
presented in Figs. 2 and 3 are: i) the centralized IP-MMSE
precoder provides almost perfect channel hardening and,
therefore, the use of the HBD scheme offers nearly ideal
performance, making the use of detection schemes based
on the estimation of the effective channel unnecessary, ii)
the distributed precoding schemes, especially CB, do not
provide sufficient channel hardening and, therefore, the use
of detection schemes based on the estimation of the effective
channel might be justified, and iii) the PBD scheme provides
worse performance metrics than the BBD scheme and, in
scenarios using MMSE precoders, whether distributed or
centralized, it performs even worse than the HBD scheme.
However, these results were obtained assuming a scenario
characterized by default system parameters provided in
Table 3. Next, results will be presented aiming at evaluating
the impact the variations in some of these parameters might
have on the aforementioned conclusions.
Figure 4 presents results that allow for evaluating the impact

the variation of some of the parameters characterizing the
multiple keyhole spatially correlated Ricean fading channel
might have on the average hardening ratio and the average
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FIGURE 5. Impact of M and N on the average hardening ratio and spectral efficiency per MS for the different channel estimation and precoding strategies evaluated in this
work.

achievable spectral efficiency per MS. Specifically, Figs. 4(a)
and 4(c) show that an increase in the number of keyholes
translates into an improvement in both metrics, and that this
improvement is relatively more significant when using the
CB precoder compared to the LP-MMSE and especially the
IP-MMSE precoders. A very similar effect can be observed
in Figures 4(b) and 4(d) as the probability that an MS is
subject to propagation channels through keyholes decreases.4

However, the most important takeaway from these results
is that, even under the worst propagation conditions (i.e.,
channels with a single keyhole or scenarios with a very
high probability of propagation through keyholes), the BBD
scheme offers no significant advantage over HBD when using
centralizedprecoding, and theuseofPBDiscounterproductive.
Another interesting conclusion is that even under the best
propagation conditions (i.e., propagation through pure Ricean
fading channels), CB precoding and even LP-MMSE do not
guarantee channel hardening levels high enough to make the
use of the BBD scheme unjustifiable.

4Note that the numerical results obtained for NKH = ∞ coincide with
those obtained when pKH = 0.

In Fig. 5, the impact of variations in network infrastructure
(i.e., the number of APs and/or the number of antennas
per AP) on the average hardening ratio and the average
achievable spectral efficiency per MS is evaluated. It is well
known that, in a massive MIMO system, increasing the
number of antennas serving the MSs translates to an increase
in channel hardening. This fact is clearly demonstrated in
the results presented in Figs. 5(a) and 5(b), where M ∈
{60, 80, 100} and N ∈ {1, 2, 4}, respectively. However, these
results reveal an even more interesting fact: the LP-MMSE
and IP-MMSE precoders are capable of better leveraging the
increase in the number of APs and, especially, the increase in
the number of antennas per AP. Actually, the improvement
in the hardening ratio is significantly greater when these
precoders are used, which also results in markedly different
behaviors of the various proposed detection schemes. The
case that stands out the most is the behavior of the LP-
MMSE precoder as the number of antennas per AP is varied.
For single-antenna APs, the level of channel hardening
is quite moderate, and both the PBD and BBD schemes
provide better spectral efficiencies than the HBD scheme.
However, for APs equipped with N = 4 antennas, there is
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FIGURE 6. Impact of K on the average hardening ratio and sum spectral efficiency
for the different channel estimation and precoding strategies evaluated in this work.

a considerable improvement in channel hardening, and the
performance metrics of the HBD scheme far surpass those of
the PBD scheme, and approach those of the BBD scheme up
to the point where implementing this detection scheme would
become rather unjustifiable. Moreover, the performance of
this precoder comes so close to that of the centralized IP-
MMSE that it could eventually make it difficult to justify
the increased complexity typically associated with such
precoders.
In a CF-mMIMO network, varying the number of MSs

while keeping the total number of antennas in the network
fixed should produce similar effects to those observed when
varying the number of antennas in the network while keeping
the number of MSs fixed, as shown in the results presented
in Fig. 5. This can be easily verified by evaluating the results
in Fig. 6, where different network loads with K = 15, 20,
or 25 MSs have been evaluated in a CF-mMIMO network
with M = 80 APs, each equipped with N = 2 antennas.
As the number of MSs increases, the average number of
APs serving each of the MSs decreases, resulting in weaker
hardening ratio metrics. However, increasing the network
load is associated with a higher level of multiuser diversity.
Thus, even though the spectral efficiency per MS decreases,

FIGURE 7. Impact of τf on the average spectral efficiency per MS for the different
channel estimation and precoding strategies evaluated in this work.

the global spectral efficiency of the network (i.e., the sum
of spectral efficiencies achieved by all MSs in the network),
as shown in Fig. 6(b), increases. The most noteworthy result
from Fig. 6, however, is that the LP-MMSE and IP-MMSE
precoders are more affected by the variation of K, similar
to what happened with the variations of M and N.
Despite the quality of channel estimations based on pilot

transmission in the DL, in all the scenarios analyzed in
the previous figures, the performance of the PBD scheme
has consistently been inferior to that of the BBD scheme
and, in most cases, especially when using MMSE-based
precoders, even inferior to that provided by the HBD scheme.
Thus, it seems pertinent to ask whether there is indeed
any scenario where pilot-based channel estimation could be
justified over the blind-based channel estimation. Given that
the fundamental issue with the PBD scheme lies in the fact
that the availability of pilot-based channel estimates does not
compensate for the reduction of the quotient τd/τf , Fig. 7
presents results obtained as the value of τf is increased while
keeping the value of τpd fixed, hence ensuring τd/τf → 1/2.
Obviously, this would only be possible in scenarios with a
very large coherence interval (i.e., scenarios with very low
levels of temporal and/or frequency selectivity). What we
can observe in this figure is that, indeed, as the value of
τf increases, the spectral efficiency of the schemes based
on PBD approaches that of the schemes based on BBD.
However, even in the case where τf = 1600 samples, it
does not surpass it. Therefore, an important conclusion to be
drawn from these results is that, in CF-mMIMO systems with
single-antenna MSs, blind channel estimation is considerably
more advisable than pilot-based channel estimation.

V. CONCLUSION
In the context of beyond-5G and 6G wireless networks,
CF-mMIMO has established itself as a pivotal architecture,
effectively meeting the escalating needs for seamless con-
nectivity and high data throughput. In this research work
an in-depth investigation has been conducted into scalable
UC CF-mMIMO systems, emphasizing the importance of
DL CSI acquisition (either instantaneous or statistical) and
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its complex interplay with the implementation of both dis-
tributed and centralized precoding techniques. The analysis
presented in this paper particularly focuses on the critical role
of DL CSI acquisition in scenarios characterized by weak
channel hardening, which can result from sparse subsets
of APs serving specific MSs under UC strategies, and
the transmission over spatially correlated multiple keyhole
Ricean fading channels.
Answering the set of questions that were posed in

Section I-B, our research has revealed that even though the
number of APs serving an MS can be relatively small when
implementing a scalable UC CF-mMIMO network, the MSs
experience sufficient channel hardening when relying on
statistical CSI if powerful centralized precoders are imple-
mented at the APs, even when transmitting in single-keyhole
spatially correlated fading scenarios. The channel hardening
metrics are much weaker when using distributed precoding
schemes, especially when relying on CB. Specifically, the
centralized IP-MMSE precoding scheme demonstrates near-
perfect channel hardening, effectively eliminating the need
for detection schemes based on instantaneous effective
channel estimation in favor of those based on statistical
CSI. In the realm of distributed precoding strategies, the
LP-MMSE scheme clearly outperforms the conventional CB
precoding, showcasing its superior capability in these con-
texts. However, distributed precoding schemes, particularly
the CB strategy, fail to provide adequate channel hardening,
thereby justifying the use of detection schemes based on
instantaneous effective channel estimation.
Blind channel estimation schemes, which have already

demonstrated their ability to improve the DL performance
of cellular massive MIMO systems, can also provide
significant performance improvements in UC CF-mMIMO
network deployments, properly adapting to multi-keyhole
spatially correlated fading channels and outperforming the
DL training-based schemes. In fact, our findings indicate
that, among the instantaneous DL effective channel estima-
tion strategies, pilot-based decoding schemes consistently
underperform relative to blind-based decoding approaches.
This is primarily because the improved channel estimation
quality they offer does not compensate for the spectral
efficiency losses associated with the DL pilot transmission
overhead. Hence, in UC CF-mMIMO systems using dis-
tributed precoding to convey payload data to single-antenna
MSs, the implementation of DL decoding schemes based
on blind channel estimation is considerably more advisable
than those relying on pilot-based channel estimation.
Increasing the number of APs in the network or the

number of antennas per AP always helps improve the
performance metrics of the system. Using APs equipped with
a large number of antennas, however, is especially beneficial
when implementing interference-aware precoding schemes
such as the distributed LP-MMSE or the centralized IP-
MMSE.
The aforementioned insights underscore the critical impor-

tance of selecting appropriate precoding and decoding

strategies to optimize channel hardening and overall network
efficiency in UC CF-mMIMO systems, especially when
transmitting in scenarios with weak channel hardening
conditions.

APPENDIX A
USEFUL RESULTS
Lemma 1: Given a complex Gaussian random vector x ∼

CNN(0, IN) and two arbitrary matrices A ∈ C
N×N and B ∈

C
N×N , the first moments of the complex quadratic form

Q = xHAx and the complex quartic form Q2 = xHAxxHBx
can be obtained as

E{Q} = tr(A) (A.1)

and

E{Q2} = tr(AB) + tr(A) tr(B). (A.2)

Proof: Let us define xi as the ith component of vector
v and aij and bij as the (i, j)th components of the matrices
A and B, respectively. Using these definitions, the complex
quadratic form can be expressed as

Q =
N∑

i=1

N∑

j=1

aijx
∗
i xj. (A.3)

Hence, the first moment of Q can be expressed as

E{Q} =
N∑

i=1

N∑

j=1

aijE
{
x∗i xj

} =
N∑

i=1

aii = tr(A). (A.4)

Analogously, the first moment of Q2 can be expressed as

E{Q2} =
N∑

i=1

N∑

j=1

N∑

q=1

N∑

l=1

aijbqlE
{
x∗i xjxqx∗l

}
. (A.5)

Taking into account that

E

{
x∗i xjx∗qxl

}
=

⎧
⎪⎪⎨

⎪⎪⎩

2, i = j = q = l
1, j = i, l = q, q 
= i
1, l = i, q = j, j 
= i
0, otherwise,

(A.6)

we obtain

E{Q2} = 2
N∑

i=1

aiibii +
N∑

i=1

N∑

q=1
q 
=i

aiibqq +
N∑

i=1

N∑

j=1
j 
=i

aijbji

=
N∑

i=1

aii

N∑

q=1

bqq +
N∑

i=1

N∑

j=1

aijbji

= tr(A) tr(B) + tr(AB). (A.7)

Lemma 2: Given a multiple keyhole spatially correlated
Ricean fading channel hmk, as described in (1), and two
arbitrary matrices A ∈ C

N×N and B ∈ C
N×N , then
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E

{
hHmkAhmk

}
= tr(RmkA), (A.8)

and

E

{
hHmkAhmkh

H
mkBhmk

}
= (λmk + 1)

×[tr(RmkA)tr(RmkB) + tr(RmkARmkB)]. (A.9)

Proof: Using gmkj = R1/2
mk gmkj in (1), with gmkj ∼

CNN(0, IN), and relying on the fact that αmki and αmkj, as
well as gmki and gmkj, are uncorrelated for all i 
= j, it holds
that

E

{
hHmkAhmk

}
=

Nmk∑

i=1

|cmki|2E
{
gHmkiR

H/2
mk AR

1/2
mk g

H
mki

}
. (A.10)

Now, using
∑Nmk

i=1 |cmki|2 = 1 and applying (A.1), result (A.8)
follows.
Analogously, the expectation in (A.9) can be expressed as

E

{
hHmkAhmkh

H
mkBhmk

}

=
Nmk∑

i=1

Nmk∑

j=1

Nmk∑

q=1

Nmk∑

l=1

c∗mkicmkjc∗mkqcmkl

×E

{
α∗
mkiαmkjα

∗
mkqαmkl

}

×E

{
gHmkiAgmkjg

H
mkqBgmkl

}
. (A.11)

with A = RH/2
mk AR

1/2
mk and B = RH/2

mk BR
1/2
mk . As the random

variables αmki, for i ∈ {1, . . . ,Nmk}, are iid as αmki ∼
CN (0, 1), the result presented in (A.6) also holds when
substituting xi with αmki. Hence,

E

{
hHmkAhmkh

H
mkBhmk

}

= 2
Nmk∑

i=1

|cmki|4E
{
gHmkiAgmkig

H
mkiBgmki

}

+
Nmk∑

i=1

|cmki|2
Nmk∑

q=1
q 
=i

∣∣cmkq
∣∣2E
{
gHmkiAgmki

}

×E

{
gHmkqBgmkq

}

+
Nmk∑

i=1

|cmki|2
Nmk∑

j=1
j 
=i

∣∣cmkj
∣∣2E
{
gHmkiABgmki

}
. (A.12)

Now, using (A.1) and (A.2), grouping terms and taking into
account that

∑Nmk
i=1 |cmki|2 = 1 and

∑Nmk
i=1 |cmki|4 = λmk, it is

easy to demonstrate that result (A.9) holds.
Lemma 3: Given a multiple keyhole spatially correlated

Ricean fading channel hmk, as described in (1), the corre-
sponding linear MMSE channel estimate ĥmk, as described
in (7), and two arbitrary matrices A ∈ C

N×N and B ∈ C
N×N ,

then

E

{
hHmkAĥmk

}
= E

{
ĥ
H
mkAĥmk

}
= tr

(
R̂mkA

)
, (A.13)

and

E

{
hHmkAĥmkĥ

H
mkBhmk

}

= (λmk + 1)tr
(
R̂mkA

)
tr
(
R̂mkB

)

+λmktr
(
RmkAR̂mkR

−1
mk R̂mkB

)

+tr
(
RmkAR̂mkB

)
. (A.14)

Proof: Using the definitions of ymk and ĥmk presented
in (6) and (7), respectively, and applying result (A.8) yields

E

{
hHmkAĥmk

}
=
√

τpuPpuE
{
hHmkARmk�

−1
mk ymk

}

= τpuPpuE
{
hHmkARmk�

−1
mkhmk

}

= τpuPputr
(
ARmk�

−1
mkRmk

)
. (A.15)

Now, using the definition of R̂mk in (9), result (A.13) follows.
Let us define Amk = ARmk�

−1
mk and Bmk = �−1

mkRmkB.
Using these definitions and those of ymk and ĥmk we have
that

E

{
hHmkAĥmkĥ

H
mkBhmk

}

= τpuPpuE
{
hHmkAmkymky

H
mkBmkhmk

}

= (
τpuPpu

)2
E

{
hHmkAmkhmkh

H
mkBmkhmk

}

+(τpuPpu
)2 ∑

l∈Puk
l 
=k

E

{
hHmkAmkRmlBmkhmk

}

+τpuPpuσ
2
uE

{
hHmkAmkBmkhmk

}
. (A.16)

The expectations on the right hand side (RHS) of this equa-
tion can be solved in closed form by applying results (A.8)
and (A.9) yielding

E

{
hHmkAĥmkĥ

H
mkBhmk

}

= (
τpuPpu

)2
(λmk + 1)

[
tr(RmkAmkRmkBmk)

+tr(RmkAmk)tr(RmkBmk)
]

+(τpuPpu
)2 ∑

l∈Puk
l 
=k

tr(RmkAmkRmlBmk)

+τpuPpuσ
2
u tr(RmkAmkBmk}. (A.17)

Finally, grouping terms and taking into account the defini-
tions of �mk and R̂mk, the result (A.14) straightforwardly
follows.

APPENDIX B
PROOF OF THEOREMS IN SECTION II
For the distributed CB case, we have that

E{akl} = E

{
hHMlk

wl
}

=
∑

m∈Ml

E

{
hHmkwml

}

=
∑

m∈Ml

√√√√
pdml

tr
(
R̂ml
)E
{
hHmkĥml

}
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=
⎧
⎨

⎩

∑
m∈Ml

√
pdml

tr
(
R̂ml
)E
{
hHmkRmlR

−1
mk ĥmk

}
, l ∈ Puk

0, l 
∈ Puk

=
⎧
⎨

⎩

∑
m∈Ml

√
pdml

tr
(
R̂ml
) tr
(
R̂mkRmlR

−1
mk

)
, l ∈ Puk

0, l 
∈ Puk,
(B.1)

where in the last equality we have used (A.1). Note that this
result directly leads to (43). Moreover, upon setting l = k,
result (32) follows, which is also used in Theorems 2 to 4.

Let us now proceed to analyze the term E{akl′a∗
kl} for the

case in which a distributed CB precoder is used, as follows

E
{
akl′a

∗
kl

} = E

{
hHMl′kwl

′wHl hMlk

}

=
∑

m′∈Ml′

∑

m∈Ml

√√√√
pdm′l′pdml

tr
(
R̂m′l′

)
tr
(
R̂ml
)

×E

{
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H
mlhmk

}
. (B.2)

The calculation of E{hHm′kĥm′l′ ĥ
H
mlhmk} can be split in two

different cases:
1) Case m′ 
= m: In this case, the channel responses and

channel estimates corresponding to AP m are uncorrelated
with those corresponding to AP m′ and hence,

E

{
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}
, l, l′ ∈ Puk

0, otherwise
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(
R̂m′kRm′l′R

−1
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)
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(
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)
, l, l′ ∈ Puk

0, otherwise,

(B.3)

where, in the last equality, result (A.13) has been applied.
2) Case m′ = m: In this case we have that

E
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0, otherwise

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(λmk + 1)tr
(
R̂mkRml′R

−1
mk

)
tr
(
R̂mkR

−1
mkRml

)

+λmktr

(
RmkRml′

(
R−1
mk R̂mk

)2
R−1
mkRml

)

+tr
(
RmkRml′R

−1
mk R̂mkR

−1
mkRml

)
, l, l′ ∈ Puk

tr
(
RmkR̂ml

)
, l′ = l 
∈ Puk

0, otherwise,

(B.4)

where, in the last equality, results (A.14) and (A.8) have
been applied.

Substituting the results obtained in the previous two cases
into (B.2), expressions (33), (44), (45), (47), and (52) can
be straightforwardly derived.
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