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ABSTRACT In this paper, we investigate the impact of user pairing on the power consumption of 2-user
non-orthogonal multiple access (NOMA) systems in the downlink. We formulate the joint power allocation
and user pairing problem as a mixed-integer programming problem with the objective of minimizing the
total transmit power consumption. While the pairwise power allocation strategy is straightforward, for
a system with 2K users and K NOMA pairs, there exist (2K)!

2K×K!
possible pairing strategies, resulting in

a combinatorial search space that grows drastically with the number of users in the system. Hence, we
propose an analytical approach to obtain the globally optimum user pairing strategy. Notably, our procedure
has a linear time complexity of O(2K), which is a significant improvement over the suboptimal and
computationally expensive methods in the existing literature. We demonstrate through extensive simulations
that the proposed optimal pairing strategy can attain considerable performance gains in terms of power
savings compared to benchmark schemes. In particular, in a typical deployment environment, 63% of the
total power budget is saved at a mean received signal-to-noise ratio (SNR) of 15.7 dB among the users.
Finally, we evaluate the energy efficiency (EE) of NOMA transmission compared to the EE achieved
through orthogonal multiple access (OMA) transmission. We demonstrate that the EE gain of NOMA
transmission compared to OMA is improved more than sixfold at convergence by adopting the power
minimization approach studied in this work, rather than adopting the sum rate maximization approach
found in the literature.

INDEX TERMS Non-orthogonal multiple access (NOMA), user pairing, power allocation, power
minimization, energy efficiency.

I. INTRODUCTION

NON-ORTHOGONAL multiple access (NOMA) has
been regarded as an enabling technology for beyond

fifth-generation mobile systems [1], [2]. This is par-
ticularly true within the context of emerging new
applications for next-generation communications such as
non-terrestrial networks (NTNs) and Internet of Things

(IoT) applications, where NOMA’s salient capabilities in
interference management and spectral efficiency enhance-
ment are especially valuable. More specifically, NOMA
offers superior spectral efficiency compared to orthogo-
nal multiple access (OMA) schemes, such as orthogonal
frequency division multiple access (OFDMA). This is largely
due to NOMA’s capability to allow multiple users to
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share the same resource blocks (RBs) which may be in
time, frequency, or code. The standard implementation of
NOMA relies on superposition coding at the transmitter
and successive interference cancellation (SIC) as a decoding
strategy at the receiver [1]. 2-user NOMA is the typical
deployment scenario, where the number of users sharing an
RB is limited to a pair of users. The delay incurred and
SIC error propagation are exacerbated when more users are
multiplexed together [3].

The user pairing strategy is a crucial aspect of the
NOMA system since it can significantly affect system
performance. Equally crucial is the consideration of the
implementation complexity incurred by the user pairing
process. Therefore, there is a pressing need for low-
complexity procedures for user pairing that guarantee
optimal performance [4], [5]. However, deriving the optimal
user pairing scheme along with a suitable power allocation
method under any objective function usually results in a non-
convex mixed-integer programming problem where the full
search space grows combinatorially as the number of users
increases. Accordingly, from a system design perspective,
exhaustive search or computational methods with high
complexity are infeasible in deployment scenarios.
Contrary to the plethora of works targeting sum rate

maximization, there is a relative scarcity of research in the
literature dedicated to power minimization via user pairing.
In particular, the globally optimum solution to the user
pairing problem with the objective of transmission power
minimization remains an unsolved problem. Therefore,
analyzing this user pairing problem in isolation holds consid-
erable interest, as it pertains broadly to any NOMA downlink
scenario. For instance, maintaining power efficiency while
achieving quality of service (QoS) requirements is of utmost
importance for NTN nodes such as high altitude platforms
(HAPs) [6]. This is due to the limited power supply in
these scenarios, as opposed to a conventional terrestrial base
station (BS). The most relevant literature on this subject is
discussed in Section I-A.

A. RELATED WORK
Early works on NOMA such as [3] and [7] identified the
crucial impact of user pairing on the performance of NOMA.
In particular, authors in [3] investigated user pairing under
fixed power allocation NOMA (F-NOMA) and cognitive-
radio-inspired NOMA (CR-NOMA). A general framework
of dynamic user pairing was established in this work without
an explicit user pairing strategy. In [8], the conventional
matching algorithm was adopted to perform user pairing
to maximize the achievable sum rate (ASR). Subsequently,
in [9], the authors obtained the globally optimal user
pairing strategy for maximizing ASR under the minimum
rate constraints formulated as OMA achievable rates. This
work derived the well-known result that the sum rate is
maximized by pairing the users having the highest channel
gains with the users experiencing the lowest channel gains
in a nested manner. In our work, we refer to this pairing

scheme as near-far (NF) pairing. In [10], another low-
complexity user pairing scheme was proposed, where users
within a cluster are paired successively, based on their power
demand coefficients. This approach was shown to improve
the decoding success probability of user pairs.
There have been numerous works investigating user

pairing in subsequent works, relying on a variety of
approaches. These include particle swarm optimization
(PSO) [11], deep reinforcement learning (DRL) [12],
quantum-inspired evolutionary strategies [13], multi-armed
bandit algorithms [14], [15], and graph-theoretic algo-
rithms [16]. These works largely focus on maximizing the
sum rate of the system under various constraints. Moreover,
in [17] the authors propose an iterative algorithm, which is
shown to outperform some benchmark user pairing strategies
within the formulated framework in terms of maximizing the
minimum downlink rate in the context of cell-free massive
multiple-input multiple-output (MIMO) systems. However,
even if optimality is achieved (most of the works mentioned
above report sub-optimal solutions), these algorithms are
generally unable to cope with the increasing number of users
as complexity becomes a concern.
In [18], the authors considered various factors affecting

power consumption, involving sub-channel allocation and
user pairing. The overall optimization problem was shown
to be NP-hard, which motivated the adoption of a relax-
then-adjust (RTA) algorithm to arrive at a sub-optimal
solution, and this was shown to outperform the monotonic
optimization (MO) method adopted in preceding works. In
this work, the rate demands of the users are kept at a constant
value. Most importantly, the authors made the crucial obser-
vation that, while users with relatively large channel gain
differences were more likely to be multiplexed together, the
power consumption is not necessarily minimized by adopting
the NF scheme. Following this observation, the authors
highlighted the significance of optimal user pairing for power
minimization. Additionally, authors in [19] investigated
power allocation in cache-aided NOMA systems. Two novel
approaches – one based on a divide-and-conquer algorithm
and another based on a DRL scheme were proposed.
Furthermore, authors in [20] provided a framework for

achieving energy efficiency (EE) in downlink NOMA trans-
mission in unmanned aerial vehicle (UAV) aided networks.
Diverse user pairing schemes were explored in this paper,
and the observation was made that the choice of user
pairing has a considerable impact on the performance of the
system. Following the results of [9], the authors adopted
the NF pairing scheme in their primary analysis. However,
the main focus of [20] was the optimization of the UAV
altitude rather than user pairing. Building on the work done
in [20], the same authors formulated a joint-optimization
problem in [21] that performs altitude control and user
pairing aiming to minimize power consumption. In this work,
the cat swarm optimization (CSO) algorithm was adopted
for the user pairing task. Some performance gains were
reported compared to random pairing and PSO. However,

4126 VOLUME 5, 2024



the complexity analysis revealed that both the CSO and PSO
entail substantial computational complexity. These methods
also do not guarantee optimality.

B. CONTRIBUTIONS AND PAPER ORGANIZATION
To the best of our knowledge, a framework that guarantees a
provably optimal power allocation method along with its user
pairing strategy for the power minimization problem does not
exist in the literature. Against this backdrop, we note that a
deeper analysis of the structure of the problem could provide
a meaningful improvement over the suboptimal and relatively
high-complexity approaches to this problem explored in prior
works. To this end, the main contributions of this paper can
be summarized as follows.

• We propose the analytical procedure to obtain the
globally optimum power allocation method and user
pairing scheme that minimizes transmission power
consumption under minimum data rate requirements.
We first derive the optimal power allocation strategy for
an arbitrary pair of NOMA users. Then, we rigorously
prove that the optimal pairing strategy for K = 2
user pairs generalizes for any K. Notably, the optimum
pairing can be extracted with the proposed technique
with O(2K) time complexity, growing linearly with the
number of users in the system.

• We perform supplementary analyses that provide the-
oretical guarantees on power utilization under the
problem constraints. Specifically, we focus on two
critical aspects of the system. First, we prove that the
power budget allocated per RB supports the required
data rates for any arbitrary pair of users. Secondly, we
determine the minimum power consumption threshold
for the system. This threshold serves as an indicator of
the lowest achievable power consumption that satisfies
the data rate requirements, and its proximity to the
operational region of practical systems can be easily
computed with the users’ channel state information.

• Simulation results show the potential of the proposed
approach in achieving substantial power savings in
typical deployment scenarios. In particular, 63% of the
total power budget is saved at a mean received signal-
to-noise ratio (SNR) of 15.7 dB among the users. The
impact of various environmental profiles, along with
variable amounts of users is also presented.

• We further analyze and discuss the impact of user
pairing and associated objectives on the energy effi-
ciency (EE) of NOMA transmission compared to the EE
achieved through OMA transmission. We demonstrate
that the EE gain of NOMA transmission is improved
more than sixfold at convergence by adopting the
power minimization approach studied in this work,
in comparison to adopting the sum rate maximization
approach found in the literature, such as in [9] and [20].

The remainder of this paper is organized as follows. In
Section II, we introduce the system model, and provide

FIGURE 1. An illustration of the 2-user downlink NOMA transmission model,
indicating possible user pairing configurations.

the mathematical formulation of the joint power allocation
and user pairing problem. In Section III we propose the
analytical approach to obtain the user pairing strategy along
with the power allocation method to solve this optimization
problem. Further analyses regarding the analytical bounds of
power utilization are also presented. Performance evaluation
of the proposed pairing scheme with simulation results under
typical deployment scenarios is presented in Section IV,
followed by concluding remarks in Section V.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. SYSTEM MODEL
We consider a downlink scenario with 2K users randomly
distributed in a cell, where 2-user NOMA transmission is
employed, resulting in K user pairs. In this model, it is
assumed that the paired users receive the signal in the same
RB (in time, frequency, or code), and different RBs are
allocated orthogonal resources between themselves [3]. A
generic model of this scenario is depicted in Fig. 1. For any
pair of users that shares an RB constituted by individual
users m, n, among these 2K users, the superimposed signal
s transmitted by the BS can be expressed as

s = √
αnPmaxsn + √

αmPmaxsm, (1)

where sk, k ∈ {m, n} indicates the signal intended for user
k, and E(|sk|2) = 1, while Pmax is the total power allocated
to the RB and the ratios of Pmax allocated to the user k are
indicated by αk.

The signal received by user n is

yn = hn
(√

αnPmaxsn + √
αmPmaxsm

)
+ ñn, (2)

and the signal received by user m is

ym = hm
(√

αnPmaxsn + √
αmPmaxsm

)
+ ñm, (3)

where hk, k ∈ {m, n} is their channel gain defined in (4) and
ñk denotes the noise at user k with power spectral density
(PSD) σ 2.
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The channel between the k−th user and the BS, denoted
by hk, can be expressed as [22]

hk = βk√
dkω

, (4)

where βk is the Rician distributed small-scale fading coeffi-
cient experienced by user k, dk is the distance between the
user k and the BS, while ω denotes the path loss factor.
In general, we represent individual users in the system by

uk, k ∈ {1, 2, . . . , 2K}. As in works such as [3], [9], [20],
among many others, the channel gains corresponding to all
2K users in the system are assumed to be known at the BS
such that |h1|2 ≥ |h2|2 ≥ · · · ≥ |h2K |2 > 0. Therefore, u1
is the user with the highest channel gain, and u2K has the
lowest channel gain. In reference to a pair of users m and
n, we assume that |hn|2 ≥ |hm|2. In other words, user n is
assumed to be the “strong” user in any given pair sharing
an RB. This enables user n to perform SIC to remove the
interference caused by the signal belonging to user m, then
decode its own message. Meanwhile, the signal received
by user m is decoded directly by treating hm

√
αnPmaxsn as

noise [3], [8], [9], [20], [21], [23]. Furthermore, the total
power budget of the system that can be utilized across the
K RBs is denoted by P̃max � K × Pmax.
Based on the above, and assuming that the communication

resources (e.g., bandwidth) are distributed evenly among
the RBs, the achievable individual rates, R{m,n}

k , k ∈ {m, n}
for the users m and n that form a pair can be expressed,
respectively, as [3], [8], [9]

R{m,n}
m = log2

(
1 + αm|hm|2

αn|hm|2 + γ −1

)
, (5)

R{m,n}
n = log2

(
1 + αnγ |hn|2

)
, (6)

where γ � Pmax
σ 2 defines the transmit SNR [7].

In contrast, in an OMA scheme, 2K RBs are required in
order to provide coverage for the 2K users. Then, assuming
that the resources are distributed evenly among the RBs as
in our NOMA transmission model, this incurs a multiplexing
loss factor of “ 1

2” on each user [9], assuming that the
same amount of total resources are utilized in both cases.1

Therefore, the achievable rate for any user k in an OMA
scheme is given by

ROMA
k = 1

2
log2

(
1 + γ |hk|2

)
. (7)

This formulation has been widely adopted in prior works
in order to compare the performance of NOMA against
OMA. Most notably, in major works on user pairing such
as [3], [8], [9], and several subsequent works, such as [15],
[20], [21], [23].

1This is in reference to the communication resources such as bandwidth,
and does not include power.

B. PROBLEM FORMULATION
Our goal in this paper is to analytically derive the power
allocation method and the user pairing strategy that mini-
mizes power consumption at the BS within the context of
the 2-user NOMA downlink scenario. The power allocation
task involves choosing the power allocation coefficients
αn and αm for the users in each RB. Second, we must
select a suitable user pairing scheme, which is particularly
challenging to address due to the combinatorial nature of the
search space. Specifically, with 2K users in the system, there
exist (2K)!

2K×K!
possible pairing schemes. In this subsection, we

formulate this problem mathematically as a joint problem in
power allocation and user pairing.
Given that there are K RBs to be shared,—each by 2

users—all possible user pairing schemes can be represented
by a binary matrix with dimensions 2K × 2K, which we
denote by U. We construct this matrix such that the columns
m ∈ {1, . . . , 2K} and rows n ∈ {1, . . . , 2K} are indexed by
the users according to the descending order of their channel
gains. E.g., the first row and column denoted by U1,∗ and
U∗,1 respectively, are reserved for u1. Likewise, the 2K-th
row and column, U2K,∗ and U∗,2K are reserved for u2K . Then
the element in the n-th row of the m-th column of U can be
extracted as un,m in the following manner:

un,m =
{

1, if user n paired with user m, |hn|2 ≥ |hm|2
0, otherwise.

(8)

Hence, the general form of the optimization problem is
formulated as

minimize
{αn,αm,U}

2K∑

n=1

2K∑

m=n+1

un,m
(
αn + αm

)
(9)

s.t.

C1: un,m(αm + αn) ≤ 1, 1 ≤ m, n ≤ 2K (9a)

C2: R{m,n}
n ≥ ROMA

n , 1 ≤ n ≤ 2K (9b)

C3: R{m,n}
m ≥ ROMA

m , 1 ≤ m ≤ 2K (9c)

C4: un,m ∈ {0, 1}, 1 ≤ m, n ≤ 2K (9d)

C5: un,m = um,n, 1 ≤ m, n ≤ 2K (9e)

C6: un,n = 0, 1 ≤ n ≤ 2K (9f)

C7:
2K∑

n=1

un,m = 1, 1 ≤ m ≤ 2K (9g)

C8:
2K∑

m=1

un,m = 1, 1 ≤ n ≤ 2K (9h)

C9: αm, αn > 0, 1 ≤ m, n ≤ 2K. (9i)

The constraint C1 ensures that the power budget Pmax is
not exceeded for any given pair, while the constraints C2
and C3 impose the minimum data rate requirement on each
user to be their respective OMA-achievable rate as expressed
in (7). Constraint C4 guarantees that the solution space
contains only valid entries of U as required by (8). It can be
easily seen that the upper and lower triangular portions of U
contain the same information. For the calculation of the total
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power utilized by a pairing scheme, we only consider the
upper triangular portion of U, as indicated by the objective
function in (9). Therefore, the constraint C5 specifies that
the solution space only contains permutations of the matrix
such that UT = U, and C6 ensures that the diagonal elements
of U are set to 0 as users cannot form pairs with themselves.
Additionally, this also guarantees that the user n with the
higher channel gain in each pair is always indexed by row n
of U, while user m, with the lower channel gain, is always
indexed by column m. Finally, with C7 and C8, we ensure
that each row and column of U individually sum to 1, as each
user must be uniquely contained among one of the K pairs.

Problem (9) is a non-convex mixed-integer programming
problem [9], [21]. To solve it, we adopt a similar approach
to that in [9], [12], and [24], by decoupling the power
allocation task and the user pairing task to arrive at the
full solution. However, it is important to note that while
we draw inspiration from works such as [9], [12], and [24],
our specific objective function and problem constraints
differ significantly. These distinctions introduce substantial
asymmetries and challenges that render the specific analyt-
ical methods employed in these works unsuitable for our
scenario.

III. POWER ALLOCATION AND USER PAIRING
In this section, we propose the analytical procedure to solve
the problem in (9). First, we propose the optimal power
allocation method for any arbitrary pair of NOMA users. In
light of this, we investigate the impact of user pairing on
the overall power utilization of the system and propose the
optimal user pairing scheme. Additionally, we also derive
theoretical bounds on power utilization under the problem
constraints.

A. OPTIMAL POWER ALLOCATION FOR AN ARBITRARY
PAIR OF USERS
We derive the power allocation directly from the constraints,
similar to the approaches taken in [9], [12], [20], and [21].
We require that each user in the system achieves their OMA
achievable rate expressed in (7). Then, we know that the
following inequalities must hold:

log2

(

1 + αm|hm|2
αn|hm|2 + 1

γ

)

≥ ROMA
m , (10)

log2

(
1 + αnγ |hn|2

)
≥ ROMA

n . (11)

After some algebraic manipulations, the lower bounds of
αm and αn, denoted by αmin

m and αmin
n , respectively, can be

derived as

αmin
m = 2R

OMA
m − 1

γ |hm|2
(

1 + 2R
OMA
n − 1

|hn|2 |hm|2
)

,

(12)

and

αmin
n = 2R

OMA
n − 1

γ |hn|2 . (13)

Observing (10) and (13), we define the following
intermediate variables �k and φk for uk as

�k �
2R

OMA
k − 1

γ |hk|2 , (14)

and

φk � �kγ |hk|2. (15)

Then, P{m,n}
min � αmin

n + αmin
m can be written as

P{m,n}
min = �n + �m + �nφm. (16)

In summary, (16) is the minimum transmit power, as a
portion of Pmax required by an arbitrary pair of users {m, n},
that meets their respective data rate demands, as required
by the constraints C2 and C3 of the optimization problem
in (9).

Additionally, we must ensure that the constraint C1 in (9a)
is never violated under the optimal power allocation strategy
proposed above. This is concisely articulated in Theorem 1.
Theorem 1: The maximum available power per RB

denoted by Pmax is sufficient to satisfy the rate requirements
ROMA
m and ROMA

n for the users m and n that make up the
NOMA pair {m, n}. Therefore, the condition αm +αn ≤ 1 is
always guaranteed, by choosing αm = αmin

m and αn = αmin
n .

Proof: We begin by expressing �k in its most explicit
form by substituting the right-hand side of (7) into (17) as

�k =
√

1 + γ |hk|2 − 1

γ |hk|2 . (17)

Notice that the term �(x) �
√

1+x−1
x is a monotonically

decreasing function in x. In other words, the first derivative
�′(x) < 0, ∀x ∈ R and x > 0. Additionally, recall
that according to the NOMA principles postulated in
Section II-A, we require that |hn|2 ≥ |hm|2. Therefore, we
have �m ≥ �n, (and φn ≥ φm). Consequently, the inequality

�n + �m + �nφm ≤ �m + �m + �mφm (18)

must hold.
With the aforementioned definition of �(x), and using

φ(x) � x�(x), if we let x = γ |hm|2, the right-hand side
of (18), which is a function of γ |hm|2 can be written as
2�(x)+�(x)φ(x). By evaluating the right-hand side of (18)
with these conditions, we get

2�(x) + �(x)φ(x) = 2

√
1 + x− 1

x

+
√

1 + x− 1

x

(√
1 + x− 1

)

= 2

√
1 + x− 1

x
+ x− 2

√
x+ 1 + 2

x
= 1, (19)

∀x ∈ R and x > 0.
Therefore, we obtain the upper bound of P{m,n}

min as 1, since

�n + �m + �nφm ≤ 1. (20)
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This completes the proof.
In addition to obtaining the proof for Theorem 1, we

make the following observation based on the above analysis.
The upper bound, P{m,n}

min = 1 is reached for any γ when
|hn|2 = |hm|2. However, subject to the exact values of the
variables, P{m,n}

min may approach 1 when γ |hn|2 ≈ γ |hm|2.
This is different from the aforementioned case which is only
dependent on |hn|2 and |hm|2. This is because even when the
channel gains have relatively high variation between them,
an extremely small value of γ , induced by a sufficiently
large value of σ 2, can be the dominating term.
As expected, larger values of the channel coefficients at a

given value of γ imply lower power requirements, thereby
driving the power allocation coefficients αmin

m and αmin
n down.

However, since γ > 0 and |hk| > 0 for k ∈ {1, 2, . . . , 2K},
it is easily seen that (10) and (13) also satisfy the constraint
C9 in (9i). In particular, these conditions require that the
numerators and denominators of (10) and (13) are always
positive, resulting in positive values of αmin

m and αmin
n in all

cases.

B. USER PAIRING
The power allocation strategy provided in the closed-form
expression (16), upheld by Theorem 1, which ensures that
the power budget is never exceeded, effectively solves the
optimization problem in (9) when K = 1. In this case,
there is a single pair of users resulting in just one valid
permutation of the user pairing matrix U. Furthermore, for
K ≥ 2 the pairwise power allocation strategy for minimum
power utilization given an arbitrary pairing scheme can also
be retrieved by (16). In other words, for any given pair of
users, the optimum values for the optimization variables αm
and αn in (9) can be readily extracted by adopting αmin

m
and αmin

n , from (10) and (13), respectively. Building upon
these results, in this subsection we propose the user pairing
strategy that optimally solves the optimization problem in (9)
for any K. Hence, here we are concerned with optimizing
the remaining variable in (9), namely U.

As a crucial first step, consider Lemma 1.
Lemma 1: Subject to the same constraints, the permuta-

tion of U that is required to solve the optimization problem
in (9) is identical to that which solves the minimization
problem with the objective function

minimize
{U}

2K∑

n=1

2K∑

m=n+1

un,m
(
�nφm

)
, (21)

which only considers the interaction term �nφm.
Proof: After Section III-A, we know that the minimum

power utilized for any possible pair is given by (16).
Therefore, the objective function of the minimization
problem in (9) can now be written as

minimize
{U}

2K∑

n=1

2K∑

m=n+1

un,m
(
�n + �m + �nφm

)
. (22)

From this, observe the fact that the first two terms of (16),
namely �n and �m must form a constant term across all
possible permutations of U. Following this observation, an
equivalent form of (22) is

minimize
{U}

2K∑

n=1

2K∑

m=n+1

un,m
(
�nφm

)
+

2K∑

k=1

�k, (23)

where the constant term formed by �n and �m is isolated as
a separate summation, which does not depend on the variable
U. In other words, �k for each user k, k ∈ {1, . . . , 2K}
appears exactly once when the total power consumption
of a pairing scheme is calculated. Consequently, the term∑2K

k=1 �k can be treated as a constant when different
pairing schemes are compared in terms of their total power
consumption. As a result, the permutation of U that solves
the optimization problem (9) also solves the optimization
problem with the objective function (21) as asserted by the
Lemma. This completes the proof.
Henceforth, we focus on finding the optimal pairing

for (21) to obtain the optimal pairing scheme for our overall
objective of solving problem (9). Furthermore, we employ
prior definitions of the terms �k, φk, �(x), and φ(x). Note
that the product �nφm in the objective function (21) takes
the form �(x)φ(y), where x = γ |hn|2 and y = γ |hm|2, while
un,m refers to the pair formed by users m and n, where
|hn|2 ≥ |hm|2. Then, based on the fact that |hk|2 ≥ |hk+1|2,
we can establish that

�k ≤ �k+1, (24)

and

φk ≥ φk+1, (25)

for k ∈ {1, . . . , 2K − 1}.
1) OPTIMAL PAIRING SCHEME WITH 2K = 4 USERS

Now, we turn our attention towards deriving the optimal
pairing strategy for the case when K = 2, corresponding to
four users. There are three possible pairing schemes in this
scenario, which result in the following options.

• Option 1: u1 pairs u2, u3 pairs u4 → S1 � �1φ2+�3φ4,
• Option 2: u1 pairs u3, u2 pairs u4 → S2 � �1φ3+�2φ4,
• Option 3: u1 pairs u4, u2 pairs u3 → S3 � �1φ4+�2φ3,

where SP,P ∈ {1, 2, 3} is defined as the explicit sums
obtained by the objective function in (21) when the pairing
scheme is represented by Option P. The pairing schemes
outlined in Options 1, 2, and 3 are illustrated in Fig. 2.
Theorem 2: In a NOMA system with four users, the

pairing scheme that minimizes the power consumption is
Option 2, i.e., S2 ≤ S1 and S2 ≤ S3.
Proof: First, let us explicitly rewrite the inequalities in (24)

and (25) for the case with four users for our visual aid as

�1 ≤ �2 ≤ �3 ≤ �4, (26)

and

φ1 ≥ φ2 ≥ φ3 ≥ φ4. (27)
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FIGURE 2. Illustration of user pairings obtained from Options 1, 2, and 3.

Now, let us compare Option 1 and Option 2. If we let
a = �1φ2, b = �3φ4, c = �1φ3, and d = �2φ4, asserting
the opposite of Theorem 2 we get

S1 < S2,

�1φ2 + �3φ4 < �1φ3 + �2φ4,

a+ b < c+ d. (28)

According to (26) and (27), it is clear that a ≥ c and
b ≥ d. We see that this does not hold, implying that the
left-hand side of (14) must be greater than or equal to the
right-hand side. Therefore, S2 ≤ S1.
Now, let us compare Options 2 and 3. We can apply the

same procedure here. Asserting that S2 > S3, we get:

S3 < S2,

�1φ4 + �2φ3 < �1φ3 + �2φ4,

�2[φ3 − φ4] < �1[φ3 − φ4]. (29)

Since φ3 ≥ φ4 and �2 ≥ �1, this also results in a
contradiction. Therefore, S2 ≤ S3.

2) OPTIMAL USER PAIRING SCHEME FOR ANY 2K = N

We now generalize Theorem 2 to the case with any even
number of users. First, we focus on proving Lemma 2. Before
that, the following definitions are provided.

GN � {u1, u2, . . . , uK}, (30)

GM � {uK+1, uK+2, . . . , u2K}, (31)

where GN represents the set of users in the system with the K
highest channel gains, and GM represents the set comprising
the users with the K lowest channel gains.
Lemma 2: In a NOMA system with 2K users, the pairing

scheme that solves the optimization problem in (9) does not
contain any pairings among users in GN , or among users
in GM .
Proof: Lemma 2 states that the optimal pairing scheme

cannot be a pairing scheme in which any pairings exist within
GM , or equivalently, within GN . For any numberM of pairings
within GN , there must also exist M pairings within GM . Now,
if we compare any single pair found within GN with any pair
within GM keeping all other pairings unchanged, this results

FIGURE 3. Illustration of a six-user scenario where M = 1 for the initial user pairing
scheme in Case A, which is immediately improved to Case B through the application
of Lemma 2, where M = 0.

in a scenario with four users where the pairing scheme is
given by Option 1. As a consequence of Theorem 2, we can
immediately find a better overall pairing scheme by swapping
over the two pairs in consideration to form pairs in the form
of Option 2. This decreases M by 1. This can be done for
all M pairs that may exist within GN and equivalently in GM ,
until M = 0, in which case each pair must contain a user
from GN and one from GM . Then, it must be the case that
any pairing scheme with M = 0 utilizes less power than that
if M ≥ 1. Thus, it requires that the optimal pairing cannot
allow pairs to be found within GN and GM , as asserted by
Lemma 2.
As an example of Lemma 2, consider the arbitrary pairing

scheme illustrated for the six-user scenario depicted in Fig. 3
as Case A. In this case, GN = {u1, u2, u3} and GM =
{u4, u5, u6}. There is one user pair found within each set.
Namely, u2,3 within GN and u4,5 within GM . Therefore, M =
1. When considering these two pairs in isolation, they are
in the form of Option 1, since |h2|2 ≥ |h3|2 ≥ |h4|2 ≥
|h5|2. Then, according to Theorem 2, the overall power
consumption of Case A can be immediately lowered by
switching these two pairs to take the form of Option 2 which
results in the overall pairing scheme depicted as Case B in
Fig. 3 where M is now reduced to 0.
Theorem 3: In a NOMA system with 2K users in which

the channel gains of the users are known, the pairing scheme
that solves the minimization problem in (9) is to pair uk with
uk+K , k ∈ {1, 2, . . . ,K}. Therefore, the user pairing matrix
U contains the elements

un,m =
{

1, n = k,m = k + K, k ∈ {1, 2, . . . ,K},
0, otherwise.

(32)

Proof: After Lemma 2, we are restricted to only consider-
ing user pairs between GN and GM . Based on the sequences

�GN � {�1,�2, . . . , �K},
φGM � {φK+1, φK+2, . . . , φ2K}, (33)

the optimal pairing is given by the permutations of �GN
and φGM that minimize their dot product �GN · φGM .
The rearrangement inequality [25] gives the lower bound
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when both sequences are sorted oppositely. Therefore, as
established by the inequalities in (26) and (27), the minimum
sum is given by

�1φK+1 + �2φK+2 + · · · + �Kφ2K . (34)

This can only be achieved by the pairing scheme denoted
by uk,k+K , as stated by Theorem 3. This result directly solves
the minimization problem in (21), and consequently also the
minimization problem in (9) due to Lemma 1. Note that
the rearrangement inequality can also be utilized to prove
S2 < S3.
As emphasized in [4] and [5], low-complexity design

for user pairing is necessary for NOMA’s potential as
a feasible component of future wireless communication
systems. In this regard, the above approach which proves
global optimality in minimizing power utilization is an
attractive solution, since the complexity of the procedure
to obtain the optimal pairing is O(2K). Given the sorted
list of channel gains, the only complexity that arises is
the computation of the pairwise power allocation according
to (10) and (13), which grows linearly with the number
of users in the system, similar to the case in [9]. Within
this context, linear complexity in the user pairing task is
considered to be within the low-complexity regime. This is in
contrast to other alternatives, such as matching theory based
user pairing [8], swarm optimization techniques [11], [21],
multi-armed bandit algorithms [14], [15], graph theoretic
user pairing [16], iterative approaches such as in [17],
monotonic optimization [18] which incur significantly higher
computational complexities. Also, the proposed techniques
do not entail strict guarantees of global optimality for
the considered objective functions, in most of these cases.
Nevertheless, the computational complexity of our procedure
can be further reduced owing to the fact that the power
allocation required for each user pair is independent of all
other pairs. As a result, once the optimal pairs have been
identified according to Theorem 3, the power allocation can
be carried out in parallel. Hence, the scalability of the system
can be greatly improved to accommodate massive amounts
of users, by leveraging any available parallel computation
enabled hardware architectures at the transmitter. In the ideal
case where enough parallel computing nodes are available,
near-constant time performance can be achieved when power
can be allocated to the K resource blocks simultaneously.

C. TIGHT UPPER BOUND ON POWER SAVINGS
With the optimal solution for (9) in place, as a supplementary
piece of analysis, we aim to establish a tight upper bound
on the power that can be saved per RB by utilizing NOMA
compared to an OMA scheme. Equivalently, this involves
understanding the lower bound of P{m,n}

min .
We know that P{m,n}

min ≤ 1 based on Theorem 1, and so the
quantity (1 − P{m,n}

min )Pmax can be thought of as the power
that is saved per RB in comparison to OMA.

Theorem 4: limγ→∞ P{m,n}
min = |hm|

|hn| . In other words, at

least |hm|
|hn| of the total power Pmax allocated to the pair {m, n}

(|hn|2 ≥ |hm|2 ) is utilized to meet their minimum rate
requirements ROMA

k , k ∈ {m, n}.
Proof: See Appendix V.
The primary implication of Theorem 4 is that the power

that can be saved by a user pair sharing an RB compared
to OMA is directly proportional to the difference in their
channel gains. This is in line with Theorem 1, where the total
power budget of the RB Pmax is required when |hm|2 = |hn|2,
which is directly corroborated by Theorem 4, according to
which P{m,n}

min = 1, even as γ → ∞ if |hm|2 = |hn|2.
Furthermore, the total power utilized by some pairing

scheme (represented by P̃) as a portion of its total power
budget (represented by P̃max � K × Pmax) in the limit can
be extracted from its user pairing matrix from the power
utilization ratio, P̃

P̃max
as

lim
γ→∞

P̃

P̃max
= 1

K

2K∑

n=1

2K∑

m=n+1

um,n

( |hm|
|hn|

)
(35)

After Theorem 3, we know that the quantity∑2K
n=1

∑2K
m=n+1 um,n(

|hm|
|hn| ) must be minimized by choosing

user pairs uk,k+K , according to (32). As a result, for any 2K
users served by the 2-user NOMA transmission model we
have adopted in this paper, the minimum power utilization
ratio as γ → ∞ is given by

1

K

K∑

k=1

|hk+K |
|hk| , (36)

when the users are optimally paired. This limit can be
calculated for any arbitrary pairing scheme in a similar
manner.

IV. PERFORMANCE EVALUATION AND DISCUSSIONS
In this section, we comprehensively evaluate the performance
of the optimal user pairing strategy through simulations. Each
data point in our plots is the average performance based on
103 independent Monte Carlo runs of random user distri-
butions under the stated channel model. First, the optimal
pairing scheme is benchmarked against low-complexity
pairing schemes commonly found in the literature. In the
latter half of this section, we present further analyses
and discussions regarding the achievable EE in NOMA
transmission, and we compare it to OMA. The simulation
parameters are listed in Table 1.

A. PERFORMANCE OF THE OPTIMAL USER PAIRING
METHOD
We benchmark the power consumption of our proposed
pairing scheme against the following NOMA user pairing
strategies:

• The NF scheme, the well-known pairing scheme derived
in [9] for maximizing the sum rate, where uk is paired
with u2K−k+1 for k ∈ {1, 2, . . . ,K},
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TABLE 1. Simulation parameters.

FIGURE 4. The power utilization ratio P̃
P̃max

of various pairing schemes against γ

under the simulation settings in Table 1 with ω = 2 and the K−factor fixed at 0. For
each pairing scheme, P̃

P̃max
as γ → ∞ as predicted by Theorem 4 is also marked. The

secondary axis indicates the average received SNR of the users at each value of γ .

• the near-near (NN) scheme, as adopted in [10] and
benchmarked in [20], where user pairs are chosen such
that the user uk is paired with the user uk+1, for k ∈
{k:k = 2j− 1, j ∈ N, 1 ≤ j ≤ K}, and

• random pairing.

The quantity P̃
P̃max

defined in Section III-C is adopted as
the key performance metric in our numerical simulations,
which is the total transmission power consumed as a portion
of the total power budget. In each case, the power allocated
to each user pair is determined by (16).
In our simulations, we obtain γ , by fixing Pmax at 0 dBm

while varying the noise power σ 2 from 0 to −140 dBm, as
detailed in Table 1. However, the specific values of γ do
not correspond exclusively to these values. They can also be
representative of any other combinations of Pmax and σ 2 that
yield the same power ratio. For example, a γ value of 90 dB
is achieved with Pmax set to 0 dBm and σ 2 at −90 dBm,
as in our simulations, and the same γ can be obtained with
Pmax = 30 dBm and σ 2 = −60 dBm.

In Fig. 4, we benchmark the power utilization ratio of
the aforementioned pairing schemes across a wide range of
γ values. In line with [9], the Rician K-factor is set to 0,
which corresponds to the Rayleigh fading environment, and
the path loss exponent ω is set to 2. For reference, the mean
received SNR of the users is plotted in the secondary axis
for each value of γ . We compute the received SNR of the
user m in each pair, denoted by γmr as

γmr = αm|hm|2
αn|hm|2 + γ −1

, (37)

and for each user n, denoted by γ nr , as

γ nr = αnγ |hn|2. (38)

For instance, at γ = 60 dB the mean received SNR
among the users is −2.8 dB, and 15.7 dB at γ = 90 dB
as indicated in Fig. 4.2 At γ = 90 dB we observe 63%
power savings from the power budget with the optimal
pairing scheme, which is a significant improvement over
the benchmark schemes. We also indicate the limit of the
power utilization ratios as γ → ∞ for each pairing scheme,
predicted by Theorem 4. At γ ≈ 120 dB, we can observe
P̃

P̃max
converging to these limits. Here, we can observe about

67% reduction in power consumption from the maximum
power budget when the optimal pairing scheme is adopted.
This can result in considerable power savings in typical
deployment scenarios such as HAPs in NTNs, where efficient
transmission power management is especially crucial [6].
The NF scheme achieves 57% power savings, which is also
a substantial amount. In contrast, the NN scheme consumes
a considerable portion of the power budget even under the
most favorable conditions. This is evidenced by the “NN,
γ → ∞" curve, which indicates that 92% of the total power
budget is required to satisfy the rate demands, as γ → ∞.
Furthermore, it should be highlighted that considering the

signal attenuation between the BS and the user resulting from
factors such as path loss and shadowing effects, relatively
high values of γ should be expected with typical values of
Pmax and σ 2 for the received SNR to be at reasonable levels,
as evident from Fig 4. In particular, the noise power σ 2 is
usually assumed to be ≈ −174 dBm/Hz [18], [26], [27]. As
for Pmax, [20] and [21] adopted 30 dBm. Some variations
of Pmax for typical NOMA deployment scenarios are 33
dBm [12] and 23 dBm [27]. Taking the lowest possible value
among these options for Pmax, we have γ (dB) = 197 dB,
assuming σ 2 = −174 dB. Therefore, it is reasonable to
assume that γ , at unity bandwidth, may reach as high as
≈ 200 dB. For instance, Pmax = 30 dB yields γ (dB) =
204 dB. However, the noise power is amplified proportional
to the channel bandwidth. For instance, if we were to utilize
a 1 MHz band, this would incur a 60 dB increase in the
noise power. In any case, it should be noted that narrowband
systems, typically operating at bandwidths in the range of
180 kHz to 200 kHz are usually preferred for NOMA appli-
cations such as IoT access [27], which further minimizes the
possibility of bandwidth-induced impairment of γ .
Fig. 5 portrays the impact of the small-scale fading

coefficient modeled by the Rician distribution with ω =
2. We ignore the NN scheme and random pairing in this
performance comparison. It is observed that more power
is saved relative to the NF scheme in severely fading
environments, which corresponds to low values of the Rician
K−factor. This is corroborated by Theorem 4 as lower values

2Note that the slight non-linearity observed on the mean received SNR
curve is due to the interference caused by the user n in each NOMA pair,
in the calculation of γmr in (38).
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FIGURE 5. Effect of various K−factors on the power utilization profiles of the
optimal pairing and NF pairing, for the simulation parameters in Table 1 with ω = 2.

FIGURE 6. Effect of different values of the path loss exponent ω on the power
utilization profile for K−factor = 0. Here, the noise PSD is varied from −20 dBm to
−170 dBm. Other parameters are as listed in Table 1.

of K−factor encourage high variance among the channel
gains experienced by the users.
Fig. 6 illustrates the impact of the path loss exponent ω,

on the convergence speed of P̃
P̃max

. A range of ω values
are compared, which capture typical path loss dynamics of
various environmental profiles, such as urban cells (ω ≈
2.7 to 3.5), and shadowed urban cells (ω ≈ 3 to 5) [28].
Specifically, we consider ω = 2, 2.7, 3, and 3.5 in Fig. 6. In
this figure, while maintaining Pmax at 0 dBm as in previous
figures, we extend the range of σ 2 to be from −20 dBm to
−170 dBm. The Rician K−factor is set to 0. We observe
that P̃

P̃max
converges at significantly higher γ values for larger

values of ω, as expected. Furthermore, at γ = 110 dBm, the
optimal pairing scheme achieves a power utilization ratio of
≈ 3.4, at ω = 2 as well as ω = 2.7, with ω = 3 relatively
close by with P̃

P̃max
≈ 0.4. At ω = 3.5 we still observe

around 40% power reduction to the maximum power budget,
at P̃

P̃max
≈ 0.6. An interesting observation that follows from

this is that the optimal pairing scheme, when implemented
at some value of ω, can outperform the NF pairing scheme
adopted at lower values of ω in terms of power savings.
For instance, at γ as low as 100 dB, we observe that the
optimal pairing scheme adopted in ω = 2.7 attains a lower

FIGURE 7. Impact of increasing the total number of users N on the power utilization
profiles of various pairing schemes. System parameters in Table 1 are adopted, with
γ = 90 dB, ω = 2, and the K−factor set to 0.

P̃
P̃max

than the NF pairing scheme at ω = 2. At γ = 130 dB,
the optimal pairing schemes corresponding to all the values
of ω have started to achieve more power savings than all of
their NF scheme counterparts.
It should be pointed out that for both Fig. 5 and Fig. 6,

the curves presented on the same plots for different channel
parameters do not necessarily attain the same received SNRs
or sum rates, which are directly influenced by the channel
coefficients. However, the optimal pairing scheme and the
benchmarked NF pairing scheme do achieve the same sum
rates under the same channel parameters as is the case with
Fig. 4. Thus, the discussion we have presented in these
figures is deemed to be appropriate in the context of system
design considerations such as power budget design.
The validity of Theorem 1 is also demonstrated from

Figs. 4, 5, and 6, since the power utilization ratio P̃
P̃max

does
not exceed its upper bound of 1.
To conclude this subsection, in Fig. 7, we demonstrate

how the pairing schemes perform as the number of users
increases. The NN pairing scheme suffers severely as the
number of users, N increases. This is also understood through
Theorem 4 as the variation between adjacent users decreases
as we increase the number of users in a fixed coverage
region. Guided by Fig. 4, we select the value of γ to be
equal to 90 dB in this simulation, as we expect meaningful
performance gains in this region, even though P̃

P̃max
has not

fully converged to the minimum.

B. IMPACT ON ENERGY EFFICIENCY
Our results presented above demonstrate how the user pairing
strategy affects the power consumption while maintaining
the minimum required data rate, in 2-user NOMA downlink
systems. Conversely,—as previously discussed—the authors
in [9] presented the optimal pairing strategy that maximizes
the sum rate with a fixed power budget. In this section,
we study how the optimal user pairing strategy impacts
the EE of the system in these two scenarios. The EE
of transmission aims for the most efficient utilization of
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power resources that achieves the data rate requirements. An
optimization problem similar to the minimization problem
in (9) with the same data rate constraints and maximum
utilizable power budget, to maximize EE can be formulated
which requires joint optimization of power control and
user pairing. Authors in works such as [29], and [30]
consider this to be an open problem. While the pursuit of
the general solution to this problem is out of the scope
of this paper, the insights obtained from the analysis and
the corresponding simulation results we present here are
intended as a preliminary contribution towards a potential
general solution.
The EE of transmission is defined as [30]

EE = Total sum rate at the receiver

Total power consumption at the transmitter
bits/J.

(39)

We observe that the maximum EE of NOMA transmission
that maximizes the sum rate (referred to as EESR−max

NOMA ) is
achieved by adopting the NF pairing scheme. Also, since the
power budget per RB is fixed for both scenarios, the OMA
system collectively utilizes twice as much power to serve an
equivalent number of users, compared to the 2-user NOMA
system. Specifically, to accommodate 2K users, the OMA
system requires 2K RBs, compared to the K RBs in the case
of NOMA. Then, the gain in EE achieved by this approach
compared to the EE of OMA (referred to as EEOMA) can
be calculated as

EESR−max
NOMA

EEOMA
= NF pairing sum rate

P̃max
÷ OMA sum rate

2 × P̃max

= 2 × NF pairing sum rate

OMA sum rate
, (40)

where P̃max represents the total power required for NOMA
transmission.
Similarly, the maximum EE of NOMA transmission that

minimizes power utilization while maintaining the OMA-
achievable data rate (referred to as EEPU−min

NOMA ) is achieved
by the pairing strategy that we derived in Section III-B. The
gain in EE of this approach compared to EEOMA can be
computed as

EEPU−min
NOMA

EEOMA
= OMA sum rate

P̃∗ ÷ OMA sum rate

2 × P̃max

= 2 × P̃max

P̃∗ , (41)

where P̃∗ is the total power consumed by the optimal
pairing scheme, and P̃max is the total NOMA power budget
for K RBs, twice of which is consumed in the OMA
scenario, similar to the case in (41). Due to this reason,
the expressions (41) and (42) are modulated by a factor of
2. Note that in these calculations only the power required
for transmission, PT is considered, and additional power
consumption from the circuitry present at the transmitter,

FIGURE 8. Achievable sum rates of various user pairing strategies under a fixed
power budget, for the system parameters as listed in Table 1 with ω = 2 and the
K−factor fixed at 0. Analytical methods adopted from [9].

PC is omitted for simplicity. Thus our analysis holds for
PT 
 PC.

To aid our discussion, we have reproduced the results
of [9] as illustrated in Fig. 8. The simulation was carried out
in the same simulation setting and channel distributions as in
Fig. 4. In addition to what is presented in [9] we also report
the pairing strategy uk,k+K which we derived as the optimal
pairing for the power minimization case that we studied, as a
benchmark for this approach, which interestingly turns out to
virtually overlap its optimal pairing strategy (NF pairing). In
other words, the gain in the sum rate achieved through the NF
pairing compared to the optimal pairing strategy for power
minimization is marginal. It is observed from Fig. 4 that
significant gains in sum rate with NF pairing are observed
in a similar region of γ as power savings are observed in
Fig. 4, namely for γ > 60 dB.

Fig. 9 offers a comparison of the gain in EE resulting
from both of the above approaches relative to EEOMA.
Both EEPU−min

NOMA and EESR−max
NOMA observe twice as much EE

compared to EEOMA at the lower end of γ where they attain
the OMA-achievable data rates (as seen on Figs. 4 and 8)
by utilizing half the power budget. Furthermore, EEPU−min

NOMA
presents itself with a shape that is a vertically inverted
version of the power utilization curves demonstrated in
Fig. 4. This is easily understood by observing (42), which
is the precise reciprocal of the power utilization ratio
corresponding to the optimal pairing strategy illustrated in
Fig. 4, multiplied by 2. Therefore, the quantity EEPU−min

NOMA as
γ → ∞ can be inferred to be 2 × |hn|

|hm| for any given pair
of NOMA users, from the result of Theorem 4. Also, the
maximum point of the EESR−max

NOMA curve corresponds to the
inflection point of the sum rate achieved by its optimal user
pairing scheme as seen in Fig. 8, which occurs at γ ≈ 60 dB.
EESR−max

NOMA exhibits marginal gains compared to EEPU−min
NOMA

below γ = 60 dB. By γ = 80 dB however, EEPU−min
NOMA

can attain an EE value around 4.5× that of OMA, while
EESR−max

NOMA is on the decline with an EE around 2.4× higher
than EEOMA, on a trajectory towards its baseline value of
2. At the tail end of γ in Fig. 9, EEPU−min

NOMA has converged
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FIGURE 9. The maximum achievable EENOMA
EEOMA

corresponding to the sum rate
maximization approach and the power minimization approach with their respective
optimal user pairing strategies for the simulation settings in Table 1 with ω = 2 and the
K−factor fixed at 0.

to a value of more than 6× EEOMA, demonstrating the fact
that at the operational region of the γ , aiming for minimum
power consumption while maintaining the OMA data rates
is vastly more energy efficient compared to maximizing the
sum rate by utilizing the total power budget.

V. CONCLUSION
In this paper, we investigated the impact of user pairing
on the power consumption in the 2-user NOMA downlink
scenario. The optimal solution we obtained has linear time
complexity, which is a significant improvement over the
computationally expensive methods usually found in the
literature. Aided by our analysis, we demonstrated that
the proposed optimal pairing strategy shows considerable
performance gains compared to benchmark schemes through
extensive simulation results. In particular, in a representative
benchmark simulation setting, we can achieve the data rate
requirements with this pairing by utilizing 37% of the power
budget, saving 63%. This is approximately 10% less power
utilized compared to the popular NF pairing scheme found
in the literature and approximately 17% less compared to
random pairing. Additionally, the effect of the propagation
environment on the power consumption was studied. We
demonstrated that the highest portion of power is saved
with the Rayleigh fading channel, where the end users
experience the highest variations in the channel coefficients
among themselves. We also established the robustness of
the optimal pairing scheme in environments characterized
by varying path loss dynamics, along with the utility of
adopting the optimal pairing scheme with a variable number
of users. The performance gains in power savings attained
are consistently maintained even with a large number of
users (reported up to N = 120 users) present in the
system. Finally, we carried out an analysis of the EE of
NOMA transmission resulting from our objective of power
minimization, benchmarked that of NOMA transmission
resulting from the sum rate maximization approach studied
in prior works. With a maximum transmit SNR equivalent

to 80 dB, the sum rate maximization approach with its
optimal pairing scheme achieves a gain in EE by a factor of
2.4 relative the EE achieved by OMA. On the other hand,
the power minimization approach with the optimal pairing
scheme we derived in this work exceeds the EE of OMA
by a factor of 4.5, demonstrating a substantial improvement
in the EE achieved. The natural extension of our research
for future work is to investigate whether a globally optimal
strategy for joint power control and user pairing exists as a
separate solution to the EE maximization objective. Another
interesting avenue to explore is to study the performance
of the proposed scheme within the context of cooperative
NOMA systems.

APPENDIX
PROOF OF THEOREM 4
Proof: We prove Theorem 4 by evaluating the expression
for P{m,n}

min from (16) as γ → ∞. The full expression is as
follows:

lim
γ→∞P{m,n}

min = �n + �m + �nφm

= lim
γ→∞

[√
1 + γ |hn|2 − 1

γ |hn|2 +
√

1 + γ |hm|2 − 1

γ |hm|2

+
√

1 + γ |hn|2 − 1

γ |hn|2
(√

1 + γ |hm|2 − 1

)]

.(42)

Since we are taking the limit in γ as the varying term,
both |hm|2 and |hn|2 are treated as constants. If we let x = γ ,
a = |hm|2, and b = |hn|2, then, (42) can be rewritten as

lim
γ→∞P{m,n}

min = lim
x→∞

[√
1 + bx− 1

bx
+

√
1 + ax− 1

ax

+
√

1 + bx− 1

bx

(√
1 + ax− 1

)
]

= lim
x→∞

√
1 + bx− 1

bx
+ lim

x→∞

√
1 + ax− 1

ax

+ lim
x→∞

√
1 + bx− 1

bx

(√
1 + ax− 1

)
. (43)

Notice that the first two terms in (43) can be written in
the form

lim
x→∞

√
1 + cx− 1

cx
= lim

x→∞
1√

1 + cx+ 1
= 0, (44)

for c ∈ {a, b}, which tends to 0 as x → ∞.
Therefore, we focus on evaluating the limit of the third

term in (43), which can be broken down further as

lim
γ→∞P{m,n}

min = lim
x→∞

[√
1 + bx− 1

bx

(√
1 + ax− 1

)
]

= lim
x→∞

1

bx
− lim

x→∞

√
1 + ax

bx

− lim
x→∞

√
1 + bx

bx
+ lim

x→∞

√
(1 + ax)(1 + bx)

bx
.

(45)
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It is easily seen that the first term tends to 0.
The second and third terms can be evaluated by applying

L’Hôpital’s rule [31]. These terms also tend to 0 in the limit.
For completion, some steps of this procedure are shown
below.

lim
x→∞

[√
1 + ax

bx
+

√
1 + bx

bx

]

= lim
x→∞

[
d
dx

√
1 + ax
d
dxbx

]

+ lim
x→∞

[ d
dx

√
1 + bx
d
dxbx

]

= lim
x→∞

[
a

2b
√

1 + ax

]
+ lim

x→∞

[
1

2
√

1 + bx

]

= 0. (46)

The only term that remains to be evaluated is the fourth
term of (45), namely the term limx→∞ [

√
(1+ax)(1+bx)

bx ]. Some
steps of the evaluation procedure are shown below.

lim
x→∞

[√
(1 + ax)(1 + bx)

bx

]

= lim
x→∞

[√
x−2 + (a+ b)x−1 + ab

b

]

= lim
x→∞

√
ab

b
=

√
a

b
. (47)

Consequently, according to our definitions, x = γ , a =
|hm|2, and b = |hn|2, the above analysis yields the solution
to the original limit expression given in (42) as

lim
γ→∞P{m,n}

min = |hm|
|hn| . (48)

This completes the proof of Theorem 4.
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