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Abstract: This study investigates the negative influence of an eccentric permanent-magnet (PM) design on high-frequency 

electromagnetic vibration in fractional-slot concentrated-winding (FSCW) PM machines. First, an analytical expression for the 

sideband current harmonics was derived using the double Fourier series expansion method. Then, the characteristics of the 

flux-density harmonics are studied from the perspective of the space-time distribution and initial phase relationship. The influence of 

the eccentric PM design on high-frequency electromagnetic and concentrated forces was studied based on the electromagnetic force 

modulation effect. Consequently, an eccentric PM design is not conducive to reducing the 2pth-order high-frequency electromagnetic 

forces. Finally, two FSCW PM machines with conventional and eccentric PM designs are manufactured and tested to verify the 

theoretical analysis. The results show that the eccentric PM design worsens high-frequency vibrations. 

Keywords: Eccentric permanent magnet machine, sideband current harmonics, electromagnetic force modulation effect, 
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1  Introduction1 

Fractional-slot concentrated-winding (FSCW) 
permanent-magnet (PM) machines are widely used in 
industrial automation and household appliances 
because of their high power density and 
efficiency [1-4]. Additionally, a low-vibration 
performance is required in these fields [5-7]. 
Vibrations can be categorized as mechanical and 
electromagnetic, according to their source. The 
electromagnetic force acting on the stator teeth is 
the primary source of electromagnetic vibration. 
FSCW PM machines have severe vibration problems 
because of the low spatial order of their 
electromagnetic forces [8]. Simultaneously, owing to 
the electromagnetic force modulation effect, the 
high-order electromagnetic force of the FSCW PM 
machine must be considered [9-12]. 

However, research on the high-frequency vibrations 
of FSCW PM machines is insufficient. With the 
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progress in power electronics technology, integrated 
circuit technology, and modern control theory, voltage 
source inverters using the space vector pulse width 
modulation (SVPWM) technique are widely used to 
drive machines to achieve high performance. However, 
the SVPWM technique generates undesirable sideband 
harmonics during intrinsic switching, whose frequency 
is close to the carrier frequency [13]. The 
high-frequency armature reaction magnetic field 
components caused by these sideband harmonics 
interact with other magnetic field components in the 
air gap, resulting in high-frequency vibration [14]. 
Therefore, reducing the high-frequency vibrations in 
FSCW PM machines is of great significance. 

Recently, several studies have been conducted on 
high-frequency vibrations. Analytical expressions of 
sideband current harmonics were studied using the 
double Fourier series expansion method [15]. Based on 
this, analytical approaches for sideband vibrations in 
integer-slot and fractional-slot machines have been 
derived [16-17]. Research on high-frequency vibrations 
should focus on methods for reducing these vibrations. 
Many methods for reducing sideband current 
harmonics have been reported in the literature, such as 
random pulse position [18], random switching 
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frequency [19], carrier phase shift [20], and variable 
switching sequences [21]. However, these methods are 
mainly from the perspective of a control strategy, 
which increases the difficulty of control. An accurate 
equivalent circuit for induction machines with 
auxiliary winding was proposed in Ref. [22] to reduce 
high-frequency vibrations. However, the number of 
turns of the stator primary and auxiliary windings is 
the same, which leads to the auxiliary winding 
occupying a large slot area. In Ref. [23], the effect of 
an eccentric PM design on the high-frequency 
vibration performance of integer-slot PM machines 
was investigated. It was revealed that high-frequency 
vibrations could be decreased by reducing the 
harmonic content of the PM flux density. However, the 
influence of the eccentric PM design on the 
high-frequency vibration performance of FSCW PM 
machines has not been studied. 

The remainder of this paper is organized as follows: 
In Section 2, the models and parameters of the two 
12-slot/10-pole FSCW PM machines are presented. In 
Section 3, analytical expressions for the sideband 
voltage and current harmonics near the first carrier 
frequency are derived. In Section 4, the characteristics 
of PM flux-density harmonics and high-frequency 
armature reaction flux-density harmonics are studied. 
In particular, the initial phase relationship of the 
flux-density harmonics is revealed. In Section 5, the 
high-frequency electromagnetic force density is 
derived from Maxwell’s tensor equation. Considering 
the electromagnetic force modulation effect, the 
influence of the eccentric PM design on the 
high-frequency electromagnetic and concentrated 
forces was studied. In Section 6, two FSCW PM 
machines are tested to verify the deterioration effect of 
the eccentric PM design on high-frequency vibrations. 
Finally, the conclusions of this study are presented in 
Section 7. 

2  Prototype machines 

To investigate the effect of the eccentric PM design on 
the high-frequency vibration performance of FSCW 
PM machines, two 12-slot/10-pole PM machines were 
designed for analysis. The flux distributions and 

structures of the two PM machines under no-load 
conditions are shown in Fig. 1. The primary 
parameters are listed in Tab. 1. Due to the reduced use 
of PMs, the pth-order operating harmonic of the 
eccentric PM machine is less than that of conventional 
PM machine when the same PM material is used in 
both conventional and eccentric PM machines. To 
maintain the pth-order operating harmonics the same 
for a fair comparison, the remanence of the eccentric 
PM machine was higher than that of the conventional 
machine. 

 

Fig. 1  Flux distribution and structure 

Tab. 1  Main parameters of two 12-slot/10-pole FSCW  

PM machines 

Parameters Conventional Eccentric 

Stator outer diameter/mm 125 125 

Stator inner diameter/mm 80 80 

Core stack length/mm 50 50 

Air gap length/mm 1 1 

PM thickness/mm 5 5 

Pole embrace 1 1 

PM flux linkage/Wb 0.084 0.084 

Rated speed/(r/min) 600 600 

DC-link voltage/V 100 100 

Carrier frequency/kHz 10 10 

D-axis inductance/mH 1.62 1.59 

Q-axis inductance/mH 1.62 1.59 

PM materials N30 N42 

Eccentricity/mm 0 20 
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3  Sideband current harmonics analysis 

The SVPWM technique is widely used in PM machine 
control strategies. However, SVPWM typically 
operates at a fixed switching frequency, concentrating 
the spectrum near the carrier frequency and its 
multiples. An equivalent modulation process should be 
established to analyze the harmonics generated by the 
SVPWM technique. Included in the modulation model 
are a saddle modulation wave and a triangular carrier 
wave, which is considered triangular for simplicity. 
The modulation wave is equivalent to a standard sine 
wave plus a third harmonic. Ignoring the higher 
harmonics, the modulation wave y(t) can be 
approximated as 

 ( ) ( )2 3( ) sin sin 3
4π3 e e

M My t t tω ω≈ +   (1) 

where M is the modulation coefficient, which depends 
on the ratio of the modulation wave amplitude to the 
carrier wave amplitude; ωe is the angular frequency of 
the modulation wave. 

The phase voltage was obtained by comparing 
modulation and carrier waves. The main sideband 
voltage harmonics in the phase voltage can be 
approximately calculated as 
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where ωc is the angular frequency of the triangular 
carrier wave; Cnm represents the amplitudes of sideband 
voltage harmonics with different frequencies. The 
specific details of Cnm are determined by the DC-link 
voltage and the Bessel function. The frequencies of 
sideband harmonics can be expressed as nωc±mωe. 

The influence of harmonic permeance and 
resistance was ignored to simplify the analysis. 
Through coordinate transformation, the relationship 
between sideband voltage harmonics and sideband 
current harmonics can be expressed as 
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where ωμ is the angular frequency of the sideband 
harmonics; Ld and Lq represent the inductance of the 
d-axis and q-axis, respectively. 

The main sideband current harmonics in the phase 
current can be approximately calculated as 

( ) ( )12 14cos 2 cos 4sideb c ca e endi i t i tω ω ω ω⎡ ⎤ ⎡ ⎤= ± + ±⎣ ⎦ ⎣ ⎦   
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By analyzing the derivation process of the sideband 

current harmonics, the amplitudes of the sideband 
current harmonics were determined by the DC-link 
voltage, modulation coefficient, and dq-axis 
inductance. However, the two FSCW PM machines 
have similar fundamental PM flux linkages and 
dq-axis inductances. Under the same drive-control 
system and operating conditions, the eccentric PM 
design had little effect on the modulation coefficients. 
Therefore, the sideband current harmonics of the two 

FSCW PM machines can be considered identical. Fig. 
2 compares the three-phase current waveforms and 
spectrum analysis of the 12-slot/10-pole FSCW PM 
machine at 600 r/min. The main sideband current 
harmonic components near the first carrier frequency 
include fc±2fe and fc±4fe. The amplitudes of the 
sideband current harmonics at different rotational 
speeds are shown in Fig. 3. With an increase in the 
rotation speed, the amplitudes of the sideband current 
harmonics near the first carrier frequency gradually 



Chinese Journal of Electrical Engineering, Vol.10, No.2, June 2024 

 

62

increased. 

 

Fig. 2  Three-phase current waveforms and spectral analysis 

 

Fig. 3  Sideband current harmonics at different rotation speeds 

4  Air-gap flux-density analysis 

According to a previous analysis, a PM machine 
driven by the SVPWM technique inevitably produces 
sideband current harmonics during operation, 
generating high-frequency armature reaction fields in 
the air gap. For high-frequency electromagnetic forces, 
the main contribution comes from the interaction 
between the low-frequency PM magnetic field and the 
high-frequency armature reaction magnetic field. To 
analyze the properties of the high-frequency 
electromagnetic force density, it is necessary to 

calculate the flux density in the air gap. Generally, the 
radial and tangential flux-density harmonics have the 
same spatial and temporal properties, but the 
amplitudes of the radial components are much larger 
than those of the tangential components [24]. Therefore, 
for simplicity, the tangential component is neglected in 
this study. 

4.1  Low-frequency PM flux density 

Ignoring the core magnetic reluctance and saturation 
effects, the PM flux density can be expressed as 

 ( )cospm e
i

pm pmb B ip i tθ ω ϕ
∞

= − +∑  (5) 

where p is the pole pair of the FSCW PM machine and 
i is an odd number. 

The PM flux-density waveforms of the 12-slot/ 
10-pole FSCW PM machines and the spectrum 
analysis are shown in Fig. 4. The pth-order harmonic 
amplitudes of the two PM machines are almost equal. 
The PM flux-density waveform of the eccentric PM 
machine has a lower harmonic content than that of the 
conventional PM machine. In addition, it is clear from 
spectral analysis that the eccentric PM design reduces  

 

Fig. 4  Comparison of PM flux densities 
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the 3pth-order and 5pth-order PM flux densities. 
However, because the electromagnetic force 
harmonics are vectors, phase synthesis or cancellation 
occurs between the electromagnetic force harmonics 
of the same temporal and spatial orders [25]. Therefore, 
the initial phases of the flux-density harmonics must 
be considered when analyzing electromagnetic force 
harmonics. Fig. 5 shows the initial phases of PM 
flux-density harmonics. Although the amplitudes of 
the main PM flux-density harmonics were quite 
different, they all had the same initial phases. 

 

Fig. 5  Initial phases 

4.2  High-frequency armature reaction flux density 

Based on the analysis of the sideband current 
harmonics, the high-frequency armature reaction flux 
density can be expressed as 

 ( )_ _ _sinarm arm t arm
v

b B vN kZ tμ μ μ μ
μ

θ ω ϕ
∞ ∞

⎡ ⎤= + − +⎣ ⎦∑∑   

  (6) 
where Z is the number of slots; Nt is equal to the 
greatest common divisor of the pole pair and slot 
number of the FSCW PM machine; v is an odd number 
and satisfies v = 6k±1, and k = ±1, 2, 3, …. 

As the stator and winding structures of the two 
FSCW PM machines are the same, the armature 
reaction magnetic fields can be considered to be the 
same. Fig. 6a shows that the high-frequency armature 
reaction flux density exhibits a time-space correlation 
distribution. Fig. 6b shows the results of temporal and 
spatial spectral analyses. The frequencies of the 
high-frequency armature reaction flux-density 
harmonics are mainly distributed at fc±2fe and fc±4fe, 
which are the same as those of the sideband current 
harmonics. Fig. 7 shows the initial phases of the 

high-frequency armature reaction flux-density 
harmonics. There were significant differences in the 
initial phases of the high-frequency armature reaction 
flux-density harmonics for different space and time 
orders. 

 

Fig. 6  Armature reaction flux density 

 

Fig. 7  Initial phases 

5 High-frequency electromagnetic force 
analysis 

The high-frequency electromagnetic force acting on 
the stator teeth is the main cause of high-frequency 
vibrations. In Section 4, the amplitudes and initial 
phases of the main flux-density harmonics are 
determined. According to the Maxwell stress tensor 
equation, the high-frequency electromagnetic force 
density can be approximated as follows 
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where μ0 is vacuum permeability. Substituting Eq. (7) 
and Eq. (8) into Eq. (9), the high-frequency 
electromagnetic force density can be obtained as 
follows 

( ) ( )cosr r t e
i v

f ip vN n tμ μ
μ

σ θ ω ω ϕ⎡ ⎤= ± ± ± +⎣ ⎦∑∑∑ (8) 

5.1  Electromagnetic force modulation effect 

In traditional vibration analysis models for PM 
machines, the stator core is typically equivalent to a 
cylindrical structure. The vibrational displacement due 
to electromagnetic force can be calculated using 
Jordan’s formula as follows 
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where Ysv and Ydv are static and dynamic vibration 
displacements; Ri is the inner radius of the stator; Ry 
and hy are the radius and thickness of the stator yoke; 
E is the elastic modulus; fj, and ξj are the frequency 
and damping of jth-order mode. 

Eq. (9) shows that the low-order electromagnetic 
force is a critical factor in the vibration of the FSCW 
PM machines [26]. However, Eq. (9) ignores the 
electromagnetic force modulation effect due to stator 
slotting [27]. Higher-order electromagnetic force 
harmonics can induce significant vibration responses 
through electromagnetic force modulation effects. The 
vibration analysis of the FSCW PM machines is biased 
if only low-order electromagnetic force harmonics are 
considered. 

According to the Nyquist-Shannon sampling 
theorem, the modulated electromagnetic force density 
can be expressed as 
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where fm is the modulated electromagnetic force 
density, and σr, ωυ, and φυ are the amplitude, angular 

velocity, and initial phase of the υth-order modulated 
electromagnetic force density. When the spatial order υ 
is greater than Z/2, electromagnetic force modulation 
will occur. For the 12-slot/10-pole FSCW PM machine, 
the 2pth-order high-frequency electromagnetic force 
density has a high amplitude and can be modulated 
into a low-order high-frequency electromagnetic force 
with a high amplitude. Fig. 8 shows a schematic of the 
electromagnetic force modulation effect. The 
2pth-order electromagnetic force was modulated into 
2nd-order by the 12 stator teeth, affecting the 
high-frequency vibration performance. 

 

Fig. 8  Electromagnetic force modulation 

The interaction between the low-frequency PM flux 
density and high-frequency armature reaction flux 
density mainly generates a 2pth-order high-frequency 
electromagnetic force density. The spatial order, 
frequency, and initial phases of the 2pth-order 
high-frequency electromagnetic force density can be 
derived as shown in Tab. 2. 

Tab. 2  2pth-order high-frequency electromagnetic  

force density 

PM flux density Armature reaction 
flux density 

Electromagnetic force 
density 

(p, fe, 90º) (p, fc − 2fe, 270º) (2p, fc − fe, 0) 

(3p, 3fe, 90º) (−p, fc − 4fe, 90º) (2p, fc − fe, 180º) 

(p, fe, 90º) (p, fc+4fe, 270º) (2p, fc+5fe, 0) 

(3p, 3fe, 90º) (−p, fc+2fe, 90º) (2p, fc+5fe, 180º) 

(3p, 3fe, 90º) (p, fc − 2fe, 270º) (−2p, fc − 5fe, 180º) 

(p, fe, 90º) (−p, fc − 4fe, 90º) (−2p, fc − 5fe, 0) 

(3p, 3fe, 90º) (p, fc+4fe, 270º) (−2p, fc+fe, 180º) 

(p, fe, 90º) (−p, fc+2fe, 90º) (−2p, fc+fe, 0) 

It can be seen that the 2pth-order high-frequency 
electromagnetic force density generated by the 
pth-order PM flux density is opposite to that generated 
by the 3pth-order PM flux density. Consequently, this 
means that the 2pth-order high-frequency 
electromagnetic force density generated by the 
3pth-order PM flux density decreases the total 
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amplitude of the 2pth-order high-frequency 
electromagnetic force density. 

The spatial order and corresponding frequency 
characteristics of the high-frequency electromagnetic 
force density harmonics near the first carrier frequency 
were derived using two-dimensional Fourier 
decomposition, as shown in Fig. 9. 

 

Fig. 9  Comparison of high-frequency electromagnetic  

force densities 

The high-frequency electromagnetic force density 
harmonics with large amplitudes were mainly 0th-order, 
2nd-order, and 2pth-order. However, because the 
pth-order operating harmonics of the two PM machines 
were almost equal, the 0th-order and 2nd-order 
high-frequency electromagnetic force density 
harmonics were almost the same. Eccentric PM 
machines reduce the 3pth-order PM flux density, 
thereby significantly reducing the amplitude of the 
8th-order high-frequency electromagnetic force density. 
However, the spatial order of the 8th-order 
electromagnetic force density was large and had a 
limited effect on high-frequency vibrations. The most 
remarkable feature was that the 2pth-order 
high-frequency electromagnetic force density of the 
conventional PM machine was lower than that of the 
eccentric PM machine. The FSCW PM machine with 
an eccentric PM was verified to have a negative effect 
on the reduction of the 2pth-order high-frequency 
electromagnetic force density. 

5.2  Concentrated force computation 

According to the force transformation model, the force 
distributed on the tooth surface can be converted into a 

concentrated force and moment. Fig. 10 shows the 
transfer model from the force density to the 
concentrated force. 

 

Fig. 10  Concentrated force transformation 

Ignoring the tangential force, the expressions for the 
radial concentrated force can be simplified to 

 ( )
Δ

, _Δ
cos dz

z
r z s is r zF L R f

θ θ

ηθ θ
θ θ θ

+

−
= −∫  (11) 

where Ls is the effective length; Ris is the armature 
diameter; θz is the angle of the tooth, and Δθ is the half 
of the tooth surface angle. 

Fig. 11 shows the spectral results for the 
concentrated force transferred from the high-frequency 
electromagnetic force density near the first carrier 
frequency. The 2pth-order high-frequency 
electromagnetic force density was modulated to a 
2nd-order concentrated force. 

 

Fig. 11  Comparison of concentrated forces 

6  Experimental validation 

6.1  Modal parameters 

Fig. 12 shows the prototypes of the two 
12-slot/10-pole FSCW PM machines. The modal tests 
of the stator, stator with coils, and the entire machine 
are shown in Fig. 13. The two PM machines differed 
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only in the shape of the PM; therefore, the modal 
parameters of the two prototypes were essentially 
identical. To avoid repetition, the modal tests were 
performed using only one prototype. The prototype 
was suspended from an elastic rope to simulate free 
constraints. Acceleration sensors were mounted on the 
housing to obtain acceleration data. Vibration 
acceleration data were obtained by hammering the 
prototype, and frequency response function curves 
were obtained. The modal parameters, including the 
mode shapes, frequencies, and damping ratios, were 
automatically generated using the software, and are 
listed in Tab. 3. The anisotropic material parameters of 
the stator core, windings, and housing are listed in 
Tab. 4. 

 

Fig. 12  12-slot/10-pole FSCW PM machine 

 

Fig. 13  Modal test 

Tab. 3  Modal parameters 

Parameter Value 

Simulated shape  

2nd 

 

4th 

 

0th 
Simulated 

frequency/Hz 3 080.3 7 371.4 10 450.9 

Tested shape   — 

Tested 
frequency/Hz 3 084.1 7 393.2 — 

Errors(%) 0.12 0.29 — 
Damping  
ratio (%) 0.91 2.17 1.72 

Tab. 4  Equivalent material parameters 

Items Symbol Stator core Windings Housing 

Density/(kg/m3) ρ 7 860 5 822 2 770 

Young’s 
modulus/GPa 

Ex 205 0.2 

70 Ey 205 0.2 

Ez 170 1 

Shear 
modulus/GPa 

Gxy 55 0.1 

25.6 Gyz 26.5 0.14 

Gxz 26.5 0.14 

Poisson’s ratio 

uxy 0.3 0.2 

0.33 uyz 0.27 0.1 

uxz 0.27 0.1 

6.2  Vibration response 

Fig. 14a shows the back-EMF waveforms of the 
12-slot/10-pole FSCW PM machines with 
conventional and eccentric PM designs at 600 r/min. 
Fig. 14b shows the results of the corresponding 
spectral analyses. The back-EMF harmonic content of 
the eccentric PM machine is lower than that of the 
conventional PM machine. 

 

Fig. 14  Comparison of back EMF 
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Fig. 15 shows the two experimental platforms used 
for PM machine vibration testing. The acceleration 
transducer was set to 32 kHz to acquire test data 
around the first carrier frequency. A dynamic signal 
acquisition instrument was used to acquire the 
vibration test data from the transducer, and a 
programmable DC signal source from Chroma 
provided the DC bus voltage. The digital signal 
processor, DSP TMSS20F28377, executes the 
SVPWM control algorithm. 

 

Fig. 15  Experimental test platform 

Figs. 16a and 16b compare the high-frequency 
vibration accelerations measured by the two 
12-slot/10-pole FSCW PM machines under no-load 
conditions at 600 r/min and 1 200 r/min, respectively. 
As mentioned above, the eccentric PM design 
increases the amplitude of the 2pth-order 
high-frequency electromagnetic force density. The 
vibration acceleration of the eccentric PM machine is 
significantly higher at fc±fe and fc±5fe compared to the 
conventional PM machine. Fig. 16c compares the 
high-frequency vibration accelerations measured for 
the two 12-slot/10-pole FSCW PM machines under 
load conditions of 600 r/min. The high-frequency 
vibration acceleration under the loaded condition was 
slightly higher than that under the no-load condition. 

 

Fig. 16  Comparison of vibration accelerations 

7  Conclusions 

In this study, the negative effects of an eccentric PM 
design on the high-frequency electromagnetic force 
and vibrations of an FSCW PM machine were 
investigated. The analytical expression of the sideband 
current harmonics generated by SVPWM technology 
was derived. Then, the temporal and spatial 
distributions and initial phase relationship of the 
low-frequency PM flux-density harmonics and 
high-frequency armature reaction flux-density 
harmonics were clarified. The eccentric PM design 
weakens the 3pth-order PM flux-density harmonic. 
However, the initial phase of the 2pth-order 
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high-frequency electromagnetic force generated by the 
3pth-order PM flux density was opposite to that 
generated by the pth-order PM flux density. The 
eccentric PM design has a negative impact on the 
reduction in the total 2pth-order high-frequency 
electromagnetic force. Finally, two 12-slot/10-pole 
FSCW PM machines were manufactured and 
experimental vibration results were used to verify the 
theoretical analysis. 
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