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Abstract—For a general class of epidemiological mod-
els with an arbitrary number of infected and non-infected
compartments, we formulate an optimal vaccination control
problem to minimize the number of infections and the
cost of vaccination. We show that the problem can be
solved efficiently with the sequential quadratic Hamiltonian
(SQH) scheme, which we apply to the optimal control of
epidemics for the first time and for which we prove rigorous
global convergence guarantees in the case of a smooth
cost functional. Our numerical simulations show that SQH
outperforms the current state-of-the-art numerical scheme
in mathematical epidemiology: its convergence can be
guaranteed regardless of the initialization, it is faster and it
is also applicable when the cost functional is non-smooth.

Index Terms—Epidemic model, vaccination, optimal con-
trol, Pontryagin minimum principle.

[. INTRODUCTION

ATHEMATICAL models have supported the analysis

and the control of epidemics [1], [2], [3], [4], [5] since
the introduction of the seminal SIR model [6], which considers
three stages of infection: susceptible, infected and recov-
ered. SIR-like mean-field compartmental models, describing
the spread of an infectious disease in a large, well-mixed
population, have been developed by adding increasingly more
compartments, aimed at capturing the evolution of specific
diseases with different infected (e.g., distinguishing between
exposed but not yet infectious individuals, asymptomatic and
symptomatic, undetected, diagnosed, quarantined) and non-
infected (e.g., susceptible, recovered, vaccinated) categories,
with several recent developments during the COVID-19 pan-
demic [7], [8], [9], [10], [11]. Optimal control theory is a
powerful tool to design interventions aimed at curbing the
contagion [12], [13], [14], [15], [16], [17].
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Here, to formulate an optimal epidemic control problem
so that our results can have the broadest possible scope and
validity, we consider a very general class of epidemiological
models (Section II), similar to that in [18], with an arbitrary
number of infected and non-infected compartments, which can
seamlessly include vaccination, as well as waning immunity
and the possibility of (re)infection for both recovered and
vaccinated. In Section III, we formulate and analyze an
optimal vaccination control problem aimed at minimizing the
fraction of infected and the cost of vaccine rollout. We prove
the existence of a solution and we derive the related optimal-
ity system in the Pontryagin-minimum-principle framework.
Then, we propose to numerically solve the problem by using
the sequential quadratic Hamiltonian (SQH) method [19], [20],
[21], [22], recently developed to solve both smooth and non-
smooth optimal control problems. We apply the SQH method
to epidemiological control problems for the first time, and
we prove global convergence guarantees for SQH that hold
for the whole considered class of systems, with smooth cost
functionals. As shown in Section IV, the proposed methodol-
ogy outperforms the state-of-the-art forward-backward sweep
(FBS) method used to solve optimal control problems in
epidemiology and systems biology [12], [23], which is known
to suffer from convergence issues [23], [24]. Differently from
FBS, the SQH method can also be applied with non-smooth
cost functionals. In our numerical experiments, we consider
an extension of the SIDARTHE-V model [9], to demonstrate
that the approach can easily handle complex and large-scale
dynamics; a full version of our work that includes a richer set
of examples and numerical simulations is available online [25].

Il. THE CLASS OF EPIDEMIC MODELS
We consider a class of compartmental models of the form

{ J(6) = Fx(t) + bw(t) T Cx(r)

() = Gwi(r) — diag(Cx())w(®) + Dx(t) +a V)

where x(1), b € R’QO, w(), a € R’fo. The variables
{x,-(t)};g , represent the population fractions in different
infected compartments, while the variables {w,'(t)};'i1 represent
the population fractions in non-infected (e.g., susceptible,
recovered, vaccinated) compartments.

Matrices F' € R™*"™ | describing the flows among infected
compartments along with recovery, and G € R"™*™  which

(© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0000-0003-1888-0002
https://orcid.org/0000-0002-8010-8462
https://orcid.org/0000-0002-8600-1738

1806

IEEE CONTROL SYSTEMS LETTERS, VOL. 8, 2024

contains parameters related to vaccination and waning of
immunity that drive the flows among non-infected compart-
ments, are both Metzler and Hurwitz. The infection matrix C €
RZ"" includes the contagion parameters, while D € RZ;*"!
includes the recovery parameters. Vector a represents natality
in the population, while F and G also include mortality rates.
When formulating an epidemic control problem, the control
parameters can be included in G = G(u), when planning
a vaccination campaign, or in C = C(u), when planning
non-pharmaceutical interventions (e.g., physical distancing,
use of protective equipment, mobility restrictions). The total
population is assumed constant over a finite time horizon T >
0 (meaning that natality and mortality compensate for each
other): for all ¢ € [0,T], Y /% xi(r) + Z}lej(f) = 1.
This implicitly enforces appropriate assumptions on the system
matrices. Subject to these assumptions, the initial value
problem (1) with initial conditions x(0) = xp and w(0) =
wo, such that 3771, xo; + 32 wo; = 1, is well-posed and
admits a unique solution (x(¢), w(¢)). The system is positive:
if xp, wo > 0, then x(7), w(¢) > 0 for all # > 0.

The model (1) admits a disease-free equilibrium (0, w), with
w; > 0 and at least one w; > 0, i,j =1, ..., ny, to which we
want to drive our system.

We can define the control reproduction number [18] as
R, = AM(—=bwT CF~1), where A(-) is the matrix spectral radius.
In the absence of control, R is the basic reproduction number.
The disease-free equilibrium is locally asymptotically stable if
R¢ < 1 and unstable if R, > 1.

Example 1 (Extended SIDARTHE-V Model): In the model
in [9], with five infected compartments (I, D,A,R,T), we
introduce waning immunity with rates o; and (re)infection
probabilities 6; € [0, 1] for recovered and vaccinated, as well
as a birth rate ¥ and non-COVID-related mortality rates pu;,

and we denote by u the vaccination rate:

S =y —S(al + BD + yA +8R) —uS+ o1H + o2V — usS

I =Sl +BD+yA+68R) — (s +¢ + M+ 6,aHI
+6,aVI 4+ 03 8HD + 648VD + 65y HA 4 06y VA
+078HR + 036 VR — gl

D =el —(n+ p)D — upD

A=01—(0+pu+K)A— usA

R =nD+6A— (v+&+1)R— ugR

T =pA+vR— (o + )T — urT

H=M+pD+kA+ER+ 0T —o1H — 6yaHI
—038HD — 05y HA — 678HR — puyH

E = IR+ 1T

V =uS — 0oV — 6haVI — 048VD — Oy VA — 038 VR — juyV

The parameters «, 8, y and § denote transmission rates; &
and 6 diagnosis rates; ¢ and n symptom onset rates; p and
v aggravation rates; t; and o, COVID-related mortality rates;
A, k, &, p and o recovery rates. The system can be written as
in (1) withx=[I D A R T]", where I denotes asymptomatic
undetected infected, D asymptomatic diagnosed infected, A
symptomatic undetected infected, R symptomatic diagnosed
infected, T diagnosed infected with life-threatening symptoms,
and w =[S H E V], where S denotes susceptible, H recov-
ered, £ deceased, and V vaccinated individuals, bgf taking F =
0

—(e+C+A+ur) 0 0
3 —(+p+up) 0 0
¢ 0 —O+u+r+ia) 0 0 ,C=
0 n 0 —(+E+T1+1R) 0
0 0 n v —(o+m+ur)

o B y 5§ 0 0O 0 0 0 O
bha 38 65y 66 0 D — A p Kk & o
0 0 0 0o oy - 0 0 0 1 o)
bha G4 6Oy 636 O 0O 0 0 0 O
—U — S o1 0 o)
_ 0 — 0] — UH 0 0 _
G = 0 0 0 0 @ =
u 0 0 —oy—uy
[0000]",b=[10000]". The disease-free equilibrium is
Y (o2+pv) I Yu T
[Muv+02Ms+MsMV 000000E uuv+02(;ési;;sliv] : '(Il‘lj_eQC())ntrol
M : — 2 Vv Uu o
reproduction number is R, = P [ P +A2+;u +
(14ub4)Be + (I+ubs)y & +
(+p+up)(e+C+r+ur) (O+ptr+pna)(E+E+A+u1r)

(1+ub3)é (nex +nep+nepua+ned+0En+0¢ up+6¢p) ]
(W+E+T1+1r) +p+up) (E+E+A+mn) (O+u+r+ia)

II1. OPTIMAL VACCINATION CONTROL PROBLEM

Problem formulation: We consider an optimal vaccination
control problem to minimize both the total fraction of infected
and the vaccination effort u = u(f), during the time interval
[0, T']. The controlled vaccination rate u is contained in matrix
G, which we assume is linear in u, i.e., G = G(u) = Giu +
Gy, with G; € R™>*™_ We also assume that u is a Lebesgue
measurable function on [0, T], belonging to the admissible
set Uyg = {u: u(t) € Kuq}, where K,g = [0, tpax]. The cost
functional is

T
J(u, x, w) i/ L(x(t), w(t), u(t))dt,
0

x(1)

Lx(@), w@), u(®) = [NT 0] |:w(t)

] + aqu()? + oqu(t), (2)
with o1 > 0, ap > 0and N € (0, 00)"!. The cost includes both
a quadratic control component, which is the simplest and most
common choice in mathematical epidemiology [13], [14] to
capture the non-linear increase of the cost at high intervention
levels, and a linear control component, which alone may lead
to discontinuous optimal profiles, e.g., bang-bang and singular
controls [17], but is widely used for its ability to promote
sparsity of control variables.

Introducing the control-to-state map u > (x(u), w(u)), we
can define the reduced cost J(u) = J(u, x(u), w(u)). Then, we
look for an optimal control u* € U,y such that

u* € arg min J(u) 3)
ueUyy
subject to the dynamics (1).

We prove an important property of the cost functional.

Proposition 1: Consider the non-negative cost functional
in (2) and let (u"),eN, € Uqa be any sequence of admissible
controls such that Jyq, = SUPeN, J(u") < oo. Then, there
is a subsequence (u'),cn, converging weakly to u € Ugyq.
Moreover, lim infy_ oo J (u'*) > J ().

Proof: Denote by (x*, w") the solution to (1) with the control
u". Since x"(¢) € [0,00)" VYVt > 0 and N € (0, 00)", under
our assumptions, and with the cost in (2), we have ||u”||12‘2 <
ozl_lj(u”) < ozl_ljmax. Since L*(0,T) is a Hilbert space
(whence reflexive), by the Banach-Alaoglu theorem [26] there
exists a weakly convergent subsequence (#"*)ien,), i.€., there is
some it € L2(0, T) such that, for all v € L(0, T), lim— o0 <
u%,v >= <u,v>, where < -,- > is the inner product on
L%(0, T). Moreover, by the Banach-Saks theorem [26], v €
Ugyq. Setting v = o above, we get (i) limg— o0 a2 [lt™ |1 =
az||ill1. Also, by weak lower-semicontinuity of the norm,
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we have (ii) liminfy_, o o1 ]|u™||;2 > o1 |ut]|;2. Finally, since
system (1) is smooth and affine in controls, by [27, Section
II-H], we get (iii) limg— oo (IX™ — X[leo + [[W* — W][Le) =
0, where (x,w) is the solution to (1) corresponding to
the control #. By combining (i), (ii) and (iii), we obtain
liminfy_, oo J (") > J(@). |

Since J is nonnegative, if we take a sequence (u"),en, C
Uuq such that lim,_, o J(u") = infueu,, J(u), Proposition 1
shows the existence of an optimal control u* € Uy,
whence (3) is well defined.

Augmented Hamiltonian: We define the Hamiltonian as

(F + bwTC)x

H(t,x, w,u,p) =p'
(t.x.w.u.p) =p |:G(u)w—diag(Cx)w+Dx+a

i| +2(x,w,u), (4)

where the co-state p(r) = [py(©)" pw(®T]T € RMT™ s the
unique solution to the adjoint system

[ix] [ Febw'c TcT 1 [pe
pw| = | D — diagw)C G(u) — diag(Cx) | | pw |

N || px _
+ [0} [pw](T) =0. 5)

To shorten the notations, we suppress the dependence on 7.
Based on (4), we introduce the augmented Hamiltonian

Ke(t, x,w,u, p,v) = H(t,x, w,u, p) + e —v)%,  (6)

where € > 0 and v € Uyy.

Numerical solution via SQH: We propose to numeri-
cally solve our optimal control problem with the sequential
quadratic Hamiltonian (SQH) method [19], which is formu-
lated in the framework of the Pontryagin minimum principle
and represents an efficient and robust extension of the succes-
sive approximations strategy to solve general optimal control
problems. The SQH approach, described in Algorithm 1, relies
on a sequential point-wise optimization of the augmented
Hamiltonian function (6), and generates a sequence of iterates
u" € Uy, where at each step u"!(#) is obtained by minimiz-
ing the augmented Hamiltonian /C¢ (¢, X", w", v, p", ’"), where
(x"*, w') are the solutions to (1) corresponding to the previous
iterate u”.

Since (i) the mgrps x+> NTx and (x,w) — flt, x,w,u) =
l: Gluw —(Iéi:gl()gx)i)j— Dx+a are twice continuously dif-
erentiable for every u € K 4 and ¢ € [0, T], (ii) function f
and its first and second derivatives with respect to the state
variables x, w are continuous in all their arguments, (iii) the
state variables x(¢), w(¢) are bounded on ¢ € [0, 7], uniformly
in u € Uy, and (iv) function f and its first derivatives with
respect to the state variables x, w are Lipschitz for u € K,q4,
uniformly in ¢ € [0, T] and in (x, w) in the state space, the
framework in [21] can be applied to solve the optimal control
problem (3) with dynamics (1). Let us define the projection
operator Px,,: R — Kuq as Pk, (§) = min(max(0, &), tmax)-
First, we show that Algorithm 1 is well-defined.

Proposition 2: Let u* € L*(0,T), w", p" € H' (0, T). Then
the update «"*! provided by Algorithm 1 is in Uyg.

Proof: Recalling (4) and (6) and computing

e
u
= (P@)Tlen + 2001u + 26(u — u") +ay =0,

(t, XN w' u, p", u")

Algorithm 1 SQH Method

1: Choose € >0,7>0,w>1,¢ € (0,1), x € (0,00) and
initial guess u: compute K0, wo, po; set n = 0.

2: Solve u(t) = argmin, g Ke (7, x", w", v, p", u") forall €
[0, T].

3: Compute X, w corresponding to i, and © = || — u"||i2.

4: IF J(u,x) — J(u", x") < —xt, THEN assign € <« ¢e,
L x owth — W, Wt @ compute ptt!
corresponding to X1, w't! and w"t!. Set n < n+ 1.
ELSE: keep x", w" and u", and assign € <« we.

5: IF t < t, THEN STOP and return «". ELSE go to 2.

we obtain the following unconstrained minimizer of C.:

= () TG -2 )

= — ) G — .
femp cxl+eu 2(ay +€) " w 2(cy + €)

From the measurability of ", w", p" it follows the measur-
ability of "+ (1) = P, (ujshy, (). Since w"+1(1) € [0, upar],
we obtain that u"t € Ugy. [ ]

Note that for the sequence of iterates (u")nen, € Uqq in
Algorithm 1, the sequence (.7(u”))neN0 is non-negative and
non-increasing. Hence, Proposition 1 implies that (¢""),cn, has
a weak accumulation point & in Upy.

We now show that, for our considered class of problems, any
strong accumulation point u# of the SQH method satisfies the
first-order optimality conditions. For this purpose, as in [21],
we prove the following result.

Proposition 3: There exists some r > 0 such that, for any
iterate u”, n € Ny, and for any € > 0 in Algorithm 1,

Ke(t, X", w", z,p" u") — Ke (t, Xow "t u")
2
> r(z - u”“) , (8)
for all z € K,; C [0, 00) and for all ¢ € [0, T].

.Proof: Assume that u@;l; € (0, umayx), whence u
Given z € K,4, we have

n+1

n+1 __
= Utemp-

Ke (t, Xowt zpt, u") — Ke <t, Kowt "t pt u")
= (Z - u”“)(p’;)Tle" + (a1 + 6)(z - u"“)(z + u"“)
— 2(2 — u"+1)eu" + az(z — u”‘H)
N2
= (1 +€)(Z—u”+ ) .

where the second equality is obtained by substituting eu" =
(a1 + €)™ +an/2+ (p’JV)Tle”/Z from (7) and performing
algebraic manipulations. Hence, (8) holds with r = «. Next,
assume that u;‘jn}, < 0, whence "' = 0. Then, since R >
s Ko, X, wh ™ ptu) s quadratic, it must hold
that

oK

BTL(t,x”, w",0,p" u") = (p’fV)Tle” —2eu +ay > 0.
u

Therefore, for z € K q,
Ke (t, vz, p, u") — ICe(t, X', w0, p", u")
= (pn) e 26" + o] + (@1 + O Z
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and again (8) holds with r = «. Finally, assume that u{';,l}, >

Umar, Whence w1 = u,,,.. Then, it must hold that
0
ountl1

= (p’vf})Tle” + 2(a1 + €)tmax — 2€u™ +ap <0,

n n n n
(8, X", W, U, p", ")

whence (p’vf,)Tle"—ku” < —2(a1 +€)pax — otp. Therefore,
for z € Kug, since z — gy < 0,

Ke(t, ¥, w2, p" u") — Ke(t, X", W', ttyax, P, u"")
n T 1 n
=(z- ”max)[[(pw) Giw" —2eu ] + (o1 + €)(2 + Umax) + Otz}
> (@1 +6e)(z— Mmax)z’

and once again (8) holds with r = «;. |

Then, our main result follows from Proposition 3
and [21][Theorem 3.1].

Theorem 1: Consider the optimal control problem (3) sub-
ject to the dynamics (1) and let the sequence (u")en,
be generated by Algorithm 1, Steps 2-4. Then, for any
subsequence (uk)keK, K C Ny, such that limg_, o uk(t) =
u(t) for almost all + € (0,T), it holds that u € U, and
H(t, X, w, it, p) = mingeg,, H(t, X, w, z, p) for almost all ¢ €
(0, T), where X, w solve (1) with the control u# and p is the
corresponding co-state solving (5) for X, w and u.

Remark 1: In fact, by [21, Corollary 3.1], it follows that
for any ¢ > 0 and ¢ € (0, T), there exists some N € N for
which u" is (¢, @)-suboptimal, i.e., H(t, xN, w¥, uV, pV) <
Ht, N, wh, z,pN) + ¢ holds for all z € K, a.e. outside a set
in (0, T) of measure less than ¢.

IV. THE SQH APPROACH TO VACCINATION CONTROL

We perform thorough numerical experiments by solving
the optimal vaccination control problem (3), subject to the
dynamics of the extended SIDARTHE-V model in Example 1,
with the SQH scheme. We also compare the performance of
SQH and FBS [12], [23].

In the full version that is available online [25], we also
consider numerical simulations for an extended SIRV and an
extended SEIRV model, along with a sensitivity analysis.

A. Extended SIDARTHE-V: Optimal Vaccination Control

For the extended SIDARTHE-V model, the running cost
in (2) becomes £(x(7), w(t), u(t)) = nil + naD + n3A + naR +
nsT + aqu(f)?® + apu(t), where n; > 0 for i = 1,2,3,4,5,
a1 > 0 and ap > 0.

Given the parameter values in Fig. 1, the threshold u;,, such
that R, < 1 if u > uy, can be computed analytically from the
expression of R. in Example 1. Since any control satisfying
infreo, 7y u(?) > 3.5- 1073 ensures R, < 1, we choose upq, =
0.1 > wuy, for our simulations, so as to guarantee that the
control objective is feasible.

We first conduct a comparative analysis between the SQH
and the FBS methods, with a horizon of T = 350 days,
while varying the weight selections within the cost functional.
The FBS procedure is applied until either convergence or a
maximum iteration limit (set at 10000 iterations) is reached.
Thus, the absence of convergence indicates the exhaustion
of the maximum iteration count. With n; = 103 for all i,
o1 = 1 and ap = 0, both methods converge; FBS requires
1.03 s of CPU time, while SQH only takes 0.74 s (however,
SQH is much faster than FBS, by a factor of 20, when other

0
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Time [days] Time [days]
10 10
12 35
—lsan —Asan
1 - IFBS 3 - ‘AFEs
e 25 Aee
08 —Dgan —Rsan
- DFBS 2 - RFES
o8 D, R
free
04
/
02
o \ :
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Time [days] Time [days]
10
7 o x10°
6 18} [—Esan
a 16} |~ = ‘Eras
s HSQH 14 E!ree
. ~~ Mres 12
H
free
1
3
08
2 06
0.4
1
/‘\ 0.2
0 0 Lo
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Time [days] Time [days]
14
1.2
1
= 08
)
T o6
0.4
0.2
0
0 40 80 120 160 200 240 280 320 350
Time [days]

Fig. 1. Optimal vaccination with SIDARTHE-V dynamics, with param-
eters « = 0.3567, B = 0.0053, y = 0.1485, § = 0.005, ¢ = 0.2988,
¢ =0.0025, » = 0.1128, n = 0.0015, p = 0.032, 6 = 0.37, u = 0.12,
k = 0.02, 1y = 0.005, 7o = 0.17, v = 0.02, £ = 0.022, 0 = 0.024 [9];
o1 = 1/500, op = 1/500, ¥ = 2.91-107°, u; = 6.25-10~% and
pj=29- 1073 for j # 1[10], [11]; 61 = 0.0013, 6, = 0.0021 [28]. Initial
conditions are [y = 1078, Dy = Ay =Ry =To=Hy=Ey = Vg =0,
Sp = 1— Ip. Optimal vaccination rate and system dynamics at optimality
with FBS (dashed) and SQH (solid); uncontrolled dynamics (dotted).
The cost weights are 5; = 103, @y = 1 and a» = 0. The evolution of R¢
remains below the critical value 1 until vaccination ceases.

numerical examples are considered, see [25]). Fig. 1 shows the
solutions obtained by both methods, which are in agreement,
and also captures the system evolution in the absence of a
control policy, showcasing how the implementation of vacci-
nation reduces the peak of infectiousness across all infected
compartments, and significantly reduces deaths, by one order
of magnitude, in the considered horizon.

If the L2 weight is reduced to @1 = 0.1, the control effort
increases, reaching u,,, in the first days, and the number of
infected and deceased is further reduced, as shown in Fig. 2.
Both methods converge to the same solution, SQH in 0.98 s
(6 iterations) and FBS in 1.13 s (10 iterations).

With n; = 103 for all i and a; = 1, we now consider the L!
control term with weight (i) oy = 0.1, (ii) o = 0.3, and (iii)
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0.6

N 04

N 0.2

- — 0
80 120 160 200 240 280 320 350

Time [days]

0 0
0 40 80 120 160 200 240 280 320 350 0 40
Time [days]

Fig. 2. Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and cost functional weights n; = 105, ay = 0.1, ap =
0. The optimal vaccination profile and the system evolution are shown
alongside the evolution of R.

0.6
0.4

0.2

0
40 80 120 160 200 240 280 320 350

Time [days] Time [days]

Fig. 3.  Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and cost functional weights n; = 103, oy = 1, ap = 0.1.
The optimal vaccination profile and the system evolution are shown
alongside the evolution of R¢.

08
06
04

0.2

— 0
80 120 160 200 240 280 320 350

Time [days]

0 0
0 40 80 120 160 200 240 280 320 350 0 40
Time [days]

Fig. 4. Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and cost functional weights n; = 10°, 1 = 1, ap = 0.3.
The optimal vaccination profile and the system evolution are shown
alongside the evolution of R¢.

oy = 1. In all these cases, FBS fails to converge after 10000
iterations, while SQH achieves convergence within 1.21 s
(20 iterations), providing the results shown in Fig. 3, Fig. 4
and Fig. 5, respectively. Increasing «, leads to a sparser
control, which causes more infections and deaths, as R, > 1
for most of the horizon; for «» = 1, we obtain a bang-bang
control with switching time after approximately 5 days.

Optimal vaccination control with non-smooth cost: To fur-
ther showcase the potential of the SQH method, we consider an
optimal vaccination problem with a non-smooth term, which
cannot be handled by FBS. For our case study, we consider
the extended SIDARTHE-V model with the same parameter
values as before, and the running cost

L1(x(@), w(®), u(®)) = £(x(6), w(@), u(t)) + asg(u),
with a3 > 0 and

if lu—u|>s
otherwise

| — ul

gu) = {O

where 5 is a given threshold and u is a desired piecewise-
constant vaccination profile. We consider a profile u that

el 0

0.6

0.4

0.2

e 0
80 120 160 200 240 280 320 350
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Fig. 5. Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and cost functional weights n; = 103, &y = 1, ap =
1. The optimal vaccination profile and the system evolution are shown
alongside the evolution of R¢.
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Fig. 6. Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and non-smooth cost functional with weights n; = 105,
a1 =1, a0 =1, ag = 1. The optimal vaccination profile and the system
evolution are shown alongside the evolution of R¢.
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Fig. 7. Optimal vaccination with SIDARTHE-V dynamics (parameters
as in Fig. 1) and non-smooth cost functional with weights n; = 103,
a1 =1, a0 =1, a3 = 10. The optimal vaccination profile and the system
evolution are shown alongside the evolution of R¢.

divides the time horizon T = 350 (approximately one year)
into four seasons, starting from autumn. A flu vaccine is usu-
ally highly recommended at the beginning of the autumn, also
administered during the winter, but typically not administered
during spring and summer. Thus, we set

0.09 if r [0, T/4]
0.02 ifre (T/4,T/2]
0 if t € [T/2,T]

u(t) =

Also, we set 5 = 10~%. The parameter values are the same
as those in Fig. 1. The cost functional weights n; = 10°
for all i, 1 = 1, ap = 1, a3 = 1 lead to the results
in Fig. 6: the obtained optimal control tries to track u as
much as possible, but the other cost components prevail. If
we increase the weight to a3 = 10, the optimal vaccination
rate adheres to the desired profile u, as shown in Fig. 7. For a
comparison, Fig. 5 shows the optimal solution without the non-
smooth term, showing its significant effect on the vaccination
campaign.
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V. CONCLUDING DISCUSSION [3] F. Brauer and C. Castillo-Chavez, Mathematical Models in Population
Biology and Epidemiology, 2nd ed. New York, NY, USA: Springer, 2012.

We have introduced a general class of mathematical models [4] T. Alamo, D. G. Reina, P. M. Gata, V. M. Preciado, and G. Giordano,

describing fﬁsease spreading. dynamics through an arbitrary “Data-driven methods for present and future pandemics: Monitoring,
number of infected and non-infected compartments, and for- modelling and managing,” Ann. Rev. Control, vol. 52, pp. 448-464,
mulated the related optimal control problem for vaccination Dec. 2021. ) _ .
planning. To numerically solve the problem, we have adopted ~ [°] E: Hemandez-Vargas, A. Gonzdlez, C. Beck, X. Bi, F. Cala Campana,
h | h 1 b 21 29 and G. Giordano, “Modelling and control of epidemics across scales,
the recently proposed SQH method [19], [20], [21], [22], in Proc. IEEE Conf Decision Control (CDC), 2022, pp. 4963-4980.
for the first time in an epidemiological context, and we  [6] W. Kermack and A. McKendrick, “A contribution to the mathematical
have proved rigorous global convergence guarantees. A vast theory of epidemics,” Proc. Roy. Soc. London, vol. 115, no. 772,
campaign of numerical experiments (see also [25]) has suc- pp. 700-721, 1927. . . . .

fully validated our theoretical results [71 A. B. Gumel et al., “Modelling strategies for controlling SARS out-
cess y X . ' breaks,” Proc. R. Soc. B, Biol. Sci., vol. 271, no. 1554, pp. 2223-32,

Thanks to its ability to handle complex large-scale models and 2004.

its straightforward implementation (based on a similar conceptto  [8] G. Giordano et al., “Modelling the COVID-19 epidemic and implemen-
that of FBS [12]), SQH enjoys the same scalability and simplicity tation of population-wide interventions in Italy,” Nat. Med., vol. 26,

pp. 855-860, Apr. 2020.
[9]1 G. Giordano et al., “Modeling vaccination rollouts, SARS-CoV-2 vari-
ants and the requirement for non-pharmaceutical interventions in Italy,”

of implementation that make FBS the algorithm of choice for
optimal control in systems biology and epidemiology [23].

However, we have shown that SQH surpasses FBS in numerical Nat. Med., vol. 27, pp. 993-998, Apr. 2021.

performance: it converges faster, it converges even when [10] B. Buonomo, R. Della Marca, A. d’Onofrio, and M. Groppi, “A

FBS does not, and, unlike FBS, it is applicable even when behavioural modelling approach to assess the impact of COVID-19

handline non-smooth cost functionals. Most importantly. we vaccine hesitancy,” J. Theor: Biol., vol. 534, Feb. 2022, Art. no. 110973.
g . ’ p Y [11] T. Krueger et al., “Risk assessment of COVID-19 epidemic resurgence

have demonstrated rigorous global convergence guarantees in relation to SARS-CoV-2 variants and vaccination passes,” Commun.

for the SQH method for any initialization, which hold, in Med., vol. 2, p. 23, Mar. 2022.

the case Of smooth cost functionals’ for a very general [12] S. Lenhart and J. T. Workman, Optlmal Control Applle to Biological

. . . . Models. Atlanta, GA, USA: Chapman Hall, 2007.
class of (epidemiological) systems. The existence of such [13] O. Sharomi and T. Malik, “Optimal control in epidemiology,” Ann. Oper.

convergence guarantees is of primary importance, while their Res., vol. 251, pp. 55-71, Apr. 2017.

lack is a fundamental limitation of the FBS method. In [14] B. Buonomo, P. Manfredi, and A. d’Onofrio, “Optimal time-profiles of

fact, FBS suffers from numerous challenges, as evidenced public health intervention to shape voluntary vaccination for childhood

in[23], [24]. Its convergence rate (and even lack of convergence) diseases,” J. Math. Biol., vol. 78, pp. 1089-1113, Mar. 2019.
ionifi t ical i 1 tiall itioated [15] J. Kohler, L. Schwenkel, A. Koch, J. Berberich, P. Pauli, and F. Allgower,

p OS.GS a Slgnl. can numer,lca Issue, only par 12.1 y mi lg% ¢ “Robust and optimal predictive control of the COVID-19 outbreak,” Ann.

by incorporating acceleratl.on.methods [23], while theoretical Rev. Control, vol. 51, pp. 525539, Jun. 2021.

guarantees for FBS are limited to local convergence to a [16] F. Blanchini, P. Bolzern, P. Colaneri, G. D. Nicolao, and G. Giordano,

controller-state trajectory pair (us, x4) that satisfies first-order “Generalized epidemiological compartmental models: Guaranteed

optimality conditions. Hence, the initial guess of the controller- gg;‘l‘dzgizggg_ngﬁontr"l’” in Proc. IEEE Conf. Dec. Control (CDC),

State_ pair needs to be sufﬁc.iently Clo.se‘to (s, x*)j but 1’}0 [17] L. Freddi, “Optimal control of the transmission rate in compartmental
explicit bounds on the required proximity are available in epidemics,” Math. Control Relat. Fields, vol. 12, no. 1, pp. 201-223,
the literature [24]. Not only the convergence of FBS is not 2022.

guaranteed in general and is influenced by the choice of the [18] J. Arino, F. Brauer, P. van den Driessche, J. Watmough, and J. Wu, “A
final size relation for epidemic models,” Math. Biosc. Eng., vol. 4, no. 2,

initial guess, but also, as demonstrated in [24, Remark 4.1], p. 159, 2007

even a minor change in the parameter values of a toy model [19] A. Borzi, The Sequential Quadratic Hamiltonian Method: Solving
may lead to an optimal control problem for which FBS does Optimal Control Problems. Atlanta, GA, USA: Chapman Hall, 2023.
not converge at all. [20] T. Breitenbach, “A sequential quadratic hamiltonian scheme for solving

. . . . : . optimal control problems with non-smooth cost functionals,” Ph.D.
In view of its generality, straightforward implementation, dissertation, Dept. Math., Univ. Wiirzburg, Wiirzburg, Germany, 2019.

theOI:etlcal convergegce guarantees for S.mOOth cost functions, [21] T. Breitenbach and A. Borzi, “A sequential quadratic hamiltonian
and improved numerical performance with respect to the state scheme for solving non-smooth quantum control problems with spar-
of the art, including the possibility to handle non-smooth sity,” J. Comput. Appl. Math., vol. 369, May 2020, Art. no. 112583.

cost functions, we believe that our proposed method has [22] F. Cala Campana and A. Borzi, “On the SQH method for solving
differential Nash games,” J. Dyn. Control Syst., vol. 28, pp. 739-755,

the potential to become a benchmark for optimal control in Oct. 2002
systems biology and mathematical epidemiology. [23] J. A. Sharp, K. Burrage, and M. J. Simpson, “Implementation and
acceleration of optimal control for systems biology,” J. Roy. Soc.
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