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QPALM-OCP: A Newton-Type Proximal
Augmented Lagrangian Solver Tailored

for Quadratic Programs Arising in
Model Predictive Control

Kristoffer Fink Løwenstein , Daniele Bernardini, and Panagiotis Patrinos

Abstract—In model predictive control fast and reliable
quadratic programming solvers are of fundamental impor-
tance. The inherent structure of the subsequent optimal
control problems can lead to substantial performance
improvements if exploited. Therefore, we present a
structure-exploiting solver based on proximal augmented
Lagrangian, extending the general-purpose quadratic pro-
gramming solver QPALM. Our solver relies on semismooth
Newton iterations to solve the inner sub-problem while
directly accounting for the optimal control problem struc-
ture via efficient and sparse matrix factorizations. The
matrices to be factorized depend on the active-set and
therefore low-rank factorization updates can be employed
like in active-set methods resulting in cheap iterates. We
compare our solver with QPALM and other well-known
solvers and show its benefits in a numerical example.

Index Terms—Optimization algorithms, optimal control,
predictive control for nonlinear systems.

I. INTRODUCTION

MODEL Predictive Control (MPC) relies on online
optimization to repeatedly compute the solution of

constrained Optimal Control Problems (OCPs) in a reced-
ing horizon fashion. In linear MPC the online optimization
problem is inherently a Quadratic Program (QP) and in
Nonlinear Model Predictive Control (NLMPC) the solu-
tion procedure is often based on Sequential Quadratic
Programming (SQP) relying on the solutions of quadratic
approximations of the original nonlinear problem. Therefore,
efficient and reliable QP solvers are of paramount importance
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for the use of MPC in industrial (and, especially, embedded)
applications, as they typically must adhere to strict real-time
requirements. Recently, the QP solver QPALM, based on a
proximal Augmented Lagrangian Method (ALM) [1], has been
proposed and shown to be very reliable and efficient [2], [3].
QPALM solves a series of unconstrained minimization prob-
lems, exploiting fast smooth optimization techniques, in which
the linear system solved in the iterates only changes with
the active-set. Therefore, QPALM can benefit from low-rank
factorization updates as active-set methods and iterations are
therefore cheaper than in Interior Point Methods (IPMs).
In combination with a closed-form exact line search, this
yields a very fast minimization strategy. Contrary to traditional
active-set methods, it allows for substantial changes in active-
set in each iteration speeding up the convergence. When
implementing efficient MPC methods, tailored solvers that can
exploit the problem structure can provide significant speed-
ups compared to general-purpose solvers, thus extending the
applicability of MPC to challenging real-time problems. The
contribution of this letter is a QP solver tailored for solving
optimization problems arising in MPC. The proposed method
is an extension of the general-purpose solver QPALM, that
explicitly accounts for the equality constraints arising from
the system dynamics and exploits the problem structure when
solving the now equality-constrained sub-problem of the ALM
iterates. The proposed method preserves low-rank updates of
the matrix factorizations, exploiting the problem structure, and
significantly benefits from warm-starting. The remainder of
this letter is structured as follows. In Section II we state
the OCP problem. In Section III we introduce the equality-
constrained QPALM. Section IV introduces the structure
exploiting semismooth Newton method solving the ALM-
subproblem. Numerical results are presented in Section V and
conclusions are drawn in Section VI.

Notation: With Sym(Rn) we indicate the set of R
n×n

symmetric matrices, whereas Sym+(Rn) and Sym++(Rn)

denote the subsets which are positive semidefinite and positive
definite, respectively. With 1n ∈ R

n we denote a vector
containing ones. Given a nonempty closed convex set C ⊆ R

n,
with �C(x) we indicate the projection of a point x onto C,
namely �C(x) = arg miny∈C ‖y− x‖. dist�(x,C) denotes the
distance from x to set C in the Euclidean norm induced by
� ∈ Sym++(Rn).
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II. PROBLEM FORMULATION

We consider the OCP defined by

minimize
x0, . . . , xN ,

u0, . . . , uN−1

N−1∑

j=0

�j
(
xj, uj

)+ �N(xN) (1a)

s.t. x0 = x̄0 (1b)

xj+1 = Ajxj + Bjuj + ej, ∀j = 0 · · ·N − 1 (1c)

cj ≤ Cjxj + Djuj ≤ cj, ∀j = 0 · · ·N − 1 (1d)

cN ≤ CNxN ≤ cN (1e)

with stage cost

�j(xj, uj) := 1
2

[
xj
uj

]T[
Qj ST

j
Sj Rj

][
xj
uj

]
+

[
qj
rj

]T[
xj
uj

]
and

terminal cost �N(xN) := 1
2 xT

NQNxN + qT
NxN . Further, x̄0 ∈

R
nx is the initial state, xj ∈ R

nx and uj ∈ R
nu are the state

and control variables for the j-th stage, and N ∈ N is the
prediction horizon. The LTV system dynamics are defined by
Aj ∈ R

nx×nx , Bj ∈ R
nx×nu , and ej ∈ R

nx , potentially as a result
of linearizing nonlinear dynamics. The stage-wise costs on the
states and control inputs are defined by Qj ∈ Sym+(Rnx),
Rj ∈ Sym+(Rnu), qj ∈ R

nx , and rj ∈ R
nu , whereas a mixed

quadratic cost is defined through Sj ∈ R
nx×nu . Further, we

consider mixed state and input bounds for j = 0, . . . ,N − 1
defined by cj ∈ R

ncj , cj ∈ R
ncj and the matrices Cj ∈ R

ncj×nx

and Dj ∈ R
ncj×nu , where ncj denotes the number of box

constraints for the j-th stage. Finally, the terminal constraint
is defined by cN ∈ R

ncN , cN ∈ R
ncN and the matrix CN ∈

R
ncN×nx . The OCP in (1) can be written as a generic quadratic

program

minimize
x∈Rn

f (x) (2a)

subject to Mx = b (2b)

lb ≤ Ax ≤ ub (2c)

where states and inputs are collected in vector x ∈ R
n defining

the primal variables of (2) with n = (N + 1)nx + Nnu. The
objective is f (x) = 1

2 xTQx + qTx with Q ∈ R
n×n and q ∈

R
n. The constraints defining the initial state (1b) and the

system dynamics (1c) are collected in M ∈ R
p×n and b ∈

R
p where p = (N + 1)nx. Lastly, the bounds on states and

inputs (1d)-(1e) are collected in A ∈ R
m×n and lb, ub ∈ R

m

with m = ∑N
j=0 ncj . Next, we extend the QPALM algorithm

proposed in [3] to explicitly cope with the equality constraints
arising in OCPs.

III. EQUALITY CONSTRAINED QPALM

Consider again the generic QP in (2) where the auxiliary
variable z ∈ R

m is introduced

minimize
x∈Rn,z∈Rm

f (x) (3a)

subject to Mx = b (3b)

lb ≤ z ≤ ub (3c)

Ax = z. (3d)

QPALM solves (3) by minimizing the proximal �y-augmented
Lagrangian

L�y(x, z, y) := f (x)+ yT(Ax− z)+ 1

2
‖Ax− z‖2�y,k

+ 1

2
‖x− x̂k‖

�−1
x,k

(4)

defined by relaxing (3d) and introducing the Lagrange
multipliers y ∈ R

m, the corresponding diagonal weight matrix
�y,k ∈ Sym++(Rm) and the proximal term ‖x − x̂k‖

�−1
x,k

with corresponding weight matrix �x,k ∈ Sym++(Rn) (for
details, see [3]). The proximal term is important when Q and
R in (1) are only positive semidefinite or if solving a non-
convex QP sub-problem in nonlinear MPC. For fixed Lagrange
multipliers, yk, the update of the primal and auxiliary variables
amounts to minimizing (4) with respect to x and z:

(
xk+1, zk+1

)
= argmin

x∈Rn,z∈Rm
L�y,k

(
x, z, yk

)
(5a)

s.t. Mx = b (5b)

lb ≤ z ≤ ub (5c)

where the index k refers to the k-th ALM iteration. The
(x, z)-update in (5) can be decomposed into two separate
steps. Consider again (4), but adding and combining with the
constant term 1

2‖yk‖�y,k yields L�y(x, z, yk) = f (x)+ 1
2‖Ax−

z+�−1
y,k yk‖2�y,k

+ 1
2‖x− x̂k‖

�−1
x,k
. Therefore, minimizing (5) first

with respect to z results in

zk+1 = argmin
z∈C

1

2
‖Ax− z+�−1

y,k yk‖�y,k = �C

(
Ax+�−1

y,k yk
)

(6)

where C := {z ∈ R
m | lb ≤ z ≤ ub}. The second equality in (6)

is due to C being seperable and �y,k diagonal. Inserting (6)
in (5) yields a problem defined only in the primal variables:

xk+1 = argmin
x∈Rn

φk(x) (7a)

s.t. Mx = b (7b)

where

φk(x) := f (x)+ 1

2
dist2

�y,k

(
Ax+�−1

y,k yk,C
)
+ 1

2
‖x− x̂k‖

�−1
x,k

(8)

Therefore, one ALM iteration of QPALM amounts to three
subsequent steps: (i) update the primal variables by solving (7),
(ii) update the auxiliary variables by the projection in (6),
and (iii) update the dual variables using a standard ALM
approach [4]. Clearly, the main computational burden is related
to finding the solution of (7) which is solved using an iterative
method due to the piecewise quadratic structure caused by the
squared distance. Different from the subproblem in [3], the
inner problem (7) is equality constrained (instead of uncon-
strained), but can still be efficiently solved using a semismooth
Newton method. The equality-constrained QPALM is outlined
in Algorithm 1, where i denotes the iterate of the subproblem
minimization in (7). The convergence proof of Alg. 1 for
nonconvex QPs follows [3, Th. 2.6] closely. We briefly outline
the termination criteria, however, for a more detailed descrip-
tion and additional hyperparameters we refer the interested
reader to the paper introducing QPALM [3]. Given the absolute
and relative tolerance εa εr > 0, (xk+1, yk+1, zk+1, λk+1)

is considered an optimal solution to the problem in (2) if
the following termination criteria defined by the first order
optimality conditions of (2) are met:

‖Qxk+1 + q+ AT yk+1 +MTλk+1‖∞ ≤ εa
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Algorithm 1 Equality-Constrained QPALM

1: Inputs: x0, y0, λ0

2: Outputs: x�, y�, λ�

3: Initialize:
4: Set �y,0 according to [3, Section V, Equation (5.2)];
5: for k = 0, 1, . . . do
6: xk,0 ← xk. Let φk be as in (8);
7: for i = 0, 1, . . . do
8: Let (d, λ) be the semismooth Newton direction and
τ the corresponding step size (See Sec. IV).

9: xk,i+1 = xk,i + τd
10: λk,i+1 = (1− τ)λk,i + τλ
11: if (xk,i+1, λk,i+1) satisfies (10) then
12: Break;
13: end if
14: end for
15: xk+1 = xk,i+1

16: λk+1 = λk,i+1

17: zk+1 = �C(Axk+1 +�−1
y,k yk)

18: yk+1 = yk +�y,k(Axk+1 − zk+1)

19: if (xk+1, zk+1, yk+1, λk+1) satisfies (9) then
20: Return (x�, y�, λ�)← (xk+1, yk+1, λk+1);
21: end if
22: Update �y, �x, x̂, δa, δr according to [3, Section 5];
23: end for

+ εrmax
(
‖Qxk+1‖∞, ‖q‖∞, ‖AT yk+1‖∞, ‖MTλk+1‖∞

)
(9a)

‖Axk+1 − zk+1‖∞ ≤ εa + εrmax
(
‖Axk+1‖∞, ‖zk+1‖∞

)
. (9b)

The QPALM algorithm converges even if the inner problem
is solved inexactly [2]. Hence, the inner problem is initially
solved to a coarse tolerance which is gradually decreased
according to [3, Sec. 5]. Therefore, the inner loop is terminated
when the pair (xk,i+1, λk,i+1) satisfies

‖∇φk

(
xk,i+1

)
+MTλk,i+1 +�−1

x,k

(
xk,i+1 − x̂k

)
‖∞ ≤ δk

a

+ δk
r max

(
‖Qxk,i+1‖∞, ‖q‖∞, ‖AT yk,i+1‖∞, ‖MTλk,i+1‖∞

)
. (10)

Next, we show how to compute the semismooth Newton step
efficiently exploiting the OCP structure.

IV. EFFICIENT STRUCTURE-EXPLOITING SEMISMOOTH

NEWTON METHOD

The gradient of φk(x) in (8) is given by (See [3, Sec. 3.1])

∇φk(x) = ∇f (x)+ AT
(

yk +�y,k(Ax−�C(Ax+�−1
y,k yk))

)

+�−1
x,k

(
x− x̂k

)
. (11)

Due to the projection operator, the gradient is not continuously
differentiable. However, the generalized Jacobian [5, Sec. 7.1]
of �C at Ax + �−1

y,k yk (see, e.g., [6, Sec. 6.2.d]) can be used
for which one element is given by the diagonal matrix Pk(x)

(Pk(x))ii =
{

1 if lb,i ≤
(

Ax+�−1
y,k yk

)

i
≤ ub,i

0 otherwise.
(12)

with i indicating the i-th constraint of (3c). Therefore, one
element, Hk(x) ∈ Sym++(Rn), of the generalized Hessian of
φk(x) is

Hk(x) = ∇2f (x)+ AT�y,k(I − P(x))A+�−1
x,k (13)

Denoting the active-set

J (x) := {i |
(

Ax+�−1
y,k yk

)

i
/∈ [

lb,i, ub,i
]} (14)

one has that (P(x))ii is 1 if i ∈ J (x) and 0 otherwise, and thus
the generalized Hessian can be written in the more economical
form

Hk(x) = Q+ AT
J ·

(
�y,k

)
JJ AJ · +�−1

x,k (15)

where AJ · collects all j-th rows of A, with j ∈ J (x). Similarly
(�y,k)JJ is obtained by collecting all j-th rows and columns
from �y,k with j ∈ J (x).

The semismooth Newton direction satisfies
[

Hk(x) MT

M 0

][
d
λ

]
=

[ −∇φk(x)
−(Mx− b)

]
(16)

where λ ∈ R
p is the Langrange multipliers of the equal-

ity constraints. The linear system in (16) collects the first
order optimality conditions (KKT) stemming from a quadratic
approximation of the problem in (7) and thus resembles the
KKT matrix of a general equality constrained QP for which
several well-established solution methods exist [4, Ch. 16.1].
One method, namely factorizing the full KKT matrix, must
rely on specialized methods, e.g., modified LDL-factorization
using carefully selected pivoting blocks [7], due to indefinite-
ness. We use the Schur-complement method as it provides a
way to exploit the structure of the OCP and allows us to work
with positive definite matrices and thus obtain numerically
stable Cholesky factorizations. Manipulating (16) leads to
three separate linear systems

Hk(x) v = ∇φk(x) (17a)

�λ = −(
w− req

)
(17b)

Hk(x) d = −s (17c)

with � := MH−1
k (x)MT ∈ Sym++(Rp), req := Mx − b ∈ R

p,
w := Mv ∈ R

p, and s := (MTλ + ∇φk(x)) ∈ R
n. The linear

system in (17a) is solved stage-wise by exploiting the block
diagonal structure of the generalized Hessian. For the j-th stage
the generalized Hessian is

Hk,j(x) =
[

Q̃j S̃T
j

S̃j R̃j

]
+�−1

x,k,j ∈ Sym++
(
R

nx+nu
)

(18)

where Q̃j = Qj + CT
j,Jj·(�y,k,j)JjJjCj,Jj·, R̃j = Rj +

DT
j,Jj·(�y,k,j)JjJjDj,Jj·, and S̃j = Sj + DT

j,Jj·(�y,k,j)JjJjCj,Jj·
in which the active-set in (14) and the corresponding penalty
weights are extracted stage-wise, i.e., using the bounds defined
in (1d). The matrix �x,k,j is the submatrix of �x,k related to
the j-th stage. For the terminal state the generalized Hessian
is defined as Hk,N(x) = QN + CT

N,JN ·(�y,k,N)JNJN CN,JN · +
�−1

x,k,N where Hk,N (x) ∈ Sym++(Rnx). The solution of (17a)
is summarized in Algorithm 2. More specifically, the linear
systems at lines 3 and 5 are solved by constructing the
Cholesky factorization Hk,j(x) = LjLT

j of the stage-wise
generalized Hessian. Thereby, the order of complexity of the
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Algorithm 2 Solving for v and Building w
1: Inputs: Aj,Bj,∇φk(x),Hk,j(x)
2: Outputs: w
3: Solve Hk,xN (x)vxN = ∇φk,xN (x);
4: for j = N − 1, . . . , 0 do:
5: Solve Hk,j(x)vj = ∇φk,j(x);
6: wj = Ajvxj + Bjvuj − vxj+1 ;
7: end for
8: wx̄0 = −vx0

facotorization procedure reduces from O(N3(nx + nu)
3) to

O(N(nx + nu)
3). In addition, the construction of w is done

exploiting the structure of M given by (1c). The next step is
solving (17b), which is the most expensive step as it requires
the factorization of the Schur complement matrix. It has a
block-banded structure and therefore specialized methods for
block tridiagonal matrices can be used (related to Riccati
recursions [8]). The Schur complement � has the form

� :=

⎡

⎢⎢⎢⎢⎢⎣

�00 �01 0 . . . 0
�T

01 �11 �12 . . . 0
...

. . .
. . .

. . .
...

0 0 �T
N−2,N−1 �N−1,N−1 �N−1,N

0 0 0 �T
N−1,N �N,N

⎤

⎥⎥⎥⎥⎥⎦
(19)

with entries

�00 = P0H−1
k,0(x)P

T
0 ∈ Sym++

(
R

nx
)

(20a)

�j,j = Fj−1H−1
k,j−1(x)F

T
j−1 (20b)

+ PjH
−1
k,j (x)P

T
j ∈ Sym++

(
R

nx
)

�j,j+1 = PjH
−1
k,j (x)F

T
j ∈ R

nx×nx (20c)

where the matrices Fj =
[
Aj Bj

] ∈ R
nx×(nx+nu) and Pj =[−Inx 0nx×nu

] ∈ R
nx×(nx+nu) (except PN = −Inx) are sub-

matrices of M. Further, we can use the existing Cholesky
factorizations of the stage-wise blocks of the generalized
Hessian, used to solve (17a) to construct the entries of (20b)
and (20c) by forming the auxiliary linear systems

VjL
T
j = Fj (21a)

WjL
T
j = Pj (21b)

where Vj,Wj ∈ R
nx×(nx+nu) which leads to

Fj−1H−1
k,j−1(x)F

T
j−1 = Vj−1,j−1VT

j−1,j−1 (22a)

PjH
−1
k,j (x)P

T
j = WjW

T
j (22b)

PjH
−1
k,j (x)F

T
j = WjV

T
j . (22c)

With the construction of the elements of �, its Cholesky
factorization

L� =

⎡

⎢⎢⎢⎢⎢⎣

L�00 0 0 . . . 0
L�10 L�11 0 . . . 0
0 L�21 L�22 . . . 0
...

...
. . .

. . .
...

0 0 . . . L�N−1,N L�N,N

⎤

⎥⎥⎥⎥⎥⎦
(23)

Algorithm 3 Block-Triangular Factorization of �

1: Inputs: Aj,Bj,Hk,j(x) = LjLT
j

2: Outputs: L�

3: Compute L�00 (20a) and W0 (21b);
4: for j = 0, . . . ,N − 1 do:
5: Solve VjLT

j = Fj and Wj+1LT
j+1 = Pj+1 (21);

6: Construct �j,j+1 and �j+1,j+1 using (20) and (22);
7: Solve �j,j+1 = L�j,jL

�T
j+1,i to get L�j+1,i (24a);

8: Compute L�j+1,j+1 = chol(�j+1,j+1 −
L�j+1,jL

�T
j+1,j) (24b);

9: end for

Algorithm 4 Solving for d
1: Inputs: Aj,Bj,∇φk(x),Hk(x), λ
2: Outputs: d
3: sN = ∇φk,xN (x)− λN ;
4: Solve Hk,xN (x)dxN = −sN ;
5: for j = N − 1, . . . , 0 do:
6: suj = BT

j λj +∇φk,uj(x)
7: sxj+1 = AT

j+1λj+1 − λj +∇φk,xj+1(x)
8: Solve Hk,j(x)dj = −sj;
9: end for

can be computed by utilizing the relations

�j,j+1 = L�j,jL
�T
j+1,j (24a)

�j,j − L�j,j−1L�T
j,j−1 = L�j,jL

�T
j,j (24b)

where (24a) is used to get L�j+1,j by forward substitu-
tion whereas L�j,j is obtained by Cholesky factorization of
the left hand side of (24b). The structure-exploiting fac-
torization procedure is summarized in Algorithm 3. The
complexity of Alg. 3 is of order O(Nn3

x), thereby reducing
the complexity from being cubic to linear in the horizon
N (compared to the complexity of a generic factorization of
the Schur complement with complexity of order O(N3n3

x)).
Once L� is constructed, λ is found by solving (17b) by
backward and forward substitution routines exploiting the
lower bidiagonal block structure. Finding the search direction
d, by solving (17c), is computationally inexpensive as the
Cholesky factorizations used in the first step (Alg. 2) can
be reused. The solution procedure of (17c) is outlined in
Algorithm 4. For the solution of the Newton system in (16)
the corresponding optimal step size, τ �, exists with a closed-
form solution [2, Algorithm 2] under the condition that
the equality constraints Mx = b are satisfied, i.e., x is
feasible w.r.t. the system dynamics. Further, once x is feasible
all subsequent iterates will remain feasible (w.r.t. Mx =
b) due to linearity. Feasibility can easily be obtained by
forward simulation of the system dynamics, e.g., using the
shifted solution from a previous time step in the MPC.
Alternatively, one can take a full Newton step. Next, we
will show how the matrix factorizations can be updated
exploiting the OCP structure using a series of rank-one
modifications.
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A. Low Rank Updates of Matrix Factorizations
In the following we discuss the impact of changes in

the active set J (x) between two inner iterations of Alg. 1.
We denote the entering and leaving constraints of the
active-set between two successive inner iterations as J e =
J (xi) \J (xi−1) and J l = J (xi−1) \J (xi), respectively.

1) Entering Constraints: Consider again the stage-wise gen-
eralized Hessian in economic form in (18) for an arbitrary
stage and let Gi denote the row i-th row of the bounds defined
by G = [

Cj Dj
]

for a single constraint entering the active-
set (see (1d)). The element of the generalized Hessian (leaving
out the dependency on x for compactness) after the constraint
entering the active-set can be expressed as

Hk,j,+ = Hk,j + GT
i

(
�y,k,j

)
iiGi = Hk,j + ējē

T
j (25)

where Hk,j,+ is the element of generalized Hessian after
a rank one update given by the entering constraint ēj =
GT

i

√
(�y,k,j)ii ∈ R

nx+nu . To understand how the rank one
update of the generalized Hessian changes the Schur comple-
ment matrix we use the Sherman-Woodbury-Morrison formula

(
A+ uvT)−1 = A−1 − A−1uvTA−1

1+ vTA−1u
(26)

which yields

H−1
k,j,+ = H−1

k,j −
H−1

k,j ējēT
j H−1

k,j

1+ ēT
j H−1

k,j ēj
. (27)

Using the existing Cholesky factorization of Hk,j to solve the
auxiliary linear system Hk,jêj = ēj and recalling the symmetry
of H−1

k,j we can rewrite (27) as

H−1
k,j,+ = H−1

k,j − ẽjẽ
T
j (28)

with ẽj = êj√
1+ēT

j êj

. Having defined H−1
k,j,+, let us consider the

resulting changes in �, defined in (19), from the entering
constraint. For a change in the active-set of the j-th stage, the
sub-block of �

�j :=
[
�jj �j,j+1
�T

j,j+1 �j+1,j+1

]
∈ Sym++

(
R

2nx
)

(29)

is the only part that changes. From the entries of � defined
in (20) combined with (27) we arrive at

�+j = MT
j H−1

k,j,+Mj = �j −MT
j ẽẽTMj = �j − ψjψ

T
j (30)

where Mj =
[−Inx 0nx×nu

Aj Bj

]
and ψj = MT

j ẽj ∈ R
2nx . Finally,

we can express a sparse rank one modification of � as ψ =[
0 . . . ψj . . . 0

]
where ψj enters as ψ[j·nx:(j+2)·nx] = ψj.

2) Leaving Constraints: Following the same arguments as
for an entering constraint, we arrive at similar rank one modi-
fications considering a single constraint leaving the active-set.
That is, Hk,j,− = Hk,j − ējēT

j defines the generalized Hessian
after the constraint leaving the active-set where ēj is equivalent
to the modification for an entering constraint. The resulting
update of � is defined by ψj = MT

j õj with the modification

that õj is given by õj = êj√
1−ēT

j êj

where the sign change

in the denominator is caused by the Sherman-Woodbury-
Morrison formula. We implement the rank one modifications
using [9, Algorithm C1] to modify the factors of Hk(x)

and �. Specifically for the rank one modification of �,
we have implemented a version exploiting the block-banded
structure. Due to the block-wise structure the Hk(x) the rank
one modification for one active-set change is computationally
very inexpensive, i.e., with complexity O((nx + nu)

2) (since
the active-set change only modifies the factor of the block
Hk,j(x) of Hk(x). Our tailored implementation of the rank
one modifications of factors of � yields a worst-case, i.e.,
active-set change at j = 0, complexity of O(Nn2

x) and thus
is computationally cheaper than recomputing the factorization
with Alg. 3. The rank one modifications outlined above can
be readily used in between ALM iterations when the penalty
parameters are updated. In fact, the resulting modifications
are similar to those of an entering constraint with ēj =[
Cj Dj

]T
i

√
(�y,k+1,j)ii − (�y,k,j)ii ∈ R

nx+nu .

V. NUMERICAL EXAMPLE

We benchmark the proposed solver against the general
purpose version of QPALM [3], OSQP [10], and the tailored
OCP solver HPIPM [11]. We use the geometric mean to
average the computational times. The numerical experiments
are performed on a laptop with Intel(R) Core(TM) i7-10710U
@1.10 GHz. Our code is implemented in MATLAB and
the results reported are obtained with C-code generated
by codegen. We consider the classical spring-mass benchmark
reported in [8] and often used in literature which allows us
to easily assess the numerical performance on problems of
different dimensions. The problem is formally stated as:

minimize
N−1∑

j=0

(
xT

j Qxj + uT
j Ruj

)
+ xT

NQxN (31a)

s.t. x0 = x̄0 (31b)

xj+1 = Axj + Buj, ∀j = 0 · · ·N − 1 (31c)

− 4 · 1nx ≤ xj ≤ 4 · 1nx , ∀j = 0 · · ·N (31d)

− 0.5 · 1nu ≤ uj ≤ 0.5 · 1nu , ∀j = 0 · · ·N − 1 (31e)

where Q = 103 · Inx and Rj = 10−1 · Inu . Our solver is
aimed at medium to large-scale OCPs, i.e., ranging from
hundreds to several thousands of variables. In our numerical
experiment we vary the number of masses, M, from 10 to
70 in increments of ten, and thus the number of primal
variables ranges from 455 to 3275. For each configuration, we
solve 250 OCPs with random initial states. To ensure a wide
range of test scenarios, i.e., including both simple problems
with few active constraints and more challenging ones with
many active constraints, we generate the initial state in the
following manner: (i) draw γ ∼ U[0, 1.0] ∈ R; (ii) draw x̄0 ∼
U

[−γ, γ ] ∈ R
nx . For all solvers, we use the default settings

and tolerances equal to 10−6. For a fair comparison, we
initialize the primal variables for all solvers with the trajectory
obtained by propagating the dynamics with zero input starting
from x̄0 (this leads to significant speedups for OSQP, in
particular). The optimal solutions found differ on the order
of 10−5 and constraint violations are comparable. In Fig. 1,
the performance is compared with respect to an increasing
number of primal variables in terms of computational time. We
find that our solver, despite being a non-optimized, prototype
implementation, outperforms state-of-the-art general-purpose
QP solvers such as OSQP and QPALM. More specifically,
we obtain a 13.8 (OSQP), 2.28 (QPALM), and 1.25 (HPIPM)
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Fig. 1. Comparison with QPALM [3], OSQP [10] and HPIPM [11].

Fig. 2. Closed-loop MPC simulation from 250 random initial states with
M = 20 and N = 15. A large random disturbance is added at simulation
step 12.

times speed-up on average, respectively. Further, the benefits
from the low rank modifications presented in Section IV-A
are illustrated in Fig. 1 by including the results from
QPALM-OCP without exploiting low rank modifications.
The low rank modifications lead to a 38% speed-up on
average. However, in a typical MPC setting, the problem
in (31) must be solved repeatedly over time, subject to a
new initial condition x̄0. This results in a series of very
similar OCPs and therefore the possibility of warm-starting
the solver by shifting the previous solution (i.e., primal and
dual variables) can be very beneficial. To illustrate this, we
run a closed-loop simulation of (31) with M = 20 and
prediction horizon N = 15. Further, we perturb each state
with a white Gaussian noise with zero mean and variance
0.012 at each simulation step, and at step 12 we add a large
random disturbance. We run 250 closed-loop simulations with
random initial state generated as described earlier. In Fig. 2,
the geometric mean is reported for each time step. Once the
MPC law has steered the states close to the origin such that

the input constraints are no longer active (see time step nine in
Fig. 2), the computational time for all solvers decreases, how-
ever, for QPALM-OCP the computational time is significantly
lower than the other solvers since it requires very few Newton
steps to find the optimal solution and thereby resembling
active-set methods in terms of warm-start capabilities. A simi-
lar tendency is expected to be seen if the steady state operation
has active constraints as the warm-starting would allow finding
the new optimum in few iterations even with some changes in
the active-set. Similar results to those reported in Fig. 2 are
found when testing on problems with different dimensions.

VI. CONCLUSION AND FUTURE WORK

In this letter, we presented QPALM-OCP, a structure-
exploiting proximal augmented Lagrangian-based QP solver
tailored to the constrained optimal control problems arising in
Model Predictive Control. A key ingredient is the semismooth
Newton method used for subproblem minimization, where
structure exploiting factorization updates can be deployed
between iterates. This leads to benefits like those of active-set
methods, such as cheap iterates and warm-start capabilities.
QPALM-OCP is shown to compare favorably against state-of-
the-art QP solvers over a wide range of problem dimensions,
even though the current implementation is a prototype code-
generated from MATLAB and not optimized. In future work,
we plan to provide a fully fleshed and efficient C-code imple-
mentation and perform more comprehensive benchmarks.
Further, QPALM-OCP could be modified to handle other types
of multi-stage optimization problems such as Moving Horizon
Estimation.
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