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Abstract—Phased arrays are pivotal for determining the angle
of arrival (AoA) of signals. However, they are impractical for
size-constrained and weight-constrained platforms. Recently de-
veloped spherical modes (SM) multiport antennas offer a compact
beamforming solution due to their ability to generate multiple
radiating modes within a confined volume. This work exploits this
methodology by introducing a sparse sensing (SS) technique to
generate additional virtual SM, increasing the degrees of freedom
(DoF) of AoA detection. It is demonstrated that SS with MUltiple
SIgnal Classification (MUSIC) and estimation of signal parameters
via rotational invariance technique algorithms can identify up to
six uncorrelated sources with a five-port SM beamforming antenna,
resulting in the number of simultaneously detected sources being
greater than the number of ports used. The technique allows for
increased accuracy, computational efficiency, and DoF for AoA
estimation, highlighting its potential for Internet of Things appli-
cations.

Index Terms—Angle of arrival (AoA) estimation, Estimation
of Signal Parameters via Rotational Invariance Technique
(ESPRIT), multiple-input–multiple-output (MIMO), MUltiple
SIgnal Classification (MUSIC), small Internet of Things (IoT)
platforms, sparse sensing (SS), spherical modes (SM).

I. INTRODUCTION

ANGLE of arrival (AoA) estimation determines the trans-
mitter’s position by analyzing incoming signal angles

on multiple antennas without clock synchronization [1]. Al-
though larger antenna apertures enhance angular accuracy,
reducing antenna size while maintaining accuracy poses a
significant challenge. Moreover, simultaneous detection of
multiple signals usually requires larger antenna arrays, as algo-
rithms like MUltiple SIgnal Classification (MUSIC) typically
need N + 1 antennas to separate N signals [2]. However, the
trend toward miniaturization challenges the feasibility of large
arrays, prompting the need for innovative solutions to achieve
precise AoA estimation in compact devices [3].
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Recent advancements in AoA estimation are based on the
theory of characteristic modes and its application to multiport
antennas. Functionally, a multimode multiple-input–multiple-
output (MIMO) antenna behaves similarly to an antenna ar-
ray [4]. However, classical array design incorporates just a sin-
gle physical radiator that is interspaced at uniform or nonuni-
form distance, and the phase difference between the elements
is explored to realize the AoA estimation. On the other hand,
multimode MIMO antennas explore a single physical radiator
to simultaneously excite different radiating modes [5], [6], [7],
which makes them compact when compared to linear arrays
while exciting the same number of modes, or using the same
number of ports [8]. Moreover, miniaturization is realized with
good coupling characteristics because of the orthogonality of
the modes.

Much research on multiport antennas has focused on their
MIMO communication potential [9], [10], with only a few
studies delving into AoA estimation. In [11], the discussion
revolves around MIMO antennas utilized for AoA estimation,
showcasing a compact design achieved by activating orthog-
onal characteristic modes within a single element. Mean-
while, Grundmann et al. [12] proposed weight coefficients
for the characteristic modes of cubic structures. Despite these
innovations, size constraints continue to challenge antenna de-
sign. However, a recent study [13] demonstrates that compact
multimode antennas can achieve or surpass the performance
of larger, traditional arrays with an equivalent number of
RF transceivers, offering effective localization solutions for
small Internet of Things (IoT) devices. These studies show
that in multimode antennas, resolution is tied to the number
of effectively excited modes. The degrees of freedom (DoF),
indicating the antenna’s capacity to resolve multiple signals,
is capped at M − 1, where M is the number of excited
spherical modes (SM). Thus, enhancing resolution necessi-
tates generating more modes. However, stimulating numerous
modes within a confined space can compromise bandwidth
and increase losses.

This letter introduces for the first time the concept of virtual
SM, synthesized by exploiting the second-order statistics of
received signals and tapping into the sparse phase difference
between the modes. This principle significantly increases the
number of simultaneously distinguishable signals beyond the
limit of M − 1.

II. SPHERICAL MODES BEAMFORMING (SMB)

The SMB principle was first proposed in [14]. The
method is based on the simultaneous excitation of numerous
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Fig. 1. SMB. (a) Exploded-view of the proposed antenna. Dimensions (in
mm): feed points—P1 = P2 = 16.5, P3 = 0, P4 = P5 = 9.5, R1 = 36.9, R2 =
28, R3 = 26.9, and rc = 5.25, and radius of the vias (shown in red dots)—
rp = 0.25, dp = 15, α1 = 225◦, α2 = 30◦. (b) Phase patterns as reported
in [14].

omnidirectional SM. By exploiting the different phase distri-
butions of their radiation patterns, constructive interference
can be generated toward the chosen direction(s) to realize
continuous beamforming across the entire azimuthal plane.

Unlike classical arrays that radiate a single mode and create
the necessary phase variations through interelement spacing,
the SMB antenna design employs collocated radiators, offer-
ing a substantial size reduction without compromising accu-
racy. The required phase variations are achieved by rotating
the electric field in opposite directions around the antenna’s
perimeter, based on the number of phase turns for each radiated
mode. This principle, therefore, provides sufficiently distinct
phase variations for AoA estimation. Fig. 1(a) shows an SMB
antenna discussed in [14]. It is fed using five ports to excite
the desired five orthogonal omnidirectional SM with a max-
imum dimension of 0.55λ. Fig. 1(b) demonstrates the phase
distribution of the radiation patterns generated by five modes
with indexes: m = {−3,−2, 0,+2,+3}. m = ±3 excites the
modes with triple-phase variations.m = ±2 excites the modes
with dual-phase variations. Finally, m = 0 excites the fun-
damental mode with a constant phase. Mode order m = ±1
with an omnidirectional pattern is not feasible due to physical
limitations. This is because, in the m = ±1 mode, the main
radiation is produced toward the poles, with right-hand circular
polarization being radiated toward one pole, and left-hand
circular polarization being radiated toward the other pole. This
produces a bidirectional radiation, with main beams oriented
in different plane than the other modes used.

III. SIGNAL MODEL FOR SMB ANTENNA

Consider an SMB antenna receiving D narrowband signals
Sd impinging from directions {θd, d = 1, 2, . . . , D}, each
with power σ2

d.
Let m be a set of integers specifying the phase variations

of the antenna’s radiation pattern in the azimuthal plane. The
radiation pattern from the kth port can be approximated by the
function [15]

ek(θ) = e−jmkθ (1)

where mk is the kth element of set m. For a convention, m can
be arranged in ascending order, i.e., the first entry in m is the
min(m), and the last entry is the max(m). This configuration
aligns with experimentally validated antennas [8], [14], and the

phase patterns are depicted in Fig. 1(b). The received signals
are represented by the column vectorXm and expressed as [15]

Xm =

D∑
d=1

SdEm(θd) + nm (2)

where Em(θ) is the antenna response vector, a column vector
with elements e−jmkθ for eachmk ∈ m, andnm is the additive
white Gaussian noise vector with covarianceE[nmnH

m] = σ2I.
The antenna and source signals are assumed to be coplanar in
the horizontal plane, i.e., φ = 90◦.

IV. SPARSE SENSING (SS) USING SM

SS techniques, utilizing second-order statistics, have been
explored in various sparse arrays with different sensor arrange-
ments [16], [17], [18], [19]. In this context, we are adapting
these SS techniques for SMB antennas. To apply the principle
of SS to SMB antennas, we transform the received data into its
second-order statistics by computing the covariance matrix of
the received data Xm. The covariance matrix of Xm is defined
as [16]

RXm
(θ) = E[XmXH

m] =

D∑
d=1

σ2
dEm(θd)E

H
m(θd) + σ2I (3)

where Em(θd)E
H
m(θd) results in a matrix with entries

ejθ(mi−mj) for mi,mj ∈ m, i.e., phase differences.
The vectorized form of Em(θd)E

H
m(θd) is an antenna re-

sponse vector defined by {mi −mj |mi,mj ∈ m}. The el-
ements in RXm

represent pairwise differences of signals
received at each antenna port. Since the phase differences
between these ports are sparse, these pairwise differences
generate new, unique samples. Thus, for k ports, calculating
all pairwise differences effectively simulates new samples as
if received by a virtual port with new modes. The vectorized
covariance matrix vec(RXm

) can be represented as fol-
lows [16]:

Xmdiff = (E∗
m � Em)P+ σ2ẽ (4)

where (·)∗ denotes conjugation, � represents the Khatri–Rao
product,P is a column vector of signal powers, and ẽ is a vector
comprised of unit vectors ik, each with a “1” in the position cor-
responding to the difference element in mdiff. Consequently,
the noise vector in mdiff is deterministically characterized as
σ2ẽ. By vectorizing RXm

, it can be regarded as an equiva-
lent received signal from a virtual multiport antenna with a
corresponding antenna response matrix (E∗

m � Em).
Definition 1: (Sparse modes difference set): The sparse

modes difference set can be defined as the set of all pos-
sible pairwise differences between the elements in m. The
set mdiff = {mi −mj |mi,mj ∈ m} encapsulates all pairwise
phase differences.

Definition 2: (Redundancy function): Let w be a function
defined on the set mdiff such that for any element d ∈ mdiff,
w(d) denotes the number of occurrences of d in the set mdiff.
Then, Xmdiff can be defined as

Xmdiff |d =
1

|w(d)|
∑

(mi,mj)∈w(d)

Rxm
|mi,mj
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for all d ∈ mdiff. It is desirable to have sufficiently small values
for a w(d). As d occurs more than once in mdiff, then it implies
a drop in the DoF of mdiff. For an SMB antenna with M
SM, the redundancy function evaluated at zero equals M ,
i.e., w(0) = M . For any nonzero element d in mdiff, the re-
dundancy function satisfies 1 ≤ w(d) ≤ M − 1. The function
is symmetric, so w(d) = w(−d) for all d ∈ mdiff. The total
weight sum for all nonzero elements in mdiff is given by∑

d∈mdiff,d �=�0 w(d) = M(M − 1). Considering these proper-
ties, the maximum DoF formdiff isM(M − 1) + 1. Therefore,
by strategically optimizing the modes within a compact-sized
SMB antenna, the system can detect more sources simulta-
neously than the number of excited SM without necessitating
bandwidth reduction or incurring additional losses.

The covariance-derived Xmdiff embodies inherent data cor-
relations, causing Xmdiff to behave like a single snapshot. The
rank of the covariance matrix calculated from this equivalent
virtual SMB antenna’s received signal is one. To enable AoA
estimation methods, such as MUSIC [20], and estimation of
signal parameters (ESPRIT) [21] to detect multiple sources, a
high-rank matrix is necessary. ESPRIT, in particular, capital-
izes on the rotational invariance property by utilizing identical
sensor pairs, known as doublets. While the deployment of
ESPRIT in uniformly spaced antenna arrays has proven to be
straightforward and efficient, adapting it to the signal matrix
Xm of multiport antennas presents distinct challenges [15].
This stems from the antenna manifold Em within Xm, which
lacks the Vandermonde structure prerequisite for ESPRIT.
However, when considering the differential domain signal
Xmdiff , the restructured manifold (E∗

m � Em) aligns with Van-
dermonde’s form, rendering it compatible with the ESPRIT
framework.

Nonetheless, the covariance-derived Xmdiff embodies inher-
ent data correlation, complicating the application of ESPRIT
and MUSIC, which presuppose uncorrelated signal sources for
accurate AoA estimation. To effectively address the inherent
data correlations within Xmdiff , it is essential to decorrelate the
data. Hermitian symmetry is equivalent to xmdiff |d = xmdiff |∗−d
for d ∈ mdiff. Which is based on these properties: |w(d)| =
|w(−d)| for d ∈ mdiff. Exploiting this symmetry is a key to
constructing a positive semidefinite Toeplitz matrix R [18], to
ensure appropriate matrix rank (required for high-resolution
AoA estimation algorithms to perform effectively). The matrix
R is constructed by reshaping Xmdiff as follows:

R =

⎡
⎢⎢⎢⎣

[Xmdiff ]L [Xmdiff ]L−1 · · · [Xmdiff ]1
[Xmdiff ]L+1 [Xmdiff ]L · · · [Xmdiff ]2

...
...

. . .
...

[Xmdiff ]2L−1 [Xmdiff ]2L−2 · · · [Xmdiff ]L

⎤
⎥⎥⎥⎦ (5)

where L = (|mdiff|+ 1)/2, with |mdiff| representing the car-
dinality of the set mdiff. Applying high-resolution algorithms,
such as MUSIC and ESPRIT, to R enables the resolution of
L− 1 uncorrelated sources. With the proposed sparse-based
approach, for an SMB antenna with M SM, the maximum
number of identifiable sources L− 1 can be constrained as
M − 1 < L− 1 ≤ (M(M − 1))/2.

Fig. 2(a) shows the elements and their redundancy in
mdiff for an SMB antenna with m = {−3,−2, 0,+2,+3},

Fig. 2. (a) Phase difference setmdiff of virtual SM. (b) Phase patterns of virtual
SM.

comprising 13 elements:mdiff = {−6,−5,−4,−3,−2,−1, 0,
+1,+2,+3,+4,+5,+6}. These new modes correspond to
distinct antenna response vectors, and the cardinality |mdiff| −
1 indicates the maximum number of detectable simultaneous
signals. However, by reshaping Xmdiff into a Toeplitz matrix,
it acts as the covariance matrix of the received data from
an antenna configured with seven distinct modes, with phase
variances V = {0,+1,+2,+3,+4,+5,+6}. Fig. 2(b) shows
the phase patterns corresponding to these modes, facilitating
the simultaneous detection of six uncorrelated signals using a
five-port antenna with m = {−3,−2, 0,+2,+3}.

A. Complexity analysis of the proposed method

Using a sparse-based MUSIC or ESPRIT approach, an
SMB antenna with M SM can detect up to L− 1 sources.
With state-of-art MUSIC, detecting L− 1 sources requires L
modes, O(S|L|2) operations for covariance matrix calculation
for S snapshots, O(|L|3) for eigenvalue decomposition, and
O(Q|L|2) for angle grid search, where Q is the number of
possible angles used in the grid search, totaling O(S|L|2 +
|L|3 +Q|L|2). For ESPRIT, the angle search is replaced with
AoA estimation from the rotational invariance matrix, which
only requires O((L− 1)3) operations. Therefore, the total
operations for ESPRIT is O(S|L|2 + |L|3 + (L− 1)3). Ad-
ditional steps for AoA estimation using sparse-based MUSIC
and ESPRIT include the construction of xmdiff and R. Since
xmdiff is constructed from the covariance matrix RXm

and the
calculation of R involves the rearrangement of xmdiff , these
additional steps do not require any new multiplier operations.
Thus, this proposed approach does not increase complexity.

V. RESULTS

The proposed methodology was simulated using exemplary
radiation patterns of antenna reported in [14]. This was stud-
ied for two cases: using ideal radiation patterns with perfect
phase dependencies and full-wave simulated radiation patterns
(including phase imperfections and coupling effects) obtained
from CST Microwave Studio.

All AoA estimations were executed using MATLAB ver-
sion: R2022a (64-bit), Operating System: Windows 10 Pro
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Fig. 3. RMSE versus angle for ESPRIT with and without sparse approach on
ideal patterns and antenna patterns (SNR= 15 dB and N = 100).

(64-bit) with 11th Gen Intel Core i5-1135G7 at 2.40GHz
processor and 8 GB of RAM.

The accuracy of the estimates is quantified using the
root-mean-square error (RMSE), which is formulated as
follows [22]:

RMSE =

√√√√ 1

DN

D∑
d=1

N∑
i=1

(θd − θ̂d,i)2 (6)

where N is the number of Monte Carlo simulations. The term
θ̂d,i denotes the estimated value of the AoA θd in the ith Monte
Carlo simulation. For this study, N is set to 100. The signal-
to-noise ratio (SNR) is set to 15 dB.

Fig. 3 illustrates the accuracy differences between ESPRIT
applied with and without a sparse approach on ideal radiation
patterns and the radiation patterns generated by antenna [14].
ESPRIT typically requires pairs of identical sensors, known
as doublets, for effective AoA estimation. In an ESPRIT
implementation without a sparse approach, doublets are con-
figured using available phase patterns: m1 and m3 from the
first doublet and m4 and m2 from the second. Applying a
sparse approach introduces seven virtual modes with uniform
phase variations, which simplifies ESPRIT’s application and
allows the use of six doublets instead of two. This adaptation
results in a significantly lower RMSE with the sparse approach
compared to the ESPRIT without the sparse approach. The
behavior of RMSE for the antenna-generated patterns, both
with and without the sparse approach, is due to discrepancies
in some angles of the radiation pattern compared to the ideally
expected radiation patterns. Nonetheless, it can be seen that
the error due to these phase imperfections is less for the
sparse-based approach to antenna-generated patterns.

For the five-port antenna employed in this study, L = 7.
Consequently, both MUSIC and ESPRIT can detect up to
six uncorrelated sources. Fig. 4 depicts the detection of six
uncorrelated sources from the directions 50°, 100°, 150°, 200°,
250°, and 300° using the SS methodology. Both algorithms
reveal six distinct peaks at the specified angles. Furthermore,
as observed in Fig. 5, for ideal phase patterns, it is evident
that as SNR increases, RMSE decreases for both MUSIC
and ESPRIT. However, for antenna-generated patterns, due to
discrepancies in some angles of the phase patterns compared

Fig. 4. Multiple source estimation using sparse based MUSIC and ESPRIT
with five ports (SNR= 15 dB and N = 100).

Fig. 5. RMSE versus SNR for SS-based MUSIC and ESPRIT on ideal and
antenna generated phase patterns of five port SMB antenna for two sources
∈ (0◦, 360◦).

to the theoretically expected radiation patterns as per (1), the
accuracy of MUSIC and ESPRIT does not improve with SNR.
This is a limitation of the method as it is prone to phase
imperfections in the radiation pattern compared to the ideal
radiation pattern. These phase imperfections can contribute
more error than Gaussian noise to the performance of the
proposed algorithm. This is a limitation of this approach;
however, based on Fig. 3, it can be seen that errors due to phase
imperfections are considerably less for the proposed sparse
approach than for the nonsparse approach on SMB antenna.
Nevertheless, the accuracy of both MUSIC and ESPRIT is
comparable in both cases. ESPRIT improves computational
efficiency over MUSIC by eliminating the necessity for grid-
based angle finding. Therefore, for applications requiring AoA
estimation, the SS-based ESPRIT methods on an SMB antenna
emerge as an optimal choice, ensuring compactness, expanded
DOF, and computational efficiency.

VI. CONCLUSION

This work demonstrates SS on SMB antennas, leveraging
different spatial phase distributions between these modes by
utilizing second-order statistics. It is noteworthy that the SS
with ESPRIT can identify up to six uncorrelated sources with
five inputs. With computational advantages over methods,
such as MUSIC, SS with ESPRIT on SMB antennas emerges
as a good solution for compact IoT systems.
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