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 Dear Editor,

This letter addresses the formation control problem for constrained
underactuated  autonomous  underwater  vehicles  (AUVs).  The  feasi-
bility  condition of  the  virtual  control  law is  eliminated by introduc-
ing a nonlinear state dependence function (NSDF) that transforms the
state of each AUV in the formation. Then, the control scheme is con-
structed  based  on  the  new  variables  after  the  state  transformation
combined with the active disturbance rejection control (ADRC) tech-
nique  to  achieve  asymmetric  time-varying  state-constrained  control
for  each  AUV.  Moreover,  a  dynamic  event-triggered  mechanism
(DETM) is applied to alleviate the mechanical wear of actuators, and
an auxiliary dynamic system (ADS) is employed to address the input
saturation. Finally, the advantages and effectiveness of the proposed
method are verified by simulations.

With  the  development  of  underwater  technology,  the  research  on
the  control  technology  of  multi-AUV  formation  has  attracted  much
attention.  Underactuated  AUVs  are  one  of  the  most  widely  applied
underwater equipment, and the design of formation control schemes
for  them  is  more  difficult  due  to  their  underactuated  properties.
Moreover,  with  the  increasing  difficulty  of  undersea  missions,  con-
straint control for AUVs has become a worthy research topic. Exist-
ing  works  usually  employ  the  model  predictive  control [1],  which,
however,  involves  intricate  computations.  Under  this  background,
there have been works on the problem of constrained control for the
nonlinear  system  based  on  the  barrier  Lyapunov  function [2], [3].
However,  since the virtual control signal needs to be assumed to be
bounded  during  the  analysis  to  indirectly  define  the  constraint
bounds, it makes the results more conservative. To address this prob-
lem,  NSDF based  constraint  control  method  is  proposed  in [4], [5],
which can avoid the negative effects of feasibility conditions.  How-
ever,  as  we  observe,  the  problem  of  formation  control  for  the  con-
strained underactuated AUV is currently an open topic.

From  a  practical  perspective,  the  complex  environment  and  the
uncertainties  caused  by  modelling  errors  are  also  difficult  for  the
control  scheme  design.  As  a  general  method  to  solve  the  lumped
uncertainty,  ADRC has  been  widely  used  in  all  kinds  of  unmanned
system control.  In  addition,  the  actuator  wear  and energy consump-
tion issues are also worth considering. In [6], a static event-triggered
method  is  proposed,  which  significantly  reduces  times  of  updating
the control signals.  However,  due to the change of system state,  the
static  event-triggered  mechanism  yields  more  conservative  results
compared  to  the  DETM [7].  Although  DETM  has  been  applied  to
output feedback control for marine surface vehicles [8],  it  is  still  an
interesting  work  to  apply  DETM  to  formation  control  of  the  con-
strained underactuated AUV.

The main contributions in this letter are (1) A constrained underac-
tuated AUV formation control  method is  proposed based on ADRC
framework and a novel NSDF eliminates the virtual control law fea-

sibility condition. Equation (2) A DETM is introduced to reduce the
number  of  control  signal  updates  and  thus  reduce  mechanical  wear
on the actuator. Moreover, an ADS is employed to reduce the nega-
tive influence of input saturation.

Problem  statement: The  dynamic  model  of  the  underactuated
AUV can be expressed as follows:
 η̇i = Ri (ηi)νi

Miν̇i+Ci (νi)νi+Di (νi)νi+gi (ηi) = τi+∆i
(1)

ηi =
[
xi,yi,zi, θi,ψi

]T
νi =
[
ui,vi,wi,qi,ri

]T
R (ηi)

Mi = diag {m11,m22,m33,m44,m55} Ci (νi)
Di (νi)

gi (ηi)
τi = [τiu,0,0, τiq, τir]T

∆i

where  represents the position and orientation of
the ith  AUV  in  the  earth-fixed  frame,  denotes
the velocity in the body-fixed frame.  is the rotation matrix and

 is  the  inertia  matrix.  and
 are  the  Coriolis-centripetal  matrix  and  hydrodynamic  damp-

ing  matrix,  respectively.  denotes  the  restoring  forces  and
moments.  represents  the  input  forces  and
moments.  stands  for  the  environmental  disturbances.  Please  see
[9] for more details about this dynamic model.

In  practice,  due  to  the  mechanical  constraints  of  the  actuator,  the
control forces and moments can be described as follows:
 

τiκ =

sign(τiκc)τκ,max, |τiκc| ≥ τκ,max

τiκc, |τiκc| < τκ,max
(2)

τκ,max τiκ τiκcwhere  is the bound of  and  is the command control sig-
nal.

To  address  the  underactuated  of  the  AUV,  the  following  coordi-
nate transformation is introduced:
 

η̄i =
[
xi+ ℓc(θi)c

(
ψi
)
,yi+ ℓc(θi) s

(
ψi
)
,zi− ℓs (θi)

]T (3)
ℓ > 0

s (·) c (·)
where  is the length from virtual point to the mass centre of the
ith AUV.  and  denote sine and cosine functions, respectively.

According to (1) and (3), we can obtain
  ˙̄ηi = R1,i (ηi) ν̄i+R2,i (ηi, νi)

˙̄νi = Fi+ M̄−1
i τ̄i

(4)

ν̄i =
[
ui,qi,ri

]T τ̄i = [τu,i, τq,i, τr,i]T R1,i (ηi)
M̄i = diag(m11,i,

m44,i,m55,i) R2,i (ηi, νi) Fi

where  and .  is the rotation
matrix  after  the  system  has  been  transformed  and 

.  and  are nonlinear dynamics mentioned in
[10].

In the sequel, we introduce assumptions as follows.
Assumption  1:  The  directed  communication  graph  among  the

AUVs is strongly connected.
Fi

∥ Ḟi ∥ ≤ Υ
Assumption 2: The time derivative of the nonlinear function  is

bounded, i.e., .

xi,1 = η̄i−δi xi,2 = ν̄i δi
δ̄i

δi Ωi,h,κ = {xi,h,κ| − xi,h,κ (t) < xi,h,κ (t) <
x̄i,h,κ (t)} i = 1,2, . . . ,N h = 1,2 κ = u,q,r xi,h,κ (t) x̄i,h,κ (t)

Main results: Considering the time-varying formation offsets, the
state transformations are defined as  and  with 
is the formation offset of the ith AUV with upper bound  and lower
bound .  Define  a  compact  set 

, , ,  with  and 
are positive time-varying functions.

In  order  to  eliminate  the  limitation  of  the  feasibility  condition  in
which virtual control laws are bounded, inspired by [5], the NSDF is
constructed as follows:
 

S i,h,κ =
x̄i,h,κxi,h,κxi,h,κ(

x̄i,h,κ − xi,h,κ
) (

xi,h,κ + xi,h,κ
) (5)

−xi,h,κ (0) < xi,h,κ (0) < x̄i,h,κ (0)
S i,h,κ

with  the  initial  conditions  satisfying .
Differentiating  yields
 

Ṡ i,h,κ = Γi,h,κ ẋi,h,κ +ρi,h,κ (6)

Γi,h,κ=
x̄i,h,κxi,h,κ(x̄i,h,κxi,h,κ+x2

i,h,κ)

(x̄i,h,κ−xi,h,κ)2(xi,h,κ+xi,h,κ)2 ρi,h,κ=
−xi,h,κx

2
i,h,κ

˙̄xi,h,κ

(x̄i,h,κ−xi,h,κ)2(xi,h,κ+xi,h,κ)
+

x̄i,h,κx2
i,h,κ ẋi,h,κ

(x̄i,h,κ−xi,h,κ)(xi,h,κ+xi,h,κ)2

where  and 

.
The formation tracking control errors are defined as 
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ei,1 =

M∑
j=1

ai j
(
S i,1−S j,1

)
+ai0

(
S i,1−S 0

)
(7)

 

ei,2 = S i,2−αi (8)

S 0,κ =
x̄i, j,κxi, j,κη0,κ

(x̄i, j,κ−η0,κ)(xi, j,κ+η0,κ)
αi

ai j ai0

where , and  being the virtual control law
which will be designed later.  and  are the elements of the adja-
cency matrix between follower nodes and between leader nodes and
follower nodes, respectively, as detailed in [9].

S i,1 = [S i,1,x,S i,1,y,S i,1,z]T

Ṡ i,1 = ΠiS i,2+ ξi Πi = Γi,1R1,i(ηi)βi Γi,1 =

diag{Γi,1,u,Γi,1,q,Γi,1,r} βi = (x̄i,2,κ − xi,2,κ)(xi,2,κ + xi,2,κ)/(x̄i,2,κxi,2,κ)
ξi = Γi,1R2,i(ηi,υi)−Γiδ̇i+ρi,1

Step i,  1):  Define .  Then,  according  to
(6),  we  have ,  where  with 

, 
and .

ei,1 ėi,1 = (di+ai0)ΠiS i,2+ ζi,2 ζi,2 =
−∑M

j=1 ai j(Π jS j,2+ ξ j)−ai0
(
Π0S 0,2+ ξ0

)
+ (di+ai0)ξi

Differentiating  yields  with 
.

Vi1 =
1
2 eT

i,1ei,1Construct  the  Lyapunov  function  as  for  which  the
derivation is as follows:
 

V̇i1 = eT
i,1
(
(di+ai0)Πi

(
ei,2+αi

)
+ ζi,2

)
. (9)

ζi,2

To  simplify  the  structure  of  the  virtual  control  law,  an  extended
state observer (ESO) is constructed to estimate  as follows:
 

˙̂ζi,1 = − ki1 ⌈ζ̃i,1⌋mi − ki2 ⌈ζ̃i,1⌋ni + (di+ai0)ΠiS i,2+ ζ̂i,2

˙̂ζi,2 = − ki3 ⌈ζ̃i,1⌋2mi−1 − ki4 ⌈ζ̃i,1⌋2ni−1 + ki5sign
(
ζ̃i,1
) (10)

ζ̂i,1 ζ̂i,2 ζi,1 ζi,2
ζ̃i,1 = ζ̂i,1− ζi,1 ki1 ki2 ki3 ki4 ki5
mi ∈ (1−εi,1) ni = 1/mi εi ⌈·⌋g =
|·|g sign(·) sign

where  and  are  estimations  of  and ,  respectively.
. , , ,  and  are  the  observer  gains.
,  with  is  a  positive  small  value. 

 with g is  a  positive  constant  and  is  the  standard
signum function.

αiDesign the virtual control law  as follows:
 

αi = −
Π−1

i

di+ai0

(
hi1ei,1+ ζ̂i,2

)
(11)

hi2 > 0where  is control gain. Substituting (11) into (9) yields
 

V̇i1 = −hi1eT
i,1ei,1+ eT

i,1 (di+ai0)Πiei,2+ eT
i1ζ̃i,2. (12)

Ṡ i,2 = Hi+Γi,2M̄−1
i τ̄i Hi = Γi,2Fi+

ρi,2 Γi,2 = diag{Γi,2,u,Γi,2,q,Γi,2,r}
Step i, 2): From (6), we have  with 

 and . Then, we can obtain
 

ėi,2 = Hi+Γi,2M̄−1
i τ̄i− α̇i. (13)

Vi2 =
1
2 eT

i,1ei,1+
1
2 eT

i,2ei,2+
1
2ϖ

T
i ϖi Vi2

Consider  the  Lyapunov  function  as 
, Differentiating  yields

 

V̇i2 = eT
i,1ėi,1+ eT

i,2

(
Hi+Γi,2M̄−1

i τ̄i− α̇i
)

− (kϖ−0.5)ϖT
i ϖi−

3∑
i=1

∣∣∣ei,2,κ∆τi
∣∣∣. (14)

αi

Here,  a  tracking  differentiator  is  established  for  estimating  the
derivative of  as follows:
 φ̇i,1 = −λi1 ⌈φi,1−αi⌋pi,1 −λi2 ⌈φi,1−αi⌋qi,1 +φi,2

φ̇i,2 = −λi3 ⌈φi,1−αi⌋pi,2 −λi4 ⌈φi,1−αi⌋qi,2
(15)

φi,1 αi φi,2
αi λi1 λi2 λi3 λi4 pi,1 qi,1

pi,2 =
pi,1

2−pi,1
qi,2 = 2qi,1−1 Hi

where  is  the  estimated  value  of ,  is  an  estimate  for  the
derivative of , , , , ,  and  are positive constants,

 and .  Owing  to  being  unknown,  the
ESO is constructed as follows:
 

˙̂S i,2 = Ĥi+ τ̄i−Ki1⌈S̃ i,2⌋oi,1 −Ki2⌈S̃ i,2⌋oi,2

˙̂Hi = −Ki3⌈S̃ i,2⌋2oi,1−1−Ki4⌈S̃ i,2⌋2oi,2−1+Ki5sign
(
S̃ i,2
) (16)

Ŝ i,2 Ĥi S i,2 Hi S̃ i,2
oi,1 ∈ (1− ϵi,1) oi,2 = 1/oi,1 ϵi

Ki1 Ki2 Ki3 Ki4 Ki5

where  and  are estimations of  and , respectively;  is
the  estimate  error;  and  with  being  a
small  constant; , , ,  and  are  positive  constants
which denote observer gains.

∆τi = τi−τic
In  order  to  reduce  the  negative  influence  of  input  saturation,  set

 and the ADS is designed as follows: 

ϖ̇i =


− kϖϖi−

∑3
i=1

∣∣∣ei,2,κ∆τi
∣∣∣+0.5∥∆τi∥

∥ϖi∥2
ϖi+∆τi, ∥ϖi∥ ≥ σ

03×1, ∥ϖi∥ < σ.
(17)

Then, the command control signal of the ith AUV is designed as
 

τ̄ic = M̄iΓ
−1
i,2

(
−hi2ei,2− Ĥi+φi2− (di+ai0)ΠT

i ei,1+ kSϖi
)
. (18)

To reduce the actuator wear, the DETM is introduced as follows:
 

τ̄ie,κ (t) = τ̄ic,κ
(
tκk
)
, ∀t ∈

[
tκk, t
κ
k+1

)
k ∈ N

tκk+1 = inf
{
t ∈ R | θi,κ +aκ

(
bκ −
∣∣∣τ̄ie,κ − τ̄ic,κ∣∣∣) ≤ 0

}
(19)

aκ bκ θi,κwhere  and  are design constants,  is generated by the follow-
ing dynamic:
 

θ̇i,κ = −ρκθi,κ +aκ
(
bκ −
∣∣∣τ̄ie,κ − τ̄ic,κ∣∣∣) . (20)

Substituting (18) into (14) yields
 

V̇i2 = −hi1eT
i,1ei,1−hi2eT

i,2ei,2− (kϖ−0.5kS −0.5)ϖT
i ϖi

+Γi,2M̄−1
i (τ̄ie− τ̄ic)+ eT

i1ξ̃i2+ eT
i2F̃i− eT

i2
˜̇αi (21)

hi2 > 0where  is  control  gain.  Then,  combining  Theorem  2  in [11]
and Yang’s inequality, we have
 

V̇i2 ≤ − (hi1−0.5)eT
i,1ei,1− (hi2−1)eT

i,2ei,2

− (kϖ−0.5kS −0.5)ϖT
i ϖi+ςi

≤ −ϑiVi2+ςi (22)
ϑi =min {2hi1−1,2hi2−2,2kϖ− kS −1} kϖ kS

kϖ > 0.5kS +0.5 ςi = γi+0.5ξ̃Ti2ξ̃i2+
0.5F̃T

i F̃i+0.5 ˜̇αT
i

˜̇αi γi γi =

λmax(Γi,2M̄−1
i )∥τ̄ie− τ̄ic∥

where ,  with  and  are
positive  constants  satisfying . 

,  with  is  the  upper  bound  of 
.

Stability analysis: To begin with,  the key results  of the work are
summarised in the following.

−xi,h,κ (t)+δi < η̄i,κ (t) < x̄i,h,κ (t)+ δ̄i
xi,2,κ ∈ Ωi,2,κ ν̄i,κ ∈ Ωi,2,κ xi,h,κ (0) ∈ Ωi,h,κ

Theorem 1:  Consider  the  system containing N AUVs modeled by
(1)  under  Assumptions  1  and  2.  By  employing  the  designed  com-
mand control signal (18) and DETM (19), the multi-AUV formation
tracking errors satisfy uniform ultimate boundedness and the states of
the  individual  AUVs satisfy  and

 i.e.,  for the initial conditions .
V =
∑N

i=1 Vi2Proof: Choose a Lyapunov function as  for which the
derivation is as follows:
 

V̇ =
N∑

i=1

(−ϑiVi2+ςi) ≤ −ϑ0V +ς0 (23)

a0 =min {ϑi, i = 1,2, · · · ,N} ς0 =
∑N

i=1 ςiwhere  and .
V (t) ≤

[V (0)− ς0ϑ0
]e−ϑ0t +

ς0
ϑ0

ei,1 ei,2 ϖi

S i,1−S 0 S 0 S i,1
xi,1,κ ∈ Ωi,1,κ

−xi,h,κ (t)+δi < η̄i,κ (t) < x̄i,h,κ (t)+ δ̄i
αi ∈ L∞ ei,2

S i,2 xi,2,κ ∈ Ωi,2,κ
ν̄i,κ ∈ Ωi,2,κ

Combining  comparison  Lemma [12] and  (23),  we  have 
 which  reveals  that ,  and  are

bounded.  Then,  by  (7)  combined  with  graph  theory,  we  know  that
 is bounded, and since  is bounded, it follows that  is

bounded,  which  in  turn  ensures  that .  Then,  we  can
obtain .  Moreover,  by  (11)  and
Theorem 1 in [11], we have that . Since  is bounded, we
can  obtain  is  bounded,  which  guarantees  i.e.,

. ■
By Theorem 3 in [8], we can obtain that the controller designed in

this work can avoid the Zeno phenomenon.

∆i
η0 =

[10cos(0.1t)−10,10sin(0.1t),−3−0.15t]
x̄i,1,u = 6+3.5cos(0.05t) x̄i,1,q = 14+2sin(0.05t)

x̄i,1,r=3+2sin(0.05t) xi,1,u=25−2sin(0.05t) xi,1,q=14−2sin(0.05t)
xi,1,r=21−2sin(0.05t) x̄i,2,u=4+1sin(0.05t) x̄i,2,q=4+1sin(0.05t)
x̄i,2,r=6+1sin(0.05t) xi,2,u=4−1sin(0.05t) xi,2,q=4−1sin(0.05t)
xi,2,r = 6−1sin(0.05t)

Simulation results: This section provides a simulation which justi-
fies the validity of the proposed method. The relevant model parame-
ters  of  each  AUV  and  external  environmental  disturbances  are
obtained  from [9].  The  trajectory  of  the  virtual  leader  is 

 with  the  asymmetric  full-
state constraints as , ,

, , ,
, , ,

, , ,
. The initial conditions for the followers can be
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η1(0) = [−2, −1, −4, 0, 0] η2(0) = [−3, −1, −5, 0,
0] η3(0) = [2, 1, −4, 0, 0] η4(0) = [4, 1, −5, 0, 0]

ℓ = 0.2

represented  by , 
,  and .  The  coordi-

nate transformation parameter  and the parameters of the con-
trol scheme are demonstrated in Table 1.

 
 

Table 1. Parameters of the Control Scheme
Components Parameters
The FxESO (10) ki1 = ki2 = 20, ki3 = ki4 = 400,

ki5 = 0.8, mi = 2/3, ni = 3/2
The FxESO (16) Ki1 = Ki2 = 20, Ki3 = Ki4 = 400,

Ki5 = 0.8, oi,1 = 2/3, oi,2 = 3/2
The FxTD (15) λi1 = 1, λi2 = 4, λi3 = 8, λi4 = 24,

pi,1 = 5/7, qi,1 = 5/3, pi,2 = 5/9,
qi,2 = 7/3

The virtual control law (21) h1,i = 5
The command control law (18) h2,i = 1500, k2,i = 2.5
The ADS (17) kϖ = 5, σ = 20
The DETM (19) aκ = 1.0, bκ = 0.6, ρκ = 60

 

τiu

Figs.  1(a)  and 1(b)  display  the  communication  topology  and  3D
trajectories  of  the  AUVs,  respectively. Fig.  2 shows  the  trajectories
of  individual  AUVs  under  state  constraints,  which  illustrates  the
effectiveness  of  the  method. Fig.  3(a)  shows  the  update  of ,  and
Fig. 3(b) shows the control forces of the four AUVs with the actua-
tor saturation boundaries set to 200, 200 and 200.
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Fig. 1. Directed topology and 3D trajectories of AUVs. (a) Directed topology
among four AUVs; (b) 3D trajectories of AUVs and virtual leader.
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Fig. 2. Trajectories of the state for AUVs. (a) Trajectories of the position for
AUVs; (b) Trajectories of the velocity for AUVs.
 

Conclusion: This letter has investigated the issue of the formation
control  for  constrained  underactuated  AUVs.  The  AUV  formation
constraint  control  algorithm  has  been  constructed  based  on  ADRC
technology  and  a  NSDF.  Then,  a  DETM  was  introduced  to  reduce

actuator  wear  and  an  ADS  was  used  to  address  input  saturation.
Finally, a simulation has been conducted to justify the validity of the
proposed method.
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Fig. 3. Release  instants  and  Control  forces  for  actuators  of  four  AUVs.
(a) Release instants of four AUVs; (b) Control forces of four AUVs.
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