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Dear Editor,

This letter addresses the formation control problem for constrained
underactuated autonomous underwater vehicles (AUVs). The feasi-
bility condition of the virtual control law is eliminated by introduc-
ing a nonlinear state dependence function (NSDF) that transforms the
state of each AUV in the formation. Then, the control scheme is con-
structed based on the new variables after the state transformation
combined with the active disturbance rejection control (ADRC) tech-
nique to achieve asymmetric time-varying state-constrained control
for each AUV. Moreover, a dynamic event-triggered mechanism
(DETM) is applied to alleviate the mechanical wear of actuators, and
an auxiliary dynamic system (ADS) is employed to address the input
saturation. Finally, the advantages and effectiveness of the proposed
method are verified by simulations.

With the development of underwater technology, the research on
the control technology of multi-AUV formation has attracted much
attention. Underactuated AUVs are one of the most widely applied
underwater equipment, and the design of formation control schemes
for them is more difficult due to their underactuated properties.
Moreover, with the increasing difficulty of undersea missions, con-
straint control for AUVs has become a worthy research topic. Exist-
ing works usually employ the model predictive control [1], which,
however, involves intricate computations. Under this background,
there have been works on the problem of constrained control for the
nonlinear system based on the barrier Lyapunov function [2], [3].
However, since the virtual control signal needs to be assumed to be
bounded during the analysis to indirectly define the constraint
bounds, it makes the results more conservative. To address this prob-
lem, NSDF based constraint control method is proposed in [4], [5],
which can avoid the negative effects of feasibility conditions. How-
ever, as we observe, the problem of formation control for the con-
strained underactuated AUV is currently an open topic.

From a practical perspective, the complex environment and the
uncertainties caused by modelling errors are also difficult for the
control scheme design. As a general method to solve the lumped
uncertainty, ADRC has been widely used in all kinds of unmanned
system control. In addition, the actuator wear and energy consump-
tion issues are also worth considering. In [6], a static event-triggered
method is proposed, which significantly reduces times of updating
the control signals. However, due to the change of system state, the
static event-triggered mechanism yields more conservative results
compared to the DETM [7]. Although DETM has been applied to
output feedback control for marine surface vehicles [8], it is still an
interesting work to apply DETM to formation control of the con-
strained underactuated AUV.

The main contributions in this letter are (1) A constrained underac-
tuated AUV formation control method is proposed based on ADRC
framework and a novel NSDF eliminates the virtual control law fea-
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sibility condition. Equation (2) A DETM is introduced to reduce the
number of control signal updates and thus reduce mechanical wear
on the actuator. Moreover, an ADS is employed to reduce the nega-
tive influence of input saturation.

Problem statement: The dynamic model of the underactuated
AUV can be expressed as follows:

{fh = R;(n:)vi

. 1
Mivi+Ci(vi)vi+Di (v vi+gi(m) =7i+A;

where 7; = [xi,)’i’Zi,ei’W,']T represents the position and orientation of
. . T
the ith AUV in the earth-fixed frame, vi = [ui,vi,wi,qi,1i]" denotes
the velocity in the body-fixed frame. R(»;) is the rotation matrix and
M; = diag{my,mp,m33,maq,mss} is the inertia matrix. C;(v;) and
D;(v;) are the Coriolis-centripetal matrix and hydrodynamic damp-
ing matrix, respectively. g;(n;) denotes the restoring forces and
moments. T; = [7iu,0,0,7ig, Tir]T represents the input forces and
moments. A; stands for the environmental disturbances. Please see
[9] for more details about this dynamic model.
In practice, due to the mechanical constraints of the actuator, the
control forces and moments can be described as follows:
S {Sign (Tik(r)TK,maXs [Tikel = Ty, max
K —
|Tikc| < Tk,max
where 7, max is the bound of 7, and 7 is the command control sig-
nal.
To address the underactuated of the AUV, the following coordi-
nate transformation is introduced:

i = [xi+ e (@) e (y,) i+ Lc(O)s(w,), 2 — s (B)]" €)

where ¢ > 0 is the length from virtual point to the mass centre of the
ith AUV. s(-) and ¢(-) denote sine and cosine functions, respectively.
According to (1) and (3), we can obtain

{ﬁi =Ry, () Vi+Ro; (1:,vi)

@

Tikes

\L/,'=F,‘+Mi_l‘7'i @
where Vi = [ui,qi,ri]T and 7i = [Tu,i,Tq,i,Tr,i]T. Ry i (n;) is the rotation
matrix after the system has been transformed and M, = diag(m1,,
maa ,mss ;). Ry (ni,v;) and F; are nonlinear dynamics mentioned in
[10]

In the sequel, we introduce assumptions as follows.

Assumption 1: The directed communication graph among the
AUVs is strongly connected.

Assumption 2: The time derivative of the nonlinear function F; is
bounded, ie., || F; || < Y.

Main results: Considering the time-varying formation offsets, the
state transformations are defined as x;; = 7; —; and x; = ; with §;
is the formation offset of the ith AUV with upper bound §; and lower
bound §,. Define a compact set Q;,, = {xi .l =Xk (D < Xipe (D) <
Xinx @), i=1,2,...,N, h=1,2, k= u,q,r with Ei,h,x(t) and ;. (1)
are positive time-varying functions.

In order to eliminate the limitation of the feasibility condition in
which virtual control laws are bounded, inspired by [5], the NSDF is
constructed as follows:

xi,h,K{i’]‘l’Kxi,h,K

®)

S iha = 7T
(xi,h,K - xi,h,K) (L’,h,,( + xi,h,K)
with the initial conditions satisfying =Xk (0) < xip i (0) < Xk (0).
Differentiating S, . yields

S i,hx (6)

2 =
=X XKk

Fi =) (X o+ i)

= Fi,h,Kxi,h,K + Pihx
h I )_Ci,h,l(éi,h,)(()_Cl'.h,KIi,h_K-")(%h‘K)
where ' o= = an
i ”hz’K Fid=i 1) > (X i i)
Tih Xy o Xi i
(J_C[./u(_x[,h,x)g,',/,_,(+Xi,h./<)2 .
The formation tracking control errors are defined as

d Pihx=
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Zau i1~ J] +alO(Sll_S0) (7
Jj=1

ein=Sip—q; (3)

i jXi 710,k
(X =104 (X, +710.6) >
which will be designed later. g;; and g, are the elements of the adja-
cency matrix between follower nodes and between leader nodes and
follower nodes, respectively, as detailed in [9].

Step i, 1): Define Si1 =[Si1.x:8i1y:8i1.2]". Then, according to
(6), we have S =17S,2+§,, where IT; = I'; 1Ry ;(n;)B; with I';; =
diagliliuling Linsls Bi = (Kigw — x12k)(x,2K + leK)/(xz2Kx,2K)
and & = lezz(Th,Uz) r6 +pi1

Differentiating ¢;; yields ¢;; = (di +ai) IS ip+&ia with (o=
—ZM a;j(I1;S jo + &)= aio (oS 0.2 + o) + (d; +azo)§z

3 ,1611 for which the

where Sox = and a; being the virtual control law

Construct the Lyapunov function as Vi1 =
derivation is as follows:

Vit = e] | ((di +aio) I (ein + i) + i) )]

To simplify the structure of the virtual control law, an extended
state observer (ESO) is constructed to estimate ¢;, as follows:

Gin = —kin T4 )" —kip 51 )" +(di+aio)) IT;S 12+ &z

Gin= kg [Ga P —kia [Z0 "7 + kissign (G )
where (zl and {,2 are estimations of ¢;; and (j,, respectively.
Zit=&1~G. ki, ko, ki, ku and ks are the observer gains.
m; € (1—-¢;,1), n;=1/m; with g; is a positive small value. [-]8 =
|[¥sign(-) with g is a positive constant and sign is the standard
signum function.

Design the virtual control law «; as follows:
-1

(10

— ! . . ’\.
@i= o (hinein +&ia) (1)
where h;; > 0 is control gain. Substituting (11) into (9) yields
V,'1=—h,‘1€ e,1+e (d +a,0)He,2+eI{, (12)

Step i, 2): From (6), we have Si,2 =H;+ oM '%; with H; = TioFi+
pip and Iip = diag{li24, 2.4, Ti2,r}- Then, we can obtain

é,‘,QZH,'+F,"2Mi_17_','—d,'. (13)

Consider the Lyapunov function as Vi = %eiTlei,1+%€,-T2€i,2+

%U,Twi, Differentiating Vj, yields

Vz—elle,1+e (H+F,2M Ti— ('1,-)

— (k= 0.5) @ i Z lei2uATi].
i=1
Here, a tracking differentiator is established for estimating the
derivative of «; as follows:

{¢i,1 = =it Tgi1 =@l = Ap Tpin — ;] + ;2
Pip = =3 [pin —@i’? = dia Tiy — ;]2
where ¢;; is the estimated value of a;, ¢;» is an estimate for the

derivative of a;, A1, A, Ai3, Adia, pi1 and g;; are positive constants,
Pi,1

Pi2 = 5,0 and ¢;» =2¢;; —1. Owing to H; being unknown, the

ESO is constructed as follows:
Sia=Hi+7i-KalSi21% — Kol :2]%2
H; = —Kia[8 ;2% ™" = Kia 8122727 + Kissign (Si,z)

(14

(15)

(16)

where $ i2 and H; are estimations of § i and H;, respectively; §;, is
the estimate error; o0;; € (1—¢;,1) and 0,5 = 1/0;; with ¢ being a
small constant; K;;, Kp, Ki3, Kiu and K;s are positive constants
which denote observer gains.

In order to reduce the negative influence of input saturation, set
At; = 1;— 1. and the ADS is designed as follows:

Z?:] 'e,‘,z’KATj| +0.5]|Ail

. _kmwi_ B 1+A7i’ ”wl”Z‘T
wi = ||l
03x1, lzill < o
(17)

Then, the command control signal of the ith AUV is designed as
Tie = Mil', (—hizei,z —H;+gn—(di+aio)IT] e;) +ks Wi)- (18)
To reduce the actuator wear, the DETM is introduced as follows:
Tiew(t) = Tick(1f), Vre|fitf,,) keN
be=[Fiex—Tiea) <O} (19)

where a, and b, are design constants, 6;, is generated by the follow-
ing dynamic:

t, =inf{r R |6 +a(

Ok = =Pebhc+ i (be = [Fiex = Tiew])- (20)
Substituting (18) into (14) yields
Vio = —hae] ei1 —hpelyein — (ke = 0.5ks —0.5) @] w;
+ T M7 (Fie = Ti) + el En +eh Fi—eh & 1)

where h;; >0 is control gain. Then, combining Theorem 2 in [11]
and Yang’s inequality, we have

Vi < = (hy —0-5)61161‘,1 —(hip - 1)85261‘,2
~(key = 0.5ks —=0.5) @} @+

< -%Vop+si (22)

—2,2ke —ks — 1}, with k5 and kg are
=y+0.58L )+
bound of ;=

where &; = min{2h;; — 1,2k
positive constants satisfying kg > 0.5ks +0.5. Gi
0.5FTF;+0.54 &, with y; is the upper
Amax(Ti2 M) e = Tiell.

Stability analysis: To begin with, the key results of the work are
summarised in the following.

Theorem 1: Consider the system containing N AUVs modeled by
(1) under Assumptions 1 and 2. By employing the designed com-
mand control signal (18) and DETM (19), the multi-AUV formation
tracking errors satisfy uniform ultimate boundedness and the states of
the individual AUVs satisfy —x; (1) +6; <ix (1) < Fipx (1) +6; and
Xiox € Qinx 1.€., Viy € Qi2, for the initial condltlons Xink(0) € Qipk-

Proof: Choose a Lyapunov function as V = XY, V> for which the
derivation is as follows:

N
V=" (=0iVio+6) < =V + 6o
i=1

(23)

where ap = min{;,i = 1,2,---,N} and 0 = X\, si.

Combining comparison Lemma [12] and (23), we have V() <
[V(0)—52]e o' + S;O which reveals that e;;, e;» and @; are
bounded. Then, by (7) combined with graph theory, we know that
Si1—So is bounded, and since Sy is bounded, it follows that §;; is
bounded, which in turn ensures that x;;, € ;;,. Then, we can
obtain —x;; O+, <Tix () < Xipx () +6;. Moreover, by (11) and
Theorem 1 in [11], we have that @; € L. Since ¢, is bounded, we
can obtain §;, is bounded, which guarantees x;p,€ Q2. ie.,
‘_’i,K € Qi,Z,K~ n

By Theorem 3 in [8], we can obtain that the controller designed in
this work can avoid the Zeno phenomenon.

Simulation results: This section provides a simulation which justi-
fies the validity of the proposed method. The relevant model parame-
ters of each AUV and external environmental disturbances A; are
obtained from [9]. The trajectory of the virtual leader is ng =
[10cos(0.1¢) — 10,10sin(0.17), -3 — 0.15¢] with the asymmetric full-
state constraints as X; 1, = 6 +3.5¢c0s(0.051), X 4 = 14 +2sin(0.057),
X1, =3+2sin(0.050), x;, ,=25-2sin(0.05¢), X;; ,= =14-2sin(0.051),
X;1,=21-2sin(0.051), x, 24 =4+ 1sin(0.05), X;24=4+1sin(0.051),
ip,=6+1sin(0.050), x,,,=4-1sin(0.050), X;,,=4-1sin(0.051),

= 6— 1sin(0.05¢). The initial conditions for the followers can be
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represented by 71(0) =[-2, -1, -4, 0, 0], n2(0) =[-3, -1, -5, 0, e ) h‘:AUVl*AUVZ AN AUV
01, 73(0) =2, 1, -4, 0, 0] and 74(0) = [4, 1, =5, 0, 0]. The coordi- 7/l . ... ... [.ns £ o
nate transformation parameter ¢ = 0.2 and the parameters of the con- 6 fatfe v e e oAUV 00 e h0 % €0 50 80 50 100
trol scheme are demonstrated in Table 1. FR IR TAUVA o Time (5)
4 freeed g o
Table 1. Parameters of the Control Scheme I B T 40 30 60 70 80 90 100
Components Parameters 5 200 Time ©
The FXESO (10) kit = ki = 20, ki3 = kiq = 400, y S o
kis = 0.8, m; =2/3, n; =3/2 0 10 20 30 40 50 60 70 80 90 100 72000 10 20 30 40 50 60 70 80 90 100
The FXESO (16) Kit = Ki =20, Ki3 = Kiy = 400, T(a)( 5 TT]:)(S)
Kis =0.8, 0i1 =2/3, 0ip =3/2
The FxTD (15) Air =1, Ap =4, A3 =8, Ais =24, Fig. 3. Release instants and Control forces for actuators of four AUVs.
pi1=5/7, qi1 =5/3, pia =5/9, (a) Release instants of four AUVs; (b) Control forces of four AUVs.
qip=17/3
The virtual control law (21) hii=5 actuator wear and an ADS was used to address input saturation.
The command control law (18)  ha,; = 1500, ka,; = 2.5 Finally, a simulation has been conducted to justify the validity of the
The ADS (17 ky =5, =20 proposed method. . .
The DET]\(/I (1) 9) am_ 1.0, by = 0.6, pe = 60 Acknowledgments: This work was supported by the National Nat-
K — LM Vg — VU P T

Figs. 1(a) and 1(b) display the communication topology and 3D
trajectories of the AUVs, respectively. Fig. 2 shows the trajectories
of individual AUVs under state constraints, which illustrates the
effectiveness of the method. Fig. 3(a) shows the update of 7;,, and
Fig. 3(b) shows the control forces of the four AUVs with the actua-
tor saturation boundaries set to 200, 200 and 200.

AUV 1
AUV 2
AUV 3
AUV 4
0 The virtual leader
-5 ~— >
= 7
E o
" (=
\ X
. R
10 N
2.0
6))) 0 5

s
“ 10
2071 (@

(b)

Fig. 1. Directed topology and 3D trajectories of AUVs. (a) Directed topology
among four AUVs; (b) 3D trajectories of AUVs and virtual leader.

[CAUV1 —AUV2 —AUV 3 —AUV 4 —The virtual leader] [——AUV1I —AUV2

10

AUV3 —AUV4

4
g 0 E 2
Tl T 0
-20 2
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (s) Time (s)
20 5
E o E oo
= N {
20 -5
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (s) Time (s)
~ O —_ :
g _ E 0
= 10\ h ;r
-20 5
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (s) Time (s)
(@ (b

Fig. 2. Trajectories of the state for AUVs. (a) Trajectories of the position for
AUVs; (b) Trajectories of the velocity for AUVs.

Conclusion: This letter has investigated the issue of the formation
control for constrained underactuated AUVs. The AUV formation
constraint control algorithm has been constructed based on ADRC
technology and a NSDF. Then, a DETM was introduced to reduce
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