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ABSTRACT This paper demonstrates the significance of employing the infinitesimal dipole modeling 
(IDM) in analyzing uniform circular array-orbital angular momentum (UCA-OAM) near-fields in terms of 
electromagnetic (EM) energy densities. The electric and magnetic field, and the EM energy densities of 
UCA-OAM waves are theoretically analyzed and numerically estimated where the spatial distribution of 
EM Lagrangian density and complex Helicity is visualized. It is validated that the IDM is more accurate 
than the conventional far-field assumption in evaluating the near-fields of UCA-OAM waves as the EM 
Lagrangian density and the complex Helicity are clearly depicted based on the IDM, while they are 
unobservable with the far-field assumption. The visualization of EM Lagrangian density and complex 
Helicity can be beneficial in designing UCA-OAM communication system as it suggests the mutual 
coupling between antennas by describing the regions of reactive EM energy densities and non-orthogonal 
EM fields in the near-field region. 

INDEX TERMS Orbital Angular Momentum (OAM), Near-field Analysis, Infinitesimal Dipole Modeling 
(IDM), EM Lagrangian Density, Complex Helicity 

I. INTRODUCTION 

The concept of orbital angular momentum (OAM) has gained 
prominence as an intriguing property of light, attracting 
increasing attention from the academic community [1], [2]. 
OAM of light denotes the revolution of electric field around 
the beam axis where the light beam is given a spatial phase 
distribution of ilφ . Here, φ  is the azimuthal angle along the 
beam axis and the integer mode number l  indicates that 
azimuthal phase change in a cross section is 2 lπ  for a 
revolution. In this way, light vortices having different mode 
numbers become spatially orthogonal to each other [3].  

Allen et al. were the first to experimentally prove that light 
can carry OAM with Laguerre-Gaussian (LG) laser modes 
[4]. Later, it was found that radio waves and acoustic beams 
can also convey OAM [5]–[7]. The inherent orthogonality of 
OAM enables mode multiplexing, with the potential to 
significantly enhance channel capacity in communication. 
For this reason, the application of OAM has garnered 
attention as a promising technology for 6G communication 
[8] and it has been extensively explored in both optical [9]–
[13] and radio wave communication fields [6], [14]–[20]. 
Besides, it has been discovered that OAM can be applied in 

astronomy [21], [22], imaging [23], [24], and rotational 
Doppler shift detection [25]. 

Generation of OAM radio waves has been investigated for 
varied physical structures such as spiral phase plate [15], 
[18]–[20], ring resonator [16], Cassegrain reflector [17], [26], 
reflectarrays [27], transmitarrays [28], metasurfaces [29], 
[30], and uniform circular array (UCA) [24], [31], [32]. 
Furthermore, the characteristics of OAM have been explored 
regarding various physical factors. The effect of optical loss 
and grating imperfection on the OAM mode purity was 
investigated [33]. The channel capacity of OAM channels 
was assessed based on paraxiality and orthogonality [34]. In 
[35], OAM-based multiple-input–multiple-output (MIMO) 
was found to provide larger channel capacity than the 
conventional MIMO for a transmission distance longer than a 
particular threshold. The influences of receiver aperture and 
the multipath on the power loss and the crosstalk of an 
OAM-multiplexed link were analyzed through simulation 
[36]. 

As mentioned above, UCA is one of the options for 
creating OAM waves. When a UCA has N array elements, 
OAM waves can be generated by feeding each n-th element 
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with an azimuthal phase of 2 /i ln Nπ−  for the mode 
number l. The OAM multiplexing based on UCA has been 
analyzed in multiple research works. In [37], the UCA-OAM 
wave was theoretically analyzed, revealing that the antenna 
array in the same direction demonstrated the highest energy 
transmission efficiency. Additionally, a theoretical analysis 
was conducted to assess the channel capacity of UCA-OAM 
and UCA-MIMO systems [38]. Beam steering of UCA-
OAM waves was investigated in terms of mitigating 
performance degradation from misalignment [39] and 
maintaining high mode isolation during beam steering [40].  

The transmission of UCA-OAM waves primarily occurs 
within the near-field region, because a UCA-OAM 
communication system has substantial dimensions and 
requires operation at a high frequency to achieve a high data 
transmission rate over long distances [41]–[43]. In addition, 
OAM-multiplexed transmission has the potential to be 
applied in a high-capacity backhaul link of 6G [2]. Therefore, 
the near-fields of UCA-OAM waves need to be accurately 
analyzed. However, conventional analysis of UCA-OAM 
waves is derived under the assumption that each array 
element of UCA radiates a far-field [24], [31], [37], making 
it inaccurate for the near-field analysis. Therefore, fields of 
UCA-OAM waves need to be rigorously analyzed without 
the far-field assumption. 

Infinitesimal dipole modeling (IDM) is an accurate and 
efficient technique for describing the current distribution of 
an antenna [44]. By employing the IDM, the antenna current 
distribution is equivalently modeled as infinitesimal dipoles 
(IDs). IDs at fixed positions are extracted based on a known 
field simulation or measurement result of the antenna 
through an iterative optimization method such as the least-
squares method (LSQR). Then, the near-field radiated from 
the antenna can be readily calculated by re-radiating electric 
fields from the extracted IDs [45]. Numerous studies have 
been conducted on the application of the IDM. The IDM was 

employed to improve the prediction of the wideband beam 
pattern of the antenna array [46]. The mutual admittance of 
two random antennas in nonplanar skew positions was 
estimated via the IDM [47]. The IDM also facilitates antenna 
diagnostics and characterization with limited measurement 
data [48], [49]. Additionally, the S21 between two antennas 
was directly estimated based on the IDM [50]. 

Electromagnetic (EM) Lagrangian density and complex 
Helicity are distinctive EM energy densities which can be 
observed in the near-field region of EM fields [51]–[53]. The 
EM Lagrangian density indicates the region where the 
electric and magnetic energy density are not balanced. The 
complex Helicity appears where the electric and magnetic 
field are not orthogonal to each other. Analyzing EM energy 
densities based on the IDM can prove valuable in the design 
of UCA-OAM communication systems by offering insights 
into mutual coupling between antennas. Visualization of the 
EM Lagrangian density and the Complex Helicity reveals the 
regions of the non-propagating(reactive) EM energy densities 
and non-orthogonal EM fields between transmitting and 
receiving UCA antennas or between transmitting UCA 
antennas with different radii sharing the same axis. For 
analyzing the EM energy densities, it is essential to achieve 
both electric and magnetic near-field, which is possible 
through the IDM. Nonetheless, in the literature, little effort 
has been made to analyze and utilize the magnetic field using 
the IDM. 

This paper highlights the superiority of the IDM-based 
near-field analysis for UCA-OAM waves over the 
conventional far-field assumption. The array elements of the 
UCA are modeled as IDs where each element radiates exact 
fields without the far-field assumption. The electric and 
magnetic fields of UCA-OAM waves are both theoretically 
and numerically analyzed through the IDM, where the EM 
energy densities in near-field regions are also estimated. The 
near-fields and EM energy densities assessed based on the 
IDM are compared to those obtained with the far-field 
assumption and the results of commercial full-wave 
simulation based on the method of moments (MoM). The 
IDM-based analysis shows good agreement with the results 
achieved using MoM and it also demonstrates much better 
accuracy in assessing UCA-OAM near-field energy densities 
than the analysis via far-field assumption. In a recent 
publication [54], the near-fields of UCA-OAM waves were 
analyzed for various parameters using Hertzian dipoles. 
However, the analysis presented in this paper is distinguished 
from previous research by demonstrating the superiority of 
the IDM over the far-field assumption through visualization 
of near-fields and EM energy densities. Interestingly, the 
magnitude of normalized complex Helicity exhibits distinct 
spatial distributions according to the sign of the OAM mode.  

In section II, the near-fields and EM energy densities of 
UCA-OAM waves are theoretically analyzed based on the 
conventional far-field assumption and the IDM. In Section III, 
UCA-OAM near-fields and EM energy densities are 

 
 

FIGURE 1. Phase distribution of OAM wave transmitted from UCA. 
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numerically analyzed and the analysis results of the IDM are 
compared to those of the far-field assumption and the full-
wave simulation results. Section IV presents the conclusion. 

II. THEORETICAL ANALYSIS 

A. THEORETICAL ANALYSIS BASED ON THE FAR-
FIELD ASSUMPTION 

In this section, UCA-OAM near-fields and EM energy 
densities are theoretically analyzed based on the conventional 
far-field assumption. We refer to [37] where N antenna 
arrays of the UCA are electrically short dipoles on the xy 
plane centered around the z axis. Additionally, it is assumed 
that there is no mutual coupling between antenna arrays. As 
shown in Figure 1, each dipole antenna is aligned in y axis 
direction. The OAM waves are produced by exciting each n-
th element with a current nil

nI e φ−=  for an integer mode 

number l where 2 /n n Nφ π= . Based on i te ω−  convention 

where ω is the angular frequency, the magnetic vector 

potential at an observation point ( ),r θ φ= ,r  produced by n-

th array element at position nr  is described as 
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where d is the length of each short dipole antenna, 

0µ  is the 
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where ( )sinlJ ka θ  is the Bessel function and rɵ , ɵθ , ɵφ  are 

unit vectors of the spherical coordinate system. The electric 

field with the far-field assumption can be calculated as 

( ) ( )i θ φω= +E r A A , which is denoted as 
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where ɵx , ɵy , and zɵ  are unit x, y, and z vector, respectively. 
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Then the magnetic field ( )H r  can be easily derived as 

( ) ( ) /r η= ×H r E rɵ  where η  is the impedance of free-

space. Then the magnetic field at r  is 
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The EM energy densities of UCA-OAM waves can be 

estimated using (3) and (5). First, the total EM energy density 
u is defined as 

e mu w w= +  where *
0 / 4ew ε= ⋅E E  and 

*
0 / 4mw µ= ⋅H H  are the electric and magnetic energy 

density, respectively. u is then expressed as 
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where 

0ε  is the permittivity of free-space. Furthermore, the 

EM Lagrangian density L  and the complex Helicity 
cH  can 

be calculated as follows [53]:  
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(7) and (8) show that the EM Lagrangian density and the 
complex Helicity cannot be observed with the far-field 
assumption. In addition, the complex Poynting vector 
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has a relation with u , L , and 

cH  [53]: 
 

( )2 22 22 .c cc u= − − SH L             (10) 

 
where c is the speed of light in free-space. 

B. THEORETICAL ANALYSIS BASED ON THE IDM 

In this section, we utilize the IDM to analyze the near-fields 
of the UCA-OAM waves. As described in Figure 2, an 
arbitrary antenna can be equivalently expressed as a volume 
current density J (A/m2) in the volume Va that contains the 
antenna in a linear, homogeneous, and isotropic medium. 
Then the electric field E (V/m) and magnetic field H (A/m) 
radiated from the antenna are expressed as 
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where r is the observation point outside Va and r′ is the 
position of the source inside Va. EG  and HG  are the dyadic 
Green’s functions for electric field and magnetic field, 
respectively where they reflect the response of J . Then the 
dyadic green’s functions for r ≠ r′ can be derived as [55] 
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Here, the volume current density J in Va can be 
alternatively expressed as electric IDs [45] as 
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where pn describes n-th complex electric dipole moment 
vector. Then we can rewrite the radiated electric field and 
magnetic field by substituting (16) into (11) and (12), which 
can be expressed as 
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where nn represents the unit vector from n-th ID at rn′ to the 
observation point r and Rn is 

n
′−r r . 

For a UCA antenna shown in Fig. 1, we represent each 
antenna array as an ID. The position of n-th ID can be 

depicted as ( ) ɵ ɵ, , cos sinn n n n n nx y z xa yaφ φ′ ′ ′ ′ = +r  and n-th 

ID is denoted as ɵnil
n e yφ−=p  for mode l where 

2 /n n Nφ π=  and ɵx  and ɵy  are unit x and y vector, 

respectively. Then the electric field and magnetic field of 
UCA-OAM waves can be represented as 
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FIGURE 2. Arbitrary antenna expressed as a volume current density in 
volume Va and electric field radiated by the antenna outside Va. 
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III. NUMERICAL ANALYSIS 

In this section, electric field, magnetic field, and EM energy 
densities of UCA-OAM waves are numerically analyzed 
based on the equations acquired in the previous section. In 
addition, commercial MoM-based full-wave simulation is 

employed to verify the numerical analysis. The numerical 
analysis results estimated with the far-field assumption are 
compared to the results calculated based on the IDM and the 
MoM. For all three analysis methods, the radius of the UCA 
is λ  and the dimensions of the observation plane were set as 

FIGURE 3. Estimation results of the normalized magnitude of Ey. 

 

FIGURE 4. Estimation results of the phase (deg) distribution of Ey. 

FIGURE 5. Estimation results of the normalized magnitude of Hx. 
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20λ  in both x and y directions at 6z λ=  where its center 
coincides with the center of the UCA. Here, λ  is the 
wavelength. The numerical analysis is done for frequency of 
83.5 GHz. The number of array elements N for the far-field 
assumption and the IDM is 100, while the number of 
elements for the MoM simulation is set to 16 for calculation 

efficiency. The length of each short dipole for the far-field 
assumption and the MoM simulation is / 10λ . First, y 
component of the electric field Ey and the x component of the 
magnetic field Hx are analyzed as they carry OAM of mode l 
with the highest energy efficiency [37], therefore the 
properties of OAM waves can be well observed. The analysis 

FIGURE 7. Estimation results of the real part of the normalized complex Poynting vector. 

FIGURE 6. Estimation results of the phase (deg) distribution of Hx. 

FIGURE 8. Estimation results of the EM Lagrangian density. 
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is done for eight OAM modes: 4l = − , 3l = − , 2l = − , 
1l = − , 1l = , 2l = , 3l = , 4l = . 

Figure 3 and 4 show the normalized magnitude and phase 
distribution of Ey estimated based on the far-field assumption, 
the IDM, and the MoM. The normalized magnitude is 
acquired by dividing the magnitude by the maximum value 
on the observation plane. The donut-shaped vortex with 
amplitude null at the center and azimuthal phase change is 
observed for all three analysis methods. The far-field 
assumption results show good agreement with the IDM 
results except for slight rotations of the vortices in the 
magnitude of Ey in the IDM cases. These rotations are also 
observable in the MoM results. Besides, the OAM wave 
spreads more as the absolute value of the mode number 
increases. In Figure 5 and 6, the normalized magnitude and 
phase distribution of Hx are presented. The magnetic field 
also shows the vortex with clear azimuthal phase distribution 
and amplitude null at the center where the results of the far-
field assumption match well with the IDM and the MoM. 

Based on the estimated EM fields, EM energy densities of 
the UCA-OAM waves are analyzed. The real part of the 
normalized complex Poynting vector Re{Sc,norm}, the 
normalized EM Lagrangian density 

normL , and the 

normalized magnitude of complex Helicity 
,normcH

 are 

assessed. Each EM energy density value was normalized by 
cumax where umax is the maximum total EM energy density on 
the observation plane. In Figure 7, Re{Sc,norm} estimated with 
the far-field assumption matches well with the results of the 
IDM and the MoM although there is small difference in the 
shape of the vortices. In Figure 8 and 9, estimation results of 

normL  and 
,normcH

are depicted for three analysis methods. 

As shown in (7) and (8), the EM Lagrangian density and the 
complex Helicity are unobservable using the far-field 
assumption. 

However, when employing the IDM, 
normL  and 

,normcH
 

become clearly discernible and the IDM results agree well 

with the MoM results. Since our proposed method is based 
on rigorous formulas that are applicable regardless of 
frequency, it operates effectively even at higher frequencies. 
This validates that the UCA-OAM near-fields can be 
analyzed more accurately based on the IDM than with the 
conventional far-field assumption. Furthermore, numerical 
analysis can be much more efficiently conducted through the 
IDM while still maintaining accuracy compared to full-wave 
simulations. The EM Lagrangian density visualizes the 
regions of unbalanced electric and magnetic energy density, 
while the complex Helicity indicates where the electric field 
and magnetic field are not orthogonal.  In addition, the sign 
of the OAM mode is distinguishable by assessing the 
complex Helicity. The regions of relatively high 

,normcH
 

can lie on a straight line, where the OAM mode is positive 
for the line with a negative slope and the mode is negative for 
the line with a positive slope. 

IV. CONCLUSION 

In this paper, we demonstrate the significance of utilizing 
the IDM in analyzing the UCA-OAM near-fields by 
estimating the distribution of the normalized EM Lagrangian 
density 

normL  and the normalized magnitude of complex 

Helicity 
,normcH

 in the near-field region. The electric and 

magnetic field, and EM energy densities are theoretically 
analyzed based on the conventional far-field assumption and 
the IDM. The results of the theoretical analysis are 
numerically estimated to visualize the EM near-fields and 
EM energy densities. MoM-based full-wave simulation was 
also conducted to verify the accuracy of the IDM. It is 
demonstrated that the IDM is superior than the conventional 
method for analyzing the UCA-OAM near-fields as 

normL  

and 
,normcH

 are clearly observable based on the IDM, where 

they are imperceptible through the far-field assumption. The 
EM Lagrangian density denotes the areas of unbalanced 
electric and magnetic energy densities where the complex 

FIGURE 9. Estimation results of the normalized magnitude of the Complex Helicity. 
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Helicity indicates the spatial distribution of non-TEM fields. 
Therefore, estimating the EM Lagrangian density and the 
complex Helicity of UCA-OAM waves can be helpful in 
designing a UCA-OAM communication system as they are 
able to picture the mutual coupling between transmitting and 
receiving UCA antennas or mutual coupling between 
transmitting UCA antennas with different radii sharing the 
same axis.  

For future work, the IDM technique can be used to model 
antennas that generate OAM propagation in reverse. This 
means that it is possible to reconstruct the equivalent sources 
of an actually measured OAM-generating antenna and 
analyze the EM energy density of the actual antenna. 
Moreover, the mutual coupling between UCA-OAM 
antennas will be studied by estimating EM energy densities 
and calculating S21 between UCAs using the IDM. 
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