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ABSTRACT In this paper, an Ordered Subsets ExpectationMaximization (OSEM) reconstruction algorithm
based on Total Variation (TV) constraint was applied for sparse reconstruction of X-ray fluorescence
CT. First, the Geant4 Monte Carlo code was used to simulate the imaging process of fan beam X-ray
fluorescence CT imaging system based on parallel hole collimator. Then, the reconstructed image quality of
the proposed algorithm with varying numbers of projections was evaluated using RMSE and CNR. Finally,
the relationship between the number of subsets of the algorithm and the quality of the reconstructed image
and the reconstruction time was explored. The results demonstrated that, compared with the conventional
OSEM algorithm, the proposed OSEM algorithm based on Total Variation constraint has higher quality of
reconstructed images at different projection numbers, and the reconstruction time of the algorithm decreases
with the increase of subset, which achieves the purpose of improving the quality of the reconstructed image
and reducing the reconstruction time when sparse reconstruction.

INDEX TERMS X-ray fluorescence CT, image reconstruction, Monte Carlo simulation, sparse projection,
total variation.

I. INTRODUCTION
X-ray fluorescence computed tomography (XFCT) is a
molecular imaging method that can simultaneously obtain
the distribution and content of elements in the sample in a
non-invasive and non-destructive way [1]. The principle is
to use external X-rays to excite high Z elements inside the
sample to produce radiation fluorescence, and the distribution
and content of elements in the sample can be reconstructed
from the projection data by reconstruction algorithm. As a
result, XFCT has a broad application prospect in the early
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diagnosis of cancer and other fields [2], [3]. However, the
X-rays used in X-ray fluorescence CT are prone to cause
serious damage to human body at high doses. Therefore,
how to maintain the quality of the reconstructed images
while reducing the number of projection (that is, reducing the
X-ray dose) is a key technical problem to be solved urgently
in the clinical application of X-ray fluorescence CT.

At present, the algorithm based on Total Variation (TV)
constraint has been widely used in X-ray computed tomog-
raphy (X-CT) image reconstruction [4], [5], [6], [7], [8], [9],
[10]. Researchers have optimized the X-CT algorithm based
on Total Variation constraint and proposed some new recon-
struction algorithms. For example, Zhang et al. [11] proposed
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a directional total variation (DTV) algorithm, which can
accurately recover the phantom from data generated within
the significantly reduced angular range, and can significantly
reduce the artifacts observed in the reconstruction of existing
algorithms. Xi et al. [12] proposed a high order total variation
(HOTV) reconstruction algorithm. Compared with the tradi-
tional TV algorithm, the proposed algorithm can effectively
suppress the staircase effect and improve the reconstruction
accuracy. Gong et al. [13] proposed a prior image induced
relative total variation (piiRTV) reconstruction model for
limited angle CT. Their experimental results show that this
model can suppress noise and reduce most shadow artifacts
through the adaptive weight determined by the prior struc-
ture. The Ordered Subset Algorithm was initially used to
accelerate X-ray CT reconstruction and was later applied to
validate X-ray fluorescence CT in different imaging geome-
tries [14], [15], [16], [17], [18], [19], [20], [21]. Although
some researchers have applied Total Variation constraint to
X-ray fluorescence CT image reconstruction [22], [23], its
application to XFCT system with parallel hole collimation
has not been reported. Therefore, in this study, we pro-
posed an X-ray fluorescence reconstruction method based on
ordered subsets and total variation. Projection data were gen-
erated using Geant4 simulations to verify the effectiveness
of the algorithm. Our results may provide new evidence for
sparse projection reconstruction for this imaging geometry.

II. MATERIALS AND METHODS
A. THEORETICAL BASIS OF FAN BEAM XFCT
The schematic diagram of the fan beam XFCT system is
shown in Figure 1, which is mainly composed of X-ray
source, parallel hole collimator, phantom and fluorescent
array detector. As shown in the Figure 1, the acquisition
of projection data can be divided into two steps: 1) The
interaction between incident X-ray and phantom at point B
generates radiant fluorescence; 2) The radiation fluorescence
is detected and recorded by the array detector. A single X-ray
is used as an example to describe the general process: the
X-rays emitted by the X-ray tube are attenuated and absorbed
by the AB path segment in the phantom, and the high Z
elements in the phantom are excited by X-ray at point B to
produce radiation fluorescence X-rays; After being attenu-
ated and absorbed by theBC path segment in the phantom, the
excited fluorescent X-rays are detected and recorded by the
array detector [15]. Therefore, the final fluorescence intensity
collected by the detection unit P is:
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where I0 is the initial intensity of the incident X-ray, µI
is the absorption coefficient at the energy of the incident
X-ray, µph is the photoelectric absorption coefficient, ω is

the fluorescence yield, ρ is the element mass concentration
at point B, � is the solid angle from the detection unit P to
point B, µF is the absorption coefficient at the energy of the
radiation fluorescence, and α is the fan beam angle of the
X-ray source, α′ is the integration variable.

For the phantom with regular shape and uniform distribu-
tion of elements, the projection data can be directly calculated
by equation (1). In reality, the shape of the phantom is usually
irregular, and the distribution of elements in the phantom
is not uniform. Therefore, in order to effectively utilize the
above methods to obtain the projection data, the XFCT pro-
jection process is generally discretized: the reconstructed
image is divided into the form of grids in two-dimensional
space, and each grid is called one pixel. Assuming that the
distribution of elements within each pixel is uniform, the ith
projection is expressed as:

pi =

∑
j

aijxj (2)

where aij represents the contribution value of the jth pixel
to the ith projection, xj represents the jth pixel of the recon-
structed imageX , and pi represents the number of fluorescent
photons recorded by the ith detection unit.

FIGURE 1. Schematic diagram of fan-beam XFCT system.

B. OSEM-BASED TV RECONSTRUCTION ALGORITHM
To reduce the reconstruction time and effectively improve
the computational efficiency, OSEM algorithm was used for
reconstruction in this paper. As an EM algorithm based on
OS method, the principle of OSEM algorithm is to divide
the projection data of X-ray fluorescence CT into m ordered
subsets, then the standard EM algorithm is used to maximize
the likelihood function for each subset in turn, and the recon-
struction result is taken as the initial value of the next subset.
Therefore, OSEM algorithm can be described as follows:

x(k+1)
j =

x(k)j∑
i∈Sm

aij

∑
i∈Sm

aij
pi∑

j
aijx

(k)
j

(3)

where Sm is the ith subset of projection. It can be seen from
the above that OSEM algorithm is actually an algorithm that
applies EM algorithm to each subset. During each recon-
struction, the projection data in the subset will correct each
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pixel at the same time, and the reconstructed image will
be updated once. After one OSEM iteration is completed,
the reconstructed image will be updated m times, which
makes the more subsets of the OSEM algorithm, the shorter
the reconstruction time. Equation (2) is expressed in matrix
form, the reconstruction problem of fan beam XFCT can be
described as follows:

AX = P (4)

where A is the projection matrix, X is the reconstructed
image, P is the projection data. When the projection matrix
A and projection data P are known, the reconstructed image
X can be obtained by equation (4).Actually in the recon-
struction process, due to the ill-condition of the projection
matrix, there are errors between the reconstructed image and
the real image, and it is almost impossible to accurately
obtain the real image from equation (4). In order to make
the reconstructed image as close as possible to the real
image, TV was used to optimize the reconstructed image
in this paper, and the optimization problem obtained is as
follows:

min|X |TV , s.t. |P − AX | < e,X ⩾ 0 (5)

where |X |TV is the total variation of the reconstructed image
X which is defined as follows:

|X |TV =

∑
s,t

√(
X s,t − X s−1,t

)2
+

(
X s,t − X s,t−1

)2 (6)

Equation (5) is solved by gradient descent method [17].
The solution steps are as follows:

➀Initialize the reconstructed image X (k = 0)
= 0, where k

is the number of current iterations;
➁OSEM algorithm was used to complete one iteration and

the reconstructed image X (k+1) is obtained;
➂X (k+1)

POCS is obtained by setting the negative value inX
(k+1)

to 0;

X (k+1)
POCS =

{
X (k+1), X (k+1) ⩾ 0
0, X (k+1) < 0

(7)

➃Initialize X (k+1)
n=0 = X (k+1)

POCS ;
➄Calculate incremental factor dk+1:

dk+1 =

∥∥∥X (k)
− X (k + 1)

n=0

∥∥∥
2

(8)

➅Calculate the total variational gradient v and the gradient
direction Iv, as shown in the equations at the bottom of the
page, where ε is a small parameter to avoid instability induced
by zero denominator.
➆Iteratively correct the image X (k+1)

n until n = N , otherwise
repeat steps ➅-➆, where N is the total number of iterations in
the process of minimizing TV.

X (k+1)
n+1 = X (k+1)

n − λdk+1Iv (11)

➇Iteratively correct the image Xk+1 until k = K , otherwise
repeat steps ➁-➇. Where K is the total number of iterations
of the algorithm.

To sum up, the algorithm flow of OSEM-TV is shown in
Figure 2.

C. XFCT IMAGING SYSTEM
The schematic diagram of Geant4 simulation setup is seen
in Figure3(a), which includes X-ray tube source, phantom,
parallel collimator, fluorescent detector array and CCD array.
The phantom shown in Fig.3(b) is a PMMA cylinder with
a diameter of 50mm, containing eight small holes with a
diameter of 10mm, in which neodymium nitrate solutions
with concentrations of 2%, 4%, 6% and 8% are embedded,
respectively. The brass collimator consists of 64 square holes
with an area of 1mm × mm, a hole depth of 8mm, and a
hole spacing of 1mm. The detector consists of 254 detection
units with the size of 0.5mm ×0.5 mm, the energy spec-
trum resolution of 0.1 keV. The distances from the center
of the phantom to the X-ray source and the collimation hole
are 37 cm and 3.6 cm, respectively. During the simulation,
the particle transport process, includes photoelectric effect,
Compton scattering and Rayleigh scattering, is defined by
G4EmLivermorePhysics.list.
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FIGURE 2. Flow chart of OSEM-TV algorithm.

FIGURE 3. The Geant4 simulation of fan beam XFCT. (a) The simulation of
the XFCT system based on Geant4; (b) Phantom parameters; (c) Array
detector parameters.

D. XFCT IMAGING SIMULATION
In order to improve the efficiency of Geant4 simulation, the
energy spectrum of the incident X-ray source was calculated
using SpekCalc software [24], as shown in Figure 4 (a).
The X-ray source, featuring tungsten as the target material,
operates at 70 kVp with a beryllium filter of 0.8 mm, an alu-
minum filter of 1.0 mm, and a copper filter of 0.4 mm.
According to the energy spectrum distribution of the incident
X-ray source, 1 billion photons were randomly emitted from
the X-ray source point at each projection angle during the

simulation, and the direction of the photons were randomly
sampled within the fan angle. The radiation fluorescence
generated by the element excitation in the phantom and par-
tially scattered photons were collimated through the hole and
recorded by the detection unit. During the simulation, full
scan imaging was performed at one degree interval. When
the sampling angle was 90 degrees, the energy spectrum
recorded by the 90th detection unit was shown in figure 4(b).
The fluorescent photons were superimposed on the scattering
spectrum, and the fluorescence energy of Kα1 and Kα2 were
37.5kev and 37.0kev, respectively. To extract a more accurate
number of X-ray fluorescence photons, cubic polynomial
fitting was used in this paper to calculate the number of scat-
tered photons, as shown in Figure 4(c). The selected energy
range for this fitting was 31.8-42.2kev. Therefore, the number
of fluorescent photons can be calculated by the following
formula [25]:

Nfluo = Ntotal − Nscatter (12)

where Nfluo is the number of fluorescence photons, Ntotal
is the total number of photons in the range of 31.8kev to
42.2kev, and Nscatter is the number of scattered photons.

Since the hole spacing is 1 mm, there are only 128 detec-
tion units that can collect fluorescent photons. The number
of fluorescence photons recorded in four adjacent detection
units were merged, and the merged result was used as one
projection. The X-ray fluorescence sinogram obtained by
arranging the projection data according to the projection
angle is presented in Figure 5.

III. RESULTS
A. RECONSTRUCTION IMAGE EVALUATION
In this paper, RMSE and CNR were used to evaluate the
quality of the reconstructed image [26]. The Root Mean
Square Error (RMSE) was used to evaluate the similarity
between the reconstructed image and the real image. The
smaller the value, the higher the similarity. The Contrast to
noise ratio (CNR) was defined to evaluate the image quality.
Only when the CNR value of the image is greater than or
equal to 4, the target region and background region can be
clearly distinguished. Their expressions are as follows:

RMSE =

√√√√√√
M∑
i=1

N∑
j=1

(A1(i, j) − A(i, j))2

M × N
(13)

CNR =
|9ROI − 9BKG|

σBKG
(14)

where ROI and BKG are the target and background regions
in the sample. 9ROI and 9BKG are the mean pixel values of
the corresponding regions, respectively. σBKG is the standard
deviation of the background region. A1 is the reconstructed
image. A is the real image. M × N is the size of the
image.
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FIGURE 4. Acquisition of fluorescent photons. (a) The energy spectrum of
incident X-ray source; (b) X-ray fluorescence spectrum of the 90th
detection unit; (c) Scattering photon distribution fitting of the 90th
detection unit.

FIGURE 5. X-ray fluorescence sinogram.

B. IMAGE RECONSTRUCTION AND ANALYSIS
OSEM algorithm and OSEM-TV algorithm were used for
reconstruction in this work, respectively. During the recon-
struction process, the adjustment factor λ was set to 0.03, the
number of iterations was set to 100, and the number of sub-
sets was set to 5 according to experience. The reconstructed
images of the two algorithms at different projection numbers
(30, 40, 45, 60, 90, 120, 180, 360) are shown in Figure 6.

Figure 6(a)-(h) shows the reconstructed XFCT images by the
OSEMalgorithm, and Figure 6(i)-(p) shows the reconstructed
XFCT images by the OSEM-TV algorithm. We magnified
the same region of interest in each reconstructed image to
compare the reconstruction effects of the two algorithms.
Obviously, as the number of projections increases, the image
quality for both algorithms improve significantly. However,
for any given projection number, the OSEM-TV algorithm
consistently delivers superior image quality compared to
the OSEM algorithm. This indicates that the OSEM-TV
algorithm not only enhances image reconstruction quality
but also allows for larger projection intervals, effectively
reducing projection time while achieving high-quality recon-
struction under sparse projection conditions.

FIGURE 6. Reconstructed images of two algorithms under different
numbers of projections.

In order to further quantitatively analyze the superiority
of the OSEM-TV algorithm and the influence of the number
of projections on the quality of the reconstructed image, the
normalized RMSE and CNR values of the two algorithms
at different projection numbers were calculated, respectively.
The results are shown in Figure 7. With the increase of
the number of projections, the reconstructed image qual-
ity of the two algorithms is improved. When the number
of projections is the same, the RMSE value of the image
reconstructed by OSEM-TV algorithm is smaller than that
of the image reconstructed by OSEM algorithm, and the
CNR value is larger than that of the image reconstructed
by OSEM algorithm. Obviously, compared with the conven-
tional OSEM algorithm, no matter whether the projection
interval is large or small, OSEM-TV algorithm can better sup-
press the root mean square error of the reconstructed image,
and the contrast to noise ratio between the target region and
the background region of the reconstructed image of the
OSEM-TV algorithm is higher. Therefore, two conclusions
can be drawn: 1) when the number of projections is small,
the recon-structed image quality of the two reconstruction
algorithms is poor; 2) the proposed algorithm can effectively
improve the quality of the reconstructed image, and the pur-
pose of improving the reconstructed image quality in sparse
projection is achieved.

Figure 8 (a) shows the relationship between the num-
ber of subsets and the normalized RMSE value and the
reconstruction time when OSEM-TV algorithm was used
for reconstruction. Theoretically, as the number of subsets
increases, the reconstruction time of theOSEM-TV algorithm
gradually decreases, while the quality of the reconstructed
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FIGURE 7. The evaluation parameters of the two algorithms under
different numbers of projections. (a) The normalized RMSE of
reconstructed images of the two algorithms under different numbers of
projections; (b) The CNR of reconstructed images of the two algorithms
under different numbers of projections.

image remains unchanged. However, in the reconstruction
process, the number of subsets is one of the factors affect-
ing the accuracy of the reconstructed image, as shown in
Figure 8 (a). With the increase of the number of subsets,
the reconstruction time of OSEM-TV algorithm gradually
decreases, but the normalized RMSE value of the recon-
structed image of OSEM-TV algorithm fluctuates within a
certain range. In particular, when the number of subsets
is 2, the image reconstruction time is decreased to 48.6%,
the normalized RMSE value of the reconstructed image is
significantly reduced; when the number of subsets is 20,
the change of image reconstruction time tends to be flat.
In summary, it can be considered that when the projection
interval is 1◦ and the number of iterations is 360, the optimal
number of subsets reconstructed by OSEM-TV algorithm
is 20. It means that when the number of subsets is 20,
only 18 iterations are required to achieve the same effect as
360 iterations without dividing subsets, effectively accelerat-
ing the convergence of iterations and reducing reconstruction
time. In this experiment, without dividing subsets, the recon-
struction time was approximately 4 minutes (Intel(R) Core
(TM) i5-12600KCPU@3.69GHz) for a reconstructed image
size of 128 × 128. For such a reconstruction size, dividing
subsets is generally unnecessary. However, when reconstruct-
ing larger images, this approach can significantly reduce the
reconstruction time. To analyze the influence of the number
of subsets on the quality of the reconstructed image, the CNR
values of the reconstructed images of the two algorithms
were calculated respectively when the number of subsets was
different (1, 2, 3, 5, 6, 9, 12, 18, 20, 30) and the number of
iterations (360) and projection interval (1◦) were the same,
as shown in Figure 8(b): with the increase of the number
of subsets, when the number of subsets is the same, the
CNR value of the image reconstructed by OSEM algorithm
is greater than that of the image reconstructed by OSEM
algorithm. This shows that, no matter the number of subsets
is large or small, the contrast to noise ratio between the target
region and the background region of the reconstructed image
of the OSEM-TV algorithm is larger, and the quality of the
reconstructed image is better.

FIGURE 8. The evaluation parameters under different numbers of
subsets. (a) The normalized RMSE and reconstruction time of
reconstructed images of OSEM-TV algorithms under different numbers of
subsets; (b) The CNR of reconstructed images of the two algorithms under
different numbers of subsets.

IV. DISCUSSION
In this study, we proposed a reconstruction method for fan
beam X-ray fluorescence computed tomography based on
parallel hole collimator that combines Ordered Subsets (OS)
with Total Variation (TV). Projection data generated through
Geant4 simulations were used to preliminarily validate the
feasibility of the method for sparse projection reconstruc-
tion. Compared with conventional algorithms, the proposed
method effectively reduces noise, suppresses artifacts, and
accelerates iterative convergence.

While reconstruction formulations for different imaging
geometries can be uniformly represented by Equation (4),
the corresponding weight matrices A vary depending on
the imaging geometry [1], [20], [22], [23], [27], [28].
Feng et al. [3], [29] proposed a multi-pinhole collimated
L-shell fluorescence CT system based on Total Varia-
tion (TV). Shi et al. [30] proposed a quantitative X-ray
fluorescence CT method based on the L1−norm and Total
Variation (TV). Some researchers have also applied Total
Variation (TV) to novel imaging geometries to verify the
feasibility of the method. The method proposed in this study
aims to provide a complementary option for XFCT imaging.
To obtain projection data, we adopted a phantom similar to
those used in prior studies [19], [27], consisting of a PMMA
cylinder containing cylindrical regions of interest. The phan-
tom is computationally efficient to model in Geant4 due to
its simplicity, enabling faster simulations. Additionally, it is
straightforward to fabricate for experimental validation in our
future studies. This work represents an initial exploration of
the algorithm’s effectiveness using simulation. Future studies
will focus on theoretical analysis of its convergence proper-
ties and further validation with experimental data to provide
a more comprehensive assessment of the method’s applica-
bility and reliability.

V. CONCLUSION
The feasibility of OSEM-TV for fan-beam XFCT in sparse
reconstruction was verified in this work. During the recon-
struction, the projection interval is an important factor
affecting the image quality of XFCT reconstruction. When
the projection interval increase, OSEM-TV algorithm can
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effectively improve the quality of XFCT reconstructed
images. The results demonstrated that, compared with the
OSEM algorithm, the OSEM-TV algorithm can better sup-
press the root mean square error, effectively improve the
quality and shorten the reconstruction time. Therefore, the
superiority of the OSEM-TV algorithm in XFCT reconstruc-
tion over the OSEM algorithm in sparse projection, which
has positive significance for the process of promoting the
application of X-ray fluorescence CT to clinical medicine,
and lays a theoretical foundation for further improving the
quality of reconstructed images in sparse reconstruction and
accelerating the reconstruction speed.
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