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ABSTRACT This paper focuses on the fractional-order modeling and analysis of single-phase
quasi-Z-source rectifier (qZSR), aims to extend the single-phase qZSR from integer-order domain
to fractional-order domain. Additionally, it has been demonstrated explicitly the mechanism by which
fractional-order inductors (FOIs) and fractional-order capacitors (FOCs) affect the operating features of
fractional-order quasi-Z-source rectifier (FO-qZSR). The fractional-order circuit model is built based on
oustaloup’s approximation method, the operational principle and control strategy of FO-qZSR, the expres-
sion of input current, inductor current, capacitor voltage and output voltage are also derived and analyzed
in detail. Then, the above theoretical analysis is verified by simulation results by using the fotf toolbox
in Matlab/Simulink, and the FO-qZSR presents more flexible and diverse operating features than integer-
order qZSR. Finally, the hardware prototype is established with the help of the RT-LAB platform and the
experimental results are consistent with the theoretical analysis and simulation results.

INDEX TERMS Fractional calculus, fractional-order inductor, fractional-order capacitor, fractional-order
PID controller, quasi-Z-source rectifier.

I. INTRODUCTION
With the advent of fractional calculus concept, the way we
explore the world has been extended from integer-order to
fractional-order field, the mathematics of non-integer order
derivative and integration are defined in [1] and [2]. And
the researchers found that fractional-order models offer a
better explanation of system dynamics than integer-order
models [3], [4]. With the in-depth research and development
of fractional calculus theory for the past few years, fractional
calculus has been widely concerned and used in electrical
engineering field [5].
Inductors and capacitors are critical components in power

electronic converters. It is generally realized that they are
integer-order components in conventional circuit modeling
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and researches. With the development of the fractional cal-
culus and its corresponding applications, it is gradually
realized that the characteristics of inductors and capacitors
are fractional-order, the real inductors and capacitors are
fractional-order components in nature [6], [7], [8], [9], [10],
[11]. Jonscher indicates the ideal integer-order capacitors are
not existed in nature and the dielectric material used to build
capacitors are fractional-order [12], [13]. Jesus demonstrates
that different FOCs can be realized by choosing different
fractal structures, such as the curves of Koch, Hilbert and
Peano [14]. Westerlund indicates that the inductor com-
ponents in our practical applications have fractional-order
characteristics [15]. Machado proposes that the skin effect
can help to realize FOI design with different orders [16].
In order to describe the characteristics of the real induc-
tors and capacitors, the appropriate fractional-order models
should be established. Researchers can realize approximate
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forms of FOIs and FOCs by rational approximation, such as
Carlson method, Matsuda method and Oustaloup’s approxi-
mation method [17].

Fractional calculus theory provides a novel and efficient
method of modeling, control and analysis. And the studies
in [18], [19], and [20] show that the operating character-
istics of power electronic converters are more realistic and
have higher accuracy with fractional-order modeling and
analysis. Due to the simple topology and operating character-
istics, the majority of current research are mainly focused on
fractional-order modeling and analysis of traditional PWM
DC-DC converters, for instance, Buck [21], [22], Boost [23],
[24] and Buck-Boost converters [25], [26], in both continu-
ous conduction mode (CCM) and discontinuous conduction
mode (DCM). While, the research on fractional-order mod-
eling and analysis of inverters and rectifiers are just getting
started. For example, the fractional-order model of single-
phase PWM rectifier was built, but the influences of inductor
order and capacitor order were not analyzed in detail in [27].
The influences of inductor and capacitor orders on the oper-
ating characteristics of single-phase PWM voltage-source
rectifier were analyzed in [28], but the fractional-order circuit
model of the rectifier was not established.

The rectifiers studied above are all conventional voltage
source rectifiers, which require that the dc output voltage
must be higher than ac input voltage and their rectifier bridges
are not allowed to be shoot through [29], [30]. For the con-
ventional current source rectifier, its output voltage must be
lower than input voltage and it is forbidden to shoot-through
the bridge arm. Therefore, these limitations will limit their
application scenarios. Accompanied by the appearance of
quasi-Z-source network [31], the single-phase and three-
phase quasi-Z-source rectifiers (qZSRs) are proposed. The
qZSR can operate in shoot through state, has lower capacitor
voltage stress and its dc output voltage is adjustable [32], [33].
Based on the above advantages, researchers started to explore
the quasi-Z-source rectifier in many applications [34], [35].
But these quasi-Z-source rectifiers were proposed and ana-
lyzed only in the integer-order domain. Fractional-order
qZSR was modeled and analyzed in [36], but the detailed
operating characteristic analysis and hardware experimental
validation are absent.

In addition, with the appliance of fractional calculus theory
in the field of control science, fractional-order controllers
have gained more attention. In [37], the concept of fractional-
order PIλDµ controller, whose differential and integral orders
are both fractional-order was proposed. Four representative
fractional-order controllers involving PIλDµ controller and
others were introduced in [38]. Moreover, a method for stabi-
lizing fractional-order system with a fractional-order PIλDµ

controller was presented in [39].
Based on characteristics of FOI and FOC, the fractional-

order modeling and analysis of the single-phase qZSR
is systematically presented in this paper. The operation
principle analysis, modulation and control strategy, impact
mechanisms of the orders of FOC and FOI on the operating

characteristics are analyzed. The effectiveness of the estab-
lished fractional-order circuit model and theoretical analysis
are confirmed by Matlab/Simulink simulations and experi-
mental results based on the RT-LAB platform.

II. OPERATING PRINCIPLE ANALYSIS OF SINGLE-PHASE
FRACTIONAL-ORDER qZSR
Fig. 1(a) shows the circuit symbols of fractional-order induc-
tor and fractional-order capacitor, respectively. The basic
symbol for the fractional-order component is a triangle.
And α represents the order of FOI and β represents the
order of FOC. Fig. 1(b) shows the topology configuration
of single-phase FO-qZSR, an ac power grid and a H-bridge
are connected to the quasi-Z-source network. The grid side
inductor, output capacitor, inductors and capacitors in the

FIGURE 1. (a) The circuit symbols of fractional-order components. (b) The
topology configuration of the single-phase FO-qZSR. (c) Equivalent circuit
diagram of the FO-qZSR during shoot through state. (d) Equivalent circuit
diagram of the single-phase FO-qZSR during non-shoot through state.
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quasi-Z-source network are fractional-order components.
The order of Lg is α1 and the order of Co is β1. The orders
of L1 and L2 are α2, while the orders of C1 and C2 are β2.
All of the orders ranges from 0 to 2. In addition, ug is the
grid voltage, ig is the grid current, S1-S5 are power switches,
D1-D5 are diodes, Ro is the load resistance.
The voltage and current relationship of FOIs and the FOCs

can be represented as

L
dαiL
dtα

= uL , 0 < α < 2 C
dβuC
dtβ

= iC , 0 < α < 2 (1)

The most significant difference between single-phase
quasi-Z-source rectifier and the traditional single-phase volt-
age source PWM rectifier is that the former allows both
power switches of a bridge arm to be turned-on at the same
time, which is called the shoot through state. Besides, unlike
the quasi-Z-source inverter, the quasi-Z-source rectifier has
a power switch rather than a diode in the quasi-Z-source
network, which controls the quasi-Z-source rectifier enter
into the shoot through state. Hence, there are two operating
modes in one switching period. Fig. 1(c) and (d) show the
equivalent circuit diagram of each operation mode. Fig. 1(c)
shows that when the rectifier is operating in shoot through
state, both power switches are turned on at the same time and
S5 is turned off, thus the H-bridge is short-circuit. During
this state, the capacitors are charged by inductors, and the
inductor currents are decreased. From Fig. 1(c), the following
equations can be derived:

uL1 = −uC2 , uL2 = −uC1 − uCo , upn = 0 (2)

where upn is the dc-link voltage.
During non-shoot through state, as shown in Fig. 1(d),

an equivalent current source can represent the H-bridge and
S5 is turned on. In this state, inductors are charged by
capacitors, the inductor currents are increased. The following
equations can be written by analyzing the operating mode
in Fig. 1(d):

uL1 = uC1 , uL2 = uC2 − uCo , upn = uL1 + uC2 (3)

Based on the principle of inductor voltage-second equilib-
rium, the following equations can be obtained:

D(−uC2 ) + (1 − D)uC1 = 0 (4)

D(−uC1 − uCo ) + (1 − D)(uC2 − uCo ) = 0 (5)

where D is the shoot through duty cycle. Based on the above
formulas, upn and uC1 and uCo can be expressed by uC2:

upn =
1

1 − D
uC2 uC1 =

D
1 − D

uC2 uCo =
1 − 2D
1 − D

uC2

(6)

III. CONTROL STRATEGY OF SINGLE-PHASE
FRACTIONAL-ORDER qZSR
A. CONTROL STRATEGY
The control block diagram of the single-phase FO-qZSR can
be divided into two parts as shown in Fig. 2(a). For the

grid side, we use a dual closed-loop controller to control the
single-phase FO-qZSR, which is consisted of an grid side
current inner-loop of power factor correction and a voltage
outer-loop. By applying the dual closed-loop control strategy,
we can not only realize unity power factor but also stabilize
the capacitor voltage VC2 to track the given value. For the
dc side, an open-loop voltage control strategy is utilized to
control the output voltage. By setting the value of D, the
output voltage of single-phase FO-qZSR can be controlled
based on the formula (6).
Fig. 2(b) shows the vector diagrams of two possible opera-

tion modes on AC side of the rectifier. Ug is the grid voltage,
Ig is the grid current, Uab is the AC input voltage of rectifier
bridge, ULg is the voltage of inductor, and URg is the internal
resistance voltage of grid and inductor. It can be seen that the
amplitude and phase of Ig can be controlled by controlling
the amplitude and phase ofUab. The basic principle of double
closed-loop control is to control the AC input voltage of the
rectifier bridge by controlling the modulating waveform, and
thus the AC input current can be controlled.

The block diagram of the double closed-loop control is
shown in Fig. 2(c). Gv(s) and Gi(s) are the transfer func-
tions for voltage loop and current loop control, respectively.
Gpwm(s) is the equivalent transfer function of the PWMmod-
ulation, and it can be viewed as an inertial link with a very
small time constant as

Gpwm(s) =
kpwm

1 + sTs
(7)

where kpwm = upn/uab is the equivalent gain of the pulse
width modulation, and Ts is the switching period.
GL(s) is the equivalent transfer function of the rectifier

AC side.

GL(s) =
1

sLg + r
(8)

where r is the internal resistance of the grid and inductor.
Besides, GC2(s) is the transfer function from AC input

current ig to capacitor current iC2, and GC2(s) is the transfer
function from capacitor current iC2 to the capacitor voltage
uC2. This article focuses on the selection of parameters for
current inner loop control.

To simplify the analysis, the disturbances of AC side
voltage are not considered. The control block diagram of
the simplified current loop is shown as Fig. 2(d). Based on
Fig. 2(d), the transfer function of the current inner loop before
FO-PIλ compensation can be obtained as

Gig (s) =
kpwm

(sTs + 1)(sLg + r)
(9)

Different from the conventional proportional-integral (PI)
current control loop, a fractional-order proportional-integral
(FO-PIλ) controller is adopted in this paper. The typical
mathematical form of FO-PIλ controller is

Gi(s) = Kp +
Ki
sλ

(10)
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where λ is the integrator order and can be any number
between 0 and 2. Since FO-PIλ controller has additional
adjustable parameters than traditional integer-order PI con-
troller, it provides more flexible adjustability and can achieve
a better control effect.

B. TUNING OF FO-PI CONTROLLER
For fractional-order controllers, traditional parameter tuning
methods are more complicated, and intelligent optimization
algorithms are usually used for parameter tuning, such as
pattern search algorithm (PSA), genetic algorithm (GA) and
particle swarm optimization (PSO). The PSO algorithm is
used in this article to design and optimize the parameters
of the fractional-order controller. The flow chart of PSO
algorithm is shown in Fig. 2(e).
In the optimization process, by changing the values of

the control parameters, the control effect becomes better and
the performance index of the system becomes better. The
selection of performance index has a significant impact on
the quality and speed of optimization algorithms. Integral
of absolute (IAE), integral of time-absolute error (ITAE),
integral of the square error (ISE) and integral of time-square
error (ITSE) are the commonly used methods. In this article,
ITAE is utilized, and its definition can be expressed as

J =

∫
∞

0
t |e(t)|dt (11)

where t is the time and e(t) is the error. The sum of the
differences between the respective reference and actual val-
ues of AC side input current and DC side output voltage is
selected as the error in this paper. The effect of large initial
errors on performance indexes can be effectively minimized
by choosing ITAE as performance index.

In this paper, the PSO algorithm for optimal controller
design under ITAE index is used and the process of selecting
the control parameters includes the following steps. First, the
PSO algorithm assigns each of the possible parameters to
Kp, Ki and λ. Then, these parameters can be brought into
the equivalent model of the circuit, and the obtained ITAE
index are returned to the algorithm as the fitness. Loop in
this manner until the algorithm is exited when the maximum
number of iterations is reached, and the optimal solution for
the control parameters can be obtained.

Based on the above analysis, the flow chart of the control
parameter optimization is shown in Fig. 2(f). By means of the
PSO algorithmwith ITAE as the index, the problem of solving
control parameters is transformed into a problem of finding
the best fit for the PSO algorithm based on the ITAE index.
Bringing (9) into the PSO algorithm for parameter tuning
based on ITAE, the parameters of FO-PIλ controller can be
obtained finally.

IV. THE MODULATION SCHEME OF SINGLE-PHASE
FRACTIONAL-ORDER qZSR
According to the aforementioned operational principle anal-
ysis, the single-phase FO-qZSR has shoot-through state and

TABLE 1. The switching states of single-phase FO-qZSR.

possesses output voltage buck-boost capability. And the pro-
cess of reducing capacitor voltage stress can be controlled
by the shoot-through duty cycle D. Hence, different from
the conventional VSR, the single-phase FO-qZSR has three
modulation vectors: active vectors, conventional zero vectors,
and shoot-through zero vectors, as tabulated in Table. 1.

In order to realize the switching states in Table. 1, the
adopted modulation strategy is shown in Fig. 2(g), which
has been made some changes based on the multiple fre-
quency sinusoidal pulse width modulation. As shown in
Fig. 2(g), u∗

′

a is obtained by increasing H based on u∗
a

(u∗
′

a = u∗
a+H ), and u∗

′

b is obtained by decreasingH based on
u∗
b (u

∗
′

b = u∗
b -H ). The drive signals of S1-S4 are controlled by

these four signals, respectively. Thus, the shoot through states
can be realized. Furthermore, it can be seen from Fig. 2(g)
that the shoot through time is divided into four parts and
each of it is inserted separately into the switching process
during one switching period, in which the active vector and
conventional zero vector are switched from one to the other.
The capacitor voltage VC2 will not be changed because the
shoot through states are inserted into the conventional zero
states. In addition, the switching frequency of S5 is four times
that of the S1∼S4. When S1, S2 or S3, S4 are turned on, S5 will
be turned off simultaneously. From Fig. 2(g), one can find
there is a mathematical relationship between H and D:

H
2h

=
DTs/4
Ts/2

⇒ H = Dh (12)

where h is the peak value of the triangle carrier wave, and
Ts is the switching period of the single-phase fractional-order
quasi-Z-source rectifier.

V. THE OPERATING CHARACTERISTICS OF
SINGLE-PHASE FO-qZSR
In order to simplify the analysis of the single-phase FO-qZSR
operating characteristics, the elements of FOIs and FOCs in
the circuit are divided into two parts, as shown in Fig. 1(b).
One contains the grid side FOI and the dc output FOC, the
other contains the FOIs and FOCs of the quasi-Z-source
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FIGURE 2. (a) The structure diagram of control system. (b) The vector diagrams of the two possible operation modes on the AC side. (c) The
block diagram of double closed-loop control. (d) The block diagram of the simplified current loop. (e) The flow of the PSO algorithm. (f) The
flow of the control parameter optimization. (g) The modulation scheme of the single-phase FO-qZSR.
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network. Therefore, we will analyze the impact of FOI and
FOC on circuit performance from two aspects.

Under situation I, we assume that the grid side inductor and
the dc output capacitor are fractional-order components while
the inductors and capacitors in the quasi-Z-source network
are integer components. Thus, the grid voltage and grid side
current are

ug(t) =
√
2Ug sin(ωt) ig(t) =

√
2Ig sin(ωt − θ ) (13)

where Ug, Ig are the effective values of ug(t) and
ig(t), respectively. ω is the grid frequency, θ is the
phase angle of ig(t) behinds ug(t). When θ = 0,
the single-phase FO-qZSR operates with positive resis-
tive characteristics. When θ = π /2, the single-phase
FO-qZSR operates with inductive characteristics. When
θ = -π , the single-phase FO-qZSR operates with negative
resistive characteristics. When θ = -π /2, the single-phase
FO-qZSR operates with capacitive characteristics.

According to the formula (1) and (13), the voltage of grid
side FOI can be derived as

uLg (t) =
√
2ωα1LgIg sin(ωt − θ + πα1/2) (14)

where α1 is the order of the grid side inductor.
Under the premise of ignoring the input resistance, and

based on the kirchhoff’s voltage law, uab(t) can be expressed
as

uab(t) = ug(t) − uLg (t) =
√
2Ug sin(ωt)

−
√
2ωα1LgIg sin(ωt − θ + πα1/2) (15)

By assuming uab(t) in the following

uab(t) =
√
2Uab sin(ωt − ϕ) (16)

One can obtain

Uab =

√
U2
g + (ωα1LgIg)2 − 2ωα1UgLgIg cos(−θ + πα1/2)

(17)

ϕ = − arctan
ωα1LgIg sin(−θ + πα1/2)

Ug− ωα1LgIg cos(−θ + πα1/2)
(18)

Based on (17) and (18), we can obtain the varia-
tion diagrams as shown in Fig. 3, which indicate the
changing tendency of Uab and ϕ with α1 and θ , respec-
tively. From Fig. 3(a), one can observe that the influ-
ence of order α1 on Uab is small when 0 < α1 < 1,
and Uab will be increased along with α1 increases. Besides,
when θ = k1π (k1 ∈ Z), the impact effect is the most
significant. While, the influence is minimal when θ = k2π /2
(k2 ∈Z). From Fig. 3(b), it can be found the influence effect
of α1 on ϕ is small when 0 < α1 < 1, and ϕ is increased
along with α1 increases. Besides, the influence is biggest
when θ = k2π /2 (k2 ∈ Z) and the influence is minimal when
θ = k1π (k1 ∈ Z). Due to the power factor correction, the
phase angle θ of ig(t) behinds ug(t) will be zero. Therefore,
we will assume θ = 0 in the following analysis. Fig. 3(c)
shows variation tendency curve of uab with α1 during some

periods when θ = 0. It can be seen the amplitude of uab
increases along with α1 increases.
According to (13), the power supplied by the ac power grid

can be obtained as

pg(t) = ug(t)ig(t) = 2UgIg sin(ωt) sin(ωt − θ)

= UgIg[cos θ − cos(2ωt − θ)] (19)

Based on (13) and (14), the power of the grid side FOI can
be expressed by

pLg (t)=uLg (t)ig(t)=2ωα1LgI2g sin(ωt + πα1/2) sin(ωt − θ )

= ωα1LgI2g [cos(πα1/2) + cos(2ωt − θ + πα1/2)]

(20)

Hence, the grid side input power can be obtained as

pin(t) = pg(t) − pLg (t)

= UgIg[cos θ − cos(2ωt − θ)] + ωα1LgI2g
[− cos(πα1/2) + cos(2ωt − θ + πα1/2)]

= [UgIg cos θ − ωα1LgI2g cos(πα1/2)]

+ [−UgIg cos(2ωt − θ) + ωα1LgI2g cos(2ωt

− θ + πα1/2)]

= pin_dc + pin_ac(t) (21)

where pin_dc is the DC component, and pin_ac(t) is the ac com-
ponent of the grid side input power. As can been in Fig. 3(d)
and (e), the variation diagrams of these two components when
θ = 0. From Fig. 3(d), it can be seen that the amplitude
of pin_ac(t) increases along with α1 increases. As shown in
Fig. 3(e), one can find that pin_dc increases along with α1
increases.

For the dc side output power, it can be expressed by

pout (t) = uout (t)iout (t)

= [uout_dc + uout_ac(t)][iout_dc + iout_ac(t)]

= uout_dciout_dc + uout_dcCo
dβ1uCo
dtβ1

+ iout_dcuout_ac(t) + uout_dc(t)iout_ac(t) (22)

where uout (t) and iout (t) are the output voltage and the output
current, uout_dc and iout_dc are the dc components of uout (t)
and iout (t), respectively. uout_ac(t) and iout_ac(t) are the ac
components of uout (t) and iout (t), β1 is the order of the
output FOC.

Based on (22) and ignoring the high order infinitely small
quantities, the dc side output power is

pout (t) = uout_dciout_dc + uout_dcCo
dβ1uCo
dtβ1

= pout_dc + pout_ac(t) (23)

where pout_dc is the dc component, and pout_ac(t) is the ac
component of the dc side output power.

According to the power balance between input and output
side, based on (21)-(23) and ignoring the loss of the rectifier,
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FIGURE 3. The change diagrams. (a) Uab versus θ-α1 plane. (b) ϕ versus θ-α1 plane. (c) uab versus t-α1 plane. (d) pin_dc
versus α1. (e) pin_ac (t) versus t-α1 plane. (f) uout_dc versus α1. (g) uout_ac (t) versus β1-α1 plane.

uout_dc and the amplitude of uout_ac(t) can be derived as

uout_dc =

√
RoUgIg cos θ − Roωα1LgI2g cos(πα1/2) (24)

uout_acm

=

√
(UgIg)2 + (ωα1LgIg)2 + 2ωα1UgLgI3g cos(πα1/2 − θ )

Co(2ω)β1uout_dc
(25)

where Ro is the load resistance of the rectifier. Fig. 3(f)
and (g) shows the variation diagrams of uout_dc and uout_ac(t)
when θ = 0. As shown in Fig. 3(f), one can obtain that

uout_dc increases along with α1 increases. From Fig. 3(g),
it can be observed that the amplitude of uout_ac(t) increases
along with α1 increases, and decreases with β1 increases.
In addition, the influence of order α1 on the amplitude
of uout_ac is small when 1 < β1 < 2, and the impact
effect increases with β1 decreases. Meanwhile, the influ-
ence of β1 on the amplitude of uout_dc is small when
1 < β1 < 2.
Under situation II, we assume that the inductors and

capacitors in quasi-Z-source network are fractional-order
components, while the grid side inductor and the output
capacitor are integer-order components.
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Then, H-bridge input power is

pin(t) = uab(t)ig(t) (26)

Since the H-bridge is short-circuited when the rectifier is
operating in shoot-through state. Thus, the output power of
the H-bridge is

pH_out (t) = D× 0 + (1 − D)upn(t)ipn(t) (27)

where D is the shoot-through duty cycle, upn and ipn are the
output voltage and current of H-bridge, respectively.

Based on the power balance of the H-bridge and (26)-(27),
the following formula can be obtained as

ipn(t) =
uab(t)ig(t)

(1 − D)upn(t)
(28)

Due to the power factor correction, assuming that the phase
angle θ of ig(t) behinds ug(t) is θ = 0. Then, the H-bridge
input current is

ig(t) =
√
2Ig sin(ωt) (29)

The relationship between uab(t) and upn(t) can be
expressed as

uab(t) = M sin(ωt)upn(t) (30)

whereM is the modulation index.
According to (28), (29) and (30), the output current of the

H-bridge can be derived as

ipn(t) = ipn_dc + ipn_ac(t)

=

√
2MIg sin2(ωt)
(1 − D)

=

√
2MIg[1 − cos(2ωt)]

2(1 − D)

=

√
2MIg

2(1 − D)
+

−
√
2MIg cos(2ωt)
2(1 − D)

(31)

where ipn_dc and ipn_ac(t) are dc component and ac component
of H-bridge output current.

Based on the operation principle analysis, the fractional-
order state-space averaging model can be written as

dα2
〈
iL1

〉
dtα2

=
−

〈
uc2

〉
L1

d +

〈
uc1

〉
L1

(1 − d)

dα2
〈
iL2

〉
dtα2

=
−

〈
uc1

〉
−

〈
uc0

〉
L2

d +

〈
uc2

〉
−

〈
uco

〉
L2

(1 − d)

dβ2
〈
uC1

〉
dtβ2

=

〈
iL2

〉
C1

d +

〈
ipn

〉
−

〈
iL1

〉
C1

(1 − d)

dβ2
〈
uC2

〉
dtβ2

=

〈
iL1

〉
C2

d +

〈
ipn

〉
−

〈
iL2

〉
C2

(1 − d)

d
〈
uco

〉
dt

=

〈
iL2

〉
−

⟨uco⟩
R

Co

(32)

where < iL1 >, < iL2 >, < ipn >, < uC1 >, < uC2 >,
< uCo > are the average values of the circuit variables and
they can be described by

〈
iL1

〉
= iL1_dc + iL1_ac(t)〈

iL2
〉
= iL2_dc + iL2_ac(t)〈

ipn
〉
= ipn_dc + ipn_ac(t)


〈
uC1

〉
= uC1_dc + uC1_ac(t)〈

uC2

〉
= uC2_dc + uC2_ac(t)

d = d_dc + d_ac(t) = D+ d_ac(t)

(33)

where the ac components are much smaller than the
dc components.

For the ac components, we can obtain (34), as shown at the
bottom of the next page.

Moreover, by assuming in the following iL1_ac(t) = iL1_acmcos(2ωt)

iL2_ac(t) = iL2_acmcos(2ωt)
uC1_ac(t) = uC1_acmcos(2ωt)
uC2_ac(t) = uc2_acmcos(2ωt)
uCo_ac(t) = uco_acmcos(2ωt)

(35)

where iL1_acm, iL2_acm, uC1_acm, uC2_acm, uCo_acm are
the amplitudes of iL1_ac(t), iL2_ac(t), uC1_ac(t), uC2_ac(t),
uCo_ac(t), respectively.

Based on L1 = L2 = L, C1 = C2 = C , (31), (34)
and (35), the expression of iL1_acm, iL2_acm, uC1_acm, uC2_acm,
uCo_acm can be derived as (36), shown at the bottom of the
next page.

Fig. 4 shows the variation diagrams of iL1_acm,
iL2_acm, uC1_acm, uC2_acm, uCo_acm versus β2-α2 plane.

FIGURE 4. The three-dimensional variation diagrams. (a) iL1_acm versus
β2-α2 plane. (b) iL2_acm versus β2-α2 plane. (c) uC1_acm versus β2-α2
plane. (d) uC2_acm versus β2-α2 plane. (e) uCo_acm versus β2-α2 plane.
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From Fig. 4(a) and (b), when 0< α2 < 1 and 0< β2 < 1, one
can obtain that the amplitudes of the ac components iL1_acm
and iL2_acm decrease significantly with α2 and β2 increasing.
From Fig. 4(c) and (d), it can be seen that the amplitudes of
the ac components uC1_acm and uC2_acm decrease slowly with
α2 increasing, and decrease significantly with β2 increasing.
Based on the results in Fig. 4(e), it can be observed that the
amplitude of the ac component uCo_acm decreases signifi-
cantly with α2 and β2 increasing.

VI. EFFICIENCY ANALYSIS AND ESTIMATION
A. POWER LOSS OF MOSFETs
Power loss of mosfets include the switching loss and conduc-
tion loss. They can be estimated byPsw =

1
2
IdsVds(ton + toff ) fs +

1
2
CossV 2

ds fs

Pcon = I2ds_rmsron
(37)

where Ids and Vds are the average drain-to-source current and
withstand voltage of MOSFETs, ton and toff are the turn-on
and turn-off time, fs is the switching frequency, Coss is the
output capacitor, Ids_rms is the rms value of Ids and ron is the
on-state resistor.

Based on the above modulation and analysis, the drain-to-
source voltage, current and the rms current value of S1-S5 can
be obtained as



Vds,S1−S5 = Vpn

Ids,S1−S4 =
Io
2

Ids,S5 = Io

Ids_rms,S1−S4 =

√
2
2
Ig_rms

Ids_rms,S5 =
Ids_rms,S1−S4

0.9

(38)



dα2 iL1_ac(t)
dtα2

=
−uC2_dcd_ac(t) − uC2_ac(t)D+ uC1_ac(t) + uC1_dcd_ac(t) − uC1_ac(t)D

L1
dα2 iL2_ac(t)

dtα2
=

−uC1_dcd_ac(t) − uC1_ac(t)D+ uC2_ac(t) − uCo_ac(t) − uC2_dcd_ac(t) − uC2_ac(t)D
L2

dβ2uC1_ac(t)
dtβ2

=
iL2_dcd_ac(t) + iL2_ac(t)D+ ipn_ac(t) − iL1_ac(t) − ipn_dcd_ac(t) − ipn_ac(t)D

C1
+
iL1_dcd_ac(t) + iL1_ac(t)D

C1
dβ2uC2_ac(t)

dtβ2
=
iL1_dcd_ac(t) + iL1_ac(t)D+ ipn_ac(t) − iL2_ac(t) − ipn_dcd_ac(t) − ipn_ac(t)D

C2
+
iL2_dcd_ac(t) + iL2_ac(t)D

C2

duCo_ac(t)
dt

=
iL2_ac(t) −

uCo_ac(t)
Ro

Co
(34)



iL1_acm =

√
2MIg(2D− 1)(CCoLRos1+a2+β2 + CLsa2+β2 + CRosβ2 + CoRos+ 1)

2 ×

 (4D2
− 4D+ 2)(CCoLRos1+a2+β2 + CLsa2+β2 ) + (4D2

− 4D+ 1)(CoRos+ 1)

+(2D2
− 2D+ 1)CRosβ2 + (C2Lsa2+2β2 )(CoLRos1+a2 + Lsa2 + Ro)


iL2_acm =

√
2MIg(2D− 1)(CCoLRos1+a2+β2 + CLsa2+β2 + CoRos+ 1)

2 ×

 (4D2
− 4D+ 2)(CCoLRos1+a2+β2 + CLsa2+β2 ) + (4D2

− 4D+ 1)(CoRos+ 1)

+(2D2
− 2D+ 1)CRosβ2 + (C2Lsa2+2β2 )(CoLRos1+a2 + Lsa2 + Ro)


uC1_acm =

√
2MIg(−CCoL2Ros1+2a2+β2 − CL2s2a2+β2 − CLRosa2+β2 − CoLRos1+α2 − Lsα2 − DRo)

2 ×

 (4D2
− 4D+ 2)(CCoLRos1+a2+β2 + CLsa2+β2 ) + (4D2

− 4D+ 1)(CoRos+ 1)
+(2D2

− 2D+ 1)CRosβ2 + (C2Lsa2+2β2 )(CoLRos1+a2 + Lsa2 + Ro)


uC2_acm =

√
2MIg(−CCoL2Ros1+2a2+β2 − CL2s2a2+β2 − CLRosa2+β2 − CoLRos1+α2 − Lsα2 + DRo − Ro)

2 ×

 (4D2
− 4D+ 2)(CCoLRos1+a2+β2 + CLsa2+β2 ) + (4D2

− 4D+ 1)(CoRos+ 1)

+(2D2
− 2D+ 1)CRosβ2 + (C2Lsa2+2β2 )(CoLRos1+a2 + Lsa2 + Ro)


uCo_acm =

√
2MIg(2D− 1)(CLRosa2+β2 + Ro)

2 ×

[
(4D2

− 4D+ 2)(CCoLRos1+a2+β2 + CLsa2+β2 ) + (4D2
− 4D+ 1)(CoRos+ 1)

+(2D2
− 2D+ 1)CRosβ2 + (C2Lsa2+2β2 )(CoLRos1+a2 + Lsa2 + Ro)

]

(36)
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Therefore, the total switching loss and conduction loss of
MOSFETs can be derived as

Psw = 4(
1
2
Ids,S1−S4Vds,S1−S4 (ton + toff )fs,S1−S4

+
1
2
CossV 2

ds,S1−S4 fs,S1−S4 )

+
1
2
Ids,S5Vds,S5 (ton + toff )fs,,S5 +

1
2
CossV 2

ds,S5 fs,,S5

Pcon = 4(I2ds_rms,S1−S4ron) + I2ds_rms,S5ron (39)

B. POWER LOSS OF INDUCTORS AND CAPACITORS
According to Caputo definition, the Laplace transform of (1)
gives the relationship between voltage and current in the
complex frequency domain as{

uL(s) = sαLαiL(s)
iC (s) = sβCβuC (s)

(40)

Based on (40), the impedance expressions for FOI and
FOC can be obtained as{

ZL(s) = sαLα

ZC (s) =
1

sβCβ

(41)

Replacing s in (41) with jω gives the phase expressions for
FOI and FOC as

ZL(jω) = (jω)αLα = ωαLα(cos(
π

2
α) + j sin(

π

2
α))

ZC (jω) =
1

(jω)βCβ

=
1

ωβCβ

(cos(
π

2
β) − j sin(

π

2
β))

(42)

It can be seen from (42) that FOI and FOC contain resistive
components. Since the actual integer-order inductors and
capacitors contain dc resistance, rLg, rL1,2, rCo and rC1,2 can
be obtained by

rLg = rLg,FO + rLg,IO = ωα1Lg cos(
π

2
α1) + rLg,IO

rL1.2 = rL1,2,FO + rL1,2,IO = ωα2L1,2 cos(
π

2
α2) + rL1,2,IO

rCo = rCo,FO + rCo,IO =
1

ωβ1Co
cos(

π

2
β1) + ESRCo,IO

rC1.2 = rC1,2,FO + rC1,2,IO =
1

ωβ2C1,2
cos(

π

2
β2)

+ESRC1,2,IO

(43)

The power loss of Lg, L1,2, Co, C1,2 can be derived by
PLg = I2Lg_rmsrLg
PL12 = 2PL1,2 = 2I2L1,2_rmsrL1.2
PCo = I2Co_rmsrCo
PC12 = 2PC1,2 = 2I2C1,2_rmsrC1.2

(44)

where ILg_rms, IL1,2_rms, ICo_rms and IC1,2_rms are the rms val-
ues of the current of Lg, L1,2, Co, C1,2 respectively. rLg, rL1,2,
rCo and rC1,2 are the resistors of Lg, L1,2, Co, C1,2 respec-
tively. PL12 is the total power loss of L1 and L2; PC12 is the
total power loss of C1 and C2.

C. POWER EFFICIENCY ESTIMATION
The total power loss of the single-phase fractional-order
PWM rectifier can be calculated by

Ptotal = Psw + Pcon + PLg + PL12 + PCo + PC12 (45)

Then, the power efficiency of the FO-qZSR rectifier can be
estimated by

η = (Pin − Ptotal)/Pin × 100% (46)

Based on the above analysis and the parasitic parameters
for power loss analysis in Table 2, the detailed power loss in
devices and loss distribution percentage when α1 = α2 =

β1 = β2 = 1 are shown in Fig. 5(a) and (b). It can be
observed that the total power loss is about 44.9W, and the
major power losses come fromMOSFETs and inductors, and
their corresponding loss distribution percentage are 67% and
30%, respectively.
Moreover, Fig. 5(c) and (d) show the relationship diagram

between the order of FOI/FOC and the converter power
loss. It can be seen that the power loss increases firstly and
then decreases as α1 or α2 increasing. And the power loss
decreases as β1 or β2 increasing.

TABLE 2. Parasitic parameters for power loss analysis.

VII. SIMULATION VERIFICATION AND ANALYSIS
A. REALIZATION OF FOIs AND FOCs
In order to confirm the above theoretical analysis, the cir-
cuit simulation model of single-phase FO-qZSR is built in
MATLAB/Simulink platform. Due to there are no FOI and
FOC elements in simulink library, we will build them by
using integer-order components (e.g., inductor, capacitor or
resistor) based on the Oustaloup’s approximation method.
The principle of the Oustaloup’s approximation is to fit the
fractional-order operator by using continuous Oustaloup fil-
ter. The standard form of Oustaloup filter can be expressed
as

sγ ≈ k
N
5
n=1

s+ ω′
n

s+ ωn
, γ > 0 (47)

where γ is the order of fractional operator and N is the order
of Oustaloup filter. Here, the lower limit of the frequency is
defined as ωb, and the upper limit of the frequency is defined
as ωh. Then, the gain K , the pole ωn and zero ω′ n of the
Oustaloup filter can be expressed by

K = ω
γ
hωn = ωb(

ωh

ωb
)
2n−1+γ

2N ω′
n = ωb(

ωh

ωb
)
2n−1−γ

2N (48)
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FIGURE 5. (a) The detailed power loss in devices. (b) The loss distribution
percentage. (c) The effect of α1 and α2 on power loss. (d) The effect of β1
and β2 on power loss.

ωb and ωh are the upper and lower limits of the frequency
band of interest respectively, and the switching frequency of
the single-phase FO-qZSR is 10kHz in this paper. In general,
an nth-order filter works well if the difference between the
upper and lower limits of the frequency band is n tenths of an

FIGURE 6. (a) Comparison between the Oustaloup filter’s eighth-order
fitting curve and theoretical curve for FOI. (b) Comparison between the
Oustaloup filter’s eighth-order fitting curve and theoretical curve for FOC.
(c) Approximate circuit models of the FOI. (d) Approximate circuit model
of the FOC.

octave. Thus, we assumeN = 8,ωb = 1×10−2,ωh = 1×106

when build the AC side inductor and the output capacitor.
Besides, we assume N = 10, ωb = 1 × 10−2, ωh = 1 × 108

when build inductors and capacitors of the quasi-Z-source
nrtwork. Then, we can build the FOI and FOC elements based
on Oustaloup’s approximation method. For example, when
Lg = 3mH, α1 = 0.85, the bode diagram of the FOI’s approx-
imated model can be obtained as shown in Fig. 6(a). When
Co = 330µF, β1 = 0.85, the bode diagram of the FOC’s
approximated model can be obtained as shown in Fig. 6(b).
It can be seen that the difference between the eighth-order
fitting curve of the Oustaloup filter and the theoretical curve
is not significant in the frequency range of 10Hz to 100kHz.

Besides, the approximate circuit models of FOI and FOC
are shown in Fig. 6(c) and (d). The specific parameters of
the integer-order elements for building the fractional-order
components are listed in Table. 3 and Table. 4, respec-
tively. In addition, the main parameters of the single-phase
FO-qZSR are tabulated in Table. 5. And the adopted FO-
PIλDµ controller is constructed by using the high precision
Oustaloup derivative operator in FOTF toolbox.

B. SIMULATIONS RESULTS AND ANALYSIS
1) SIMULATION SCENARIO I
The inductors and capacitors of the fractional-order quasi-
Z-source rectifier are all integer order components. We set
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TABLE 3. The parameters of integer components for building the FOIs.

TABLE 4. The parameters of integer components for building the FOCs.

TABLE 5. The main parameters of the single-phase FO-qZSR.
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FIGURE 7. (a) AC side voltage, current and DC side output voltage under
PI and FO-PIλ control. (c) AC side input current THD comparison under
various input voltage. (d) AC side input current THD comparison under
various output power.

the capacitor voltage reference value is u∗

C2 = 360V and the
shoot through duty D = 0.1. The dual closed-loop controller
is used to realize that ig tracks ug in phase and uC2 tracks u∗

C2.
Besides, the classic PI and FO-PIλ controller are used in the
current loop, respectively. The parameter values of controllers
are listed in Table 6. Fig. 7(a) shows the AC side voltage,
current and output voltage waveforms of the rectifier under
classic PI and FO-PIλ control algorithms, respectively. It can
be found that the waveform of AC side current is sinusoidal,
the unity power factor can be unitized and the output voltage
can stay be stable maintained at 320V, which is consistent
with the calculation results from formula (6) when uC2 =

360V, D = 0.1. However, one can find that under FO-PIλ

control, the system has less overshoot and better dynamic
characteristics than that of the classic PI control.

TABLE 6. Parameter values of PI and FO-PIλ controllers.

FIGURE 8. Simulation waveforms when I∗gm = 75A, β1 = 1.00, α1 = 1.15,
α1 = 1.00, α1 = 0.85. (a) Grid side input current. (c) Output voltage
of uCo.

Fig. 7(b) shows the comparison of AC side current THD
under different input voltages based on these two different
control algorithms. Fig. 7(c) shows the AC side current THD
comparison under different output power condition. It can
be seen that the AC side current THD value under FO-PIλ

control is less than that of the classical PI control. Therefore,
the FO-PIλ control is better in harmonic compensation and
reduces the more harmonic pollution on AC side. The power
quality is improved by using FO-PIλ control algorithm for the
qZSR rectifier.

2) SIMULATION SCENARIO II
The inductors and capacitors of quasi-Z-source network are
integer-order components (α2 = 1.0, β2 = 1.0). In order to
obtain simulation results when the order of grid side inductor
α1 varies and analyze the impact on operating characteristics
of FO-qZSR.We set three simulation conditions forα1, which
are α1 = 1.15, α1 = 1.00, α1 = 0.85. Here, we set β1 =

1.00, I∗gm = 75A, D = 0.1. The grid side input current ig
tracks ug in phase and tracks I∗gm in amplitude. The capacitor
voltage uC2 is open-loop controlled. From Fig. 8(a), it can be
found that the current pulsation decreases with α1 increasing.
As shown in Fig. 8(b), the DC component of uCo is 545.5V
when α1 = 0.85, uCo = 561.7V when α1 = 1.00 and
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FIGURE 9. Simulation waveforms when u∗

C2 = 360V, α1 = 1.00, β1 = 1.05,
β1 = 1.00, β1 = 0.95. (a) Grid side input current. (b) Voltage of uCo.

uCo = 611V when α1 = 1.15. As shown in Fig. 8(b),
the voltage ripple of uCo is 23.67V when α1 = 0.85,
1uCo = 24.87V when α1 = 1.00 and 1uCo = 30.55V when
α1 = 1.15. It can be seen that the DC component and the
voltage ripple of uCo increase with α1 increasing. Obviously,
these simulation results are fit well with the changing trend
in Fig. 3.

Similarly, in order to obtain simulation results when the
order of output capacitor β1 varies and analyze the impact
on operating characteristics of FO-qZSR. We set three simu-
lation conditions for β1, which are β1 = 1.05, β1 = 1.00,
β1 = 0.95. Here, we set α1 = 1.00, u∗

C2 = 360V, D =

0.1. Moreover, we use the dual closed-loop controller, which
contains a fractional-order proportional-integral-derivative,
to control the single-phase fractional-order quasi-Z-source
rectifier. As shown in Fig. 9(a), the grid side input current
ig tracks ug in phase. The amplitude of ig is 24.7A when
β1 = 1.05, ig = 24.5A when β1 = 1.00 and ig = 24.3A
when β1 = 0.95. It can be obtained that the amplitude of
ig increases with β1 decreasing. From Fig. 9(b), it can be
obtained that the steady-state values of uCo are all around
320V when β1 = 1.05, β1 = 1.00 and β1 = 0.95. Besides,
the voltage ripple of uCo is 7.3V when β1 = 1.05, 1uCo =

13.8V when β1 = 1.00 and 1uCo = 24.1V when β1 =

0.95 according to Fig. 9(b). It can be found that the voltage
ripple of uCo increases with β1 decreasing. Besides, Fig. 9(b)
shows the pulsation of uCo when β1 = 1.05 and β1 =

0.95, respectively. One can clearly find that the pulsation
of uCo decreases with β1 increasing. Therefore, the above
simulation results are all in consistent with calculation results
in Fig. 3(g).

FIGURE 10. Simulation waveforms when u∗

c2 = 360V, β2 = 1.0, α2 = 1.0,
α2 = 0.9, α2 = 0.8. (a) Grid side current. (b) Current of L1 and L2.
(c) Voltage of C1 and C2. (d) Voltage of Co.

3) SIMULATION SCENARIO III
In this section, the grid side inductor and output capacitor
are integer-order components (α1 = 1.00, β1 = 1.00). And
a dual closed-loop controller, which contains a FO-PIλDµ,
are utilized to control the single-phase fractional-order quasi-
Z-source rectifier. According to the inductor order of the
quasi-Z-source network, we set α2 = 1.0, α2 = 0.9, α2 =

0.8, u∗

c2 = 360V, β2 = 1.0, D = 0.1. The corresponding
simulation results are shown in Fig. 10. From Fig. 10(a),
we can see that the phase of the grid side current ig follows the
phase of grid voltage ug. In Fig. 10(b), it can be seen that the
steady state values of iL1and iL2 are 8A. Besides, one can find
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FIGURE 11. Simulation waveforms when u∗

c2 = 360V, α2 = 1.0, β2 = 1.0,
β2 = 0.9, β2 = 0.8. (a) Grid side current. (b) Inductor current iL1.
(c) Inductor current iL2. (d) Capacitor voltage of uC1. (e) Capacitor voltage
of uC2. (f) Output voltage of uCo.

that the current ripple of iL1 is 1.18A when α2 = 1.0, 1iL1 =

1.91A when α2 = 0.9 and 1iL1 = 2.18A when α2 = 0.8.
The current ripple of iL2 is 2.73A when α2 = 1.0, 1iL2 =

5.91A when α2 = 0.9 and 1iL2 = 9.55A when α2 = 0.8.
In Fig. 10(c), it can be seen that the steady state value of uC1
is 40V and the steady state value of uC2 is 360V. Besides,
the voltage ripple of uC1 is 16.67V when α2 = 1.0, 1uC1 =

18.33V when α2 = 0.9 and 1uC1 = 20.00V when α2 = 0.8.
The voltage ripple of uC2 is 20.00V when α2 = 1.0, 1uC2 =

22.08V when α2 = 0.9 and 1uC2 = 24.17V when α2 = 0.8.
In Fig. 10(d), one can find that the steady state value of uCo

FIGURE 12. The experimental hardware test bench.

FIGURE 13. Experimental waveforms when (a) α1 = 1.15. (b) α1 = 1.00.

is 320V. Besides, the voltage ripple of uCo is 13.02V when
α2 = 1.0, 1uCo = 26.50V when α2 = 0.9 and 1uCo =

45V when α2 = 0.8. Therefore, it can be seen from Fig. 10
that the ripple of iL1, iL2, uC1, uC2 and uCo increase with α2
decreasing. These simulation results are basically consistent
with the changing trend in Fig. 4(a)∼(e).

Similarly, in order to study the influence of capacitor order
in qZS-network on the system output waveforms. We set
β2 = 1.0, β2 = 0.9, β2 = 0.8, respectively. While, u∗

C2 =

360V, α2 = 1.0. The simulation results are present in Fig. 11.
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FIGURE 14. Experimental waveforms when (a) β1 = 1.05. (b) β1 = 1.00. (c) β1 = 0.95. (d) β1 = 0.90.

From Fig. 11(a), we can see that the grid side current ig
is in phase with the ac input voltage ug. The amplitude of
ig is 23.8A when β2 = 1.0, it is 24.2A and 25.5A when
β2 = 0.9 and β2 = 0.8, respectively. It can be seen that the
amplitude of ig increase with β2 decreasing. From Fig. 11(b),
one can find that the steady state values of iL1 and iL2 are 8A.
Additionally, the ripple of iL1 is 1.15A when β2 = 1.0, it is
2.69A and 5.77A when β2 = 0.9 and β2 = 0.8, respectively.
The ripple of iL2 is 2.73A when β2 = 1.0, 1iL2 = 6.36A
when β2 = 0.9 and 1iL2 = 15.45A when β2 = 0.8.
In Fig. 11(c), it can be seen that the steady state value of
uC1 is almost 40V and the steady state value of uC2 is almost
360V. In addition, the ripple of uC1 is 16.07V when β2 = 1.0,
it is 35.71V and 76.79V when β2 = 0.9 and β2 = 0.8,
respectively. The ripple of uC2 is 20.00V when β2 = 1.0,
it is 43.33V when β2 = 0.9 and it is 100V when β2 = 0.8.
In Fig. 11(d), one can find that the steady state value of uCo
is around 320V. Besides, the voltage ripple of uCo is 12.12V
when β2 = 1.0, it is 29.09V when β2 = 0.9 and 1uCo =

70.30V when β2 = 0.8. It can be found that the ripples
of iL1, iL2, uC1, uC2 and uCo increase significantly as the
capacitor order β2 decreases, which are in accordance with
the changing trend in Fig. 4(a)∼(e).

VIII. EXPERIMENTAL RESULTS VALIDATION AND
ANALYSIS
Fractional-order inductors and capacitors are difficult to
realize physically due to the need for small and precise
resistances. Thanks to the development of semi-physical
hardware-in-loop real-time simulation technology, an accu-
rate modeling of single-phase FO-qZSR can be performed
based on RT-LAB platform. Fig. 12 shows the experimental
hardware bench. The control chip is TMS320F28335. The
parameters used in the experiment are identical to the sim-
ulation parameters summarized in Table 5. The results of the
experiment corresponding to the simulations are shown in the
following.

Fig. 13 shows the influence of AC side inductor order α1
on the experimental waveforms of the single-phase FO-qZSR
whenα1 = 1.00 andα1 = 1.15, respectively. According to the
lower labeling in the figure, the DC and ripple components of
the output voltage uCo can be obtained. Since the oscilloscope
shrinks the value by a factor of 40, it can be calculated that
the rms value of DC component is 15.038∗40 = 601.52V
when α1 = 1.15 and it is 14.073∗40 = 562.92V when α1 =

1.00. For the same reason, the rms value of ripple component
of the output voltage is 571.93mV∗40 = 22.8772V when
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FIGURE 15. Experimental waveforms when (a) α2 = 1.0. (b) α2 = 0.95.
(c) α2 = 0.9.

α1 = 1.15 and it is 463.33mV∗40 = 18.5332V when α1 =

1.00. It can be seen that the experimental results and the
simulation results in Simulation scenario II are essentially
the same. And it verifies that the DC and ripple components
decrease with the inductor order α1 decreasing. The above
conclusions are consistent with the theoretical analysis and
simulation results. Besides, the measured THD value of AC
side current is 4.11% when α1 = 1.15, and it is 4.56% when
α1 = 1.00 by performing FFT analysis of the current. This

FIGURE 16. Experimental waveforms when (a) β2 = 1.0. (b) β2 = 0.95.
(c) β2 = 0.9.

indicates that the power factor of this FO-qZSR is approxi-
mated as 1.

Fig. 14 shows the influence of output capacitor order β1
on the experimental waveforms of the capacitor voltage uCo.
From the lower labeling in the figure, the ripple of the output
voltage uCo can be obtained. Since the oscilloscope shrinks
the value by a factor of 40, it can be calculated that the rms
value of DC component of the output voltage uCo is around
7.8V∗40 = 312V and the rms value of DC component of uC2
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is around 9.0V∗40 = 360V. And similarly, the rms value of
ripple of the output voltage uCo is 372.08m∗40 = 14.8832V
when β1 = 1.05, it is 415.60m∗40 = 16.624V when β1 =

1.00, it is 563.65mV∗40 = 22.546V when β1 = 0.95, and
it is 633.06mV∗40 = 25.3224V when β1 = 0.90. It can be
seen that the experimental results and the simulation results
in Simulation scenario II are generally consistent. Therefore,
it verifies that the ripple of the output voltage increases as the
capacitor order β1 decreases.

Fig. 15 shows the influence of the qZS network inductor
order α2 on the experimental waveforms of inductor current
and capacitor voltage. In this experiment, iL2 stabilizes at
about 8A, uC2 stabilizes at about 360V and uCo stabilizes at
about 320V. As shown in Fig. 15, the rms value of ripple of
iL2 is 2.2862A when α2 = 1.0, 1iL2 is 4.4583A when α2 =

0.95 and 1iL2 is 5.5260A when α2 = 0.9. The rms value of
ripple of uC2 is 447.21m∗40 = 17.8884V when α2 = 1.0 and
1uC2 is 487.89m∗40 = 19.5156V when α2 = 0.95. The rms
value of ripple of uCo is 310.83m∗40= 12.4332V when α2 =

1.0, 1uCo is 558.32m∗40 = 22.3328V when α2 = 0.95 and
1uCo is 738.99m∗40= 29.5596V when α2 = 0.9. Therefore,
one can find that the trend exhibited by above experimental
results are almost essentially the same as the trend exhibited
by simulation results in Simulation scenario III. Hence, it can
be concluded that the ripples of iL1, iL2, uC1, uC2 and uCo
increase with α2 decreasing, which is same as the theoretical
analysis and simulation results.

Fig. 16 shows the influence of the qZS network capacitor
order β2 on the experimental waveforms of inductor current
and capacitor voltage. In this experiment, iL2 stabilizes at
about 8A, uC2 stabilizes at about 360V and uCo stabilizes
at about 320V. Fig. 16 shows that the rms value of ripple of
iL2 is 2.2862A when β2 = 1.0, 1iL2 is 3.1535A when β2 =

0.95 and 1iL2 is 4.3844A when β2 = 0.9. The rms value
of ripple of uC2 is 447.21m∗40= 17.8884V when β2 = 1.0,
1uC2 is 565.17m∗40= 22.6068V when β2 = 0.95 and1uC2
is 846.29m∗40 = 33.8516V when β2 = 0.9. The rms value
of ripple of uCo is 310.83m∗40 = 12.4332V when β2 = 1.0,
1uCo is 429.30m∗40 = 17.172V when β2 = 0.95 and 1uCo
is 542.09m∗40 = 21.6836V when β2 = 0.9. Therefore, one
can find that the trend exhibited by above experimental values
are essentially the same as the trend exhibited by simulation
results in Simulation scenario III. And the ripples of iL1,
iL2, uC1, uC2 and uCo increase with the capacitor order β2
decreasing, which are also the same as the theoretical analysis
and simulation results.With the help of the RT-LAB platform,
the experimental results verify the correctness of the above
analysis and results.

IX. CONCLUSION
In this paper, the model of single-phase FO-qZSR is pro-
posed. We analyze the modeling and characteristics of
single-phase qZSR in fractional-order field. The conventional
integer-order model is included in the range of fractional-
order model, and it is a special case of FO-qZSR. The
working princicle, control strategy, modulation scheme and

operating characteristics of FO-qZSR are analyzed in detail.
Additionally, based on the circuit model of FOI/FOC using
Oustaloup’s approximation method, and the mathematical
model of FO-PIλ Dµ controller, we have simulated the circuit
model of FO-qZSR to verify the above theoretical analysis.
And the experimental verifications are performed with the
help of semi-physical hardware-in-loop RT-LAB platform.
The experiment results are consistent with the theoretical
analysis and simulation results. The research of grid side
input current, inductor current, capacitor voltage and output
voltage show that the order of FOI/FOC will dramatically
affect the operating characteristics of FO-qZSR. The grid
side inductor order α1 and output capacitor order β1 have
an impact on the grid side current and output voltage. The
qZS network inductor order α2 and capacitor order β2 have an
influence on inductor current, capacitor voltage, grid side cur-
rent and the output voltage. Compared with the conventional
single-phase IO-qZSR, the single-phase PWM FO-qZSR has
more flexible output voltage, more diversified and elastic
operating characteristics, and may obtain better dynamic
and static properties by choosing the appropriate orders of
fractional-order inductor and capacitor.
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