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ABSTRACT Voltage stability assessment (VSA) is invariably an essential step in the satisfactory operation
of power system. For this, several Voltage Stability Indices (VSIs) based on 1) Existence of solution for
voltage equations, 2) Maximum power transfer (MPT) through a line, 3)MPT theorem/maximum loadability
limit, 4) P-V curve, 5) Energy function and 6) Jacobian matrix can be found in the literature. VSIs assist in
identifying weak lines and buses, voltage collapse proximity, maximum loadability, voltage stability margin,
and prompting countermeasures against voltage instability. This article examines 78 different VSIs based
on their concepts, assumptions, thresholds, and formulae. Additionally, mathematical proofs for 29 indices
have been elaborated upon so that researchers may familiarize themselves with the underlying concepts of
the other existing indices and find newer indices in modern power systems composed of intermittent power
generation and dynamic loads. Also, a novel qualitative comparative analysis of VSIs is tabulated. Further,
a novel framework has been proposed to aid researchers in shortlisting VSIs for a particular application. This
article intends to serve as a meaningful reference to various researchers and individuals working in domains
like Distributed Generation (DG) placing and rating, Voltage Stability Assessment (VSA), and power system
planning.

INDEX TERMS Voltage stability assessment (VSA), phasor measurement unit, voltage stability index,
voltage stability margin, weak bus/line.

LIST OF SYMBOLS AND ABBREVIATIONS
CIGs, converter interfaced generation; MPT, maximum
power transfer; FACT, flexible AC transmission; HVDC,
high voltage direct current; kW, kilowatt; MW megawatt;
V1, V2, voltages at the sending and receiving nodes; P1,
Q1, sending node Watts and VAr power; P2, Q2, receiving
node Watts and VAr power; S1, S2, apparent power at both
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nodes; ∂1, ∂2, voltage angle at both nodes; Y, R/r, X/x, θ ,
line admittance, resistance, reactance and impedance angle;
∂ , voltage angle difference; B12, line susceptance; A, α,
B, β, line parameters; φ, load impedance angle; Icc, short
circuit current; Vth, Zth, Thevenin’s voltage and impedance
respectively; Zii, Zi, Thevenin’s equivalent impedance of
n-bus system; Pl, Ql, active and reactive power loss respec-
tively; Plmax, Qlmax, maximum active and reactive power loss
respectively; P2(max), Q2(max), S2(max), maximum receiving
end active, reactive and apparent power; Pmargin, Qmargin,
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Smargin, active, reactive and apparent power margin between
maximum and actual value respectively; Scr, apparent power
at critical point; ∂max, maximum voltage angle difference;
1Vi, voltage drop at ith bus; β, correction factor; Ẑk , kth bus
impedance of adjoint network; Ẑth, Thevenin’s impedance of
adjoint network; Ik, Vk, current and voltage of kth bus; 1Ik,
1Vk, current and voltage of kth bus for incremented network;
α, arbitrary value more than unity; SGP, sensitivity of active
power generated to active power demand; SGQ, sensitivity of
active power generated to reactive power demand; λ , system
parameter; Fij, element of matrix F; m1, m2, sending &
receiving bus; Ys, node specification vector; Y(a), singular
vector in the space of Y; Jc, conservative measure of power
system (PS) steady state stability; J0, Jacobian corresponds to
the most stable PS state; Ai, Jacobian matrix at given time ti;
λi, load margin at given time ti;1C, increase in active power;
1l, increase in load; n, normal vector; IP, MW dispatch
power; IQ, MVar, dispatch power; Bii, susceptance; w1, w2,
weights; JR, reduced Jacobian matrix; v(t), bus voltage; v(0),
voltage at bus before contingency; Vs, steady state voltage;
βi0, angle between active & reactive power flow gradient;
Pn0, initial load; Pmaxn, load at nose point of PV curve; vd,
voltage drop; σ , switching function; di, percent diversity;
1t, subinterval; VL, lower voltage limit; Vt, operating point
voltage; Pci, collapse active power; λci, maximum coefficient;
Gp, conductance of the line; SCC, short circuit capacity;
SCCp, practice SCC; SCCmin, minimum SCC; Vthx, Vthy,
real & imaginary part of Thevenin’s voltage.

I. INTRODUCTION
Voltage instability is a phenomenon that mainly occurs in
heavily loaded networks due to various causes such as dif-
ficulty in transmission of reactive power, high reactive power
consumption in the network, reverse operation of ON load
tap changers (OLTC), cascaded tripping of lines and outage
of other elements such as generators, transformers. Usually,
Voltage instability is a localized effect [1]. However, reper-
cussions of voltage instability may sometimes affect large
part of the system leading to complete blackout. Voltage col-
lapse or blackout are typically the outcome of chronologically
occurring events associated with voltage instability that may
lead to lower voltage profile in significant parts of the power
system network [2], [3].

Voltage stability has been studied through different indices.
Earlier research concentrated on offline studies through volt-
age stability indices. With advent of phasor measurement
units (PMUs) it has become possible to maintain voltage
stability of the system in real time framework. Many indices
that have been used for offline studies may also be utilized
for voltage stability assessment of real time systems. Apart
from these, new indices have also been proposed that are quite
suitable in online monitoring of voltage stability margin in
power system networks.

Voltage stability indices may be utilized in the current sce-
nario in quite a large number of applications such as on-line
monitoring and load shedding [4], monitoring long-term

voltage stability [5], measurement of short circuit capac-
ity [6] of the network, control of voltage when it exceeds
its upper limit [7], dynamic voltage stability analysis [8],
determining the proximity to collapse in real time [9], solving
optimal reconfiguration problem [10], stability measurement
on contingencies [11], online estimation of closeness to
loadability limit [12], placement of interline power flow
controller [13], improving the power system economic dis-
patch [14], wide area measurement based voltage stability
sensitivity application in voltage control, and online voltage
stability assessment [15], [16], capacitor bank allocation [17],
monitoring of voltage stability margin [18], detection of
cyber-attacks [19].
One of the major applications of voltage stability indices is

identifying weak lines and buses that require reactive and/or
real power support. Thatmay be provided by optimally placed
distributed generators (DGs). Other applications of voltage
stability indices include the counter steps against voltage
instability in real time framework. Online determination of
voltage stability indices and counter steps against voltage
instability can be obtained based on phasor measurement unit
(PMU) data.

Distributed generation, often referred to as decentralized
generation, embedded generation, or dispersed generation,
encompasses generators with power ratings ranging from
a few kilowatts to 100 megawatts. These generators are
typically positioned in close proximity to the consumer’s
load, serving to enhance the conventional power system [20],
[21]. According to the IEEE, distributed generation refers
to sources that have lower ratings compared to central gen-
eration and provide sufficient flexibility to be connected at
nearly any node within the network [22], [23].

Optimal placement of DGs may help in increasing voltage
stability of the power system network. In this regard, numer-
ous indices have been cited and compared vaguely in past few
decades [24], [25], [26]. In [26], authors classified indices in
to Jacobian matrix-based indices and system variable based
indices. Also, indices have been characterized based on the
basic theoretical concept, assumptions made, and condition
of stability. It seems that the major research gap is the partic-
ular application of each index. The review in [25] provides
background to select voltage stability indices (VSIs) for
optimal DG allocation and voltage stability analysis (VSA).
Voltage stability indices have also been classified based on
critical lines, critical buses and system parameters such as
critical eigen values, maximum loadability. A review of dif-
ferent voltage stability indices has been presented in [24].
However, application of these indices in monitoring health
of power network has not been suggested. In [27] theoretical
background, functionality and overall performance of VSIs
has been discussed. But it lacks their application aspects.

While selecting VSIs for a particular application, it is
worthy to understand that the indices proposed for trans-
mission networks may not be appropriate to distribution
networks. Voltage stability studies of real-time systems
may be incompatible with offline study indices. Therefore,
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an application-oriented comparison of VSIs is presented in
this article. Also, several VSIs are proposed in literature and
readers find it difficult to select a particular VSI for a given
application. Consequently, this article proposes a qualitative
comparison for 29 VSIs which is also suited for comparing
other VSIs found in the literature. Further, expanding smart
grid infrastructure and increased penetration of renewable
energy resources requires newer VSIs to be developed. This
paper articulates some of the key challenges that need to be
catered to in order to maintain voltage stability in the smart
grid regime. This dossier can be utilized to comprehend the
impending research in this realm and choose an apt VSI for
diverse challenges in hand such as DG placing and rating,
online monitoring and control of voltage stability margin,
ranking the buses/lines rendering to the voltage instability,
and initiating the countermeasures to curb voltage collapse.

The paper’s primary objective and contributions include:
• Mathematical insight on VSIs according to the con-
cept of the existence of solution for voltage equation,
Maximum Power Transfer (MPT) through a line, MPT
theorem/maximum loadability limit, P-V curve, Energy
function for analysis of voltage stability, and Jacobian
matrix for voltage stability analysis of the steady-state
model of the power system network.

• Pointing to future research directions required to main-
tain voltage stability in the real-time framework and
smart grid architecture.

• Proposing novel qualitative comparison of VSIs based
on applications, accuracy, mode of operation, variation
of VSIs with respect to system parameters, and type of
stability.

• Proposing novel framework for shortlisting apt VSIs for
a given problem.

In the upcoming sections, many VSIs along with their
mathematical analysis has been presented in detail. The sub-
sequent sections are organized as: Section II presents concept
of power system stability along with definitions and clas-
sifications of different types of stability identified to affect
power system networks. Section III provides an insight on
VSIs classified on according to the concept of existence of
solution for voltage equation, MPT through a line, MPT
theorem/maximum loadability limit, P-V curve, Energy func-
tion for analysis of voltage stability and Jacobian matrix
for voltage stability analysis of steady state model of power
system network. Section IV presents comparative overview
of various voltage stability indices presented in this paper.
Section V specifies few research gaps and future research
requirements for VSIs in growing smart grid architecture
where conventional indices fail. Section VI proposes a frame-
work for optimistically shortlisting fewer VSIs for a given
problem. Finally, Section VII concludes with summary of
report on listed voltage stability indices.

II. CLASSIFICATIONS OF POWER SYSTEM STABILITY
Maintaining stability in power system has been considered
as an important issue since early nineteenth century. Power

system stability were classified in different categories, and
a report on categorization of power system stability was
presented in [28]. However, due to excessive use of converter
interfaced generations (CIGs), new categorization of power
system stability was felt. A modified classification of power
system stability has been presented in [29]. According to [25],
power system stability can be described as the capacity of
an electric power system to return to a state of operational
equilibrium following a physical disturbance, while ensuring
that themajority of system variables remainwithin acceptable
limits, thereby preserving the overall integrity of the system.
The classification of power system stability is further delin-
eated into the subsequent categories and sub-categories.

A. VOLTAGE STABILITY
Voltage stability refers to the capacity of a power system to
maintain consistent voltages in close proximity to the desig-
nated nominal value at all buses within the system subsequent
to a disturbance [29]. Short-term and long-term voltage insta-
bility are caused, respectively, by the dynamics of fast- and
slow-acting power system components.

B. ROTOR ANGLE STABILITY
The analysis of rotor angle stability examines the ability of
interconnected synchronous machines within a power system
to maintain synchronization under both normal operating
conditions and when exposed to significant or minor dis-
turbances [29]. Transient and small-disturbance rotor angle
instability occur due to insufficient synchronizing and damp-
ing torque, respectively.

C. FREQUENCY STABILITY
Frequency stability refers to the capacity of the power system
to sustain a consistent frequency even when exposed to a
significant disparity between power generation and consump-
tion [29]. Short-term and long-term frequency instability
occur due to insufficient load shedding and improper speed
control of the steam turbine, respectively.

D. RESONANCE STABILITY
The phenomenon of resonance arises when energy exchange
takes place in an oscillatory manner. When the magnitude of
the oscillations reaches beyond the threshold value resonance
instability occurs [29]. Torsional resonance and electrical
resonance occur due to the torsional frequencies of the turbine
shaft and the electrical property of the generator, respectively.

E. CONVERTER DRIVEN STABILITY
The utilization of converter-interfaced generators can lead
to the occurrence of cross-coupling effects, wherein the
electromechanical dynamics of the generators interact with
the electromagnetic transients of the power system net-
work. The aforementioned phenomenon has the potential
to result in oscillations within the power system that lack
stability. Further, slow and fast interaction classification
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of the converter-driven stability is based on observed fre-
quency [29].

Figure 1 shows the different classifications of the power
system stability.

FIGURE 1. Classification of power system stability [29].

III. VOLTAGE STABILITY INDICES (VSIs)
Several VSIs have been proposed in literature based on
certain assumptions that are valid in for specific networks.
Some of these assumptions are valid for transmission network
whereas some are valid only for distribution networks. List of
assumptions along with their justification and applicability
in transmission and/or distribution networks are presented in
Table 1.

The properties of the voltage collapse point have been
used to deduce all voltage stability indices (VSIs). Therefore,
this part aims to examine these qualities in order to enhance
comprehension of the Virtual Sensory Interfaces (VSIs).

A. POWER FLOW IN TWO BUS TRANSMISSION SYSTEM/
EXISTENCE OF SOLUTIONS FOR VOLTAGE EQUATION
In order to elucidate the occurrences in the area of the voltage
collapse threshold, we examine the two-bus depiction of a
power system network [36] as depicted in Figure 2.

FIGURE 2. Two bus system connected through line.

The total power flow at receiving node in Figure 2 is given
by eq. (1) [36]:

S2 =
V1V2
Z

̸ (θ − ∂1 + ∂2) −
V 2
2

Z
̸ θ (1)

TABLE 1. Assumptions with their justifications and applicability for
obtaining voltage stability indices.
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If ∂ = ∂1-∂2, then eq. (1) can be split in to Real and Reactive
power as:

P2 =
V1V2
Z

cos(θ − ∂) −
V 2
2

Z
cos θ (2)

Q2 =
V1V2
Z

sin(θ − ∂) −
V 2
2

Z
sin θ (3)

1) Line Stability Index (Lmn-index)
Solving eq. (3) for V2 yields quadratic equation:

V 2
2 sin θ − V1V2 sin(θ − ∂) + ZQ2 = 0 (4)

The condition for stability in standard quadratic equation is
(i.e. ax2 + bx + c): [36]

b2 − 4ac ≥ 0 (5)

Thus, for eq. (4), apply condition of stability

[V1sin(θ − ∂)]2 − 4ZQ2sinθ ≥ 0 (6)

Substituting, X= Zsinθ in eq. (6)

4XQ2

[V1 sin(θ − ∂)]2
≤ 1 (7)

Thus, by neglecting active power effect and shunt admittance,
the Line Stability Index Lmn [35] can be defined as:

Lmn =
4XQ2

[V1 sin(θ − ∂)]2
(8)

The value of Lmn = 1, represents the stability limit.

2) Line Stability Index (Lij-index)
The current in the line shown in the Figure 2 is given as:

I1 = I2 = I =
V1 ̸ ∂1 − V2 ̸ ∂2

R+ jX
(9)

Substituting,

∂1 = 0 (i.e. reference voltage angle) and ∂2 = ∂ (10)

The total power at receiving node is given by:

S2 = V2I∗ (11)

I =

[
S2
V2

]∗

=
P2 − jQ2

V2 ̸ − ∂
(12)

From eq. (9) & eq. (12):

V1 ̸ 0 − V2 ̸ ∂

R+ jX
=
P2 − jQ2

V2 ̸ − ∂
(13)

V1V2 ̸ − ∂ − V 2
2

̸ 0 = (R+ jX )(P2 − jQ2) (14)

Rearranging eq. (14):

V1V2 cos ∂ − V 2
2 = RP2 + XQ2 (15)

−V1V2 sin ∂ = XP2 − RQ2 (16)

Further, from eq. (16):

P2 =
RQ2 − V1V2 sin ∂

X
(17)

From eq. (15) & eq. (17):

V1V2 cos ∂ − V 2
2 = R

{
RQ2 − V1V2 sin ∂

X

}
+ XQ2 (18)

Rearranging the terms in eq. (18), we get:

V 2
2 =

(
R
X

sin ∂ + cos ∂

)
V1V2 +

(
X +

R2

X

)
Q2 = 0 (19)

Applying the condition of stability on eq. (19):[(
R
X

sin ∂ + cos ∂

)
V1

]2
− 4

(
X +

R2

X

)
Q2 ≥ 0 (20)

or

4Z2Q2X

V 2
1 (R sin ∂ + X sin ∂)2

≤ 1 (21)

Thus, by neglecting shunt admittance an index can be derived
as [37]

Lij =
4Z2Q2X

V 2
1 (R sin ∂ + X cos ∂)2

(22)

3) Fast Voltage Stability Index (FVSI)
Further taking assumptions sin∂ ≈ 0, cos∂ ≈ 1, Rsin∂ ≈ 0,
Xcos∂ ≈ X in eq. (22), the FVSI [38] is obtained as:

FVSI =
4Z2Q2

V 2
1 X

(23)

The FVSI and Lij should be less than 1 for stable operation
of power system.

4) NEW VOLTAGE STABILITY INDEX (NVSI)
On solving eq. (15) and eq. (16) for P2 and Q2:

P2 = [(V1cos∂ − V2)
R

(R2 + X2)
− (V1sin∂)

X
(R2 + X2)

]V2

(24)

Q2 = [(V1cos∂ − V2)
X

(R2 + X2)
− (V1sin∂)

R
(R2 + X2)

]V2

(25)

For lossless line R/X≪1, Thus:

P2 =
V1V2 sin ∂

X
(26)

Q2 =
V1V2 cos ∂ − V 2

2

X
(27)

Applying cos2θ+sin2θ =1 on eq. (26) & eq. (27):

V 4
2 + (2Q2X − V 2

1 )V
2
2 + Q2

2X
2
+ P22X

2
= 0 (28)

Further, applying stability criterion on eq. (28):[
(2Q2X − V 2

1 )
]2

− 4
(
Q2
2X

2
+ P22X

2
)

≥ 0 (29)

2X
√
P22 + Q2

2

2Q2X − V 2
1

≤ 1 (30)
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Thus, by assuming lossless line, NVSI [39] can be defined as:

NVSI =

2X
√
P22 + Q2

2

2Q2X − V 2
1

(31)

For the stable operation NVSI should be less than 1.

5) LINE STABILITY FACTOR (LQP)
On expanding eq. (29):

V 4
1 + 4Q2XV 2

1 + 4P21X
2

≥ 0 (32)

1 +
4Q2X

V 2
1

+
4P21X

2

V 4
1

≥ 0 (33)

4

[
X

V 2
1

][
X

V 2
1

P21 + Q2

]
≤ 1 (34)

Further, assuming lossless line (i.e. R/X≪1), LQP [40] can
be defined as:

LQP = 4

[
X

V 2
1

][
X

V 2
1

P21 + Q2

]
(35)

For the stability, line stability factor (i.e. LQP) must be less
than 1.

6) LINE STABILITY INDEX (LP -INDEX)
Solving eq. (2) for V2 yields:

V 2
2 cos θ − V1V2 cos(θ − ∂) + ZP2 = 0 (36)

Applying condition for stability on eq. (36).

[V1 cos(θ − ∂)]2 − 4ZP2 cos θ ≥ 0 (37)

Substituting, R= Zcosθ in eq. (35)

V 2
1 cos2(θ − ∂) − 4RP2 ≥ 0 (38)

4RP2
V 2
1 cos2(θ − ∂)

≤ 1 (39)

Thus, by neglecting the effect of shunt admittance and reac-
tive power, Lp [41] can be given as

LP =
4RP2

V 2
1 cos2(θ − ∂)

(40)

Line stability index Lp is designed in such a manner that if its
value is more than 1, system will be unstable.

7) NEW LINE STABILITY INDEX (NLSI)
From eq. (15),

V 2
2 − V1V2 cos ∂ + RP2 + XQ2 = 0 (41)

Applying the condition of stability on eq. (41),

[V1 cos ∂]2 − 4 (RP2 + XQ2) ≥ 0 (42)
RP2 + XQ2

0.25V 2
1 cos2 ∂

≤ 1 (43)

Thus, by neglecting shunt admittance and angle difference
between both end voltages, NLSI [42] can be defined as:

NLSI =
RP2 + XQ2

0.25V 2
1

(44)

The value for stability limit of NLSI is 1 i.e. if NLSI>1,
system becomes unstable.

8) VOLTAGE REACTIVE POWER INDEX (VQILine)
From eq. (9) and (12) apparent power is given as:

S = P2 − jQ2 = V1V2Y12 ̸ (θ − ∂) − V 2
2 Y12 ̸ θ (45)

Hence, real and reactive power are given as:

P2 = V1V2Y12 cos(θ − ∂) − V 2
2 Y12 cos θ (46)

Q2 = V1V2Y12 sin(θ − ∂) − V 2
2 Y12 sin θ (47)

Rearranging the eq. (47) as a quadratic equation in term of
V2 as:

V 2
2 − V1V2

sin(θ − ∂)
sin θ

+
Q2

Y12 sin θ
= 0 (48)

Neglecting voltage angle difference of both ends, the term
sin(θ -∂)/sinθ is eliminated and thus:

V 2
2 − V1V2 +

Q2

Y12 sin θ
= 0 (49)

Substituting B12 = Y12sinθ , eq. (49) can be rewritten as

V 2
2 − V1V2 +

Q2

B12
= 0 (50)

Applying the condition of stability on eq. (50), we get

V 2
1 − 4

Q2

B12
≥ 0 (51)

Hence, for stability:

4Q2

B12V 2
1

≤ 1 (52)

Thus, VQILine [43] is given as:

VQILine =
4Q2

B12V 2
1

(53)

The critical value of VQILine for voltage collapse is 1.

9) VOLTAGE STABILITY LOAD INDEX (VSLI)
From eq. (12),

I22 =
P22 + Q2

2

V 2
2

(54)

I21 =
P21 + Q2

1

V 2
1

(55)

P2 = P1 − Ploss (56)

Q2 = Q1 − Qloss (57)
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Ploss =

(
P22 + Q2

2

V 2
2

)2

R (58)

Qloss =

(
P22 + Q2

2

V 2
2

)2

X (59)

Substituting eq. (56)-(59) in eq. (55), we obtain:

I21 =

[
P2 +

(
P22+Q

2
2

V 2
2

)
R
]

V 2
1

2

+

[
Q2 +

(
P22+Q

2
2

V 2
2

)
X
]

V 2
1

2

(60)

From eq. (9) I1 =I2 and combining eq. (54) and eq. (60) lead
to

V 2
1 = V 2

2 + 2 (P2R+ Q2X) +

(
P22 + Q2

2

V 2
2

)(
R2 + X2

)
(61)

From eq. (61), the voltage equation could be written as:

V 4
2 +V 2

2

[
2 (P2R+Q2X) − V 2

1

]
+

(
P22 + Q2

2

) (
R2 + X2

)
= 0

(62)

Applying the condition of stability on eq. (62), we get

4
[
V 2
1 (P2R+ Q2X) + (P2R+ Q2X)2

]
V 4
1

≤ 1 (63)

Therefore, the VSLI [44], [45] is given as

VSLI =
4
[
V 2
1 (P2R+ Q2X) + (P2R+ Q2X)2

]
V 4
1

(64)

VSLI must be less than 1 for the stability. VSLI can be
calculated with the help of Phasor Measurement Unit (PMU)
data.

10) VOLTAGE STABILITY INDEX (L-INDEX)
From eq. (15) & (16):

V1V2 cos ∂ − V 2
2 = P2R+ Q2X (65)

−V1V2 sin ∂ = P2X − Q2R (66)

Substituting the eq. (65) and (66) in (64):

VSLI =
4
[
V1V2 cos ∂ − V 2

2 cos2 ∂
]

V 2
1

(67)

By neglecting the voltage angle difference, voltage stability
index L [46] may be deduced as:

L =
4
[
V1V2 − V 2

2

]
V 2
1

(68)

The condition for stability is same as that of VSLI.

11) VOLTAGE STABILITY INDICATOR (VSIB)
Equation (14) after neglecting the voltage angle difference:

V1V2 − V 2
2 = (R+ jX )(P2 − jQ2) (69)

Further rearranging the terms in eq. (69):

V1V2 − V 2
2 = (RP2 + XQ2) + j(XP2 − RQ2) (70)

On comparing real part:

V1V2 − V 2
2 = RP2 + XQ2 (71)

Rearranging:

R
X
V 2
2 −

R
X
V1V2 +

[
P2

(
R2

X
− X

)
+ 2RQ2

]
= 0 (72)

Applying the condition of stability on eq. (72),

4Q (R+ X)2

X
(
V 2
1 + 8RQ2

) ≤ 1 (73)

Hence, VSIB [47] is represented by

VSIB =
4Q2 (R+ X)2

X
(
V 2
1 + 8RQ2

) (74)

The stability limit of VSIB is 1.

12) STABILITY INDEX (SI)
From eq. (62),

P2 =

[
−V 2

2 cos θ ±

√
(V 4

2 cos2 θ − V 4
2

− |Z |
2Q2

2 − 2V 2
2Q2X + V 2

1 V
2
2 )

]
/ |Z | (75)

Q2 =

[
−V 2

2 sin θ ±

√
(V 4

2 sin2 θ − V 4
2

− |Z |
2 P22 − 2V 2

2 P2R+ V 2
1 V

2
2 )

]
/ |Z | (76)

From eq. (75) & (76) for the real values of P2 &Q2, following
conditions must be satisfied,

V 4
2 cos2 θ − V 4

2 − |Z |
2 Q2

− 2V 2
2QX + V 2

1 V
2
2 ≥ 0 (77)

V 4
2 sin2 θ − V 4

2 − |Z |
2 P2 − 2V 2

2 PR+ V 2
1 V

2
2 ≥ 0 (78)

Summing eq. (77) & (78),

2V 2
1 V

2
2 − V 4

2 − 2V 2
2 (P2R+ Q2X) − |Z |

2
(
P22 + Q2

2

)
≥ 0

(79)

Thus, the SI [48] can be written as

SI = 2V 2
1 V

2
2 − V 4

2 − 2V 2
2 (P2R+ Q2X) − |Z |

2
(
P22 + Q2

2

)
(80)

The stability index derived above is based on voltage
quadratic equation. The critical value of SI is 0, beyondwhich
system becomes unstable.
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13) LINE COLLAPSE PROXIMITY INDEX (LCPI)
Transmission line may be modelled with the help of two port
equivalent network as:(

V1
I1

)
=

(
A B
C D

)(
V2
I2

)
(81)

V1 ̸ ∂1 = A ̸ αV2 ̸ ∂2 + B̸ βI2 ̸ 0 (82)

Putting the value of current I2 from eq. (12),

V1 ̸ ∂1 = A̸ αV2 ̸ ∂2 + B̸ β

(
P2 − jQ2

V2 ̸ − ∂2

)
(83)

Rearranging eq. (83), yields

V1V2 ̸ (∂1 − ∂2) = A ̸ αV 2
2 + B̸ β (P2 − jQ2) (84)

Replacing ∂1-∂2 by ∂ and rearranging eq. (84),

V 2
2 (A cosα) − V2 (V1 cos ∂) + (P2B cosβ + Q2B sinβ) = 0

(85)

Applying the condition of stability on eq. (85):

(V1 cos ∂)2 − 4 (A cosα) (P2B cosβ + Q2B sinβ) ≥ 0
(86)

or

4 (A cosα) (P2B cosβ + Q2B sinβ)

(V1 cos ∂)2
≤ 1 (87)

Thus, LCPI [49] may be defined as

LCPI =
4 (A cosα) (P2B cosβ + Q2B sinβ)

(V1 cos ∂)2
(88)

The stability limit for LCPI is 1.

B. MPT / MAXIMUM POWER LOSS THROUGH A LINE
A power system network may be represented as two bus
Thevenin’s equivalent system as shown in Figure 3.

FIGURE 3. Representation of power system network through Thevenin’s
equivalent network [50].

The current I flowing through the Thevenin’s equivalent
circuit is:

I =
V1√[

(Z1 cos θ + Z2 cosφ)2 + (Z1 sin θ + Z2 sinφ)2
]

=
Icc√[

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

] (89)

V2 = Z2I =
Z2Icc√[

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

]
(90)

where short circuit current, Icc =V1/Z1.

P2 = V2I cosφ = Z2I2 cosφ

P2 =
Z2I2cc[

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

] cosφ (91)

For MPT, ∂P2/∂Z2 =0, thus:

Z2/Z1 = 1 (92)

Similarly,

Q2 =
Z2I2cc[

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

] sinφ (93)

The wattage loss through line is given by Pl =I2Z1cosθ and
Ql =I2Z1sinθ . Which can further be written as:

Pl =
(V1)2

/
Z1

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

cos θ (94)

and

Ql =
(V1)2

/
Z1

1 +
(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

sin θ (95)

1) GENERALIZATION TO AN ACTUAL NETWORK
Thevenin’s theorem states that any linear networkwith energy
source can be shown by a network consisting of a voltage
source (Vth) in series with equivalent impedance (Zth) [50].
Thus, for a n-bus power system network if the Thevenin’s
equivalent impedance is Zii ̸ θi and load impedance is Zi ̸ 8i,
power will be transferred to load when Zii/ Zi ≤1.

2) LINEARIZED MODEL FOR POWER SYSTEM NETWORK
Nonlinearities in the PSN is caused by the presence of nonlin-
ear elements (i.e. generators, loads etc.), however, Thevenin’s
theorem is applicable to linear system only. Therefore, system
is linearized at operating point as:

Z2 ̸ φ2 =
V2
I2

̸ φ2 =
V 2
2 cosφ2

V2I2 cosφ2
̸ φ2 =

V 2
2 cosφ2

P2
̸ φ2

where,

̸ φ2 = tan−1(Q2
/
P2)

Let, Z1 = source feeder internal impedance, and Z2 = load
feeder impedance in Figure 3. Determination of Thevenin’s
impedance and no-load voltage are discussed in detail
by [50].
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3) VOLTAGE COLLAPSE PROXIMITY INDICATORS (VCPI)
Maximum power transfer (MPT) at receiving end is:

P2(max) =
V 2
1

Z1
×

cosφ

4 cos2 (θ−φ)
2

(96)

and,

Q2(max) =
V 2
1

Z1

sinφ

4 cos2 (θ−φ)
2

(97)

Similarly,

Pl(max) =
V 2
1

Z1

cos θ

4 cos2 (θ−φ)
2

(98)

and,

Ql(max) =
V 2
1

Z1

sin θ

4 cos2 (θ−φ)
2

(99)

These are the maximum permissible quantities. On the basis
of these maximum permissible quantities, the following
VCPI [35] are given:

VCPI (1) =
P2

P2(max)
(100)

VCPI (2) =
Q2

Q2(max)
(101)

VCPI (3) =
Pl

Pl(max)
(102)

VCPI (4) =
Ql

Ql(max)
(103)

For the ease of identification, all VCPIs are represented as
VCPI (power) and VCPI (loss). As the loading at the receiv-
ing end reaches to critical value both indices approach to
1. It is observed that close to voltage collapse point VCPI
(power) is less sensitive as compared to VCPI (loss) for further
loading [35].

4) NEW VOLTAGE STABILITY INDEX (Lsr)
The total power flow in Figure 3 is given by

S2 = V2I (104)

From eq. (89) and eq. (90)

S2 =
V 2
1

Z1

1[
1 +

(
Z2
/
Z1
)2

+ 2
(
Z2
/
Z1
)
cos (θ − φ)

] Z2
Z1

(105)

and the MPT is given by:

S2(max) =
V 2
1

4Z1

1

cos2
(

θ−φ
2

) (106)

On the basis of previous assumptions the new VSI, Lsr [51]
is given as:

Lsr =
S2

S2(max)
(107)

5) POWER SYSTEM STABILITY INDEX (PTSI)
Current through the load in the Figure 3 is given as:

I =
V1

Z1 ̸ θ + Z2 ̸ φ
(108)

Apparent power at load side is give as:

S2 = Z2 ̸ φ |I |2 =
V 2
1 Z2

|Z1 ̸ θ + Z2 ̸ φ|
2

=
V 2
1 Z2

Z2
1 + Z2

2 + 2Z1Z2 cos (θ − φ)
(109)

where V1, Z1, & Z2 may be considered as Thevenin’s voltage,
Thevenin’s impedance and Load impedance, respectively.

Maximum power through the load may be given as:

S2(max) =
V 2
1

2Z1 (1 + cos (θ − φ))
(110)

The voltage collapse occurs if the ratio S2/S2(max) =1.
With the help of eq. (109), (110) and neglecting shunt

admittance, the PTSI [52] can be given as:

PTSI =
2S2Z1 (1 + cos (θ − φ))

V 2
1

(111)

The maximum value of PTSI for stability is 1.

6) VOLTAGE STABILITY INDEX (VSI)
Combining eq. (24) & eq. (25) with the assumption of ∂ being
negligible

V2 =

√
V 2
1

2
− (QX + PR) ±

√
A (112)

where,

A =
V 2
1

4
− (QX + PR)V 2

1 − (PX − QR)2 (113)

Therefore, for the real solution of eq. (112), A must not be
negative. Hence,

A ≥ 0 (114)

From eq. (24) and eq. (25), maximum Real power demand
P2(max), maximum VAr power demand Q2(max) and max-
imum VA power demand S2(max) can be calculated by
assuming VAr power demand Q2, Real power demand P2 and
load power factor angle, 8, constant.

P2(max) =
Q2R
X

−
V 2
1 R

2X2 +

|Z2|V1
√
V 2
1 − 4Q2X

2X2 (115)

Q2(max) =
P2X
R

−
V 2
1 X

2R2
+

|Z2|V1
√
V 2
1 − 4P2R

2R2
(116)

S2(max) =
V 2
1 [|Z2| − (sin (φ)X + cos (φ)R)]

2 (cos (φ)X − sin (φ)R)2
(117)
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Since for transmission line X/R≫1, the approximate value of
P2(max), Q2(max) and S2(max) can be expressed as:

P2(max) =

√
V 4
1

4X2 − Q2
V 2
1

X
(118)

Q2(max) =
V 2
1

4X
−
P22X

V 2
1

(119)

S2(max) =
(1 − sin (φ))V 2

1

2 cos2 (φ)X
(120)

With the approximate P2(max), Q2(max) and S2(max) three load
margins Pmargin, Qmargin and Smargin is calculated as:

Pm arg in = P2(max) − P2 (121)

Qm arg in = Q2(max) − Q2 (122)

Sm arg in = S2(max) − S2 (123)

The derived VSI [53] based on the load margins can be
written as

VSI = min
(
Pm arg in

P2(max)
,
Qm arg in

Q2(max)
,
Sm arg in

S2(max)

)
(124)

Lower values of VSI indicates marginal stable point.

7) VOLTAGE STABILITY MARGIN (VSMs)
From the eq. (90), the voltage across the load impedance Z2
is given as:

V2 =
V1Z2√[

Z2
2 + Z2

1 + 2Z1Z2 cos (θ − φ)
] (125)

S2 = V 2
2

/
Z2 =

V 2
2 Z2[

Z2
2 + Z2

1 + 2Z1Z2 cos (θ − φ)
] (126)

The power at critical point is given as:

Scr =
V 2
2

2Z1 [1 + cos [θ − φ]]
(127)

Z2-Z1 may be considered as margin of safety for given Z2.
On the basis of this VSM in terms of impedance VSMz may
be defined as:

VSMz =
Z2 − Z1
Z1

(128)

Further, VSM in terms of power VSMs [54] is represented as:

VSMs =
Scr − S2
Scr

(129)

For stability point of view VSMs must be greater than zero.

8) VOLTAGE STABILITY MARGIN INDEX (VSMI)
The equations of Watt and VAr power flow in Figure 3 [32]
is given by:

V2 = V1
cos (φ + ∂)

cosφ
(130)

P2 =
1
2

V 2
1

X

(
sin (φ + 2∂)

cosφ
− tanφ

)
(131)

where, tan (φ) =
Q2
P2
. The maximum value of P2 and V2 can

be found from the eq. (130) and eq. (131) for any given value
of 8 as:

P2(max) =
1
2

V 2
1

X

(
1

cosφ
− tanφ

)
(132)

V2(max) =
cos

(
π
2 + φ

)
cosφ

V1 (133)

when,

∂max =

π
2 − φ

2
(134)

As the ∂ reaches to ∂max, corresponding values of P2(max) and
V2(max) can be calculated from knee point of PV curve [55].
Hence the VSM can be the angular distance between ∂ &
∂max. As said earlier, for any given working condition of load
the VSMI [51] is:

VSMI =
∂max − ∂

∂max
(135)

C. MPT THEOREM
Any intricate power system network may be reduced to the
equivalent Thevenin’s network with Thevenin’s voltage V1
and Thevenin’s impedance Z1 [56]. The load voltage V2 and
load side apparent power S2 is given in eq. (125) and eq.
(126).

Apparent power sensitivity for load admittance is given as:

dS2
dY2

=
V2
[
1 − (Z1Y2)2

]
1 + (Z1Y2)2 + 2Z1Y2 cos ∂

(136)

where Y2 =1/Z2
Dividing both side by (V2)2

dS∗

2

dY ∗

2
=

1 − (Z1Y2)2

1 + (Z1Y2)2 + 2Z1Y2 cos ∂
(137)

Substituting, dS2/dY2 =(Y2/S2) dS2/dY2 in eq. (136)

Z2
Z1

=
M + 1

−M cos ∂ +

√[
(M cos ∂)2 −M2 + 1

] (138)

where, M=dS∗

2/dY
∗

2 =(S3-S1)(Y2+Y1)/(S2+S1)(Y2-Y1),
S1, Y1 are complex power drawn by the load and admittance
at the beginning (t1), S2, Y2 are load power and admittance
at the end (t2). For stable operation, the ratio Z2/Z1 ≥1 [57].
This ratio is also used to initiate load shedding under critical
situation of the system.

1) SIMPLIFIED VOLTAGE STABILITY INDEX (SVSI)
The concept of SVSI is based on relative electric distance
(RED). The concept RED is to find generator node near to
the load node to enhance its performance. In matrix form the
generator& load node currents can be related to the respective
node voltages as[

IG
IL

]
=

[
YGG YGL
YLG YLL

] [
VG
VL

]
(139)
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Rearranging the matrix eq. (139)[
VL
IG

]
=

[
ZLL FLG
KGL YGG

] [
IL
VG

]
(140)

where, FLG = − |YLL |−1
|YLG| [58].

RLG = [A] − abs [FLG] = [A] − abs
(
|YLL |−1

|YLG|

)
(141)

where, [A] is unit matrix of dimension (n-g)×(g).
The voltage drop1Vi on the Thevenin’s impedance can be

calculated as

1Vi =

nj−1∑
b=1

∣∣∣−→Vb −
−−→
Vb+1

∣∣∣ ∼=

∣∣∣−→Vg −
−→
Vi
∣∣∣ (142)

The above eq. (142) is the useful simplification of the orig-
inally proposed method in [59]. A correction factor β is
proposed in [60] to increase the sensitivity of the derived
index and excel its performance. The correction factor β is
given by:

β = 1 − (max (|Vm| − |Vl |))2 (143)

The difference of voltage magnitude (|Vm| - |Vi|) of two
buses is found out from PMU measurement [60]. The SVSI
for the ith bus is defined as:

SVSI =
1Vi
βVi

(144)

Power system network will be voltage stable when the pro-
posed index is greater than unity.

Local VSI [61] is obtained from the concept of Tellegen’s
theorem (TT) and adjoint networks. In this method, Telligen’s
Theorem is used to derive Thevenin’s parameters. The basic
form of Telligen’s Theorem states that:

V T I = 0 (145)

The Telligen’s Theoremmay be expressed in another form as,

ÎT1V − V̂ T1I = 0 (146)

where,
1V: voltage of incremented network
1I: current of incremented network
Î : current of adjoint network
V̂ : voltage of adjoint network
Equation (146) is valid only if the base network and adjoint

network are topologically identical. Adjoint networks are
unaffected by above mentioned disturbances because it is
physically decoupled from the base network.

We may categorize 1V, 1I, and into three groups slack
bus, remaining buses & network branches.

Now the eq. (146) may be rewritten as:(
ÎTS 1VS − V̂ T

S 1IS
)

+

(
ÎTP 1VP − V̂ T

P 1IP
)

+

(
ÎTB 1VB − V̂ T

B 1IB
)

= 0 (147)

Since reference bus has no contribution in eq. (147). Thus(
ÎTS 1VS − V̂ T

S 1IS
)

= 0 (148)

Without changing the topology of adjoint network eq. (148)
can be further developed to depict the voltage sensitivities of
system component for power & network disturbances.(

ÎTB 1VB − V̂ T
B 1IB

)
= 0 (149)

Hence, (
ÎTP 1VP − V̂ T

P 1IP
)

= 0 (150)

Taking complex conjugate [61] of eq. (150)(
Î∗P1VP − V̂ T

P 1I∗P
)

= 0 (151)

or (
ÎTP 1V ∗

P − V̂ ∗
T
P1IP

)
= 0 (152)

Thevenin’s equivalent network N, and the corresponding
adjoint network N̂ of a power system supplying load con-
nected at bus-k (Figure 4(a)) are shown in Figure 4(b) and
Figure 4(c), respectively.

FIGURE 4. (a) General representation of load bus k in a power system,
(b) the corresponding network N, and (c) its adjoint network N̂ .

2) IMPEDANCE-STABILITY INDEX (ISI)
The current in Figure 4(b) will be

Sk
/
Vk = I∗k =

(
(E − Vk)

/
Zth
)

(153)

or

Vk (E − Vk)∗ − SkZ∗
th = 0 (154)

Maximum power is transferred when

Vk = (E − Vk)∗ (155)

On the basis of stability criterion, eq. (155) facilitates follow-
ing result of circuit theory.

|Zk | = |Zth| (156)

Equation (156) shows the condition for maximum power
transfer. The maximum power transfer (MPT) is a limit
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towards loading. Beyond this limit, equilibrium will be lost
and voltage collapse occurs [62]. Hence, eq. (156) denotes
stability limit.

Similarly, for adjoint network eq. (153)-(156) can also be
rewritten with cap (∧)z. The eq. (146) can be rewritten for kth

bus as (
Î∗
T
k 1Vk − V̂ T

k 1I∗k
)

= 0 (157)

On the basis of real time measurement of voltage & current
difference, the impedance for kth bus is given as:

Ẑk =

∣∣∣Ẑk ∣∣∣ =

∣∣∣V̂k/Îk ∣∣∣ (158)

From eq. (157) and eq. (158) adjoint Thevenin’s impedance
can be derived as:((

Ê − V̂k
)

/Ẑth
)∗

1Vk − V̂k1I∗k = 0 (159)

Ẑ∗
th =

((
Ê − V̂k

)∗

/
(
V̂k1I∗k

))
1Vk (160)

MPT in adjoint network occurs when

V̂k = (Ê − V̂ )∗ (161)

Comparing eq. (160) & (161), the Thevenin’s impedance at
the voltage collapse point is as follows:

Ẑ∗
th = 1Vk/1Ik∗ (162)

or

Ẑth = 1V ∗
k /1Ik (163)

or

Ẑth =

∣∣∣Ẑth∣∣∣ = |1Vk/1Ik | (164)

At base load:

Ẑk ≫ Ẑth (165)

At the voltage collapse point, Ẑk = Ẑth

Ẑk = Ẑth
∣∣1Vk/1Ik

∣∣ =
∣∣Vk/Ik ∣∣ (166)

Considering eq. (165) and eq. (166), a impedance-stability
index (ISI) [61] for determining the voltage stability margin
(VSM) can be defined as:

ISI =

(
Ẑk − Ẑth

)
Ẑk

(167)

or

ISI = 1 − |Ik1Vk |
/
|Vk1Ik | (168)

3) VOLTAGE STABILITY INDEX (VSIbus)
Equation (165) can also be written a∣∣1Vk/1Ik

∣∣ ≫
∣∣Vk/Ik ∣∣ (169)

|1Vk Ik | ≫ |Vk1Ik | (170)

The critical value of ISI is 0 [61]. In the figure 4(a) the
apparent power at local load bus (i.e. k) can be written as

Sk = Vk I∗k (171)

or

|Sk | = |Vk Ik | (172)

Application of Taylor’s theorem on eq. (172) results

1Sk =
∂Sk
∂Ik

1Ik +
∂Sk
∂Vk

1Vk + higher terms (173)

After neglecting higher order terms in eq. (173).

1Sk = Vk1Ik + Ik1Vk (174)

Within the voltage stability limit eq. (174) can be written as.

0 ≤ 1 +

(
Ik
Vk

)(
1Vk
1Ik

)
(175)

Linear characteristics is obtained when eq. (175) is raised to
the power of α (>1). we obtain linear characteristics. Thus,
without loss of generality, the VSI [63] of kth bus may be
considered as follows:

VSIbus =

[
1 +

(
Ik
Vk

)(
1Vk
1Ik

)]α

(176)

It should be noted that VSIbus ranges from unity (no load) to
zero (voltage collapse).

4) S-DIFFERENCE CRITERION (SDC)
S-difference criterion is based on two consecutive measure-
ment of S. The power at sending end increases rapidly due
to transmission losses. This increase in power at sending
end does not yield an increase in useful power at receiving
end. Thus, voltage collapse occurs when change in apparent
power is zero (1S=0). NewVSI is based on S-difference [64]
criterion and can be written in absolute form of eq. (176) as
follows:

SDC =

∣∣∣∣1 +
1Vk I∗k
Vk1I∗k

∣∣∣∣ (177)

At the voltage collapse point S-difference (1S=0), the SDC
is zero.

5) VOLTAGE COLLAPSE PREDICTION INDEX (VCPIk)
For N-bus system the apparent power at kth bus can be calcu-
lated with the help of eq. (171) [65]:

S∗
k

Ykk
= |Vk |2 −


N∑

m = 1
m ̸= k

∣∣V ′
m

∣∣ |Vk | cos (∂k − ∂ ′
m
)
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+ j


N∑

m = 1
m ̸= k

∣∣V ′
m

∣∣ |Vk | sin (∂k − ∂ ′
m
)
 (178)

where,

V ′
m =

Ykm
N∑

j = 1
j ̸= k

Ykj

Vm (179)

Substituting ∂k-∂ ′
m = ∂ in eq. (178)

f1 (|Vk | , ∂) = |Vk |2 −

N∑
m = 1
m ̸= k

∣∣V ′
m

∣∣ |Vk | cos ∂ (180)

f2 (|Vk | , ∂) =

N∑
m = 1
m ̸= k

∣∣V ′
m

∣∣ |Vk | sin ∂ (181)

At the voltage collapse point the determinant of the Jacobian
matrix formed from eq. (180) & (181) should be zero. This
results in eq. (182) as,

|Vk | cos ∂

N∑
m = 1
m ̸= k

V ′
m

=
1
2

(182)

After manipulating eq. (182) and applying complex identity
VCPI at kth bus is obtained as:

VCPIk =

∣∣∣∣∣∣∣1 −

∑N
m=1
m̸=k

V ′
m

Vk

∣∣∣∣∣∣∣ (183)

The critical value of VCPI for voltage instability is 1.

6) VOLTAGE-STABILITY LOAD BUS INDEX (VSLBIk)
In Figure 4(b), let the voltage across Zth be 1Vk. If load
is considered as constant power type, the point of voltage
collapse will be the point when maximum power is trans-
ferred. Hence, under the MPT condition, at kth bus, where,
1Vk =Vk [66], the VSLBI is defined as follows:

VSLBIk =
Vk

1Vk
(184)

When, VSLBIk ≥1, voltage collapses.

D. P-V CURVE
Power system can be represented as in [67]:∑

Sdi+
∑

Sloss−i =

∑
Sgi (185)

Subject to constraints,

Pg−min ≤ Pg ≤ Pg−max

Qg−min ≤ Qg ≤ Qg−max

1) NETWORK SENSITIVITY APPROACH (SG)
Equation (185) can also be represented in active and reactive
power, as (

Pgt + jQgt
)

= (Pdt + jQdt) + ST−loss (186)

where, Pgt: total watt power generate; Qgt: total VAr power
generate; Pdt: total watt power deman; Qdt: total VAr power
demand; ST−loss: transmission power loss. Equation (186)
can be rewritten as

(1 + jα)Pgt = (1 + jβ)Pdt + ST−loss (187)

where, α = Qgt/Pgt and β = Qdt/Pdt. From eq. (187) total
active power generation is given by following equation:

Pgt =
(1 + jβ)Pdt

(1 + jα)
+

SLoss−t
(1 + jα)

(188)

an

∂Pgt
∂Pdt

= η
Pgt
Pdt

(189)

where, η = Sdt/Sgt. If ≈0, then, the derivative of total watt
power generated with respect to the total watt power demand
is expressed in eq. (190).

SGp =
∂Pgt
∂Pdt

=
Pgt
Pdt

(190)

Similarly, for reactive power give in eq. (191).

SGq =
∂Pgt
∂Qdt

=
Pgt
Qdt

(191)

Equation (190) and eq. (191) can be used as a sensitivity
indicator to predict voltage collapse point. As sensitivity goes
to infinity system tends to voltage instability.

2) TANGENT VECTOR INDEX (TVI)
The test function in [68] may also be used for screening
and ranking of contingencies for voltage stability assess-
ment (VSA).

Network partitioning is a way to determine the weak area
in a power system network for voltage collapse analysis and
can also be used to define a new VSI called Tangent Vector
Index (TVI) [69]. Here n-nodes may be considered as buses
and Cij be the connection between ith and jth node. Two
partition techniques have been used to define and apply Cij
in [69]. Nature of connection between two nodes depends on
the value of Cij. If its value is large, it is set to be strongly
connected else weakly connected.

The two techniques of partitioning are (i) Partitioning
by Right Eigen vector and (ii) Partitioning by Tangent
vector (TV).
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The second technique is explained in [69]. The TV at the
equilibrium point is equal to zero (dx/dλ=0) and is given by:

dx
dλ

∣∣∣∣
∗

= −
[
Dx f |∗

]−1 ∂f
∂λ

∣∣∣∣
∗

(192)

The TV shows the dependency of system variable on param-
eter λ . The various clusters are used to define the TVI as:

TVIi =

∣∣∣∣dVidλ

∣∣∣∣−1

(193)

The early identification of critical bus is efficiently
achieved with the TV method [69], [70].

E. ENERGY FUNCTION FOR VOLTAGE STABILITY ANALYSIS
References [71] and [72] proposed the energy function for the
solution of voltage instability problem.

The energy function is expressed in [73].

v
(
X s,Xu

)
=

∫ (ω,θu,V u)

(0,θ s,V s)

[
(Mω)T , f T , gT

] [
dωT , dθT , dV T

]T
(194)

In eq. (194), (ω, θu,Vu) and (0, θ s,Vs) represent solutions
at equilibrium state; ωT

=[ω1,. . . . . .ωm]: velocity matrix;
VT

=[V1. . . ..Vn]: voltage matrix, and θT =[θ1. . . .. θn]:
phase angle matrix; M is the inertia matrix; fT =f(θ , V) and
gT =g(θ ,V) may be expressed as:

fi (θ,V ) = Pi −
n∑
j=1

BijViVj sin
(
θi − θj

)
(195)

gi (θ,V ) = (Vi)−1

Qi (Vi) +

n∑
j=1

BijViVj cos
(
θi − θj

)
(196)

Equation (194) defines Lyapunov function considering that
Watt power injections are constant; VAr power injections and
transfer conductance’s are neglected.

Equation (194) can be extended into kinetic & potential
energy as:

v
(
X s,Xu

)

∗ =

KineticEnergy︷ ︸︸ ︷
1
2
ωTMω +



PotentialEnergy︷ ︸︸ ︷
−

n∑
i=1

∫ V ui
V si

Qi(Vi)
Vi

dVi −
n∑
i=1

Pi
(
θui − θ si

)
−

1
2

n∑
i=1

n∑
j=1

V u
i V

u
j Bij cos

(
θui − θuj

)
+

1
2

n∑
i=1

n∑
j=1

V s
i V

s
j Bij cos

(
θ si − θ sj

)


(197)

Equation (197) shows the sum of kinetic & potential energy.
Potential energy is completely dedicated to show the weak-
ness to steady state voltage instability.

Equation (195) and (196) after introduction of transfer
conductance are follows:

fi (θ,V ) = Pi −
n∑
j=1

BijViVj sin
(
θi − θj

)
−

n∑
j=1

GijV s
i V

s
j cos

(
θ si − θ sj

)
(198)

gi (θ,V ) = (Vi)−1

Qi (Vi) +

n∑
j=1

BijViVj cos
(
θi − θj

)
−
(
V s
i
)−1

n∑
j=1

GijV s
i V

s
j cos

(
θ si − θ sj

)
(199)

Now eq. (194) can be rewritten as:

v
(
X s,Xu

)
=

n∑
i=1

[∫ θui

θ si

fi (θ,V ) dθi +

∫ V ui

V si

gi (θ,V )dVi

]
(200)

The assessment of the above equation results in:

v
(
X s,Xu

)
= −

n∑
i=1

∫ V ui

V si

Qi (Vi)
Vi

dVi −
n∑
i=1

Pi
(
θui − θ si

)
−

1
2

n∑
i=1

n∑
j=1

V u
i V

u
j Bij cos

(
θui − θuj

)
+

1
2

n∑
i=1

n∑
j=1

V s
i V

s
j Bij cos

(
θ si − θ sj

)
+

n∑
i=1

n∑
j=1

V s
i V

s
j Gij cos

(
θ si − θ sj

) (
θui − θ sj

)
+

n∑
i=1

n∑
j=1

V s
j Gij sin

(
θ si − θ sj

) (
V u
i − V s

j

)
(201)

The energy function described by eq. (201) can be used for
determination of voltage security indices [74], [75].

F. MODEL ANALYSIS FOR VOLTAGE STABILITY EVOLUTION
Since at any bus, voltage is dependent on VAr power at that
bus, V-Q sensitivity can be utilized to determine the stability
of the system. If it is positive, system will be stable else
unstable [76].

1) REDUCED JACOBIAN MATRIX
The relation between power & voltage may be given by:[

1P
1Q

]
=

[
JPθ JPV
JQθ JQV

] [
1θ

1V

]
(202)

Voltage stability of any power system network depends on
Watt and VAr power. In Q-V curve approach, the Watt power
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is considered constant and VSA is done by incremental rela-
tionship between V & Q.

1Q =

[
JQV − JQθJ

−1
Pθ JPV

]
1V = JR1V (203)

and

1V = J−1
R 1Q (204)

where,

JR =

[
JQV − JQθJ

−1
Pθ JPV

]
(205)

where JR: reduced Jacobian matrix

2) MODES OF VOLTAGE INSTABILITY
Assuming,

JR = ξ ∧ η (206)

where, ξ =column vector matrix of JR, η = row vector matrix
of JR and ^= diagonal Eigen value matrix of JR. And

J−1
R = ξ ∧

−1 η (207)

From eq. (204) and eq. (207)

1V = ξ ∧
−1 η1Q (208)

or

1V =

∑
i

ξiηi

λi
1Q (209)

Each eigenvalue is represented by λi and the corresponding
column and row eigenvectors are represented by ξi and ηi,
respectively. The ith nodal Reactive power difference is given
by:

1Qmi = kiξi (210)

where,

k2i
∑
j

ξji
2

= 1 (211)

The corresponding ith node voltage difference is given by:

1Vmi =
1
λi

1Qmi (212)

n-node power system network consists of n values of λ . The
value of each λ corresponds to the strength of that node to the
voltage stability. If λ for ith bus is zero then it shows that ith

bus is responsible for system voltage collapse [76].
The VSIs presented in this section may be classified based

on line, bus and system parameters, their applicability to
transmission and distribution networks and basic concepts.
Figure 5 presents a classification of indices based on their
applicability to transmission and distribution systems. The
indices that are suitable for the transmission system may
be utilized in the planning of control measures such as the
placement of Flexible AC Transmission System (FACTS)
Controllers. The indices suitable for distribution systems
may be utilized for the optimal placement of distributed

generations and may be quite helpful in demand-side man-
agement. Table 2 classifies indices to identify critical buses
and lines that need special attention to prevent voltage
instability-driven blackouts. Accordingly, proper planning
of compensating devices and remedial measures may be
decided.

FIGURE 5. VSIs classified on the basis of their applicability to
transmission & distribution system.

IV. NOVEL QUALITATIVE COMPARISON OF VOLTAGE
STABILITY INDICES
VSIs are difficult to compare quantitatively due to varied
approach and applications, Hence, they may be qualitatively
compared on the basis of their complexity, accuracy, time,
mode of operation (i.e. online/offline), data dependency, and
type of stability (steady state/transient or dynamic).

A. COMPLEXITY
The complexity of a Variable Step-Size Incremental (VSI)
algorithm is contingent upon the analysis of the data collec-
tion process and the computational complexity involved. Data
collection, data aggregation, and data selection are distinct
procedures involved in the processing of data. Data collection
involves the acquisition of data pertaining to each bus and
line within the power system network. This is accomplished
by utilizing sensing devices such as ammeters, voltmeters,
wattmeters, and/or phasor measurement units (PMUs). Fur-
ther, Data aggregation is performed on the collected data to
reduce error [124]. Finally, Data selection depends on the VSI
technique used.

However, the data obtained from the abovementioned
process is erroneous & may affect the VSIs deduction.
Absolutely, at different levels, PMU data loss occurs in the
different practical applications due to delay in transmission
of data, hardware failure and communication congestion etc.
Noise in PMU data and PMU data loss as expected reduce the
performance and reliability of the voltage stability indices.

Researchers mainly try to reduce the code length for the
purpose of reducing memory storage of the algorithm. But
on other hand it reflects in complexity of algorithm. Few
algorithms take more time and memory storage for solving
the voltage stability problem. In real time calculation the
response time is the deciding factor as time taken beyond the
permissible value may result in instability. Memory storage

VOLUME 12, 2024 124245



L. K. Yadav et al.: Framework for Qualitative Analysis of Voltage Stability Indices (VSIs)

TABLE 2. Summary of voltage stability indices along with their features.
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TABLE 2. (Continued.) Summary of voltage stability indices along with their features.
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TABLE 2. (Continued.) Summary of voltage stability indices along with their features.
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TABLE 2. (Continued.) Summary of voltage stability indices along with their features.
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TABLE 2. (Continued.) Summary of voltage stability indices along with their features.

124250 VOLUME 12, 2024



L. K. Yadav et al.: Framework for Qualitative Analysis of Voltage Stability Indices (VSIs)

TABLE 2. (Continued.) Summary of voltage stability indices along with their features.

is also a concern for large power system networks. If VSI
requires huge amount of dataset of independent variables it
will consume more storage that creates problem when power
system network is large.

As per above discussion complexity basically depends on
data collection, data aggregation and data selection. Here in
qualitative comparison if the VSI depends on two system
variables the complexity is assumed as low; if it depends on
three system variables the complexity is assumed as medium
and if it depends on more than three system variables the
complexity of the VSI is assumed as high with all other
conditions assumed to be same.

B. EFFICACY
Efficacy of VSIs depends on the number of approxima-
tions incorporated during mathematical derivation. Lower
number of approximations results in better accuracy. Various
assumptions found in literature have been summarized in
the Table 1 with justification and applicability. Furthermore,
the level of efficiency is contingent upon the specific Vari-
able Speed Drive Interface (VSI) employed. Static voltage
stability indices (VSIs) are dependent on load flow models,
which might potentially result in imprecise outcomes due to
their disregard for dynamic elements such as the low inertia
compressor motor of air conditioners, heating pumps, and
refrigerators. Additionally, efficacy depends on the data used
for calculating purposes.

Generally, efficacy of VSI highly depends on total number
of approximations taken during derivation of that VSI. Here
in qualitative analysis if approximation taken in the derivation
of VSI is only one its efficacy is assumed as high, if num-
ber of approximations are two, efficacy of VSI is assumed
as medium and if approximation taken are more than two,
efficacy of VSI is assumed as low.

C. COMPUTATIONAL TIME
Computational time of any VSI includes processing time
and data collection and communication delay. Independent
variables are measured through sensing devices and shared to
processing unit through communication channels. Thus, there

shall be a time lag between data transmission and reception.
There are several data measuring and data sensing devices
like ammeter, voltmeter, wattmeter and PMUs. Measured or
sensed data from these devices is sent to data concentration
unit and from there it is sent to the processing unit. All the data
is transmitted from one place to other through communication
channels and takes some finite time to reach the computation
unit. In addition to this the computation unit shall also con-
sume some processing time depending on the VSI selected.

D. MODE OF OPERATION
VSIs are computed in online/offline mode. In online mode,
VSI are calculated in real time and give response instantly for
performing immediate corrective measures. Variable-based
voltage stability indices (VSIs) that rely on the admittance
matrix [YBUS] and system variables like bus voltages or
power flow across lines are computationally efficient and
suitable for online monitoring. One limitation of these indices
is their inability to provide an exact estimation of the actual
margin from voltage collapse. Nonetheless, they are capable
of identifying essential lines and buses. Offline VSI assess-
ment is basically done for planning and analysis purpose.
Accurate calculation of VSIs in offline mode is a major
concern. Time is not as critical parameter for offline mode
as it is in online VSA.

E. TYPE OF VOLTAGE STABILITY
The examination of voltage stability can be broadly classified
into two categories: large-disturbance voltage stability, also
known as transient voltage stability, and small-disturbance
voltage stability, also known as steady-state voltage stability.
The occurrence of significant voltage instability is attributed
to the presence of substantial disturbances, such system
faults, generation loss, or circuit contingencies. Small voltage
instability caused by small disturbances can occur due to
minor perturbations, such as gradual variations in the load of
a system.

A comparative overview of voltage stability indices pre-
sented in this paper has been shown in Table 3. In Table 3,
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TABLE 3. Comparative analysis of VSIs on the basis of applications, accuracy, mode of operation, variation of VSI with respect to system parameter and
type of stability calculation.
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TABLE 3. (Continued.) Comparative analysis of VSIs on the basis of applications, accuracy, mode of operation, variation of VSI with respect to system
parameter and type of stability calculation.

comparison of voltage stability indices based on different
qualitative assessment parameters such as their application,
accuracy in estimation of voltage stability margin, suitability
for online/offline determination of voltage stability, complex-
ity validity under various system parameters, applicability for
steady state/transient stability assessment has been presented.

V. RESEARCH GAPS AND FUTURE NEEDS
Most of the research on voltage stability studies has been
carried out for transmission networks. Very limited efforts
seem to be made in the voltage stability assessment of
distribution networks. Smart grid architecture encourages
the use of renewable energy resources. These renewable
resources may be utilized as distributed generations that
are capable of supplying a part of the network locally in
a microgrid structure. Modern power system comprises of
intermittent generation sources like wind and photovoltaic
generation & dynamic loads like EVs and electric motors.
These intermittent generation sources and dynamic loads are
highly unpredictable, nonlinear in nature. Also, the dynamic
response of the such system due to introduction of inverters is
different from the conventional power system. These unpre-
dictable, nonlinear and dynamic characteristics are limiting
the use of existing voltage stability indices in the current
power system composed of intermittent generation sources
such as wind and photovoltaic generation. Therefore, con-
ventional voltage stability indices may not be suitable for
stability assessment under such circumstances. Further effort
is required in this regard. However, the indices presented
for static analysis can be utilized to evaluate the power
system network integrated with distributed generation and
electric vehicles without considering its dynamic behavior.
Figure 5 has presented a few indices that may be helpful
in the voltage stability assessment of distribution networks.
A comprehensive presentation of different indices consider-
ing different qualitative aspects are shown in Table 3. It is
observed from Table 3 that a very limited number of indices
have been suggested in the literature for online assessment
of voltage stability. With the advancement in synchro phasor
measurement technology, it is quite possible to monitor and
control the voltage stability of the system in a real-time
framework. Future research must suggest indices that can
effectively monitor and control the voltage stability margin

of the real-time system through regular update of voltage sta-
bility margin. Further the proposed indices may be validated
on test systems proposed in [125].

VI. PROPOSED FRAMEWORK FOR SELECTING VSIs
This section discusses the applicability of this comprehensive
review article for selection of VSIs. As numerous VSIs are
available in the literature, it is very difficult to select suitable
VSIs for a given problem. However, this survey with the
help of Tables 2 & 3 proposes a framework (Fig. 6), for
optimistically shortlisting fewer VSIs for the purpose. The
approach has been discussed by considering five popular use
cases.

FIGURE 6. Framework for selecting suitable VSIs for optimal DG
integration in radial distribution system.

Scenario 1: VSI Selection for optimal DG integration in
radial distribution system.

Consider an example of selecting a suitable VSI for opti-
mal DG integration in a given radial distribution network.
As the problem is related to Distribution network, we can
simply omit VSI applicable to transmission systems with the
help of Fig. 5. Further, Table 2 may be utilized for further
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shortlisting of the suitable VSIs. Generally, the weakest bus
of the Distribution network is selected for DG placement,
thus, VSI, calculating bus stability may be preferred over
VSIs quantifying line stability. Further, for the distribution
system, the resistance of the branch connecting two buses
(i.e., rij ̸=0) must not be neglected. Since the location and
sizing of DGs is considered at the planning stage of the
distribution system, therefore, it come under offline study
voltage stability analysis. Also, at the planning stage, we have
sufficient time to find the most accurate solution towards
our problem. Hence, we have to select the VSI which gives
most accurate solution regardless of its complexity. Loading
conditions in the distribution system at the planning stage
is considered fixed and static stability analysis is good to
calculate the location and allocation of DGs in the distribution
network. Considering the above facts, the best-suited VSIs
for optimal DG integration in the distribution network as per
Table 2, 3 and Fig. 5 are PSI, SI(m2), VSAI, LPVSI.
Scenario 2: VSI Selection for optimal distribution network

reconfiguration.
Similar to the optimal DG integration problem, optimal

network reconfiguration problem is also tested over dis-
tribution networks. So, from figure 5 VSIs applicable to
distribution network may be selected. Radial distribution net-
work contains radiality and buses are connected with the help
branches/tie branches. Each branch has a switch so that we
can divert the flow of power through a path for which the
overall voltage stability of the distribution network may be
enhanced. The aim of the problem is to select a suitable VSI
that calculates voltage stability of the network for the opti-
mal configuration of the network accurately and efficiently.
Since the problem is tested over distribution system, so, the
assumption for the resistance of the branches connecting
buses (rij ̸=0) may not be neglected during selection of the
VSI. Optimal distribution network configuration is selected
by opening and closing of switches at the planning stage
for fix load condition. Hence, VSIs suitable for offline study
may be selected. Although if the load is variable in nature
and optimal reconfiguration is done in operation stage, VSIs
suitable for online study may be selected. At planning stage,
we prefer VSIs which gives more accurate solution regardless
of the complexity. Loading conditions in distribution system
at planning stage is considered fixed and static stability anal-
ysis is good to calculate the optimal network configuration
of the distribution network. As per the Table 2, 3 and Fig. 5,
PSI, SI(m2), VSAI, LPVSI are the best suited VSIs for optimal
network configuration problem.
Scenario 3: VSI Selection for optimal placement of Electric

Vehicle Charging Station (EVCS) in distribution network.
Electric Vehicle Charging Stations (EVCS) are generally

installed at the load side. Our loads are generally supplied
through radial distribution system. The EVCSs may also be
considered as load because they are installed in the distribu-
tion system to charge/supply power to the Electric Vehicles
(EVs). Since the EV load is increasing day-by-day so their
charging stations (i.e. EVCSs) should be installed optimally

in the distribution network to reduce the possibility of voltage
instability/voltage degression at the buses in the distribution
system. Since EVCS is connected to the distribution network
so, wemay not neglect the resistance of the branches connect-
ing buses (rij ̸=0) during the selection of the VSI. Voltage
stability indices used for offline study are best suited for
optimal placement of EVCS in distribution systems. Since the
location of EVCS will be fixed for the given load condition
in the distribution system and it would be decided at the time
of planning of the distribution system. So, we have to select
the VSI which gives most accurate solution no matter how
complex is (i.e neglecting most of the assumptions) it. Now
considering the above facts static voltage stability analysis
is good to calculate the optimal location of the EVCS in
the distribution system with the help of the indices like PSI,
SI(m2), VSAI, LPVSI.
Scenario 4: VSI Selection for Critical Reactive Loading at

Single Bus in IEEE 14 bus test system.
Considering an example of VSI selection for critical reac-

tive loading in transmission system. As the problem is related
to transmission network, we can simply omit VSI applicable
to distribution system with the help of Fig. 5. Based on
proposed framework line voltage stability indices are most
suitable for finding the critical reactive loading at a bus in
transmission system. From Table 2 & 3 by using the proposed
framework suitable VSI like FVSI, Lmn, Lqp, LVSI, LVCI,
nVSI, VSISCC, LSJ, ILSJ, NLSI, CSI and ITLTI etc may be
utilize for selection of critical reactive loading in transmission
system. Among these VSIs FVSI, Lmn, Lqp, LVSI, LVCI have
been selected for analyzing the said problem. By increasing
the reactive load at each bus till voltage collapse, the ability
of the line indices with high reactive loading has been studied
on IEEE 14-bus test system (Figure 7).

FIGURE 7. IEEE 14-bus test system.
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TABLE 4. Line indices for an IEEE 14-bus system with critical reactive loads at a single bus.

TABLE 5. Line indices for the most critical lines in the IEEE 14-bus system under critical contingencies with critical MVA loadings.

For critical reactive loading at a single bus, the values of
the LVCI index and LVSI should be very near to 2, while
the values of Lmn, FVSI, and Lqp should be very close to 1.
The line indices value at a single bus under heavy loading is
shown in Table 4. When there is high reactive loading at bus
number 4, the values of the line indices other than the LVCI
index exceed their critical limits. However, the LVCI index
value for the (2)-(4) is 1.0161 p.u., which is very close to 1
but not less than or equal to unity, indicating high accuracy
in the voltage stability prediction. As a result, other indices
cannot reliably forecast the voltage stability in this situation.
It is feasible to determine the system’s critical line in this case
with accuracy as line (2)-(4). Similarly, the lines indicated in
the last column of Table 4 are the most stressed lines in the
system when there is significant reactive loading at a single

bus. The most critical line indices, Lmn, FVSI, and Lqp, are
found to be 1.0638 p.u., 1.0488 p.u., and 1.0502 p.u., respec-
tively, in the case of heavy reactive loading at bus 9. This
indicates that the system is under voltage collapse condition,
while the LVSI index value is zero, indicating the failure of
the voltage stability prediction. The LVCI index value in this
instance drops to 1.1627 p.u., indicating that lines (4)–(9) are
stressed and require for the necessary control measures.
Scenario 5: N-1 Contingency Analysis under Heavy MVA

Loading in IEEE 14 bus test system.
Similar to the VSI selection for critical reactive load-

ing problem N-1 contingency analysis under heavy MVA
loading is also tested over transmission system. Voltage
stability indices best suitable for transmission network may
be selected from Fig. 5. Further VSIs suitable for line stability
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assessment for N-1 contingency analysis under heavy MVA
loading may be selected from Table 2 and 3 by using the pro-
posed framework. By using the proposed framework FVSI,
Lmn, Lqp, LVSI, LVCI are few VSIs selected here for N-1
contingency analysis under heavy MVA loading. In terms
of contingencies, the most severe one is the one with the
lowest maximumMVA loading. For the voltage stability anal-
ysis under high MVA loading scenarios, the top five severe
contingencies are taken into account in IEEE 14-bus test sys-
tem. These extreme scenarios include line outages (6)-(13),
(3)-(2), (1)-(2), (7)-(9), and (5)-(6), The most stressed
lines under these severe contingencies are (14)-(13),
(2)-(4), (1)-(5), (4)-(9), and (1)-(5), respectively. Under the
maximum allowable MVA loading, the line index values of
Lmn, FVSI, and Lqp should be equal to or less than unity.
The indices LVCI and LVSI in this case should have values
that are larger than or equal to unity. Table 5 indicates that
the Lmn, FVSI, and Lqp values of the most stressed lines
are either greater than or significantly less than unity (not
close to unity) under severe contingency conditions. This
indicates that these indices are not suitable for measuring
voltage stability (line severity). On the other hand, the LVSI
values of the majority of severe lines are greater than or
distant from unity. However, in severe contingencies cases,
the LVCI index values are greater than or almost equal to
unity, demonstrating the excellent precision and usefulness
of this index in determining the system’s voltage stability as
measured by the line stability index.

VII. CONCLUSION
An elaborative investigation that delineates several VSIs pro-
posed in works over the past few decades has been presented
in the paper. This work delivers an exhaustive elucidation of
the VSIs concepts, derivation, critical values, assumptions for
obtaining indices, efficacy and pertinence in terms of their
merits and demerits. These VSIs can be applied to find abso-
lute/relative stability of any network and can be calculated
online or offline. To calculate these indices, we need to know
P, Q, V, δ and line parameters. The correctness of any VSI in
calculating the stability thus depends on the precision of the
instruments measuring these quantities. In addition, accuracy
also depends on the number of assumptions undertaken while
deriving theVSIs. Thus, it is necessary to understand the intri-
cacies of the VSIs before selecting a suitable one for a given
problem. Henceforth, this work makes extensive knowledge
addition and can be considered as a means of information for
investigators, academicians, and power engineers in context
of voltage instability prediction and prevention, DG placing
and rating, voltage stability assessment, power system plan-
ning and other related fields. Further research is required
to suggest new indices that are applicable in a smart grid
architecture for real-time monitoring and control of voltage
stability margin.
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