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ABSTRACT This study investigates the unsteady magnetohydrodynamic flow of Casson hybrid nanofluid
over an infinite vertical flat plate under the influence of magnetic flux, heat source/sink, viscous dissipation,
and thermal radiation. The considered hybrid nanofluid is the combination of water (70%) and ethylene
glycol (30%), together with two dissimilar nanoparticles like magnesium oxide (MgO) and copper oxide
(CuO). Initially, the model is formulated as non-linear partial differential equations (PDEs) with independent
variables. These equations are converted into a set of dimensionless PDEs using suitable similarity transfor-
mations. To acquire the numerical solution, the finite difference (Crank-Nicolson) scheme is employed. The
perturbation approach is employed for the analytical solution of the non-dimensional equations. An analysis
is conducted to compare numerical and analytical results. As a result, comparisons between analytical and
numerical results are more accurate. The study graphically examined the influence of several parameters on
velocity and temperature profiles. Additionally, the effects of physical quantities like skin friction coefficient
and the Nusselt number have been explained in a table manner. It has been observed from the result, that
the velocity profile increases with the Grashof number and permeability parameter, while the magnetic
parameter has the opposite effect. Moreover, a multiple regression analysis is also performed to examine the
statistical effects of these parameters on the physical quantities. This study has vital applications in several
industrial and engineering processes such as the automobile sector, nuclear reactors, solar power systems,
HVAC systems, and electronics cooling.

INDEX TERMS Casson fluid, finite difference method, hybrid nanofluid, magnetic field, thermal radiation,
viscous dissipation.

I. INTRODUCTION
Non-Newtonian liquids contain a non-linearmodel, it demon-
strates the non-linear interaction between shear stress and
the rate of shear. Because of this nonlinearity, various
numerical methods have been used to solve such problems.
Many liquid polymers and salt explanations appear to be
non-Newtonian fluids such as custard, flour, ketchup, tooth-
paste, shampoo, and blood [1]. Hauswirth et al. [2] explored
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the non-Newtonian fluid flow of porous media through cross-
modelling. Ali et al. [3] examined the peristaltic flows by a
non-Newtonian fluid in a curved channel. The Casson fluid
flow model is one of the most famous non-Newtonian fluids.
It was created by Casson in the year 1959. It has several
applications in the pharmaceutical and medical sectors such
as proteins, aqueous base plasma, red blood cells, white blood
cells, fibrinogen, and haemoglobin. Muhammad Saqib et al.
[4] explored the slip effect on the boundary layer of a
vertical plate at the beginning of the flows of a Casson
fluid. They considered the combined influence of thermal
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radiation transfer and mass transfer in the presence of a
first-order chemical process. Bala Anki Reddy [5] conducted
an investigation into magnetohydrodynamic (MHD) flow
through a more rapidly sloped permeability stretched surface.
The flow is characterized by the presence of a Casson fluid,
heat transmission and chemical processes. Das et al. [6] inves-
tigated the effects of the boundary slip along with absorption
on solute dispersion in a pulsatile Casson fluid channel flow
under a field of magnets. Bhattacharyya et al. [7] studied the
exact method for Casson fluid flows through a permeable
shrinking plate with changeable wall temperature and heat
radiation in the thermal boundary layers.

Nanofluids are colloidal solutions consisting of nanoparti-
cles (usually 1 to 100 nm in size) and a base fluid. Choi [8]
were the first to present their concept of nanofluids in order
to improve heat transfer with greater conductivities. The
function of the nanofluid will determine the choice of base
fluid/particle combination. Among the nanoparticles contains
metals (Cu, K, Ag, Al, Si, Ni), metal oxides (CuO, ZnO, TiO2,
Al2O3, MgO, Fe2O3), carbon materials, metal carbides, and
metal nitrides. Later on, the nanoparticle was combinedwith a
base fluid, such as water, transformer oil, naphthenic mineral
oil, paraffin oil, ethylene glycol, or vegetable oil, to create a
nanofluid [9]. Gupta et al. [10] investigated that nanoparti-
cles are classified into numerous types that depend on their
size, shape, physical properties, and chemical properties.
Tiwari and Das [11] presented two distinct models for ana-
lyzing nanofluid characteristics and behavior. Tayyab et al.
[12] investigated Darcy-Forchheimer flow, biological con-
vection, and activation energy in a 3-D rotating nanofluid
flow using numerical methods. Subba et al. [13] investigated
the flow of a mixed convection boundary layer through a
vertical wedge in a porous material saturated with nanofluid.
In recent years, researchers and scientists have developed a
new type of nanofluid that suspends two distinct kinds of
nanoparticles in a pure fluid. This novel type of nanofluid is
known as a hybrid nanofluid. Hybrid nanofluids can be used
in a wide variety of fields such as generator cooling, nuclear
reactor coolant, automobile cooling, electro-mechanical, and
energy from renewable sources industries. Yasir et al. [14]
explored hybrid nanofluid over a rotational flow affected by
mass transpiration due to sheet contraction. [15] This article
provides a concise review of current developments involving
hybrid nanofluids and tiny liquids that are used in several
different machining operations such as grinding, turning, and
drilling. Akkurt et al. [16] studied the forced convection
through turbulence movement of the hybrid combination in
an L-shaped channel in three dimensions. Shaik et al. [17]
investigated the natural convection within a sinusoidal wavy
channel containing a hybrid nanofluid over the effects of a
sloped magnetic field along with heat radiation. Rajesh et al.
[18] explored analytical approaches to the unstable flow of
a hybrid nanofluid with heat transfer through an infinitely
vertical sheet with a ramping temperature.

Magnetohydrodynamics (MHD) explains the movement of
a fluid that conducts electricity in the existence of a field

of magnetic attraction. This phenomenon is also referred to
as magneto-fluid dynamics. Magneto-fluids may appear in
a variety of forms including saltwater, electrolytes, plasmas,
and metallic fluids. In recent times, several scholars in the
branch of fluid motion have investigated MHD. In the year
1970, Hannes Alfven received the Nobel Prize in Physics
for his remarkable contributions to the field of MHD. Mag-
netohydrodynamics is used in many kinds of applications
such as power plants, flow meters, nuclear reactors, ther-
mal exchange structures, electrostatic filtration systems, and
metal purification in its molten state. Ahmed et al. [19]
investigated by the MHD transfer of heat and mass-mixed
convection flows of Powell-Eyring nanofluid over an effect
of thermal radiation. Mahabaleshwar et al. [20] examined
the flow of an MHD viscous fluid and heat transmission
characteristics, considering the influence of heat radiation
and evaporation effects on a stretching sheet. Reddy and
Reddy [21] studied a numerical investigation on the unsteady
three-dimensional magnetohydrodynamic micropolar move-
ment of fluid across a slandering sheet in a nanofluid flow.
Reddy and Goud [22] examined the impact of a magnetic
field on the turbulent flow of a tiny water-based fluid subject
to MHD, as it passes through an endless flat surface with
an inclined temperature gradient, transferring heat through
a porous medium. Casson and Williamson’s demonstration
of the hybrid nanofluid and the use of the MHD boundary
surface effects over a stretching cylindrical was explored
by Vijatha and Reddy [23]. Bala Anki Reddy et al. [24]
investigated the entropy generation in the magnetohydrody-
namic stagnation region flow of the cross-nanofluid using
artificial neural networks with numerous layers. Ganie et al.
[25] examined the stability evaluation of the magnetohy-
drodynamics (MHD) casson nanofluid combining brownian
motion and thermophoretic diffusion. Their research focuses
on an expanding or shrinking sheet within a porous medium.
Chabani and Mebarek-oudina [26] examined the magne-
tohydrodynamic (MHD) flow of a hybrid nanofluid in a
triangular enclosure containing zigzags and elliptical obsta-
cles. Chamkha [27] conducted a study on the MHD 3-D free
convection over a vertically stretched surface incorporating
heat generation or absorption.

Thermal radiation is the emission of electromagnetic
waves by a substance because of its temperature, with
the characteristics of this radiation depending upon the
substance’s temperature. It is highly significant in engi-
neering and physics, particularly in space exploration and
high-temperature operations. Among these applications are
nuclear power plants, the polymer processing sector, gas
turbines, and different propulsion engines for aircraft, vehi-
cles, missiles, and satellites. Khan and Hamid [28] exam-
ined the non-Newtonian thermal radiation’s effect on the
2-dimensional unsteady flow that occurs in a Williamson
fluid that contains a heat generation /absorption. Reddy and
Reddy [29] investigated the influence of mass and heat trans-
fer features of the unsteady hydromagnetic flow through the
boundary layer of the viscous fluid across an exponentially
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sloped preamble stretched sheet. Alkuhayli [30] explored the
heat transfer characteristics of a hybrid nanofluid in motion
on a spinning disc while taking into account the effect of
thermal radiation. Kumar et al. [31] analyzed the impact
of thermal radiation on the magnetohydrodynam-ics trans-
mission of heat caused by the natural convection flow of
nanofluids across a vertical plate. Jaafar et al. [32] reviewed
the steady movement and transfer of heat of a non-linearly
stretching hybrid nanofluid with the effects of MHD, ther-
mal radiation, and the suction function. Jalili et al. [33]
examined the non-linear radiative transfer of heat in the
occurrence of a magnetic field for non-Newtonian Casson
fluids moving over porous media. Goud et al. [34] explored
the influence of thermal radiation on the magnetohydrody-
namic (MHD) heat transfers on a vertically moving porosity
sheet using a micropolar liquid flow. Reddy et al. [35]
used a finite element simulation to examine the impact of
Soret-Dufour and conjugate heating on the Casson fluid’s
flow that absorbs heat from a semi-infinite vertical porous
plate.

To the author’s knowledge, no empirical investigation has
been conducted on this topic. Here, the base fluid consists
of a mixture of ethylene glycol (30%) and water (70%)
while CuO and MgO are the nanoparticles present in the
hybrid nanofluid. The flow considered under considera-
tion are viscous dissipation and the permeability parameter.
The non-linear differential systems can be transformed into
dimensionless systems with the use of appropriate variables.
The finite difference approach results in the execution of
numerical computations. An analysis is conducted to com-
pare numerical and analytical results. The graphical analysis
is focused on the performance of influential parameters such
as velocity and temperature. The specific novelty of this
study lies in its examination of the unsteady MHD flow
of Casson hybrid nanofluid over an infinite vertical flat
plate. Unlike previous studies, such as [36] and [37], which
employed the Laplace transforms for analytical solutions.
This research utilises the Crank-Nicholson (finite difference
method) numerical scheme, providing more accurate and sta-
ble solutions. Additionally, we used the statistical approach
to validate the results, further enhancing the purpose of
this study. This innovative combination of methodologies
offers new insights into flow dynamics and heat transfer
characteristics, representing a significant advancement over
existing research. The findings of this study can be applied in
various domains including heating systems, refrigeration pro-
cesses, heat exchangers, heat pipes, air conditioning systems,
and coolant applications in machinery and manufacturing
processes.

II. FORMULATING MATHEMATICAL MODEL
Let us consider the unsteady magnetohydrodynamics (MHD)
flow of Casson fluid in a porous substance through an infinite
vertical flat plate. Assume that the x-axis is parallel to the
sheet and the y-axis is perpendicular to the plate. Only fluid

FIGURE 1. Sketch of physical flow problem.

near the plates is taken in at the start of motion t = 0+. The
fluid flow experiences an increase when time (t) is greater
than zero, as a result of the applied velocity 9∗

= At and
the presence of viscous forces. Currently, a magnetic field
with force B0 being produced to induce fluid flowing in a
normal direction. At the same time, the ambient temperature
T∞, at the surface of the plate is being raised Tw. Fig.1 depicts
the study model of the subject with coordinates.

The following equation is the isotropic rheological
equation that is used for the situation of incompressible flow
in a Casson fluid:

πij =


2
(

Py
√
2π

+ µB

)
eij ; πc < π

2
(

Py
√
2πc

+ µB

)
eij ; πc > π

(1)

where Py represents the stress generated in a non-Newtonian
fluid

π = eijeij, where eij represents (i, j)th components of a
deformation rate

πc represents the critical value of the product that follows
the Casson model.

µB represents dynamic viscosity.
The heat flux (qr ) can be defined as a Rosseland

approximation:

qr =
−4σe
3βr

∂T 4

∂y
(2)

where σe is a Stefan-Boltzmann constant and βr is the absorp-
tion coefficient.

Furthermore, temperature difference with the flow T 4 can
be obtained in the Taylor series T 4

≈ (4T − 3T∞)T 3
∞ is

obtained by expanding T 4. By excluding higher-order vari-
ables, the temperature is determined relative to the ambient
temperature. In addition, the present analysis considers the
influence of permeability parameters and viscous dissipation.
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TABLE 1. Thermo-physical properties of hybrid nanofluid are as follows [23].

The governing equations that have been modelled are
expressed [37] in the following form:

∂9∗

∂x
+

∂ν∗

∂y
= 0 (3)

ρh nf
∂9∗

∂t
= µh nf

(
1 +

1
β

)
∂29∗

∂y2
+ g (ρβT )hnf

(T − T∞) − σhnf β
2
09

∗
−

µhnf

k∗
9∗ (4)(

ρcp
)
hnf

∂T
∂t

= κhnf
∂2T
∂y2

+
16σeT 3

∞

3βr

∂2T
∂y2

+ Q0 (T − T∞) + µhnf

(
1 +

1
β

)(
∂9∗

∂y

)2

(5)

The following are the boundary terms and conditions:

y > 0 : 9∗ (y, 0) = 0, T (y, 0) = T∞ ; t ≤ 0 (6)

y = 0 : 9∗ (0, t) = At,T (0, t) = Tw
y → ∞ : 9∗

→ 9∗
∞ (t) = 0,T → T∞ (t)

}
t > 0 (7)

III. NON-DIMENSIONAL APPROACH
Considering the dimensionless transformation of the gov-
erning model, we establish the following non-dimensional
variables along with functions:

9 =
9∗(

ϑf A
)1/3 , x =

yA1/3

ϑ
2/3
f

, τ =
tA2/3

ϑ
1/3
f

,

2 =
(T − T∞)

(Tw − T∞)
, Gr =

gβTf (Tw − T∞)

A
,

Rex =

(
ϑfA

)1/3 x
ϑf

, M =
σf B2oϑ

1/3
f

ρf A2/3
, Pr =

(
µCp

)
f

kf

Nr =
16σeT 3

∞

3βrkf
, Q =

Q0ϑ
1/3
f(

ρCp
)
f A

2/3
, K =

k∗
(
ϑf A

) 2
3(

ϑf
)2 ,
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FIGURE 2. Finite difference scheme.

Ec =

(
ϑf A

)2/3(
cp
)
f (Tw − T∞)

(8)

Using equation (8), the following modifications are made to
equations (4) – (5):

I2
∂9

∂τ
= I1

(
1 +

1
β

)
∂29

∂x2
+ I6Gr 2 − I3M9

− I1
9

K
(9)

I4
∂2

∂τ
=

1
pr

(I5 + Nr)
∂22

∂x2
+ Q2

+ I1Ec
(
1 +

1
β

)(
∂9

∂x

)2

(10)

Similarly, the boundary conditions have been modified as
below.

x > 0; 9(x, 0) = 0, 2(x, 0) = 0; τ ≤ 0 (11)

x = 0; 9(0, τ ) = τ, 2(0, τ ) = 1
x → ∞;9 → 9∞(τ ) = 0, 2 → 2∞(τ ) = 0

}
τ > 0

(12)

IV. METHOD OF SOLUTION
A. FINITE DIFFERENCE SCHEME
A finite difference method (FDM) is a very effective method
for dealing with ordinary differential equations, partial dif-
ferential problems, and integral equations. This method
has been used in different engineering fields, including
thermal transport, solid-state mechanics, biofluid factors,
geomechanics, and chemical manufacturing. Applying the
quasi-linearization method, it is possible to convert the orig-
inal non-linear flow equations into a linear system. Fig. 2
displayed the Finite difference method. To solve a Partial
differential equation (PDE) such as (9)-(10) using FDM, the
following four phases are required:

• Domain discretization,
• Analysing the problem through a distinct time period,
• Replacing the derivatives for finite differences,

TABLE 2. Thermodynamics and physical properties are as follows [38].

• Create a recursive technique.

The implicit Crank-Nicolson method is applied to solve the
partial differential equations (9)-(10) and the boundary con-
ditions (11) and (12). The Crank-Nicolson method is utilized
for substituting the values of velocity and temperature. The
resulting terms of this scheme are as follows [39]:

9 = 9
j
i (13)

∂9

∂τ
=

9
j+1
i − 9

j
i

1τ
(14)(

∂9

∂x

)
=

9
j+1
i+1 − 9

j+1
i−1 + 9

j
i+1 − 9

j
i−1

4(1x)
(15)

∂29

∂x2
=

1
2


{

9
j
i−1−29 j

i+9
j
i+1

(1x)2

}
+{

9
j+1
i−1−29 j+1

i +9
j+1
i+1

(1x)2

}
 (16)

While inserting equations (13) to (16) into equation (9) we
obtained the discretized version of the governing equation as

9
j+1
i − 9

j
i

1τ
=

I1
I2

(
1 +

1
β

)
1
2


{

9
j
i−1−29 j

i+9
j
i+1

(1x)2

}
+{

9
j+1
i−1−29 j+1

i +9
j+1
i+1

(1x)2

}


+
I6
I2
Gr2j

i −
I3
I2
M9

j
i −

I1
I2

9
j
i

K
(17)

9
j+1
i − 9

j
i =

I1
I2

(
1 +

1
β

)
1τ

2 (1x)2

×

(
9
j
i−1 − 29 j

i + 9
j
i+1+

9
j+1
i−1 − 29 j+1

i + 9
j+1
i+1

)
+

1τ I6
I2
Gr2j

i −
1τ MI3

I2
9
j
i −

1τ I1
K I2

9
j
i

(18)
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Let us assume the subsequent quantities for the sake of
simplicity,

R1 =
I1
I2

(
1 +

1
β

)
1τ

2 (1x)2
, S1 =

1τ Gr I6
I2

,

T1 =
1τ MI3

I2
, U1 =

1τ I1
K I2

(19)

After incorporating those values into equation (18), we get

9
j+1
i − 9

j
i = R1

(
9
j
i−1 − 29 j

i + 9
j
i+1

+9
j+1
i−1 − 29 j+1

i + 9
j+1
i+1

)
+ S12

j
i − T19

j
i − U19

j
i (20)

− R19
j+1
i−1 + (1 + 2R1)9

j+1
i − R19

j+1
i+1 = R19

j+1
i+1

+ (1 − 2R1 − T1 − U1) 9
j+1
i + R19

j+1
i−1 + S12

j
i (21)

Equation (21) shows implicit finite-difference equations; this
is the discrete version of the governing fluid. The outcome
of equation (21) can be determined at any given space node
as well as time level, denoted as i and τj+1, respectively.
At these specified locations, there are three undetermined
coefficients remaining on the right-hand side. These coeffi-
cients are situated on the space points i+1, i, and i-1 at τj+1.
In a block tridiagonal matrix representation, is AU=B if U is
an undetermined column of size (N− 1) and A is a matrix of
size (N− 1)× (N− 1) The values of the coefficients that are
distributed to the inner nodes can be provided as follows:

rj = −R1 , sj = (1 + 2R1) ,

tj = (1 − 2R1 − T1 − U1) 9
j+1
i ,

uj = R19
j+1
i+1 , vj = R19

j+1
i−1 , w = S12

j
i

for i = 2, 3, 4, . . . . . . ..(N − 1)

Therefore, equation (21) can be expressed as

rj9
j+1
i−1 + sj9

j+1
i + rj9

j+1
i+1 = uj + vj + tj + w (22)

The given expression describes a system of linear equations
in the form of a block tridiagonal matrix.
r2 s2 0 0 0 0 0
0 r3 s3 r3 . 0 0
0 0 . . . . 0
0 0 0 . . . .

0 0 0 0 rN−1 sN−1 rN−1




9
j+1
1

9
j+1
2
.

.

9
j+1
N−1

 =


t2
t3
.

.

tN−1



+


u2
u3
.

.

uN−1

 +


v2
v3
.

.

vN−1

 +


w
w
.

.

w


Similarly, we solve the equation (9) as follows:

2
j+1
i − 2

j
i

1τ
=

1
I4Pr

(I5 + Nr)

1
2


{

2
j
i−1−22j

i+2
j
i+1

(1x)2

}
+

{
2
j+1
i−1−22j+1

i +2
j+1
i+1

(1x)2

}
+

Q
I4

2
j
i

+
I1
I4
Ec

(
1 +

1
β

)
×

(
9
j+1
i+1 − 9

j+1
i−1 + 9

j
i+1 − 9

j
i−1

4(1x)

)
(23)

Multiplying through by 1τ ,

2
j+1
i − 2

j
i =

1
I4Pr

(
2
j
i−1 − 22j

i + 2
j
i+1+

2
j+1
i−1 − 22j+1

i + 2
j+1
i+1

)
(I5 + Nr)

1τ

2 (1x)2
+

1τQ
I4

2
j
i +

1τ I1
I4
Ec

(
1 +

1
β

)(
9
j+1
i+1 − 9

j+1
i−1 + 9

j
i+1 − 9

j
i−1

4(1x)

)2

(24)

For simplicity, let us assume the following variables:

R2 =
1
Pr

(
I5 + Nr

I4

)
1τ

2 (1x)2
, S2 =

1τQ
I4

,

T2 =

(
1 +

1
β

)
1τ Ec I1
16(1x)2I4

,

X =

(
9
j+1
i+1 − 9

j+1
i−1 + 9

j
i+1 − 9

j
i−1

)2
Applying the above values to equation (24) we get

2
j+1
i − 2

j
i = R2

(
2
j
i−1 − 22j

i + 2
j
i+1+

2
j+1
i−1 − 22j+1

i + 2
j+1
i+1

)
+ S22

j
i + T2X

(25)

− R22
j+1
i−1 + (1 + 2R2) 2

j+1
i − R22

j+1
i+1 = R22

j
i+1

+ (1 − 2R2 − S2) 2
j
i + R22

j
i−1 + T2X (26)

The finite difference equations (26) derived at a given space
node, denoted as i, and at a specific time level denoted as τj+1
consist of three coefficients belonging to space nodes: i+1, i,
and i-1 preceding at τj+1. The equations can be represented
in matrix form as AU = B, where U indicates an unknown
column vector of size (N − 1) at the time level τj+1 then B is
a known vector of order (N − 1) that represents the value of
U at the nth time level. The coefficient of the square matrix A
of order (N − 1)× (N − 1) and a block tridiagonal structure.
These expressions will be used to symbolize the coefficients
of the interior nodes:

dj = −R2, ej = 1 + 2R2, fj = R22
j
i+1,

gj = (1 − 2R2 − S2) 2
j
i, hj = R22

j
i−1,

l = T2X for i = 2, 3, 4, . . . . . . , (N − 1)

Hence, equation (26) can be formulated as

dj2
j+1
i−1 + ej2

j+1
i + dj2

j+1
i+1 = fj + gj + hj + l (27)

106166 VOLUME 12, 2024



Keerthiga M, P. Bala Anki Reddy: Unsteady MHD Flow of Casson Hybrid Nanofluid Over an Infinite Vertical Flat Plate

The equation (27) creates a system of linear equations, that
can be expressed in block tridiagonal matrix form as

d2 e2 0 0 0 0 0
0 d3 e3 d3 . 0 0
0 0 . . . . 0
0 0 0 . . . .

0 0 0 0 dN−1 eN−1 dN−1




2
j+1
1

2
j+1
2
.

.

2
j+1
N−1



=


f2
f3
.

.

fN−1



+


g2
g3
.

.

gN−1

 +


h2
h3
.

.

hN−1

 +


l
l
.

.

l


B. PERTURBATION ANALYSIS
Equations (9) to (10) represent a non-linear partial differential
equation system. These equations do not have a closed-form
solution that can be obtained by utilizing the given initial
and boundary conditions (12). This can be represented by
depicting the velocity and temperature equation of the fluid.
Using equation (9) – (10) and equating the harmonic and non-
harmonic terms, we are able to arrive at the following result:

I1

(
1 +

1
β

)
(90)x,x + I6Gr2 − I3M90 (x) − I1

90 (x)
K

= 0

I1
(
1 +

1
β

)
(91)x,x − I3M91 (x) − I1

91(x)
K

eIt
= 0 (28)

− I42τ +
(I5 + Nr) 2x,x

Pr
+ I1

(
1 +

1
β

)
Ec (90)x,x

+ Q2 = 0

I1
(
1 +

1
β

)
Ec (91)x,x

eIt
= 0 (29)

The constraints on the boundary for the expression (12)
become:

90 (0) = 1, 20 (0) = 1, 90 (9) = 0, 20 (9) = 0

91 (0) = 1, 21 (0) = 1, 91 (9) = 0, 21 (9) = 0 (30)

V. PHYSICAL QUANTITIES
A. NUSSELT NUMBER
The Nusselt number is a non-dimensional quantity that mea-
sures the ratio of convective heat transfer to conductive heat
transfer. It was originally formulated by Wilhelm Nusselt,
a German engineer using mathematical analysis.

In dimensionless form, the Nusselt number is

Nux =
xqw

kf (Tw − T∞)
(31)

where the heat flux qw is

qw = −

(
khnf +

16σ ∗T3
∞

3k∗

)(
∂T
∂y

)∣∣∣∣
y=0

We have

NuxRe−1
x = − (I5 + Nr)

(
∂2

∂x

)
x=0

(32)

B. SKIN FRICTION COEFFICIENT
Skin friction is a form of drag force exerted by a solid plate on
a fluid in motion. Skin friction is caused by viscous force in
fluids and ranges from laminar to turbulent flows, depending
on the fluid’s velocity.

In non-dimensional form, the Skin friction coefficient is

Cfx =
τw

ρf
(
ϑfA

) 2
3

(33)

where, the shear stress τw is

τw = µhnf

(
1 +

1
β

)
∂9∗

∂y

∣∣∣∣
y=0

We have

Cfx = I1

(
1 +

1
β

)(
∂9

∂x

)
x=0

(34)

VI. GRAPHICAL ANALYSIS
The current work examines the impact of MHD Casson
hybrid nanofluid flow and heat transfer characteristics of
an incompressible fluid. In this research, CuO and MgO as
nanoparticles are used, followed by a base fluid consisting
of ethylene glycol and water, resulting in a hybrid nanofluid.
Here, the volume fraction of copper oxide (CuO) nanopar-
ticles denoted as φ1 and the volume fraction of magnesium
oxide (MgO) nanoparticles as φ2. This part explains the
influences of distinct flow variables on the velocity profile
9 (x, τ ) and temperature profile 2 (x, τ ). Table 1 shows
the thermal properties of two different nanoparticles and
base fluid. Table 2 represents the thermo-physical properties
of hybrid nanoparticles. Meanwhile, skin friction and Nus-
selt numbers are numerically evaluated and represented in
Tables 3 and 4. Fig. 3 displays the flowchart of implicit finite
difference through the Crank-Nicolson method. The flow is
described by the Prandtl number (Pr), the Grashof number
(Gr), the thermal radiation parameter (Nr), the permeabil-
ity parameter (K), heat source/sink parameter (Q), magnetic
parameter (M), and Eckert number (Ec). The numerical
technique utilized for the entire problem depends on the
non-dimensional elements. These are some fixed pertinent
parameters are M = 0.5,K = 1,Gr = 5,Nr = 1,Ec =

0.3Q = 0.2, β = 0.5, φ1 = 0.02 and φ2 = 0.02. The
presence of upper or lower arrows in the graphs implies that
is either increasing or decreasing.
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FIGURE 3. Crank nicholson scheme.

A. EFFECT OF M, Gr , K, φ1 AND φ2 ON THE VELOCITY
PROFILES 9(x, τ )
Figs (4)-(11) are depicted to show the physical behaviour of
each parameter that is M,Gr,K, φ1 and φ2 on the veloc-
ity profile (9(x, τ )). Figs. 4 and 5 illustrate the impact of
magnetic parameter (M) on the velocity profiles 9(x, τ )
Fig. 4 illustrates a comparison between Newtonian and
non-Newtonian fluids circumstances, whereas Fig. 5 com-
pares scenarios involving nanofluids and hybrid nanofluids,
both with the same parameters. Here, it can be seen that
as the value of M increases, the velocity profiles decrease
in both comparison cases. In physical terms, when a mag-
netic parameter is applied to an electrically conductive fluid,
it generates a Lorentz force. This force tends to slow down
the fluid flow by opposing its motion. As the magnetic field
strength increases, the Lorentz force becomesmore powerful,
resulting in a reduced velocity profile for the fluid. Figs. 6
and 7 show the effects of the Grashof number Gr on the
velocity patterns (9(x, τ )). Fig. 6 presents a comparison of
scenarios involving Newtonian and non-Newtonian fluids.
Fig. 7, on the other hand, compares nanofluids and hybrid
nanofluids for an infinite vertical flat plate, with the same
parameter Gr . In these comparisons, it is observed that the
velocity rises as the value increases since the buoyancy
exerted on the fluid elements by gravitational forces enhances
the velocity of the fluid. Figs. 8 and 9 show the effects of
the permeability parameter (K) on velocity profile 9(x, τ ).
Fig. 8 shows a comparison between Newtonian and non-
Newtonian fluids. Fig. 9 shows a comparison between the
results of the hybrid nanofluid and the nanofluid. The velocity
profile is enhanced to provide a more accurate evaluation
of the permeability parameter. The visual representation of
the flow is demonstrated. When the fluid flows through a
region with greater porosity, it experiences reduced resis-
tance to flow in the opposite direction. As the permeability

FIGURE 4. Influence of M on 9(x, τ).

FIGURE 5. Effect of M on 9(x, τ).

FIGURE 6. Influence of Gr on 9(x, τ).

parameter increases, the fluid encounters a reduced barrier
to flow, resulting in an increased velocity profile. Figs. 10
and 11 illustrate how the volume fractions of nanoparticles
φ1 (CuO) and φ2 (MgO) affect the velocity fields 9(x, τ )
when comparing Newtonian and non-Newtonian scenarios.
This scenario results in an increase in the values of φ1 and
φ2 which indicates a corresponding increase in the velocity
profile.
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TABLE 3. Skin friction coefficient results for various physical parameters
at β = 0.5, φ1 = 0.02, φ2 = 0.02.

TABLE 4. Nusselt number results for various physical parameters.

B. EFFECT OF Pr , Q, Nr AND Ec ON THE TEMPERATURE
PROFILES 2(x, τ )
The temperature profiles are visually represented in
Figs. (12)-(18), it shows the influence of several parameters
like Prandtl number (Pr), thermal radiation parameter (Nr),
heat source/sink parameter (Q), and Eckert number (Ec).
In Figs. 12 and 13 show the generation/absorption param-
eter Q in the temperature patterns 2(x, τ ) over an infinite
vertical flat plate. Fig. 12 displays a comparison between the
results obtained from Newtonian and non-Newtonian situa-
tions. On the other hand, Fig. 13 compares the performance
of nanofluid and hybrid nanofluid. For all scenarios, it is
noticed that when the variable Q increases, the temperature
variation gets larger. Physically, the thermal field process
involves the addition of extra heat to a system, resulting in an
increase in the temperature profile. Figs. 14 and 15 illustrate
thermal radiation parameters Nr in the temperature profiles

FIGURE 7. Effect of Gr on 9(x, τ).

TABLE 5. Probable error (PE), Correlation coefficient (r) and
∣∣r/PE

∣∣
values of Cfx with respect to influence parameters M, Gr, and K .

2(x, τ ). Fig. 14 presents a comparison between Newtonian
and non-Newtonian fluids outcomes, while Fig. 15 compares
nanofluid and hybrid nanofluid over an infinite vertical flat
plate. Both comparison analysis indicates that raising the
heat radiation parameter Nr enhances the temperature profile.
Physically, it shows that the average absorption coefficient
decreases as the thermal radiation parameter increases. Con-
sequently, the temperature profile has increased. Figs. 16
and 17 show how temperature profile 2(x, τ ) variations
affect the Eckert number (Ec). Here, Fig. 16 compares
Newtonian and non-Newtonian situations. Fig. 17 utilizes
the same parameter Ec but presents a distinct comparison
between hybrid nanofluid and nanofluid. In both cases, it is
observed that as Ec increases, the temperature range gets
more intense. The heated fraction appears to generate heat
in the fluid, causing Ec to expand into the heated fraction.
In a purely physical sense, it converts kinetic energy into
internal energy, leading to improved temperatures throughout
the fluid’s region. Fig. 18 shows the impact of the Prandtl
number (Pr) on the temperature profile 2(x, τ ) for Newto-
nian and non-Newtonian situations. In this case, there is an
inverse relationship between the temperature and the Prandtl
number, meaning that as the Pr increases, the temperature
lowers. By increasing the Prandtl number, thermal conduc-
tivity decreases, resulting in a reduced heat transfer rate
and a subsequent reduction in temperature. Figs. 19 and 20
visualize the velocity profile 9 (x, τ ) and the temperature
profiles 2 (x, τ ) in three dimensions.
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TABLE 6. Probable error (PE), Correlation coefficient (r ) and
∣∣r/PE

∣∣
values of Nux Re−1

x with respect to parameters Pr, Nr, Ec, Q, φ1 and φ2.

TABLE 7. Multiple linear regression model for Cfx , Number of
observations: 9.

TABLE 8. Multiple linear regression model for Nux Re−1
x , Number of

observations:15.

C. VARIATION OF SKIN FRICTION COEFFICIENT AND
NUSSELT NUMBER
The influence of these parameters on the skin friction coef-
ficient (Cfx) and the Nusselt number (Nux) are shown in
Tables 3 and 4. Table 3 represents the estimated Cfx values
for different combinations of M , Gr, and K while keeping
the amounts of other components constant. The drag coef-
ficient demonstrates a positive correlation with the Grashof
number, and permeability parameter while exhibiting a

FIGURE 8. Influence of K on 9(x, τ).

FIGURE 9. Effect of K on 9(x, τ).

FIGURE 10. Influence of Ø1 on 9(x, τ).

negative correlation with the magnetic parameter. Table 4
presents the estimated Nux values for different combinations
of Pr, Nr, Q, Ec, φ1 and φ2. The Nusselt number has a
positive correlation with the thermal radiation parameter,
heat source parameter, Prandtl number, volume fraction of
nanoparticles φ1. Conversely, it demonstrates a negative cor-
relation with the Eckert number and the volume fraction of
nanoparticles φ2.
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TABLE 9. Mean absolute deviation, root mean square error, mean
squared error, and mean absolute percentage error values with respect to
actual (Cfx ) and predicted values.

TABLE 10. Mean absolute deviation, mean squared error, root mean
square error and mean absolute percentage error values with respect to
actual (Nux Re−1

x ) and predicted values.

VII. METHOD OF STATISTICAL ANALYSIS
Statistical methods for exploring numerical and estimated
results such as multiple linear regression, probable error
(PE), and correlation coefficient (r) have been attracting
a lot of attention in the scientific community. The present
study employs statistical analysis of relevant parameters to

FIGURE 11. Influence of Ø2 on 9(x, τ).

FIGURE 12. Influence of Q on 2(x, τ).

FIGURE 13. Effect of Q on 2(x, τ).

examine the relationship between physical quantities like
Nusselt number and the skin friction coefficient.

A. CORRELATION COEFFICIENT AND PROBABLE ERROR
The correlation coefficient is a statistical measure of the
degree of connection between two or more independent vari-
ables. The magnitude of an association is represented by
the correlation coefficient (r), where r ∈ [−1, 1] and the
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FIGURE 14. Influence of Nr on 2(x, τ).

FIGURE 15. Effect of Nr on 2(x, τ).

FIGURE 16. Influence of Ec on 2(x, τ).

relationship direction is indicated by the symbol r . The relia-
bility coefficient denoted as r , can be assessed by calculating
the probable error (PE). The study applies the formula PE =(
1−r2
√
n

)
0.6745, where n represents the total number of data.

If the value of the correlation coefficient
∣∣ r
PE

∣∣>6, it has been
considered to be statistically significant. Based on the data
presented in Table 5, it can be determined Cfx is negatively
correlation with the Magnetic parameter (M ) and positively
correlation with the Grashof number (Gr) and permeability

FIGURE 17. Effect of Ec on 2(x, τ).

FIGURE 18. Influence of Pr on 2(x, τ).

FIGURE 19. 3D view on velocity profile.

parameter (K ). Table 6 shows that NuxRe−1
x exhibits a

positive correlation with Prandtl number (Pr), heat source
parameter (Q), thermal radiation parameter (Nr), and volume
fraction of nanoparticles (φ1) and negatively correlated with
volume fraction (φ2) and Eckert number (Ec).

B. MULTIPLE LINEAR REGRESSION MODELING
Multiple regression modeling is a statistical analytical
approach used to determine the relationship between one
dependent variable and many independent variables. The
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FIGURE 20. 3D view on temperature profile.

FIGURE 21. Estimated and actual values for Cfx .

FIGURE 22. Estimated and actual values for NuxRe−1/2
x .

multiple linear regression method is used to estimate (Cfx)
and (NuxRe−1

x )because all pertinent correlations have been
verified. Some generalized definitions of the calculated
examples are as follows:

Cfest = a+ bMM + bGrGr + bKK + bτ τ

Nuest = a+ bPr Pr+ bNrNr + bEcEc+ bQQ

+ bφ1φ1 + bφ2φ2 + bτ τ

where a, bM , bGr , bK , bpr , bNr , bEc, bQ, bφ1 , bφ2 , bτ are
estim-ated regression coefficients. In tables 7 and 8 represents
the multiple linear regression model for physical quantities.
The estimated regression values for Cf and Nu are:

Cfest = −0.82799 − 0.05109M + 0.041758Gr

+ 0.045096 K − 1.64316τ

Nuest = −0.36162 + 0.00664Pr + 0.16352Nr

− 1.29629Ec+ 1.17435 Q+ 0.10869φ1

− 0.81957φ2 + 1.18565τ

An estimated value for the regression coefficient with a pos-
itive value indicates an increase in skin friction coefficient or
Nusselt number, while a negative value indicates a decrease
in skin friction coefficient or Nusselt number. The estimated
models show that the skin friction coefficient decreases with
larger values M and increases with Gr and k . Additionally,
the Nusselt number increases with Pr, Nr, Q and φ1 then
decreases with higher values of Ec and φ2.Those outcomes
completely correspond with the details shown in tables 3,
4, 5, 6, 7, and 8. Tables 9 and 10 represents actual values
and predicted values and calculate the Mean Squared Error
(MSE), Mean Absolute Percentage Error (MAPE), Mean
Absolute Deviation (MAD), and Root Mean Squared Error
(RMSE). Figs. 21 and 22 are used to evaluate the precision of
the developed regression technique within the chosen sample.
There is a good correlation between the actual and predicted
values for physical quantities.

VIII. CONCLUDING REMARKS
This study explores the influence of a heat source on the
behavior of an MHD Casson hybrid nanofluid flowing
over an infinite vertical flat plate. The governing partial
differential equations have been subjected to a similarity
transformation, resulting in a system of partial differen-
tial equations. The numerical approach used to solve these
equations is the implicit finite difference method, namely
the Crank-Nicolson scheme. Furthermore, the perturbation
method is utilized for analytical computations. An analysis is
conducted to compare numerical and analytical results. As a
result, comparisons between analytical and numerical results
are more accurate. The outcomes are presented in tabular
and graphical representations to illustrate the influence of
effective parameters. Further, multiple linear regression has
been employed to statistically evaluate the impact of relevant
parameters on the physical quantities. The most significant
quantitative findings of the current investigation can be char-
acterized as follows

• When the magnetic parameter (M ) is increased, the
velocity decreases whereas if the Grashof number (Gr)
is increased, the velocity increases for Newtonian and
non-Newtonian scenarios as well as hybrid nanofluid
and nanofluid situations.

• In both Newtonian and non-Newtonian situations,
as well as in scenarios involving nanofluids and hybrid
nanofluids, a rise in the heat source parameter (Q) leads
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to an increase in temperature. However, an increase
in the Prandtl number (Pr) results in a decrease in
temperature.

• The rate of heat transfer (Nusselt number) has a positive
correlation with the thermal radiation parameter, Prandtl
number, heat source parameter, and volume fraction of
nanoparticles while showing a negative correlation with
the Eckert number.

• The drag coefficient (skin friction coefficient) exhibits
a positive correlation with the permeability parameter
while exhibiting a negative correlationwith themagnetic
parameter.

• For the skin friction coefficient, the estimation of the
regression model is given by

Cfest = −0.82799 − 0.05109 M + 0.041758Gr

+ 0.045096 K − 1.64316

• For the Nusselt number, the estimation of the regression
model is given by

Nuest = −0.36162 + 0.00664Pr + 0.16352Nr

− 1.29629Ec+ 1.17435 Q+ 0.10869φ1

− 0.81957φ2 + 1.18565τ

NOMENCLATURE

B0 Magnetic strength [Wbm−1]
A Acceleration
g gravity force (m/s2)
Gr Grashoff number
Nr Thermal Radiation parameter
M Magnetic parameter
K Permeability parameter
Pr Prandtl number
Q heat source/sink Parameter
Q0 dimensional heat source
Ec Eckert number
Rex Reynolds number
H2O water
t Dimensional time [s]
T Dimensional temperature [K]
T∞ Ambient temperature [K]
Tw Surface temperature [K]
x, y Cartesian co-ordinates [m]
Nux Nusselt number
Cfx Skin friction coefficients

GREEK SYMBOLS

β Casson fluid parameter
βr Mean absorption coefficient
ρ Density [Kgm−3]
2 Dimensionless temperature
τ Dimensionless time
ϑf Kinematic viscosity [m−2s−1]
κ Thermal conductivity [Wm−1K−1]

µ Dynamic viscosity [N sm−2]
σe Stefan–Boltzmann constant [Wm−2K−4]
9∗ , ν∗ Dimensional velocity components [ms−1]
9 , ν Dimensionless velocity
φ1 Volume fraction of nanoparticles (CuO)
φ2 Volume fraction of nanoparticles (MgO)

SUBSCRIPTS
∞ Infinity
f Base Fluid
nf nanofluid
hnf hybrid nanofluid
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