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ABSTRACT In this paper, we consider a distributed antenna system (DAS) with polarized antennas for
the industrial internet-of-things, where distributed sensor nodes (SNs) with a single antenna are served
by the closest distributed antenna (DA) port having multiple antennas. By using stochastic geometry, the
interference in the polarized DAS is analyzed and the channel outage probability (OP) of the polarized DAS
is also derived in a closed form. From the analytic results, the optimal vertically/horizontally polarized node
densities are derived to minimize the channel OP. Furthermore, by investigating the effects of node density
and polarization on the channel OP, we also develop a dual-polarized DAS, in which the effective density
of co-polarized DA ports is the same with the density of all DA ports and, simultaneously, the interference
from the active cross-polarized DA ports is effectively mitigated. By analyzing the channel OP for the dual-
polarized DAS, the optimal node densities to minimize the overall channel OP and the effect of network
design parameters on the channel OP is also investigated, which gives us a useful insight into the design of
the polarized DAS.

INDEX TERMS Polarized distributed antenna system, stochastic geometry, industrial Internet of
Things (IIoT).

I. INTRODUCTION
The industrial internet of things (IIoT) is envisioned to
establish flexible and reconfigurable production systems in
the manufacturing industry, because it connects massive
devices and enables their autonomous data exchange [1], [2]
and references therein. To support the reliable connectivity
of massive sensor nodes (SNs), a distributed antenna system
(DAS) has been extensively investigated [3], [4], [5], because
it can take advantages of uniform service coverage with
smaller path-loss, compared to the colocated antenna system.
In [4], wireless power transfer architecture based on DAS is
proposed and in [5], QoS-aware distributed antenna selection
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scheme is developed. Various beamforming techniques are
also extensively investigated in DAS framework [6], [7].
However, these multi-antenna based transmission schemes
assume the perfect channel state information (CSI) at trans-
mitter, which causes time delay unsuitable for IIoT applica-
tions. Accordingly, transmit antenna selection schemes are
investigated to maximize the achievable sum-rate [8] and
minimize the power consumption [9] in DAS.
To lesson the spatial interference in communication

networks, the antenna polarization can be used. In [10],
dual-structured linear precoding scheme is proposed when
the base station and the mobile stations are equipped with
multi-polarized antennas and imperfect CSIT is available.
In [11], quaternion-valued multi-user MIMO equalization
is studied for the case of dual-polarized antennas and
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in [12], joint transmitter-receiver design for multi-user
MIMO transmission aided by polarization multiplexing is
developed. Furthermore, the dual-polarized antenna has been
exploited in a variety of sensor networks. In [13], the
dual-polarized MIMO antenna systems are investigated to
obtain the polarization diversity in cognitive radio ultra-wide
band sensor networks. In [14], the dual-polarized antenna is
developed for medical body-area networks (MBAN) covering
the MBAN band (2.38-2.45 GHz) and a 5.8 GHz ISM bands
(5.725-5.875 GHz). In [15], the dual-polarized antenna array
is developed for wireless data and power transfer in the spec-
trum band of 4.5-5.8 GHz. Recently, the distributed MIMO
with dual-polarized antennas has been also considered for the
5G new radio (NR) standardization [16], in which each DA
port exploits 32 antenna elements. Dual-polarized antennas
with high cross-polarization discrimination (XPD) have been
developed [17], [18] and because of this, transmission
techniques utilizing the polarization are becoming more
critical in the interference management in DAS.

Note that the uncoordinated interference from distributed
antenna (DA) ports which are randomly deployed in a given
area degrades the system performance of DAS. Accordingly,
the stochastic interference has been extensively investigated
in DAS by exploiting the stochastic geometry [19], [20], [21]
and references therein. That is, because the uncoordinated
interference limits the system performance, to reduce the
interference at the reference SN, multi-antenna-based tech-
niques and DA cooperation schemes are proposed and their
performances are analytically analyzed. In [19], the downlink
spectral efficiency of multi-cell multi-user DAS is analyzed
by using stochastic geometry when the maximal ratio
transmission (MRT) and zero-forcing (ZF) beamforming is
exploited at each DA port and perfect CSI is known at each
DA port. In [20], when DA ports and sensor nodes have
a single antenna, the spectral efficiency formulas for the
blanket and selective transmission schemes are derived by
exploiting stochastic geometry. In [21], a unified approach
to analyze error probability, channel outage probability
(OP), and transmission rate analysis in DAS by exploiting
stochastic geometry is presented. In addition, we also note
that the assumption of homogeneous Poisson point process
(PPP) has been utilized to analyze the system performance for
many different types of randomly distributed communication
nodes. To see its validity, in [22], the deployment of the
actual LTE base-stations (BSs) are compared to a sample
of BSs from the PPP of the same BS density. Furthermore,
the assumption of homogeneous PPP gives us a tight lower
bound of the system performance compared to that with
actual LTE BS deployment. Accordingly, the homogenous
PPP has been widely used to model a variety of networks –
cellular networks [23], [24], mobile ad hoc networks [25],
[26], cognitive radio networks [27] and wireless sensor
network [28], [29], [30]. However, the stochastic interference
due to the polarized antennas in DAS has not been
analyzed and its effect on the channel outage has not been
investigated.

In this paper, we consider the downlinkDASwith polarized
antennas for IIoT,1 where distributed SNs with a single
antenna are served by the closest DA port having multiple
antennas and the polarized antennas are exploited to mitigate
the spatial interference. We assume that the serving DA
port do not have full CSIT and transmit antenna selection
diversity scheme is utilized because it requires less feedback
overhead. We note that the antenna selection is expected to
improve system performance while reducing the hardware
complexity (i.e., reducing the number of RF chain) as
well as the feedback overhead (the feedback latency and
the feedback bits) [35], [36]. Likewise, because the smart
factory applications require low-latency and the SN are
resource limited in general, we consider the antenna selection
scheme. By using stochastic geometry, the interference in the
polarized DAS is first analyzed. Specifically, when each DA
port has either vertically or horizontally polarized multiple
antennas and each SN has a single polarized antenna, Laplace
transform of the interference is derived and the channel
OP of the polarized DAS is then derived in a closed form.
Due to the tractability of PPP described in [23], [28], [29],
and [30], we also assume that the nodes forms a PPP. From
the analytic results, we show how we can optimize network
parameters to minimize the channel OP. Specifically, the
optimal vertically/horizontally polarized node densities for
the polarized DAS are derived. Furthermore, by investigating
the effects of node density and polarization on the channel
OP, we also develop a dual-polarized DAS in which the
DA port density is maintained compared to the conventional
DAS, while the interference can be lessened through the
polarization selection. In Table 1, we summarize and compare
the relevant papers for the convenience of readers and,
considering the polarized DAS, the contributions of this paper
are listed below:

• Considering the single-polarized downlinkDAS, assum-
ing that SNs having a single antenna with either vertical
or horizontal polarization are randomly distributed
according to independent homogeneous PPP,2 we inves-
tigate the channel OP by using the stochastic geometry.
When each SN is served by a single co-polarized DA
port having the minimum distance (equivalently, the
minimum path-loss), the channel OP can be derived

1As specific applications, smart factories [32] and advanced cellular
networks [16], [33], [34] with high node densities are considered, where the
devices and the industrial equipment in a factory environment are wirelessly
connected and the industrial processes are managed and controlled remotely.
The interference analysis and the DAS design strategies developed in this
paper can be extended to other applications with distributed sensor networks.

2 Throughout the paper, we do not consider the exclusion zones around
nodes that need to be protected from excessive interference generated by the
cross-polarized DA ports, because the interference from the cross-polarized
DA ports are naturally attenuated due to the XPD. However, if the exclusion
zones are introduced through appropriate MAC protocols, the polarized
DAS can be modeled as Poisson hole process (PHP), which is also
used to describe the two-tier heterogeneous networks, and the PHP is
also approximated as a homogeneous PPP through the first-order statistic
approximation method [26]. Accordingly, the polarization density would be
further optimized with the exclusion zone to manage the spatial interference,
which is an interesting topic, but we believe it is out of scope of this paper.
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TABLE 1. Literature review related to polarized DAS.

in terms of the Laplace transform of interference
in a given area, which depends on the active co-
polarized/cross-polarized DA port densities as well as
the XPD. In the prior works [28], [29], [30], [31], the
stochastic interference due to the polarized antennas
in DAS and its effect on the channel outage has
not been investigated. For notational convenience, the
DAS without consideration of the polarized antennas is
referred as the conventional co-polarized DAS.

• By formulating the channel OP min-max problem, the
optimal vertically/horizontally polarized node densities
for single-polarized DAS are derived such that the
maximum of the channel OP at the typical polarized SN
is minimized. From the analytic results, it can be found
that the interference level can be effectively lessened
by exploiting the polarized antennas at the nodes. We
note that, in the prior works [6], [7], [8], [9], [11], [12],
the beamforming/precoding schemes are developed for
the polarized DAS, but the stochastic interference due
to the antenna polarization in DAS is not analytically
investigated. Differently from the prior works, we show
how to optimize the polarized node densities from
the analytic channel OP derived through the stochastic
geometry.

• Motivated from the analysis of channel OP in the
single-polarized DAS, we develop a dual-polarized
downlink DAS, in which each DA port has both ver-
tically/horizontally polarized antennas and accordingly
the effective density of the co-polarized DA ports is
the same with the density of all DA ports. At the same
time, the interference from the active cross-polarizedDA
ports is effectively reduced. The optimal node densities
to minimize the overall channel OP is theoretically
derived and the effect of the network design parameters
(e.g., the number of transmit antennas, node densities,
and XPDs) on the channel OP is investigated, which
gives us a useful insight into the design of the
polarized DAS. Specifically, when XPD is small or the
number of Tx antennas become large, the dual-polarized
DAS outperforms the conventional co-polarized DAS.
Therefore, based on the network parameters such as the

number of transmit antennas and the XPDs, it can be
chosen which DAS structure is suitable to minimize the
channel OPs.

The rest of this paper is organized as follows. In Section II,
we introduce the polarized DAS systemmodel. In Section III,
we derive the channel OP analytically and obtain the optimal
polarized node densities for single-polarized DAS from those
analytic results. In Section IV, we propose the dual-polarized
DAS and discuss DAS design strategies for the polarized
DAS. In Section V, we provide several simulation results and
in Section VI we give our conclusion.

II. SYSTEM MODEL FOR A SINGLE-POLARIZED DAS
In Fig. 1, we consider the downlink single-polarized DAS,
where DA ports have N single polarized transmit antennas
and SNs have a single receive antenna. Specifically, each DA
port hasN either vertically or horizontally polarized antennas
and each SN has a single antenna with either vertically or
horizontally polarization. It is assumed that the SNs with
a vertically (respectively, horizontally) polarized antenna
are distributed according to independent homogeneous PPP
8VS (λVS ) with a density λVS (respectively, 8HS (λHS ) with
a density λHS ). In addition, DA ports with vertically
(respectively, horizontally) polarized antennas are assumed
to be distributed according to independent homogeneous PPP
8VD(λVD) with a density λVD (respectively,8HD(λHD) with a
density λHD). If each DA port serves the closest co-polarized
SN, active DA ports with vertically and horizontally polar-
ization can be approximated by independent homogeneous
PPPs 8(λAVD) and 8(λAHD), respectively [20], [37]. Here,
the active node density can be given as λAVD ≈ λVS and
λAHD ≈ λHS .

Thanks to the Slivnyak’s theorem [38], we analyze the
network performance, conditioning on the existence of a
‘‘typical reference SN with either vertically or horizontally
polarized antenna’’ at the origin. Without loss of generality,
we can have 8D(λpS ) = {(rpi,hpi), i = 0, 1, 2, . . .}, where
rpi is the ascending ordered distances of the DA ports from
the origin (i.e., rpi < rpi+1) with the antenna polarization p ∈

{V ,H}. In addition, hpi ∼ CN (0, IN ), p ∈ {V ,H} denote
short-term fading vector from the ith active DA port with
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FIGURE 1. (a) The operation of downlink single-polarized DAS and (b) the
signal propagation patterns emitted from vertically/horizontally polarized
antennas.

the antenna polarization p to the reference SN. Because the
reference SN is served by the DA port with the same polarized
antennas and the minimum distance rp0, p ∈ {V ,H}, the
received signal at the reference SN is then given as

yp0 = r−α/2
p0 hHp0xp0 +

∑
i∈8(λpS )/rp0

r−α/2
pi hHpixVi

+
√

χ
∑

i∈8(λp̃S )

r−α/2
p̃i hHp̃ixp̃i + n0, (1)

where xpi denotes a transmit signal vector from the ith

DA port with the polarization p and p̃ =

{
H if p = V
V if p = H

.

In addition, n0 denotes a zero-mean additive white Gaussian
noise with a variance σ 2

n , and α is a path-loss exponent.
The parameter 0 ≤ χ ≤ 1 is the inverse of the XPD,
1 ≤ XPD ≤ ∞ (See also Fig. 1(b).). Here, XPD refers
to the long-term statistics of antenna elements and channel
depolarization that measures the ability to distinguish the
orthogonal polarization. The distance rp0 is a RV with the
probability density function (PDF) given as [23]

frp0 (r) = 2πλpDre−πλpDr2 , r > 0. (2)

Throughout the paper, we assume that instantaneous full
CSIT is not available because the feedback channel is
hardly implemented or transfers one or few bits due to the
requirement of low-latency in IIoT. Accordingly, long-term
CSIT (e.g., the path-loss exponent and the XPD) is available
at the DA ports and the antenna index (requiring few bits)
can be fed back from SNs. Therefore, in this paper, the
transmit antenna selection scheme is considered. That is,
xpi, p ∈ {V ,H} are given as xpi = wispi, where spi is the
data symbol stream for the ith SN with p-polarized antenna
and E[|spi|2] = Ptx , and wi is the antenna selection vector,
given as wi = [0, . . . , 0, 1, 0, . . . , 0]T (∈ RN×1) such that
only one antenna element with the maximum channel gain in
hpi is selected.

In addition, the SINR at the reference SN with the
polarization p, γp0, is given as

γp0 =
r−α
p0 |hpmax|

2

INp0
, (3)

where hpmax = maxi=1,...,N |[hp0]i| and

INp0 = I8(λpp)|rp0 + I8(λpp̃) + σ 2
n /Ptx (4)

with I8(λpp)|rp0 =
∑

i∈8(λpS )/rp0 r
−α
pi |[hpi]ki |

2 and I8(λpp̃) =

χ
∑

i∈8(λp̃S )
r−α
p̃i |[hp̃i]ki |

2. Here ki is the antenna index
selected at the ith SN.

III. ANALYSIS OF CHANNEL OUTAGE PROBABILITY FOR
THE SINGLE-POLARIZED DAS
A. DERIVATION OF CHANNEL OUTAGE PROBABILITY
Note that the squared norm of each element in hpi for p ∈

{V ,H} and i = 1, 2, . . . is distributed according to the
chi-squared distribution with a degree-of-freedom (DoF) of
two. Accordingly, by defining 90 ≜ |hpmax|

2 and exploiting
the order statistics [39], the complementary cumulative
distribution function (CCDF) of 90, denoted as Fc90

(x), can
be derived as

Fc90
(x) = P(90 > x) = 1 − (1 − e−x)N

=

N∑
n=1

NCn(−1)n+1e−nx , (5)

where NCn =
N !

n!(N−n)! . We also define 9pi ≜ |[hpi]ki |
2 and

9p̃i ≜ |[hp̃i]ki |
2. Then, they follows the chi-squared

distribution with a DoF of two, which are denoted as

9pi ∼ χ2
2 , 9p̃i ∼ χ2

2 , i = 1, 2, . . . (6)

From [31], by exploiting the CCDF of 90, P(γ0 ≥ γ̄th) for a
given rp0 = r can be derived as

P
(
γ0 ≥ γ̄th|rp0 = r

)
= P

(
|hpmax|

2
≥ γ̄thINp0rα

)
=

∫
∞

0
P
(
|hpmax|

2
≥ sγ̄thrα

)
fINp0 (s)ds

=

∫
∞

0
Fc90

(sγ̄thrα)fINp0 (s)ds, (7)
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where fINp0 (s) is the PDF of INp0 in (4). Therefore, from (2),
(5) and (7), the channel outage probability can be derived as

P(γ0 < γ̄th) = 1 −

∫
∞

0

(
2πλpDre−πλpDr2

N∑
n=1

NCn(−1)n+1

× LINp0|r (z)
∣∣
z=nγ̄thrα

)
dr . (8)

In (8), LINp0|r (z) is the Laplace transform of the interference
and noise power from active DA ports affecting a receiver
located r meters away from its serving DA port. Here, for
high SNR regime, it can be given as

LINp0|r (z) ≈ LI8(λpS )|r
(z)LI8(λp̃S )|r

(z), (9)

where the first term is associated with the interference
from co-polarized DA ports and the second term is due to
the interference from cross-polarized DA ports. From [21]
and [31], LI8(λpS )|r

(z) and LI8(λp̃S )|r
(z) in (9) are respectively

derived as

LI8(λpS )|r
(z)

= E

exp
−z

∑
i∈8(λpS )/r

r−α
i 9pi


= exp

[
−2πλpS

∫
∞

r
E9pi

[
1 − exp[−zr−α9pi]

]
rdr
]

= exp
[
−2πλpS

∫
∞

r

[
1 −

1
(1 + zr−α)

]
rdr
]

, (10)

and

LI8(λp̃S )|r
(z)

= E

exp
−zχ

∑
i∈8(λp̃S )/r

r−α
i 9p̃i


= exp

[
−2πλp̃S

∫
∞

0
E9p̃i

[
1 − exp[−zχr−α9p̃i]

]
rdr
]

= exp
[
−2πλp̃S

∫
∞

0

[
1 −

1
(1 + zχr−α)

]
rdr
]

. (11)

From Lemma 1 of [40], LI8(λpS )|r
(z) and LI8(λp̃S )|r

(z) can be
further simplified below, which gives us a useful insight.

LI8(λpS )|r
(z) = exp

[
−λpSz

2
αCco(α, z)

]
, (12)

LI8(λp̃S )|r
(z) = exp

[
−λp̃Sχ

2
α z

2
αCcr (α)

]
, (13)

where

Cco(α, z) =
2π
α

(
B(

2
α

, 1 −
2
α
) − B(

1
1 + zr−α

,
2
α

, 1 −
2
α
)
)

,

Ccr (α) =
2π
α
B(

2
α

, 1 −
2
α
).

Here, B(a, b) and B(x; a, b) are beta/incomplete beta func-
tions, respectively, given as B(a, b) =

0(a)0(b)
0(a+b) and

B(x; a, b) =
∫ x
0 u

a−1(1 − u)b−1du. For compactness, the
detailed derivation is omitted, but (12) and (13) can be

obtained from the change of variables in the integration
in (10) and (11) as similar steps in Lemma 1 of [40]. We
note that because the co-polarized DA port with the minimum
distance r is selected, the co-polarized DA ports within a
radius r from the typical SN do not cause interference,
resulting that the integration starts from r in (10).
From the discussion above, the channel outage probability

for the polarized DAS can be derived.
Theorem 1: When active DA ports with vertically and

horizontally polarization are distributed according to inde-
pendent homogeneous PPPs, 8VS (λVS ) with a density λVS
and 8HS (λHS ) with a density λHS ), the channel outage
probability at the typical SN with p polarization, (p ∈ {V ,H},
is given as the closed form as

Pout,p
= P(γ0 < γ̄th)

= 1 −

N∑
n=1

πλpDNCn(−1)n+1

πλpD +

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α)

)
(nγ̄th)

2
α

(14)

where

Cco(α, n) = Cco(α, z)|z=nγ̄thrα

=
2π
α

(
B(

2
α

, 1 −
2
α
) − B(

1
1 + nγ̄th

,
2
α

, 1 −
2
α
)
)

=
2π
α
B
(

nγ̄th
1 + nγ̄th

,
2
α

, 1 −
2
α

)
, (15)

Proof: From (9), (12), and (13), for the typical SN with
vertical polarization, the Laplace transform, LINp0|r (z), at z =

nγ̄thrα can be approximated as

LINp0|r (z)
∣∣
z=nγ̄thrα

≈ LI8(λpS )|r
(z)LI8(λp̃S )|r

(z)
∣∣∣
z=nγ̄thrα

= exp
[
−

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α)

)
(nγth)

2
α r2

]
.

(16)

Accordingly, (8) can be rewritten as (17), shown at the bottom
of the next page, and after simple algebraic manipulations,
(14) can be derived.

□
We note that, because the feedback overhead to obtain the

perfect CSIT is prohibitive in IIoT due to the requirement of
low-latency in IIoT, the transmit antenna selection scheme
is considered. However, if the perfect CSIT is available,
the maximal ratio transmission scheme can be employed at
each DA port, resulting in more SINR improvement at the
SN. Specifically, the CCDF of 90 in (5) will be given as a
similar form derived in [31] and the proposed analysis and
design strategies can be incorporated with and extended to
the perfect/more strong CSIT scenarios, and a more detailed
investigation is left as our future work.

To see how the outage probability in (14) is relevant to the
hardware specification, let us consider that the transmission
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bandwidth and the packet duration are, respectively, given
by BW and Tp. For the packet size of Nb bits, the outage
probability can be given as

Pout = P
(
BW log2(1 + γ0) <

Nb
Tp

)
= P

(
γ0 < 2

Nb
BWTp − 1

)
. (18)

Therefore, the outage probability depends on the transmission
bandwidth, the packet duration, and the packet size and γ̄th

in (14) can be expressed as γ̄th = 2
Nb

BWTp − 1.

B. OPTIMAL VERTICALLY/HORIZONTALLY POLARIZED
NODE DENSITIES FOR THE SINGLE-POLARIZED DAS
Because both Pout,V and Pout,H in (14) should be minimized
simultaneously, the optimization of node densities can be
formulated as the following min-max problem:

(λ̂VS , λ̂HS , λ̂VD, λ̂HD)

= arg
(λVS ,λHS ,
λVD,λHD)

minmax(Pout,V ,Pout,H )

s.t. λVS + λHS = λS , λpS > 0

λVD + λHD = λD, λpD > 0. (19)

The following lemma gives an insight into how to optimize
the SN densities to minimize the channel outage probability.
Lemma 1: The following function, f (x), is an increasing

function with respect to x for a small x > 0.

f (x) = 1 −

N∑
n=1

NCn(−1)n+1

1 + xn
2
α

.

Proof: Due to the limit of space, we omit the proof.
□

We note that the channel outage in (14) can be given as

Pout,p = 1 −

N∑
n=1

NCn(−1)n+1

1 + xpn
2
α

,

where xp =

(
λpSCco(α,n)+χ

2
α λp̃SCcr (α)

)
γ̄

2
α
th

πλpD
and xp is usually

small for λpD > λS and small γ̄th. Therefore, from Lemma 1,
to decrease the channel outage probability, xp should be
minimized and (38) can be rewritten as

(λ̂VS , λ̂VD) = arg
λVS ,λVD

minmax (CV ,CH )

s.t. 0 < λVS < λS , 0 < λVD < λD, (20)

where

CV =
λVSCco(α, n) + χ

2
α (λS − λVS )Ccr (α)

λVD
,

CH =
(λS − λVS )Cco(α, n) + χ

2
α λVSCcr (α)

λD − λVD
. (21)

and it can be found that, for the optimal (λ̂VS , λ̂VD),

λ̂VSCco(α, n) + χ
2
α (λS − λ̂VS )Ccr (α)

λ̂VD
(= ĈV )

=
(λS − λ̂VS )Cco(α, n) + χ

2
α λ̂VSCcr (α)

λD − λ̂VD
(= ĈH ). (22)

Otherwise, we can always find a new parameter set,
(λ̂′
VS , λ̂

′
VD), exhibiting smaller Copt < minmax

(
ĈV , ĈH

)
.

We note that (22) can be rewritten as

λ̂HD

λ̂VD
=

λ̂HSCco(α, n) + χ
2
α λ̂VSCcr (α)

λ̂VSCco(α, n) + χ
2
α λ̂HSCcr (α)

. (23)

Accordingly, when the densities of polarized SNs are given,
the portion of polarized DA ports can be determined
from (23). For example, if λVS and λHS are given fixed and
χ is small (i.e., (23) yields λ̂HD

λ̂VD
≈

λ̂HS

λ̂VS
. ), it can be found that

the p-polarized DA port density λ̂pD is proportional to λ̂pS .
When λVS and λHS are not given as fixed values, due to the
symmetry of node densities in CV and CH , it can be found
that λ̂VS = λ̂HS =

λS
2 and therefore, λ̂VD = λ̂HD =

λD
2 .

Remark 1: From Theorem 1 and the above discussion,
when the node densities are given as λ̂VS = λ̂HS =

λS
2 and

λ̂VD = λ̂HD =
λD
2 , the optimal outage probability for the

single-polarized DAS can be given as

Pout,SP = minmax(Pout,V ,Pout,H )

= 1 −

N∑
n=1

NCn(−1)n+1

1 + x̂SPn
2
α

, (24)

where

x̂SP =

(
λSCco(α, n) + χ

2
α λSCcr (α)

)
γ̄

2
α

th

πλD
. (25)

We note that by reducing the node density of co-polarized
SNs, the interference from the active co-polarized DA ports
can be reduced, and accordingly, the overall interference
level can be reduced at the reference SN. However, half of DA
ports have the co-polarized antennas with the reference SN

P(γ0 < γ̄th) = 1 −

N∑
n=1

NCn(−1)n+1
∫

∞

0
2πλpDr exp

[
−

(
πλpD +

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α)

)
(nγ̄th)

2
α

)
r2
]
dr

= 1 −

N∑
n=1

NCn(−1)n+1 πλpD

πλpD +

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α)

)
(nγ̄th)

2
α

(17)
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and the others have cross-polarized antennas to support both
polarized SNs in a given area and the reduced co-polarized
DA port density increases the communication distance
between the reference SN and its nearest co-polarized DA
port from (2). Here, we note that, motivated from [41],
the polarization can be actively selected at the node and
therefore, the polarization density would be controllable with
appropriate MAC protocols, which is an interesting topic, but
we believe it is out of scope of this paper. □
Remark 2: By taking a similar approach in Theorem 1, the

outage probability of the co-polarized DAS is derived as

Pout,CP = 1 −

N∑
n=1

NCn(−1)n+1

1 + x̂CPn
2
α

, (26)

where

x̂CP =
(λSCco(α, n)) γ̄

2
α

th

πλD
. (27)

Here, we note that the conventional DAS, not considering the
polarized antennas (i.e., DAS with co-polarized antennas) is
regarded as the baseline system. In addition, the nodes have
the same polarized antennas, which implies that there is no
interference from the cross polarized DA ports. From (25)
and (27), it can be found that Pout,CP ≤ Pout,SP and when
χ = 0, Pout,CP = Pout,SP. That is, the polarized DAS has
the same channel outage performance with the conventional
co-polarized DAS only when the polarized antenna nulls
out the signal from the cross-polarized antennas perfectly.
That is, the single-polarized DAS does not achieve the
performance gain against the conventional co-polarized
DAS. This is because the co-polarized DA port density is
reduced as much as the overall interference level is lowered,
which is also discussed in Remark 1. □

IV. DOWNLINK DAS WITH DUAL-POLARIZED ANTENNAS
Motivated from Remark 1 and 2, we develop the dual-
polarized DAS, in which the effective density of the
co-polarized DA ports is the same with the density of all DA
ports (i.e., λD) and, simultaneously, the interference from the
active cross-polarized DA ports is effectively reduced. That
is, each DA port has vertically polarized antennas as well
as horizontally polarized antennas and accordingly, SN can
associate with the closest DA port regardless of the antenna
polarization.

A. OPERATION OF DUAL-POLARIZED DAS
As in Fig. 2, by considering the dual-polarized DAS,
if each DA port has N/2 vertically polarized antennas and
N/2 horizontally polarized antennas and serves the closest
SN by selecting its antenna polarization same with the
associated SN, active DA ports with vertically and hori-
zontally polarization can be approximated by independent
homogeneous PPPs 8(λAVD) and 8(λAHD), respectively.
Then, the serving DA port selects the co-polarized antenna
with the maximum channel gain to transmit the desired signal

FIGURE 2. (a) The operation and (b) hardware configuration of downlink
dual-polarized DAS.

to the reference SN. The received signal at the reference SN
with p polarization is then given as

yp0 = r−α/2
0 hHp0xp0 +

∑
i∈8(λpS )/r0

r−α/2
pi hHpixpi

+
√

χ
∑

i∈8(λp̃S )/r0

r−α/2
p̃i hHp̃ixp̃i + n0, (28)

where hpi, xpi ∈ CN̄×1 with N̄ = N/2 and the distance r0 is
a RV with the PDF given as

fr0 (r) = 2πλDre−πλDr2 , r > 0. (29)

Therefore, the SINR at the reference SNs with verti-
cally/horizontally polarized antenna can be given as

γp0 =
r−α
0 |hpmax|

2

I8(λpp)|r0 + I8(λpp̃)|r0 + σ 2
n /Ptx

, (30)

where p ∈ {V ,H} and p̃ =

{
H if p = V
V if p = H

.

We note that the main differences between (1) and (28)
are the PDF of the distance between the reference SN and
its serving DA port and the number of co-polarized transmit
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antennas at the serving DA port. That is, the minimum
distance between the reference SN and its serving DA port
in the dual-polarized DAS is smaller, while the number of
co-polarized transmit antennas is a half of that in the single-
polarized DAS. We also note that another big difference
between the dual-polarized DAS and the conventional DAS,
not considering the polarized antennas is the transmit antenna
selection process. For the conventional DAS, after the closest
DA port association, the sensor node reports the selected
transmit antenna index back to the associated DA port
through the feedback channel. Here, the feedback overhead
is log2 N bits for N transmit antennas.

For the dual-polarized DAS, after the closest DA port
association, the polarization selection is processed at the
associated DA port, requiring one bit feedback and then the
sensor node reports the selected transmit antenna index back
to the associated DA port. The associated antenna selection
process is described in Fig. 2 (a), when the typical SN
has a vertically polarized antenna. In addition, the detailed
hardware configuration for the antenna selection process is
described in Fig. 2 (b). A similar hardware configuration
can be explained when the typical SN has a horizontally
polarized antenna. Because, in the dual-polarized DAS,
each DA port has N/2 vertically polarized antennas and
N/2 horizontally polarized antennas, the required feedback
overhead is log2(N/2) bits for N/2 co-polarized transmit
antennas. Therefore, the overall required feedback bits are the
same for both systems.We also note that the antenna selection
process developed in [42] and [43] can also be incorporated
with our dual-polarized DAS.

B. OUTAGE PROBABILITY FOR DUAL-POLARIZED DAS
By taking a similar approach in the proof of Theorem 1, the
channel outage probability for the dual-polarized DAS can
also be derived as follows.
Theorem 2: For the dual-polarized DAS distributed

according to homogeneous PPP 8(λD) with a density λD,
when SNs with vertically and horizontally polarization are
distributed according to independent homogeneous PPPs,
8VS (λVS ) with a density λVS and 8HS (λHS ) with a density
λHS ), the channel outage probability at the typical SN with p
polarization, (p ∈ {V ,H}), is given as the closed form as

Pout,p
= P(γ0 < γ̄th)

= 1 −

N̄∑
n=1

πλDN̄Cn(−1)n+1

πλD +

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α, n)

)
(nγ̄th)

2
α

(31)

where p̃ =

{
H if p = V
V if p = H

and

Cco(α, n) = Cco(α, z)|z=nγ̄thrα

=
2π
α
B
(

nγ̄th
1 + nγ̄th

,
2
α

, 1 −
2
α

)
, (32)

Ccr (α, n) = Ccr (α, z)|z=nγ̄thrα

=
2π
α
B
(

nχγ̄th

1 + nχγ̄th
,
2
α

, 1 −
2
α

)
. (33)

Corollary 1: When active DA ports with vertically and
horizontally polarization are distributed according to inde-
pendent homogeneous PPPs, 8VS (λVS ) with a density λVS
and 8HS (λHS ) with a density λHS ), the interference from the
superposed PPPs (8(λVS ) and 8(λHS )) with different polar-
ization can be approximated as that from a homogeneous
PPP with copolarized DAS and an effective node density
(λVS + χ

4
α λHS ) and the channel outage probability at the

typical SN is given as the closed form as

Pout,p ≈ 1 −

N̄∑
n=1

πλDN̄Cn(−1)n+1

πλD +

(
λpS + χ

4
α λp̃S

)
Cco(α, n)(nγ̄th)

2
α

.

(34)
Proof: From the series formula for the incomplete

Beta function [44], for small γth, Cco(α, n) in (32) can be
approximated as

Cco(α, n) ≈
2π
α
B
(
nγ̄th,

2
α

, 1 −
2
α

)
=

2π
α

(α

2
(nγ̄th)

2
α + O

(
(nγ̄th)1+

2
α

))
. (35)

Likewise, Ccr (α, n) in (33) can be approximated as

Ccr (α, n) ≈
2π
α
B
(
nχγ̄th,

2
α

, 1 −
2
α

)
=

2π
α

(α

2
(nχγ̄th)

2
α + O

(
(nχγ̄th)1+

2
α

))
. (36)

Accordingly, for small γth, Ccr (α, n) ≈ χ
2
αCco(α, n) and the

Laplace transform, LIN0|r (z) can be approximated as

LIN0|r (z) ≈ exp
[
−

(
λpS + χ

4
α λp̃S

)
z
2
αCco(α, n)

]
. (37)

By comparing it with (12), the interference from the
cross-polarized DA ports can be regarded as the interference
from the co-polarized DA ports with the reduced node
density, χ

4
α λp̃S . Therefore, by taking a similar approach in

Theorem 1, the channel OP can be derived as (34). □

C. OPTIMAL VERTICALLY/HORIZONTALLY POLARIZED SN
DENSITIES FOR DUAL-POLARIZED DAS
We note that in the dual-polarized DAS with a given DA
port density, λD, the densities of the DA ports, in which the
p-polarized antenna is selected and active, are determined
according to the p-polarized SN densities. In addition,
because both Pout,V and Pout,H in (31) should be minimized
simultaneously, the optimization of SN densities can then be
formulated as the following min-max problem:

(λ̂VS , λ̂HS ) = arg
(λVS ,λHS )

minmax(Pout,V ,Pout,H )

s.t. λVS + λHS = λS . (38)
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We note that the channel outage in (31) can be given as

Pout,p = 1 −

N̄∑
n=1

N̄Cn(−1)n+1

1 + xpn
2
α

,

where xp =

(
λpSCco(α,n)+χ

2
α λp̃SCcr (α,n)

)
γ̄

2
α
th

πλD
and xp is usually

small for λD > λS and small γ̄th. Therefore, from Lemma 1,
to decrease the channel OP, λD should be increased and
simultaneously,

(
λpSCco(α, n) + χ

2
α λp̃SCcr (α, n)

)
should be

decreased. Accordingly, the optimization in (38) can be
equivalently transformed into the optimization of λVS as

λ̂VS

= arg
λVS

maxmin
((

λVSCco(α, n) + χ
2
α (λS − λVS )Ccr (α, n)

)
,

×

(
(λS − λVS )Cco(α, n) + χ

2
α λVSCcr (α, n)

))
, (39)

which resulting in the optimal vertically/horizontally polar-
ized SN densities as λ̂VS = λ̂HS =

λS
2 .

D. DAS DESIGN STRATEGIES FOR POLARIZED DAS
From Corollary 1, by exploiting the dual-polarized DAS,
the interference from the cross polarized DA ports can be
lessened and the antenna selection diversity gain with N̄
can be achieved. If the conventional co-polarized DAS is
exploited, the antenna selection diversity gain with 2N̄ (= N )
is achieved, but allowing more spatial interference compared
to the dual-polarized DAS.

To compare their channel OPs analytically, we consider
that vertically/horizontally polarized SN densities are given
as λVS = λHS = λS/2. In the co-polarized DAS, each DA
port has 2N̄ co-polarized antennas. Then, from Corollary 1,
the channel OP of the dual-polarized DAS can be given as

Pout,DP(χ, N̄ , γ̄th)

≈ 1 −

N̄∑
n=1

N̄Cn(−1)n+1

1 +
λS

2πλD

(
1 + χ

4
α

)
Cco(α, n)(nγ̄th)

2
α

. (40)

By following a similar approach, the channel OP of the
co-polarized DAS with 2N̄ antennas at each DA port can also
be derived as

Pout,CP(2N̄ , γ̄th) = 1 −

2N̄∑
n=1

2N̄Cn(−1)n+1

1 +
λS

πλD
Cco(α, n)(nγ̄th)

2
α

.

(41)

Remark 3: We note that Pout,CP(2N̄ , γ̄th) in (41) can be
rewritten as

Pout,CP(2N̄ , γ̄th) ≈ 1 −

2N̄−1∑
n=0

1n(γth), (42)

where 1n(γth) = 1n−1(γth) − (δn − δn−1) with

10(γth) =
1

1 +
λS

πλD
Cco(α, 1)(γ̄th)

2
α

, (43)

and δ0 = δ−1 = 0. In addition,

δn =
1

1 +
λS

πλD
Cco(α, n)(nγ̄th)

2
α

−
1

1 +
λS

πλD
Cco(α, n+ 1)((n+ 1)γ̄th)

2
α

.

Accordingly, 1n(γth) > 1n+1(γth). Therefore, the rate of
decrease in the channel OP slows down as the number of
antennas increases. □
Remark 4: We note that (40) can be rewritten as

Pout,DP(χ, N̄ , γ̄th) ≈ 1 −

N̄∑
n=1

N̄Cn(−1)n+1

1 +
λS

πλD
Cco(α, n)(nγ̄ ′

th)
2
α

,

(44)

where γ̄ ′
th = γ̄th

(
1+χ

4
α

2

) α
2

. By comparing (41) and (44),

Pout,DP(χ, N̄ , γ̄th) can be regarded as the channel OP of
the single polarized DAS with N̄ DA port antennas and

the effective SINR threshold γ̄ ′
th. Because

1+χ
4
α

2 ≤ 1,
the polarization decreases the effective SINR threshold.
From (42) and (43), a more decrease in the outage probability
can be expected for a small χ . □

From Remark 3 and 4, when χ is small3 or the number
of transmit antennas is large, the dual-polarized DAS
outperforms the conventional co-polarized DAS. Therefore,
for a given number of transmit antennas, we find χcross
such that the analytic channel OPs are the same for both
dual-polarized DAS and co-polarized DAS. If χ > χcross,
the dual-polarized DAS is deployed. Otherwise, co-polarized
DAS is chosen for downlink DAS.

V. SIMULATION
Computer simulations have been performed to evaluate the
performance of downlink polarized DAS. We consider the
DA ports and SNs are distributed according to independent
homogeneous PPP in the area of 10, 000(100 × 100) m2.
Specifically, the number of nodes are given as the product
of node density and the deployment area (i.e., 10, 000(100×

100) m2 in our simulation) and the location of each node

3In [45] and [46] (and references therein), extensive measurements are
conducted to model and analyze the radio propagation for the dual-polarized
MIMO system and the XPD varies according to the conditions of the channel
environment (i.e., LoS or NLos, the operating frequency, etc.).
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TABLE 2. Simulation parameters for downlink polarized DAS.

is uniform random variable defined on the given area.4

Throughout the simulations, the transmit power for each DA
port is set as 100 mW and the noise power at each SN
is 316 µW. The path-loss exponent is α = 2.8. To see
how the outage probabilities analyzed in (14) and (31) are
relevant to the smart factory applications, we consider typical
communication requirements for the IIoT [47], [48], where
the transmission bandwidth (BW ) is set as 100 MHz and
the packet duration (Tp) is 20µsec. The detailed simulation
parameters are summarized in Table 2. We note that, when
the packet size (Nb) is varying as Nb ∈ [125, 400] Bytes,
the range of SINR threshold, γ̄th, from (18) is given as
0.414 ≤ γ̄th ≤ 2.03 from (18). In addition, throughout
the simulations, the SNs with a vertically (respectively,
horizontally) polarized antenna are distributed according
to independent homogeneous PPP with a density λVS
(respectively, λHS ).

1) SINGLE-POLARIZED DAS
In Fig. 3, the channel OPs for vertically polarized SNs
are evaluated when the vertically (respectively, horizontally)
polarized SNs are distributed with λVS = λHS =

0.01 nodes/m2. In addition, DA ports with vertically
(respectively, horizontally) polarized antennas are distributed
with λVD = λHD = 1.0 nodes/m2. From Fig. 3, as SINR
threshold, γ̄th, increases, the channel OP also increases.
Furthermore, from Fig. 3, as the number of transmit antennas
increases, the channel OP decreases, which implies that the
desired signal from the serving DA port to the reference SN
can be more effectively transferred thanks to the antenna
selection diversity.

4We note that the homogeneous PPP is defined on the unbounded two-
dimensional space. Accordingly, when the size of deployment area is small,
there may be difference between the analytic and simulation results. This is
because the interference beyond the deployment area is not considered in the
simulation results. Fortunately, the DA ports with a large distance from the
origin (i.e., the location of the typical reference SN) cause small interference
due to large path-loss. Therefore, as the size of deployment area becomes
larger, the accuracy of the simulation results increases. It is also found that
when the deployment area is set as 10, 000(100 × 100) m2, the theoretical
analysis tracks the simulation results quite closely.

FIGURE 3. Channel OPs for various SINR threshold when λD = 0.5
nodes/m2 and N = {4, 8, 16}.

FIGURE 4. Channel OPs, Pout,V and Pout,H for various densities of
vertically polarized DA ports (λVD) when λVD + λHD = 1.0 nodes/m2,
λVS = λHS = 0.01 nodes/m2, and N = {6, 12}.

In Fig. 4, the channel OPs, Pout,V and Pout,H are evaluated
for various densities of vertically polarized DA ports (λVD)
when λVD + λHD = 1.0 nodes/m2 and λVS = λHS =

0.01 nodes/m2. Here, the SINR threshold, γ̄th, is set as
γ̄th = 1 and the inverse of XPD is set as χ = 0.3.
The overall OP with N = 12 is smaller than that with
N = 6. In addition, it can be found that the channel OP for
SNs with p polarization decreases as λpD increases, which
coincides with Lemma 1 and the discussion in Section III-B.
Specifically, as λpD increases, Cp in (21) decreases, resulting
in smaller channel OPs. Furthermore, we can also find that
when λVD = λHD, max(Pout,V ,Pout,H ) is minimized, which
is also discussed in Section III-B.
In Fig. 5, the channel OPs for vertically polarized SNs

are evaluated for various χ when the vertically (respectively,
horizontally) polarized SNs are distributed with λVS =

λHS = 0.01 nodes/m2. In addition, DA ports with vertically
(respectively, horizontally) polarized antennas are distributed
with λVD = λHD = 1.0 nodes/m2. The SINR threshold
is set as γ̄th = 1.0. For comparison purposes, the channel
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FIGURE 5. Channel OPs for various χ when λD = λVD + λHD = 2.0
nodes/m2, λS = λVS + λHS = 0.02 nodes/m2, and N = {6, 12}.

FIGURE 6. Channel OPs for dual-polarized DAS when λD = 2.0 nodes/m2

and N = {8, 12}.

OPs for the conventional co-polarized DAS are also evaluated
with λS = 0.02 nodes/m2 and λD = 2.0 nodes/m2. From
the figure, as χ decreases, the channel OP decreases for the
single-polarized DAS. That is, for a small χ , the interference
from the cross polarized DA ports is effectively reduced.
As discussed in Remark 2, the single-polarized DAS exhibits
higher channel OP than the conventional co-polarized DAS
and when χ = 0, they have the same channel OP.

2) DUAL-POLARIZED DAS
In Fig. 6, the channel OPs are evaluated when the
dual-polarized DAS is deployed with λD = 2.0 nodes/m2

and N = {8, 12}. Again, from Fig. 6, as the number
of transmit antennas increases, the channel OP decreases.
In addition, the approximation in (34) coincides with the
simulation results and accordingly, the interference in the
dual-polarized DAS can be approximated as that from a
homogeneous PPP with copolarized DAS and an effective
node density (λVS + χ

4
α λHS ) as discussed in Corollary 1.

FIGURE 7. Channel OPs, Pout,V and Pout,H for various densities of
vertically polarized SNs (λVS ) when λVS + λHS = 0.02 nodes/m2,
λD = 1.0 nodes/m2, and N = 20.

In Fig. 7, the channel OPs, Pout,V and Pout,H are evaluated
for various densities of vertically polarized SNs (λVS ) with
N = 20 when λVS + λHS = 0.02 nodes/m2 and λD =

1.0 nodes/m2. Here, the SINR threshold, γ̄th, is set as γ̄th =

1 and the inverse of XPD is set as χ = 0.3. It can be found
that the channel OP for SNs with p polarization increases as
λpS increases, as discussed in Section IV-C. That is, as λpS
increases, the active DA ports to support the co-polarized
SNs increases and they cause interference to the reference
co-polarized SN. Therefore, when λVS = λHS =

λS
2 ,

max(Pout,V ,Pout,H ) is minimized, which is also discussed in
Section IV-C.

In Fig. 8, we compare the channel OPs for the
dual-polarized DAS and the conventional co-polarized DAS
with the same node densities. Specifically, we set λVS =

λHS = 0.01 nodes/m2 and λD = 2.0 nodes/m2 for the
dual-polarized DAS and λS = 0.02 nodes/m2 and λD =

2.0 nodes/m2 for the conventional DAS. In Fig. 8 (a), the
OPs are evaluated for various χ withN = 16. As χ increases,
the channel OP of the dual-polarized DAS increases. That is,
large χ induces strong interference from the cross-polarized
DA ports. In contrast, the conventional co-polarized DAS
is not affected by χ . From the figure, when χ is small
(specifically, χ < χcross = 0.451), the dual-polarized DAS
outperforms the co-polarized DAS. In Fig. 8 (b), the OPs
are evaluated for various numbers of transmit antennas with
χ = 0.15. As the number of transmit antennas increases,
the overall channel OPs decrease for both dual-polarized
DAS and co-polarized DAS. Interestingly, for N > 5,
the dual-polarized DAS outperforms the co-polarized DAS
because the rate of decrease in the channel OP slows down as
the number of antennas increases as discussed in Remark 3.
Accordingly, from Fig. 8 (a) and (b), when χ is small or the
number of transmit antennas become large, the dual-polarized
DAS outperforms the conventional co-polarized DAS, which
coincides with Remark 3 and 4. Therefore, based on the
network parameters such as the number of transmit antennas
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TABLE 3. Preferable DAS structure yielding lower channel OPs.

FIGURE 8. Channel OPs of the dual-polarized DAS and the conventional
co-polarized DAS for (a) various χ with N = 16 and (b) various numbers
of transmit antennas (N) with χ = 0.15 when λS = 0.02 nodes/m2 and
λD = 2.0 nodes/m2.

and χ , it can be chosen which DAS structure is suitable to
minimize the channel OPs. In Table 3, the preferable DAS
structure yielding lower channel OPs is summarized based
on the analytic results.

VI. CONCLUSION
In this paper, we have investigated the channel OP in the
polarized DAS, where SNs and DA ports are randomly
distributed according to independent PPP and either vertically
or horizontally polarized antennas are deployed at both SNs
and DA ports. By using the stochastic geometry, we derive
the channel OP of the single-polarized DAS in a closed
form and show how we can optimize the network parameters

to minimize the channel OP. Furthermore, by investigating
the effects of node density and polarization on the channel
OP, we develop the dual-polarized DAS, in which the DA
port density is maintained compared to the conventional
co-polarized DAS, while the interference can be lessened
through the polarization selection. From the performance
analysis for the dual-polarized DAS, when χ is small or the
number of transmit antennas become large, the dual-polarized
DAS outperforms the conventional co-polarized DAS, which
is also confirmed through computer simulations and gives
us a useful insight into the design of the polarized DAS to
minimize the channel OPs.
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