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ABSTRACT The presented study introduces a semi-analytical circuit model (CM) to fully characterize
a dielectric unit cell structure made by blocks instead of applying the effective medium theory. A fitting
strategy is used to a obtain a better understanding of the properties of the unit cell. Then, the approach is
used to develop a semi-analytical model, showing a good agreement with the scattering parameters extracted
from a full-wave simulator. By tuning the dielectric material, our model can describe the behaviour of unit
cells with different permittivities and electrical sizes. Finally, as an application for the analyzed dielectric
unit cells, transmitarrays to generate orbital angular momentum (OAM) waves are designed and 3D-printed.
The measured results show good performance for different OAM modes at 31 GHz.

INDEX TERMS Circuit models, design equations, dielectric, metamaterial, orbital angular momentum, unit
cells.

I. INTRODUCTION
Nowadays fully-dielectric devices have emerged for appli-
cations on electromagnetic (EM) waves to design high-gain
antennas. However, these devices can be very costly using
traditional methods of manufacturing. The development of
3-D printing techniques in dielectric, such as stereolithog-
raphy (SLA), led to a reduction on the production cost and
the achievement of high precision in their manufacturing
process [1]. Using this type of technology, dielectric resonator
antennas [2], [3], reflectarrays [4], [5], [6], transmitarrays [7],
[8] and lenses [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18] can be made. Among these structures, transmitarrays
(TAs) can be seen as an intermediate solution between phased
arrays and high-gain lenses [19], [20], and find applications
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in satellite communication in different bands [21]. Their
advantage is that directive radiation patterns can be produced
without the use of a complex and lossy feeding network as it
would be needed with a phased arrays [22].

To enable various designs involving a fully-dielectric
unit cell, a variable relative permittivity (εr ) is required.
Several works have achieved this permittivity gradient by
modifying the ratio between air and dielectric within the
unit cell, thereby achieving a gradual transition between the
permittivity of air (εr = 1) and the desired material [11],
[12], [15], [17], [18]. In most of the studies, the final
permittivity is calculated using the effective medium theory,
which approximates it as a volumetric average between air
and dielectric [9], [23]. However, it should be noted that
this approach may not be applicable if the unit cell size
is not sufficiently small regarding to the wavelength in the
homogenized medium.
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FIGURE 1. (a) Square-shaped unit cell with length l and CM. Blue and
brown zones correspond to air and dielectric, respectively.
(b) Comparison between ABCD method and eigensolver for several
square-shaped dielectric unit cell with εr of 5. Structure parameters:
p = 2.7 mm, l = 2 mm.

In this work, we investigate the design and fabrication
of transmitarrays based on distributions of square-shaped
fully dielectric unit cells, whose size is not necessarily much
smaller than the operational wavelength. In fact a weak
frequency dispersion of the metasurface helps to obtain
a model accurate over a large bandwidth. The analysis
consisted of varying the ratio between dielectric and air area
by means of simulations via external commercial software.
This ratio is called filling factor. The effective permittivity
of the unit cell associated with a particular filling factor is
computed and assumed to be frequency-independent up to
wavelength values similar to the unit cell periodicity. This
facilitates a circuit-model conception of the problem, leading
to faster calculations and a deeper comprehension of the
structure. The range of applicability of themodel is examined,
assessing the relative error of our model in different situations
in order to evaluate the limitations. The circuit approach is
finally validated as a design tool in the last section, where
a set of transmitarrays emitting Orbital Angular Momentum
(OAM) waves are designed, fabricated and experimentally
tested with very good performance. This type of arrangement
have been selected due to dielectric designs involving OAM
generation has proven to be quite robust in different frequency
ranges [12], [24], [25].

FIGURE 2. Representation of the square-shaped unit cell model, fitting
extracted from the calculated results (dotted line) with the simulations
for several χ and εr . Structure fixed parameters p = 2.7 mm.

II. MODELING AND DEFINITION OF THE UNIT CELL
The periodic metamaterial slab of thickness l under study
has unit cell defined as a volumetric square-shaped box with
dimensions w × w × l, made of a material with relative
permittivity εr. It is periodic along the transversal directions
x, y with period p, p ≥ w. A scheme of the unit cell is
shown in Fig. 1. Along the z axis this unit cell has finite
thickness l and is embedded in air on both sides. Propagation
is observed along the z-axis assuming air at both sides of
the unit cell. In order to characterize the unit cell, a study
about its properties by varying the parameter w for a fixed
p is carried out. This implies the modification of the filling
factor χ , defined as the ratio between the dielectric surface
and the unit cell surface in a transverse cross section of the
unit cell:

χ =
w2

p2
. (1)

The unit cell is excited by a normally incident plane
wave. Several permittivity values will be considered. The
model can be homogenized, in the sense that an effective
permittivity εr, eff can be found for a given filling factor
χ . The homogenization hypotheses assumes that a plane
wave travelling across the structure goes through the same
phase shift due to a dielectric slab of thickness l of a
homogeneous material. This reduces the complexity of the
analysis and facilitates the use of techniques based on CMs.
The computation of the effective-permittivity parameter will
be carried out by a closed-form formula, illustrated in
Section II-B. Previously, Section II-A describes how this
formula is deduced.

A. OBTAINING THE EFFECTIVE PERMITTIVITY
The first step to fully-characterize the unit cell is to calculate
εr, eff for a given χ . To do this, we first obtain the phase
constant β of the fundamental propagating mode inside the
unit cell. Two methods have been employed for this purpose.
On the one hand, a full-wave electromagnetic simulator is
used (CST Microwave Studio) to compute the scattering
parameters of the unit cell when a plane wave impinges
normally on the metamaterial slab. The scattering parameters
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FIGURE 3. Frequency vs phase constant for several fillings factors.
(a) Frequency vs β for εr = 2.6 (b) εr, eff vs p/λ for εr = 2.6 (c) Frequency
vs β for εr = 5 (d) εr, eff vs p/λ for εr = 5. The legend is the same for all
figures.

are converted to an ABCD formalism, where the propagation
constant is calculated by using the following expression [20]:

cos (βl) =
A+ D

2
. (2)

On the other hand, β can also be estimated using the
Eigen-Solver (ES) of CST MicrowaveStudio. It computes
the frequency-dependent phase constants of waves propa-
gating inside the dielectric structure by assuming an infinte
thickness l → +∞. The phase constant under interest
is the one belonging to the lowest-order or fundamental
mode. No additional calculations are needed by this way.
Fig. 1(b) shows the evolution of β versus frequency for
different filling factors χ (see the caption). The operation
wavelength in the dielectric (εr = 5) at the highest frequency
is λ = 5.3mm, corresponding to p ≈ λ/2. λ is calculated
as λ = λ0/

√
εr, with λ0 being the wavelength in vacuum.

The solution given by both methods coincides in the entire
frequency band in all the cases. This confirms that only the
fundamental mode computed with the ES is significantly
excited at the air-metamaterial interface under plane-wave
incidence, and no further reactive contribution is given by the
interface. It is important to remark the linear relationship with
frequency, which will be important to assume a wideband
frequency-independent effective permittivity.

The computation of the effective permittivity in terms of β

is carried out through the following expression:

εr, eff =

[
βc
2π f

]2
. (3)

Since β is assumed to be linear in frequency (this assumption
works well in the frequency region under interest), this
implies that εr, eff can be assumed frequency independent.
The dependence of εr, eff with respect to χ is otherwise
more complex. The study of this dependence will lead to
the deduction of a semi-analytical formula relating both
parameters.

B. DEVELOPMENT OF THE SEMI-ANALYTICAL MODEL
In the previous subsection, we presented the methodologies
to obtain β and therefore εeff. In order to see the behavior of
εeff with χ , a most exhaustive analysis of the unit cell will be
carried out, by varying the filling factor from χ = 0 (only
air) to χ = 1 (only dielectric) for three different values of εr.
Fig. 2 depicts three different curves obtained for a single

frequency, each associated with a different permittivity
value. The dots represent discrete values of εeff obtained
by using (3). In all cases, the operation wavelength in the
dielectric satisfies p = λ/2. That is, for εr = 2, f =

39.3GHz; for εr = 5, f = 25GHz; for εr = 8, f =

19.6GHz. A similar evolution of the discrete points with
respect χ is appreciated, all of them emulating an exponential
tendency. In this sense, it can readily be deduced that the
relative effective permittivity εr,eff can be estimated from the
following analytical expression

εr,eff(εr, χ) = eχ log εr . (4)

The curves obtained by using (4) are plotted in dashed lines in
Fig. 2. The fitting between the curve and the discrete values
is quite good, thus the expression in (4) can be used for a
faster calculation of the εr,eff. In fact, the CPU time in CST is,
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FIGURE 4. Relative error between the theoretical analysis and the
simulation results (a) Square-shaped unit cell, εr = 2.6 (b) Same case for
εr = 5.

at least, three orders of magnitude larger than the computation
time needed by our approach.

Interestingly, for values of εr → 1 our model (4) reduces
to the linear relation εeff = 1+χ (εr − 1) as often used in the
literature (e.g. in [9] where this linear model is proposed for
different geometries of the periodic lattice and the dielectric
embedding).

Once the expression in (4) has been validated, there is
not need to use commercial solvers anymore. From this, the
propagation constant and characteristic impedance associated
with a given εr, eff are easily obtained by:

β =
√

εr, eff
ω

c
(5)

Z = η0/
√

εr, eff (6)

Both expressions define a transmission-line model as that in
Fig. 1, which will be used below to design and compute the
scattering parameters of different unit cell configurations.

III. STUDY OF THE LIMITATIONS OF THE MODEL
In order to gain a better understanding of the limitations of
our model, we conducted several studies for two different
permittivities, εr = 2.6 and εr = 5 for different frequency
values. We are particularly interested in frequency values
for which p ≥ λ/2. Fig. 3 illustrates the behaviour of β

over the frequency for εr = 2.6. The dotted horizontal lines
denote the points where λ matches the periodicity of the unit
cell (p) or half the period. The curves exhibit a high degree

of linearity, confirming the constant behaviour of the εr,eff.
Additionally, we investigated the behavior of this parameter
in relation to the relative periodicity (p/λ), as shown in
Fig. 3(b). The horizontal lines represent the theoretical result
of εr, eff computed with (4) while the dotted line represent
the results from (3), assumed exact. Consequently, the same
studies were performed for εr = 5 as can be seen in Fig. 3(c)
and Fig. 3(d). Notably, a close match is observed for low and
very high χ values, with the largest discrepancy occurring at
intermediate values.

To further analyze this discrepancy, we examine the
relative error in Fig. 4(a) and Fig. 4(b). These figures depict
the relative error, calculated as the percentage difference
between the analytical formula in (4) and simulation results
from (3), for various filling factors ranging from 0 to 1. In the
case of εr = 2.6, the error curve remains below 5% for the
majority of cases. However, at p/λ = 1, the relative error
increases to approximately 11% for intermediate values of
χ . Similarly, For εr = 5, the average error stays below 11%
except for p/λ = 1, where it is close to 25%. In any case,
even the largest deviations in the calculation of the effective
permittivity are compatible with the design proposed in the
following section.

It is also worth remarking that an additional restriction may
appear due to the excitation of higher-order harmonics in the
dielectric region. The cutoff frequency depends on χ . The
case with smallest cutoff frequency is that with χ = 1, where
the dielectric takes the unit cell dimensions and higher-order
harmonics excites for p = λ. As χ decreases, the cutoff
frequency moves towards higher frequencies, and there is no
restriction at p = λ. The highest cutoff frequency is given
when χ = 0, setting the limit at p = λ

√
εr = λ0.

A. COMPARISON WITH PREVIOUS MODELS
In order to evaluate the robustness of our method, a com-
parison with the effective medium theory is made for two
different values of the wavelength. In fact, we have selected
wavelength values p ≥ λ/2, concretely p = λ/2 and
p = 3λ/4.
The effective medium theory is a linear approach that is

supposed to have a range of validity up to cells larger than
λ/2. The formula here presented is otherwise not linear,
described by an exponential expression with range of validity
beyond λ/2. To validate this assumption we first consider
the permittivity formula employed in the effective-medium
theory (reported, for example, in [9]).

εP = εr(1 − α) + α (7)

with α being the volumetric filling factor. This definition
of filling factor in terms of volume provides a εP identical
as if we rather use the surface definition used in his work
χ . This is due to the fact that the length of the dielectric
block (along the z direction) coincides with the length of the
whole unit cell. It is important to remark that in the case of
α, the surrounding media is dielectric, being the holes of air
the principal media, thus making the definition of α just the
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TABLE 1. Comparison table for the different methods to obtain the effective permittivity for p = λ/2.

TABLE 2. Comparison table for the different methods to obtain the effective permittivity for p = 3λ/4.

FIGURE 5. Scattering parameters for the cascade of several squared unit
cells changing the permittivies and geometry of each unit cell.
(a) Transmission coefficient in dB. (b) Transmission coefficient in phase.
(c) View of the concatenated unit cells.

opposite as our case (χ) where our surrounding media is air
and the principal media is the dielectric. Thus, making the
proper change, (7) can be expressed in terms of our definition
of filling factor χ as

εP = (1 − χ ) + χεr . (8)

The effective permittivity values computed by Eq.(8) will
be compared to those from our formula (εr,eff) and to those
computed with the Eigenmode Solver of CST - Studio (εE-S)
(this last assumed as the exact one). The comparison will be
made in terms of the relative error.

Table 1 and table 2 shows the results of an exhaustive
comparison for the 2 different values of the wavelength
λ remarked at the beginning of this section. In addition,
2 different permittivity values (εr = 2.6, 5) are considered.
As can be checked in the tables, the deviation manifested
when the effective medium theory is applied ((8)) is larger
in comparison to our model. The maximum deviation in
our model with respect the results given by CST is about
10% in the case involving χ = 0.137 and εr = 5. The
formula in (8) deviates up to 37% in some cases, such as that
regarding εr = 5, χ = 0.47. Our model notably improves the
predictions for the wavelength values under consideration,
where p ≤ λ/2.

B. LIMITATIONS ON THE PERMITTIVITY VALUES
As will be shown, the model can still be used for design
purposes, even in the most critical scenarios. It is actually
conceived to compute the scattering parameters of unit cells
formed by dielectric sections (single or cascaded). And it can
be corroborated that deviations of the order of 10-20 % in
the effective-permittivity computation are not really dramatic
when the scattering parameters of a given unit cell are
inspected. For instance, Fig. 5(a)-5(b) illustrate the evolution
of the magnitude/phase of the transmission coefficient for the
unit cell sketched in Fig. 5(c). The unit cell is a symmetric
design formed by 7 dielectric sections. Each section is defined
by a particular set involving a permittivity value and a filling
factor. The structure parameters are summarized in Table 3
and 4. The agreement between results provided by the circuit
model and CST is excellent along the whole band, both
in magnitude and phase. Notice that the highest frequency
considered is 40 GHz. The highest permittivity taking place
in the system is εr = 6, with χ = 1, thus the excitation of a
higher-order harmonic in this block would start at 45.3 GHz.
This effect is not taken into account by our circuit but it
still fits very well with CST. This fact corroborates the
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TABLE 3. Parameters for the simulation studying the limitation on the
permittivity.

TABLE 4. Permittivies and filling factors for the simulation studying the
limitation on the permittivity.

robustness of the model for relatively high frequencies even
for non-negligible deviations of the permittivity.

IV. STUDY OF THE IMPACT OF HAVING LOSSY
MATERIALS
Finally, further studies considering dielectric losses has been
performed, demonstrating that the model works well up to
loss tangents of tan(d) = 0.05 − 0.1. The model is therefore
robust to account for dielectric with common dielectric
losses. To evaluate the robustness of the method when
utilizing arbitrary filling factors, we assemble consecutive
blocks to create a new unit cell as that in Fig. 6. Each of the
blocks, defined by their own wi and li, will have an individual
filling factor χi. Their corresponding effective permittivity is
calculated by using the formula in (4). Fig. 6 also shows the
equivalent circuit associated with the unit cell, where each of
the blocks is actually represented by a different transmission
line section with impedance Zi, obtained via (6). This model
is very useful for a quick design, since the higher number of
blocks, the higher CPU time is required in CST. Though the
case in Fig. 6 considers the same permittivity in all the blocks,
it can be demonstrated that the model keeps robust even for
blocks with different permittivities and filling factors.

To see the influence of the dielectric material losses, this
unit cell has been simulated. This example is paradigmatic
since the structure is long and the influence of the losses can
be better appreciated.

A first case already considers a non-negligible value of the
loss tangent, tan(d) = 0.02. This value has been introduced
in the simulation in CST-Studio. The corresponding transmis-
sion coefficient and phase, represented versus frequency, are
plotted in Fig.6(b)-6(c). The results associatedwith the circuit
model accounts for the lossless case (they fit well with those
provided by CST as shown in Fig. 5 of the main manuscript).
It is straightforward to realize that the behavior of the
phase does not vary with the inclusion of the losses. Slight
modifications can otherwise be appreciated in the magnitude

FIGURE 6. (a) A unit cell with seven sections; w1 = w7 = 0.4 mm,
w2 = w6 = 0.5 mm, w3 = w5 = 0.8 mm, w4 = 2.7 mm, l1 = l7 = 1 mm,
l2 = l6 = 1.6 mm, l3 = l5 = 2.4 mm, l4 = 2.7 mm, d is the parameter to
modify. Equivalent CM parameters: Z1 = Z7 = 315.85 Ω, Z2 = Z6 =

284.04 Ω, Z3 = Z5 = 246.54 Ω, Z4 = 233.80 Ω, εr = 2.6. Scattering
parameters for the cascade of several unit cells when there are material
losses (b) Magnitude of the transmission coefficient in dB (c) Phase of
the transmission coefficient.

of the transmission coefficient. However the magnitude level
does not crosses the −1 dB threshold, as in the lossless case.
An additional analysis has been implemented considering

larger dielectric losses. Now a extreme case is regarded.
In Fig.7(a) -7(b) simulations in CST have been performed
for a tan(d) = 0.2. It can be stated that the phase shift
between different phase states continues to be stable as if
we had no loss at all. The agreement with results from the
circuit model corroborates this. However the magnitude level
begins to deteriorate, especially for higher frequencies. In any
case, this loss tangent is quite big in comparison with most of
dielectric materials employed in in radio-frequency devices.
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So we can conclude in this aspect that our formulation will
be still valid. On the one hand, no modification of the phase
behavior is manifested. On the other hand, the impact on the
transmission coefficient is substantial when the loss tangent
is excessively large.

FIGURE 7. Scattering parameters for the cascade of several squared unit
cells when there are material losses (a) Magnitude of the transmission
coefficient in dB for tan(d ) = 0.2 (b) Phase of the transmission
coefficient for tan(d ) = 0.2.

V. APPLICATION FOR OAM WAVES
The unit cell presented in the previous section will be used
for the design of a 2-bits fully-dielectric TA generating
orbital angular momentum (OAM)waves [26] in the Ka-band
(between 30 − 40GHz). For the sake of simplicity no
dielectric losses are considered for the design. The TAwill be
formed by a 2-dimensional distribution of unit cells as that in
Fig. 6. Each of the cells is tuned to provide a particular phase
value. In fact, the term 2-bits indicates that the phases in the
unit cells will be discretized to 4 values. Thus 4 phase states
differing 90o are needed. This introduces limitations in gain
but simplifies the design process. The tuning of the phase is
governed by d which is sketched in Fig. 6.
In order to first validate the model, the scattering

parameters of several unit cell configurations have been
obtained by CST and our CM, and have been plotted in
Fig. 8(a)-(c). The frequency band of interest for the design
is highlighted in grey. An excellent agreement between
results from CST and the circuit is appreciated in all the
frequency span. This design has been chosen due to an
improvement in the bandwidth response of the phase thanks
to the seven consecutive sections. As can be appreciated in

FIGURE 8. Scattering parameters for the cascade of several dielectric
blocks (a) Magnitude of the reflection coefficient. (b) Magnitude and
(c) Phase of the transmission coefficient.

Fig. 8(b)-(c), the transmission coefficient never crosses the
−1 dB threshold and the phases differ in 90o in the desired
band.

The TAwill be formed by 40×40 unit cells with periodicity
p = 2.7mm. The permittivity will be identical in all the
blocks for fabrication constraints (εr = 2.6). The phase
required for each unit cell in the TA, based on a spherical
wave hitting the structure, is determined by Eq. (2) in [27].
After determining the different states of the unit cell, several
TAs for OAM generation are designed, spanning from a
topological charge of L = −1,−4, −6 to L = 1, 4, 6, what
makes a total of six different TAs. These TAs are fabricated
in our facilities using SLA and a resin with a permittivity of
εr = 2.6.
Once the printing process is completed, the vortex patterns

of all TAs are measured. These TAs are designed for a
frequency of 31 GHz, ensuring that the phase shift for
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FIGURE 9. Measurement setup includes: (a) L=-4 OAM TAs, (b) Emitting
setup with waveguide and OAM TA, (c) Receiving waveguide within
shielding, (d) Full setup with XY-motorized acquisition system.

FIGURE 10. Measured E-field for several OAM modes using the fabricated
OAM TAs. (a) L = −1 (b) L = 1 (c) L = −4 (d) L = 4 (e) L = −6 (f) L = 6.

each state satisfies the condition of linearity, as depicted in
Fig. 8(c). An experimental prototype of TA with L = 4 is

shown in Fig. 9(a). To measure the vortex pattern, an initial
setup is established, as illustrated in Fig. 9(b). A waveguide
(WR-34) functioning as a probe is positioned in an XY
plane and is moved to capture the entire power of the
mode, as can be seen in Fig. 9(c), enabling a comprehensive
characterization of the vortex. The setup with the additional
waveguide can be observed in Fig. 9(d).
Near-field techniques has been done to measure the

scene which was a 30 × 30 cm2 square with a 1.5 mm
pixel (about 0.5λ of electrical length) size can be seen in
Fig. 10-(f) which represents the real part of the electric fields.
These type of representations have been selected due to its
easily-recognize OAM patterns. These results exhibit the
typical characteristics of the OAMs vortexes, in this case we
can see as many high intensity and low intensity arms as the
number of the mode [26], [28]. Note that the design of each
cell has been done via (4), which has some error estimation
for intermediate χ . The experimental results validate the
predictions.

VI. CONCLUSION
This study focuses on characterizing the unit cell of a periodic
fully dielectric metasurface. A circuital model is employed
to design OAM transmitarrays. The circuit model elements
are calculated in terms of an effective permittivity which is
extracted from a semi-analytical formula. Thanks to the use of
this formula, the use of commercial software is not necessary.
The formula, and therefore the model, provides accurate
results up to wavelengths close to the periodicity of the unit
cell. Moreover, a comprehensive study on the limitations
and the effect of materials losses is made. Then, several
transmitarray designs are measured, successfully generating
the corresponding OAM modes. The model shows better
performance that the effective-medium theory, especially at
higher frequencies, and guarantees a quick obtaining of the
results, being some order of magnitude faster than CST.
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