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ABSTRACT The surface of large structural components is composed of materials with different hardness
and complex shapes, and it presents significant challenges in achieving precise and efficient positioning as
well as high-precision grinding. In-situ processing machine overcomes the limitations of grinding machines
such as poor adaptability to different materials and limited travel, and becomes a promising solution for
efficient processing of large complex structural components. In-situ processing machine is composed of
car, positioning and different processing devices. The positioning mechanism with full-symmetrical layout
in parallel topology can effectively guarantee the positioning accuracy and machining stiffness, and is the
best scheme for in-situ machining mechanism. Aiming to provide a novel topology structure for subsequent
mechanism development. This paper carries out theoretical research on the composition of its topological
structure. As an efficient configuration synthesis theory combining numerical and geometrical aspects, finite
and instantaneous screw (FIS) theory is applied in this paper. Firstly, the required motions for the grinding
operation are characterized based on finite screw, representing the desired motion of the mechanism. Then,
single-degree-of-freedom factors are added afterwards to obtain the standard type of the limb structure.
Secondly, the factors in the standard type are equivalent transformations and displacements based on the
properties of screw triangle product to obtain the derivative and expanded types of limb structure. The
feasibility is verified through the synthesis algorithm or transformation properties of finite screw. Finally,
taking three feasible limb structures as examples, three fully-symmetrical parallel positioning mechanisms
are configured based on assembly conditions and actual requirements. This paper presents a configuration
synthesis process for the fully-symmetrical parallel positioning mechanism, obtaining various new topology
structures and laying a theoretical foundation for subsequent research.

INDEX TERMS Configuration synthesis, in-situ machining, FIS theory.

I. INTRODUCTION
High-end equipment in aerospace, new energy and other
fields continues to emerge. Large core components with
dimensions ranging from tens of meters to hundreds of
meters, such as spacecraft shells and wind turbine blades,
involve multiple processes in the manufacturing process.

The associate editor coordinating the review of this manuscript and

approving it for publication was Guilin Yang .

The processing quality of the grinding process determines
the reliability and adaptability of the equipment. There are
currently three methods for processing such components.
Method 1 is to perform partial manual operations on the
processing part. Method 2 is to disassemble and group the
components before move them to CNC machine tools for
grinding operations. After the processing is completed, the
components are reassembled. Method 3 combines robot tech-
nology to achieve in-situ grinding of components without
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moving the workpiece, by using a robot with a mobile device.
Method 1 has low efficiency, and the precision of manual
operation is difficult to meet the required accuracy of the
components, resulting in poor processing quality. Method
2 by machining with machine tools, can guarantee a certain
level of precision. However, the machining stroke of the CNC
machine tools available on the market currently cannot meet
the requirements for ultra-long-sized components, necessi-
tating step-by-step processing. During this process, various
factors such as force and temperature can impact and result
in residual stress, leading to inaccurate machining. Compared
to the other two methods, Method 3 is more flexible and has
significant advantages in terms of machining rigidity and pre-
cision through robot operation. The workpiece does not need
to be disassembled, only fixed in place. The mobile device
carries the robot, allowing it to move extensively around the
workpiece. Once it reaches the desired processing area, the
robot locks onto the machining zone and starts the grinding
operation, achieving in-situ processing.

Currently, in-situ grinding robots can be classified into
series and parallel structures, both capable of performing
grinding operations. Researchers such as Chen et al. [1]
designed a robot based on a series structure for grinding
processes, which has shown a 19.2% reduction in surface
roughness of components and improved the quality of the
component surface after grinding operations. Li et al. [2]
adopted a serial robot with six Degrees of Freedom (DoF)
to perform grinding processing on large aerospace engine
blades in the field of space exploration. Compared to manual
work, the serial robot better ensures the contour quality of
the blades after grinding operations. Wang et al. [3] derived
a dynamic model of a six-joint serial robot using the Bouc-
Wen model, enabling better control of the force applied when
the robot interacts with components during grinding opera-
tions. Serial robots have demonstrated high efficiency and
flexibility in the grinding process, overcoming the limitations
of the stroke in traditional machines and the low efficiency of
manual operations on assembly lines. However, the stiffness
and precision of multi-joint robots with a serial structure
are relatively low, making it prone to positional deviations
and inaccurate positioning during the grinding of large com-
ponents. Due to the series composition of all joints, their
load capacity is weaker compared to parallel mechanisms.
Guo et al. [4] designed a 5-DoF polishing hybrid robot by
combining a high-precision and compact parallel structure
with a serial structure. This design improves the grinding
capability for components with complex surface profiles.
Feng et al. [5] combined a 6-UPS parallel mechanism with
a four-joint serial mechanism to design a hybrid processing
robot for large components. They achieved the processing
operations on the components by driving the parallel mecha-
nism to control the serial manipulator mounted on its moving
platform. Xu et al. [6] designed a hybrid robot for machining
the internal cavities of large components by combining a
4-DoF 2RRU-RRS parallel mechanism with a 2-DoF serial
mechanism. They utilized the advantages of specific rotation

axes to efficiently perform machining operations in areas that
are difficult for manual processing. Compared to multi-joint
robots with series structures, hybrid robots improve overall
rigidity and precision. However, hybrid robots have a smaller
workspace and are prone to coupling effects. The combina-
tion of parallel and serial structures also adds complexity to
robot control.

To address the aforementioned issue, Xie et al. [7] uti-
lized a coupled parallel pose adjustment mechanism as the
processing machine to accomplish milling, hole-making, and
polishing for large components. Olarra et al. [8] developed
the WalkingHex parallel mechanism as a miniature machine
tool capable of precisely milling large structural compo-
nents with complex surface shapes. Chen et al. [9] adopted
the in-situ processing mode for large steel components and
used parallel mechanisms to achieve the precise process-
ing requirements for steel components. Parallel mechanisms,
as processing machine tools, demonstrate their capabilities
in various machining operations on large structural com-
ponents. Considering the stiffness and precision of in-situ
grinding robot, a compact full-symmetric parallel mechanism
with high stiffness is adopted for grinding operation. The
use of identical and symmetrical supporting limbs increases
the overall stiffness of the mechanism. During the grinding
process, it is important to fully engage with every surface
of the workpiece. However, multi-joint serial structures are
prone to inaccurate displacement positioning during opera-
tion. Therefore, a three-translational (3T) parallel mechanism
is adopted to achieve precise positioning. When in-situ grind-
ing robots are faced with large components with complex
surface structures, constant adjustment of the end effector’s
orientation is needed to adapt to the grinding operations on
different curved surfaces. To achieve excellent orientation
adjustment capability, an additional rotational motion (1R)
needs to be integrated into the mechanism. Based on this,
it is indeed necessary to carry out configuration synthe-
sis for a 4-DoF fully-symmetrical parallel mechanism with
three translational movements and one rotational movement
(3T1R) for precise positioning.

The methods of configuration synthesis of mechanisms
include constrained screw synthesis method, displacement
manifold synthesis method, differential geometry synthesis
method and orientation feature method [10], [11], [12], [13].
The above configuration methods need to consider the full
cycle of the mechanism or rely on experience to solve alge-
braic operations when synthesizing the mechanism. In order
to solve the issue present in existing methods, it is particu-
larly important to accurately derive the relevant operations
and unify the finite motion of the mechanism, support chain
and joint. The finite and instantaneous screw (FIS) theory
can unify the topological and parametric models under the
framework of screw theory [14], [15], [16]. Based on the
finite screw, the expression of the finite motion between
the joint and the limb or between the limb and the moving
platform can be established. Yang et al. Yang et al. proved that
algebraic synthesis at a finite motion level does not require
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FIGURE 1. The grinding motion of a CNC grinder.

verification of the full cycle degree of freedom of the parallel
mechanism synthesized by the configuration [17]. A variety
of parallel mechanisms with three translational motions are
constructed by the finite screw method. Sun et al. [18] used
this method to construct a variety of parallel mechanismswith
2R1T. This method can clearly characterize the finite motion
and has accurate operation criteria. However, this method
has not been applied to the configuration synthesis of 3T1R
parallel mechanisms. Therefore, it is necessary to propose a
synthesis procedure for the configuration of 3T1R parallel
mechanisms.

This paper conducts a configuration synthesis of 3T1R
parallel mechanism based on the finite and instantaneous
screw (FIS) theory. Firstly, the analytical expression of the
mechanism’s grinding motion is represented based on finite
screw, leading to the determination of the initial configuration

structure. Then, by introducing parameter factors to the initial
structure, the standard Type I and Type II structures are
obtained. Based on the standard Type I, II, equivalent deriva-
tions are performed to obtain derived Type I and expanded
Type I and Type II structures. Finally, design the assembly
conditions of the mechanism according to the actual opera-
tional requirements to obtain the 3T1R parallel mechanism.
This study is of great significance for the configuration syn-
thesis of grinding robots targeting large components.

II. INITIAL CONFIGURATION OF 3T1R TYPE BASED ON
FINITE SCEW
Grinding processing typically requires four movements,
including one main movement and three feed movements.
In the CNC universal grinder, after accurately positioning
the workpiece using the three feed movements, the main

VOLUME 12, 2024 94807



Y. Qi et al.: Configuration Synthesis of Fully-Symmetrical Parallel Positioning Mechanism

FIGURE 2. 3T1R configuration synthesis based on FIS theory.

movement is employed to carry out the grinding process on
the workpiece, as shown in Fig. 1.
Therefore, in order to achieve grinding operations, a fully-

symmetrical parallel mechanism for precise positioning
needs to have at least three translational movements along
different axes and one rotational movement around an axis.
The x and y axes alter the flat position of the machined part,
while the z − axis adjusts the relative position between the
tool and the part. The rotational movement is responsible
for the grinding process. The desired motion of the initial
configuration is 3T1R motion. The configuration synthesis
is performed using FIS theory. The configuration process is
illustrated in Fig. 2. Firstly, the initial configuration is repre-
sented by finite screws to characterize its continuous motion,
which represents the desired motion of the mechanism. Sec-
ondly, adding 0 or 1 single-degree-of-freedom factor after the
initial algebraic structure yields its standard form, denoted
as Standard Type I and Standard Type II. Finally, the struc-
tures derived by equivalent joint transformations using the
screw triangle product rule are designated as Derived Type I.
By making specific joint position transformations or relative
transformations within Derived Type I, new structures are
obtained, denoted as Expanded Type I and Expanded Type
II. Each of the Derived Type I and Expanded Type I and II
structures is then verified for feasibility to obtain all feasible
structures.

The FIS theory represents the joints of a mechanism using
finite screws, which primarily consist of four elements: joint
axis, rotation angle, position vector, and translation distance.
The finite screw representations of commonly used revolute
(R) and prismatic (P) joints are expressed as (1) and (2).
The universal (U) and spherical (S) joints can be formed by
combining two R joints with perpendicular axes and three R
joints with axes intersecting at a point.

Sf ,R = 2 tan
θ

2

(
s

r× s

)
(1)

where Sf ,R represents the finite screw representation of an R
joint, s and r denote the axis and position vector of the R joint
respectively, and θ represents the angle rotated by the R joint
during its motion.

Sf ,P = t
(
0
s

)
(2)

where Sf ,P represents the finite screw representation of an P
joint, t represents the distance generated by the motion of the
P joint.

The motion of the limbs in the mechanism can be
obtained by performing screw triangular product operations
on the joints within the limbs, as shown in (3). As a result, the
overall continuous motion of the mechanism is given by the
intersection of the motions of the individual limbs, as shown
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in (4).

Sf ,i = Sf ,joint11Sf ,joint21 · · · 1Sf ,joint n (3)

where Sf ,i represents the finite motion synthesized from all
the joints in the ith limb. Sf ,joint k , k = 1, 2 · · · n represents
the joints within the limb.

Sf = Sf ,1 ∩ Sf ,2 ∩ · · · ∩ Sf ,n (4)

where Sf represents the overall continuous motion of the
mechanism.

The continuous motion required for a parallel positioning
mechanism consists of spatial three-dimensional translation
and rotation. The mechanism translates in three dimensions
to position itself at the processing location of the component.
It then adjusts its orientation through rotational motion to
precisely position itself on the specific operational surface
of the component, allowing for grinding operations on the
surface. Finite screw based on FIS theory can describe the
required continuous motion of the mechanism. That is, it can
represent the desired motion of the mechanism, as shown
in (5).{
Sf
}

= tc

(
0
sc

)
1tb

(
0
sb

)
1ta

(
0
sa

)
12 tan

θ1

2

(
s1

r1 × s1

)
(5)

The expectedmotion
{
Sf
}
of themechanism is synthesized

by the intersection of the motions in each Sf ,i of the mecha-
nism, while Sf ,i is synthesized by the screw triangle product
in each Sf ,joint k , k = 1, 2 · · · n. Thus, under the condition of
satisfying

{
Sf
}

⊆ Sf ,i, all feasible limb structures that meet
the motion requirements can be configured. By adding 0 or
1 single-degree-of-freedom independent factor at the end of
the characterization formula of the desired motion mentioned
above, the standard Type I (R1PaPbPc) and Standard Type II
(R1R2PaPbPc) of the parallel positioning mechanism can be
obtained. The finite motion representations of the standard
Type I and Type II are shown in (6) and (7) respectively, while
the joint distribution is shown in Fig. 3 and Fig. 4.{
Sf ,Standard1

}
= tc

(
0
sc

)
1tb

(
0
sb

)
1ta

(
0
sa

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
(6)

{
Sf ,Standard2

}
= tc

(
0
sc

)
1tb

(
0
sb

)
1ta

(
0
sa

)
12 tan

θ2

2

(
s2

r2 × s2

)
12 tan

θ1

2

(
s1

r1 × s1

)
(7)

In the standard Type I (R1PaPbPc) and Type II
(R1R2PaPbPc) configurations, sc, sb, and sa are linearly
independent vectors. By performing equivalent replacements
of joints through directional or circular translational motion
in the standard configuration, derived Type I configurations
can be obtained. In addition, the principle of screw triangle
product can be used to change the positional relationship

FIGURE 3. Joints of standard type I.

FIGURE 4. Joints of standard type II.

between the R factor and the P factor in the structure. When
the relative position of the R factor remains unchanged, the
P factor is shifted to obtain an extended Type I. When the
relative position of the R factor changes, the P factor is shifted
to obtain the extended type II.

III. DERIVED AND EXPANDED TYPES OF THE STANDARD
TYPE I CONFIGURATION
The standard Type I configuration is a 4-DOF limb struc-
ture. By performing equivalent replacements of joints in the
standard Type I configuration, a derived Type I configuration
with 4-DOF can be obtained. Two approaches can be taken,
with the first involving the replacement of one P joint in the
standard Type I configuration, i.e., R1Pa 7→ R1R1, resulting
in the transformation of the standard Type I configuration into
R1R1PbPc. Representing this structure using finite screw as
in (8).

{
S′f ,4−DoF

}
Derived I = tc

(
0
sc

)
1tb

(
0
sb

)
× 12 tan

θ12

2

(
s1

r12 × s1

)
× 12 tan

θ11

2

(
s1

r11 × s1

)
(8)

After the replacement of joints in the standard Type I
configuration, the factors now contain two R joints with
parallel axes. Using the composition algorithm of FIS theory,
the R factors can be rewritten as a combination of circular
translation and rotation, as shown in (9).{
S′f ,4−DoF

}
Derived I

= tc

(
0
sc

)
1tb

(
0
sb

)

× 1

 0(
exp (−θ12s̃1) − exp

(
−

2∑
i=1

θ1is̃1

))
(r12 − r11)
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× 12 tan

2∑
i=1

θ1i

2

(
s1

r12 × s1

)
(9)

where s̃1 is the skew-symmetric matrix of s1. When the two
variables in the above equation are transformed by using (10),
the third factor becomes a circle translation with a radius of
|r1 − r11|, which is equivalent to (6) under the conditions of
|r1 − r11| → ∞ and s1 × (sb × sc) ̸= 0.

2∑
i=1

θ1i 7→ θ1, r12 7→ r1 (10)

The second involves replacing the two P joints in the
standard Type I configuration, i.e., R1PaPb 7→ R1R1R1. The
standard Type I configuration is transformed into R1R1R1Pc.
Representing this structure using finite screw as in (11).{
S′f ,4−DoF

}
Derived I

= tc

(
0
sc

)
12 tan

θ13

2

(
s1

r13 × s1

)
× 12 tan

θ12

2

(
s1

r12 × s1

)
12 tan

θ11

2

(
s1

r11 × s1

)
(11)

After the replacement in the standard Type I configuration
using this method, it includes three R joints with parallel axes.
Through the synthesis algorithm of the finite screw, three
factors of R can be rewritten to obtain two circle translations
and one rotation as in (12).{
S′f ,4−DoF

}
Derived I

= tc

(
0
sc

)
× 1

(
0

(exp (−θ13s̃1) − exp (−θ1s̃1)) (r13 − r12)

)

× 1

 0(
exp

(
−

3∑
i=2

θ1is̃1

)
− exp (−θ1s̃1)

)
(r12 − r11)



× 12 tan

3∑
i=1

θ1i

2

(
s1

r13 × s1

)
(12)

When the two variables in the above equation are trans-
formed by (13), it has two circle translations with a radius of
|r1 − r12| and |r12 − r11|, respectively, which are equivalent
to (6) when the radius tend to infinity and sT1 sc ̸= 0.

3∑
i=1

θ1i 7→ θ1, r13 7→ r1 (13)

Two feasible equivalent derived type I structures with
4-DoF were obtained by equivalent transformation of joints
in Standard Type I. The translation and rotation fac-
tors in R1R1PbPc and R1R1R1Pc of Derived Type I and
Standard Type I were changed position using the screw
triangle product rule to obtain Extended Type I, which are:
PaR1PbPc,PaPbR1Pc,PaPbPcR1,R1PbR1Pc,PbR1R1Pc,

R1PbPcR1,PbR1PcR1,PbPcR1R1,R1R1PcR1,R1PcR1R1,
PcR1R1R1.Taking the R1PbPcR1 as an example, it is charac-
terized as follows:{
S′f ,4−DoF

}
Expand I = 2 tan

θ12

2

(
s1

r12 × s1

)
1tb

(
0
sb

)
× 1tc

(
0
sc

)
12 tan

θ11

2

(
s1

r11 × s1

)
(14)

The translation and rotation factors in (14) can be trans-
formed screw triangle product rule, and combined with the
R factors with parallel axes through synthesis algorithm.
Equation (14) can be rewritten as:{

S′f ,4−DoF
}
Expand I

= tb

(
0

exp (−θ12s̃1) sb

)
1tc

(
0

exp (−θ12s̃1) sc

)
× 1

(
0

(exp (−θ12s̃1) − exp (−θ1s̃1)) (r1 − r11)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
(15)

When the radius of circle translation tends to infinity, i.e.,
|r1 − r11| → ∞, it is equivalent to (6). Similarly, these ten
Extended type I structuresPaR1PbPc,PaPbR1Pc,PaPbPcR1,
R1PbR1Pc,PbR1R1Pc,PbR1PcR1,PbPcR1R1,R1R1PcR1,
R1PcR1R1,PcR1R1R1 are also equivalent to (6) and are
all feasible. All equivalent and feasible derived type I and
extended type I structures were obtained through equivalent
transformation or change position of joints of the standard
type I, as shown in Fig. 5.

IV. DERIVED AND EXPANDED TYPES OF THE STANDARD
TYPE II CONFIGURATION
A. DERIVED TYPE I OF 5-DOF
The standard Type II is a 5-DoF limb. By performing equiva-
lent transformations of the joints in the standard Type II, the
5-DOF derived Type I can be obtained. Four approaches are
adopted, with the first approach involving the replacement of
one P joint in the standard Type I configuration, i.e., R1Pa 7→

R1R1 or R2R2 7→ R1Pa, resulting in the transformation
of the standard Type II configuration into R1R2R2PbPc or
R1R1R2PbPc. The second approach involves replacing two
P joints in the standard Type II with two R joints whose
axes are not parallel, i.e., PaPb 7→ R1R2, resulting in the
transformation of the standard Type II configuration into
R1R1R2R2Pc. The third approach involves replacing two P
joints in the standard Type II with two R joints whose axes are
parallel, i.e., PaPb 7→ R1R1 or PaPb 7→ R2R2, resulting in
the transformation of the standard Type II configuration into
R1R1R1R2Pc or R1R2R2R2Pc. The fourth involves replacing
three P joints in the standard Type II, i.e., PaPbPc 7→ R1R1R2
or PaPbPc 7→ R1R2R2, resulting in the transformation
of the standard Type II configuration into R1R1R1R2R2 or
R1R1R2R2R2.
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FIGURE 5. All feasible derivative limb structures of 4-DoF.
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TABLE 1. Limb structure of derived type I.

Through the aforementioned four approaches, the standard
Type II has been derived into seven different Derived Type I
configurations.

Taking the R1R2R2PbPc structure from the first approach
as an example, it is characterized as:{

S′f ,5−DoF
}
Derived I

= tc

(
0
sc

)
1tb

(
0
sb

)
12 tan

θ22

2

(
s2

r22 × s2

)
× 12 tan

θ21

2

(
s2

r21 × s2

)
12 tan

θ1

2

(
s1

r1 × s1

)
(16)

The structure factors include three R joints, with two of the
joint axes being parallel. Through the synthesis algorithm of
finite screw, the factors can be rewritten as in (17). Verify its
feasibility with the specific process outlined in Fig. 6.{

S′f ,5−DoF
}
Derived I

= tc

(
0
sc

)
1tb

(
0
sb

)
× 1

(
0

(exp (−θ22s̃2) − exp (−θ2s̃2)) (r2 − r11)

)
× 12 tan

θ2

2

(
s2

r2 × s2

)
12 tan

θ1

2

(
s1

r1 × s1

)
(17)

When the radius of circle translation tends to infinity, i.e.,
|r2 − r11| → ∞ and s2 × (sb × sc) ̸= 0, it is equivalent
to (7). Similarly, the other six structures are equivalent to (7)
and all are feasible. All equivalent and feasible Derived Type
I structures were derived through the equivalent joint trans-
formations of the standard Type II, as shown in Table 1.

B. EXPANDED TYPE I OF 5-DOF STANDARD AND DERIVED
TYPE
Seven feasible equivalent 5-DOF derived Type I structures
were obtained by using the Standard Type II. By using the
screw triangle product rule to exchange the translation and
rotation factors between the Standard Type II and Derived
Type I, the Expanded Type can be obtained primarily through
two different methods. Method 1 involves fixing the rotation
factor and changing the position of the translation factor in the
structure to obtain the Expanded Type I. Method 2 involves
altering the rotation factor and then changing the position of
its translational factor in the structure to obtain the Expanded
Type II.

Through Method 1, 39 types of Expanded Type I can be
obtained. As an example, the representation of the structure

TABLE 2. Limb structure of expanded type I.

R1PaR2PbPc transformed from the Derived Type I is as
follows:{

S′f ,5−DoF
}
Expand I

= tc

(
0
sc

)
1tb

(
0
sb

)
12 tan

θ2

2

(
s2

r2 × s2

)
× 1ta

(
0
sa

)
12 tan

θ1

2

(
s1

r1 × s1

)
(18)

The axes of the two R factors in the structure are not
parallel, so the synthesis algorithm cannot be used. The P
factor and R factor can be operated using the properties of
the screw triangle product, and then the (18) can be rewritten
using the linearity property of the P factor as:{

S′f ,5−DoF
}
Expand I

= tc

(
0

exp (−θ1s̃1) exp (−θ2s̃2) sc

)
× 1tb

(
0

exp (−θ1s̃1) exp (−θ2s̃2) sb

)
1ta

(
0

exp (−θ1s̃1) sa

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
12 tan

θ2

2

(
s2

r2 × s2

)
(19)

Equation (19) contains three translation factors and two
rotation factors with non-parallel axes, which is equivalent
to equation (7).
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Similarly, the other 38 types of Expanded Type I can be
rewritten using the properties of the screw triangle product,
which are equivalent to (7) and are feasible, and will not be
further elaborated here.

By displacing the translational and rotational factors of
the standard Type II and the derived Type I structures, all
equivalent feasible Expanded Type I structures have been
derived as shown in Table 2.

C. EXPANDED TYPE II OF 5-DOF STANDARD AND
DERIVED TYPE
Through Method 2, one can modify the relative positions
of the rotation factors in the derived Type I structure and
then change the positions of its translation factors within
the structure to obtain the Expanded Type II. When con-
structing the limb structure, the specific axis orientation of
the joint is not distinguished. Therefore, among the seven
feasible equivalent structures, R1R2R2PbPc/R1R1R2PbPc,
R1R1R1R2Pc/R1R2R2R2Pc and R1R1R1R2R2/R1R1R2R2R2
are considered as the same limb structure. The seven feasible
equivalent structures can be reclassified into five as shown in
the first column of Table 3.
First, by changing the relative positions of the rota-

tion factors in these five structures, new structure can
be obtained. One new structure can be obtained from
R1R2R2PbPc/R1R1R2PbPc as R1R2R1PbPc, two new struc-
tures can be obtained from R1R1R1R2Pc/R1R2R2R2Pc as
R1R1R2R1Pc and R1R2R1P1Pc, and two new structures
can be obtained from R1R1R2R2Pc as R1R2R2R1Pc and
R1R2R1R2Pc.
Furthermore, by displacing the translation factors in the

aforementioned new structures, a total of 41 extended Type
II structures can be obtained. There are 9 extended Type II
structures derived from R1R2R1PbPc. Taking R1R2PbPcR1 as
an example for analysis, it is characterized as:{

S′f ,5−DoF
}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ2

2

(
s2

r2 × s2

)
× 1tb

(
0
sb

)
1tc

(
0
sc

)
12 tan

θ12

2

(
s1

r12 × s1

)
(20)

Using the property of screw triangle product, rewrite
the (20) as:{

S′f ,5−DoF
}
Expand II

= tc

(
0

exp (−θ12s̃1) exp (−θ2s̃2) sc

)
× 1tb

(
0

exp (−θ12s̃1) exp (−θ2s̃2) sb

)
× 1

(
0

(exp (−θ12s̃1) − exp (−θ1s̃1)) (r1 − r11)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ2

2

×

(
exp (θ11s̃1) s2

(r11 + exp (θ2s̃2) (r11 − r2)) × (exp (θ2s̃2) s1)

)
(21)

Equation (21) only contains two R factors with different
axes, which is not equivalent to (7), but it satisfies the con-
ditions of

{
Sf ,Standard2

}
⊆

{
S′f ,5−DoF

}
Expand II. Although

the structure is not equivalent to the standard Type II, it is
a viable structure. Similarly, the other 8 extended Type II
structures derived from it are also non-equivalent but feasible
limb structures, which will not be elaborated on here.
There are a total of 8 types of extended type II derived

from R1R1R2P1Pc and R1R2R1P1Pc. Taking R1R1R2PcR1
andR1R2R1PcR1 as examples for analysis,R1R1R2PcR1 char-
acterized as:{

S′f ,5−DoF
}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ12

2

(
s1

r12 × s1

)
× 12 tan

θ2

2

(
s2

r2 × s2

)
1tc

(
0
sc

)
× 12 tan

θ13

2

(
s1

r13 × s1

)
(22)

Using the property of screw triangle product, rewrite
the (22) as:{
S′f ,5−DoF

}
Expand II

=

(
0

(exp (−θ11s̃1) − exp (−θ1s̃1)) (r1 − r12)

)
× 1tc

(
0

exp (−θ1s̃1) exp (−θ2s̃2) sc

)
× 1

(
0

(exp (−θ1s̃1) − exp (− (θ1 + θ13) s̃1)) (r1 − r13)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ2

2

×

(
exp (θ13s̃1) s2

(r13 + exp (θ13s̃1) (r2 − r13)) × (exp (θ13s̃1) s2)

)
(23)

Equation (23) is not equivalent to (7), but it meets the
condition of

{
Sf ,Standard2

}
⊆
{
S′f ,5−DoF

}
Expand II. Although

the structure is not equivalent to the standard Type II, it is a
feasible structure.
R1R2R1PcR1 characterized as:{

S′f ,5−DoF
}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ2

2

(
s2

r2 × s2

)
× 12 tan

θ12

2

(
s1

r12 × s1

)
1tc

(
0
sc

)
× 12 tan

θ13

2

(
s1

r13 × s1

)
(24)
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FIGURE 6. Feasibility verification flowchart of limb structure.

Using the property of screw triangle product, rewrite
the (24) as:

{
S′f ,5−DoF

}
Expand II

=

(
0

(exp (−θ11s̃1) − exp (−θ1s̃1)) (r1 − r12)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
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× 12 tan
θ2

2

×

(
exp (θ12s̃1) s2

(r12 + exp (θ12s̃1) (r2 − r12)) × (exp (θ12s̃1) s2)

)
× 1tc

(
0
sc

)
12 tan

θ13

2

(
s1

r13 × s1

)
(25)

Equation (24) is not equivalent to (7), but it meets the
condition of

{
Sf ,Standard2

}
⊆
{
S′f ,5−DoF

}
Expand II.it is a fea-

sible structure. Similarly, the other six types of extended Type
II derived from these two structures are also non-equivalent
feasible limb structures, which will not be elaborated here.

There are a total of 8 types of extended type II derived
from R1R2R2R1Pc and R1R2R1R2Pc. Taking R1R2R2PcR1
andR1R2R1R2Pc as examples for analysis,R1R2R2PcR1 char-
acterized as:{

S′f ,5−DoF
}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ21

2

(
s2

r21 × s2

)
× 12 tan

θ22

2

(
s2

r22 × s2

)
1tc

(
0
sc

)
× 12 tan

θ12

2

(
s1

r12 × s1

)
(26)

Using the property of screw triangle product, rewrite
the (26) as:{

S′f ,5−DoF
}
Expand II

=

(
0

(exp (−θ22s̃2) − E3) (r2 − r22)

)
× 1tc

(
0

exp (−θ11s̃1) exp (−θ2s̃2) sc

)
× 1

(
0

(exp (−θ11s̃1) − exp (−θ1s̃1)) (r1 − r12)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ2

2

×

(
exp (θ12s̃1) s2

(r12 + exp (θ12s̃1) (r2 − r12)) × (exp (θ12s̃1) s2)

)
(27)

Equation (27) is not equivalent to (7), but it meets the con-
dition of

{
Sf ,Standard2

}
⊆
{
S′f ,5−DoF

}
Expand II.it is a feasible

structure. Similarly, The other three types of R1R2PcR2R1,
R1PcR2R2R1, and PcR1R2R2R1 derived from R1R2R2R1Pc
are also non-equivalent feasible structures, which will not be
elaborated here.
PcR1R2R1R2 characterized as:{

S′f ,5−DoF
}
Expand II

= tc

(
0
sc

)
12 tan

θ11

2

(
s1

r11 × s1

)
12 tan

θ21

2

(
s2

r21 × s2

)
12 tan

θ12

2

(
s1

r12 × s1

)

× 12 tan
θ22

2

(
s2

r22 × s2

)
(28)

Using the property of screw triangle product, rewrite
the (28) as:{

S′f ,5−DoF
}
Expand II

= tc

(
0
sc

)
× 1

(
0

(exp (−θ12s̃1) − exp (−θ1s̃11)) (r1 − r11)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ22

2

×

(
exp (θ11s̃1) s2

(r11 + exp (θ1s̃1) (r22 − r11)) × (exp (θ11s̃1) s2)

)
× 12 tan

θ21

2

(
s2

r21 × s2

)
(29)

Equation (29) only contains two translation factors and
three rotation factors with different axes, which do not
meet the expected motion of the mechanism. Therefore, the
structure is unfeasible. Similarly, The other three types of
R1R2R1PcR2, R1R2PcR1R2, and R1PcR2R1R2 derived from
R1R2R1R2Pc are also unfeasible structures, which will not be
elaborated here.
There are a total of 8 types of extended type II

derived from R1R1R1R2R2 and R1R1R2R2R2, namely
R1R2R2R2R1,R1R2R2R1R1,R1R1R2R2R1,R1R2R1R2R1,
R1R2R1R2R2,R1R1R2R1R2,R1R2R1R1R2,R1R2R2R1R2. Tak-
ing R1R2R2R2R1 and R1R2R1R2R2 as examples for analysis,
R1R2R2R2R1 characterized as:{

S′f ,5−DoF
}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ21

2

(
s2

r21 × s2

)
× 12 tan

θ22

2

(
s2

r22 × s2

)
12 tan

θ23

2

(
s2

r23 × s2

)
× 12 tan

θ12

2

(
s1

r12 × s1

)
(30)

Using the property of screw triangle product, rewrite
the (30) as (31), shown at the bottom of the next page.

Equation (31) contains three circle translations, the first
two of which have radius of |r21 − r2| and |r2 − r23|, respec-
tively, and are perpendicular to exp (−θ11s̃1) s2, while the
third has a radius of |r1 − r12| and is perpendicular to
exp (−θ11s̃1) s2.While |r21 − r2| → ∞ and |r21 − r2| → ∞,
it is not equivalent to (7), but it meets the expected motion of
the mechanism, so it is feasible. Similarly, R1R1R2R2R1 and
R1R2R2R1R1 are also feasible structures.
R1R2R1R2R2 characterized as:{
S′f ,5−DoF

}
Expand II

= 2 tan
θ11

2

(
s1

r11 × s1

)
12 tan

θ21

2

(
s2

r21 × s2

)
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× 12 tan
θ12

2

(
s1

r12 × s1

)
12 tan

θ22

2

(
s2

r22 × s2

)
× 12 tan

θ23

2

(
s2

r23 × s2

)
(32)

Using the property of screw triangle product, rewrite
the (32) as:{
S′f ,5−DoF

}
Expand II

=

(
0

(exp (−θ11s̃1) − exp (−θ1s̃1)) (r1 − r12)

)
× 12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ21

2

×

(
exp (θ12s̃1) s2

(r12 + exp (θ12s̃1) (r21 − r12)) × (exp (θ12s̃1) s2)

)
× 1

(
0

(exp (−θ22s̃2) − exp (−θ2s̃2)) (r2 − r23)

)
× 12 tan

θ2

2

(
s2

r2 × s2

)
(33)

Equation (33) only contains two translation factors and
three rotation factors with different axes, which do not
meet the expected motion of the mechanism. Therefore, the
structure is unfeasible. Similarly, The other four types of
R1R2R1R2R1, R1R1R2R1R2, R1R2R1R1R2 and R1R2R2R1R2
are also unfeasible structures, which will not be elaborated
here.

In summary, among the 41 extended Type II structures
derived, 13 structures are deemed infeasible, not meeting
the expected motion requirements of the parallel positioning
mechanism.All equivalent feasible or non-equivalent feasible
extended Type II structures are shown in Table 3.

V. UNITS ASSEMBLY CONDITIONS AND CONFIGURATION
SELECTION
Based on the desired motion, a total of 14 4-DOF and 71
5-DOF limb structures have been derived from the standard
Type I and Type II structures. These limb structures are
capable of achieving the required 3T1R motion for grind-
ing operations. The finite motion of 3T can be represented
by (34). When selecting a limb structure for assembly, the
distribution of joint axes should be considered. When the

TABLE 3. Limb structure of expanded type II.

directions of the R1 and R2 axes in the feasible limb structure
are consistent with s1, the finite motion can be represented
by (35).

Sf ,P = tc

(
0
sc

)
1tb

(
0
sb

)
1ta

(
0
sa

)
(34)

{
Sf
}

= Sf ,P12 tan
θ1

2

(
s1

r× s1

)
(35)

The R1 and R2 joints rotate in the directions of s1 and
s2 respectively. The first case is that the mechanism rotates
around direction s1 to reach the singularity position, and then
changes to rotate around direction s2, as shown in (36).

The second case is that the mechanism rotates around
direction s2 to reach the singularity position, and then changes
to rotate around direction s1, as shown in (37). The third case
is that the mechanism starts rotating around the s1 and s2
directions from the singularity position, as shown in (38).

{
Sf
}

=

{
Sf ,P12 tan

θ1

2

(
s1

r× s1

)}

{
S′f ,5−DoF

}
Expand II =

(
0

exp (−θ11s̃1) (exp (−θ21s̃2) − exp (−θ2s̃2)) (r21 − r2)

)
× 1

(
0

exp (−θ11s̃1) (exp (− (θ21 + θ22) s̃2) − exp (−θ2s̃2)) (r2 − r23)

)
× 1

(
0

(exp (−θ11s̃1) − exp (−θ1s̃1)) (r1 − r12)

)
12 tan

θ1

2

(
s1

r1 × s1

)
× 12 tan

θ21

2

(
exp (θ12s̃1) s2

(r12 + exp (θ12s̃1) (r21 − r12)) × (exp (θ12s̃1) s2)

)
(31)
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FIGURE 7. Selected three limb structures.
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FIGURE 8. Configurations of three fully symmetrical parallel mechanism.
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FIGURE 9. Virtual prototype.

∪

{
Sf ,P12 tan

θ ′

1

2

(
s1

r× s1

)
12 tan

θ2

2

(
s2

r× s2

)}
(36)

where θ ′

1 is the angle at which the mechanism rotates in the
direction of s1 to a singular configuration.{
Sf
}

=

{
Sf ,P12 tan

θ2

2

(
s2

r× s2

)}
∪

{
Sf ,P12 tan

θ ′

2

2

(
s2

r× s2

)
12 tan

θ1

2

(
s1

r× s1

)}
(37){

Sf
}

=

{
Sf ,P12 tan

θ1

2

(
s1

r× s1

)}
∪

{
Sf ,P12 tan

θ2

2

(
s2

r× s2

)}
(38)

The finite motion of the mechanism’s moving platform
can be represented by the intersection of each limb. Avoid
additional rotation during intersection operations, as the axis
directions of the R joints between each limb are not the same.
To ensure that there is no degree of freedom in which the axis
direction changes with the rotation angle under intersection

operations. When the selected limb has 5-DoF, it is also
required that the number of limbs be greater than or equal
to three. Selecting any three types of limb structures from
the table of feasible 5-DoF limb structures as examples, the
configuration is shown in Fig. 7. Considering the requirement
for the mechanism to be fully symmetrical and the number
of limbs to be no less than three, taking into account the
stiffness and precise positioning needs during the grinding
process, a configurationwith four limbs is adopted. Each limb
is distributed at 90 degrees relative to the moving platform,
as illustrated in Fig. 8.
The limb structure selected for configuration 1 is

R1R1R2R2R2, and the finite motion of its single limb can be
expressed as:

Sf ,i = 2 tan
θi,5

2

(
si,5

ri,5 × si,5

)
12 tan

θi,4

2

(
si,4

ri,4 × si,4

)
× 12 tan

θi,3

2

(
exp

(
θi,4s̃i,4

)
si,3

ri,4 × exp
(
θi,4s̃i,4

)
si,3

)
× 12 tan

θi,2

2

(
si,2

ri,2 × si,2

)
12 tan

θi,1

2

(
si,1

ri,1 × si,1

)
(39)
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The finite motion of the entire mechanism can be repre-
sented as:

Sf = Sf ,1 ∩ Sf ,2 ∩ Sf ,3 ∩ Sf ,4 (40)

The limb structure selected for configuration 2 is
R1R2R2R2R1, and the finite motion of its single limb can be
expressed as:

Sf ,i = 2 tan
θi,5

2

(
si,5

ri,5 × si,5

)
× 12 tan

θi,4

2

(
exp

(
θi,5s̃i,5

)
si,4

ri,5 × exp
(
θi,5s̃i,5

)
si,4

)
× 12 tan

θi,3

2

(
si,3

ri,3 × si,3

)
12 tan

θi,2

2

(
si,2

ri,2 × si,2

)
× 12 tan

θi,1

2

(
exp

(
θi,2s̃i,2

)
si,1

ri,2 × exp
(
θi,2s̃i,2

)
si,1

)
(41)

The finite motion of the entire mechanism can be repre-
sented as:

Sf = Sf ,1 ∩ Sf ,2 ∩ Sf ,3 ∩ Sf ,4 (42)

The limb structure selected for configuration 3 is
R1R2PcR2R1, and the finite motion of its single limb can be
expressed as:

Sf ,i = 2 tan
θi,5

2

(
si,5

ri,5 × si,5

)
× 12 tan

θi,4

2

(
exp

(
θi,5s̃i,5

)
si,4

ri,5 × exp
(
θi,5s̃i,5

)
si,4

)
× 1t3

(
0
s3

)
12 tan

θi,2

2

(
si,2

ri,2 × si,2

)
× 12 tan

θi,1

2

(
exp

(
θi,2s̃i,2

)
si,1

ri,2 × exp
(
θi,2s̃i,2

)
si,1

)
(43)

The finite motion of the entire mechanism can be repre-
sented as:

Sf = Sf ,1 ∩ Sf ,2 ∩ Sf ,3 ∩ Sf ,4 (44)

Considering the large number of motion joints and con-
necting rods in the above three configurations, the overall
stiffness of the mechanism will be affected. Therefore, two
adjacent R joints in each limb that satisfy the vertical relation-
ship of the axis are equivalent to U joints, which simplifies the
limb structure, reduces the number of connecting rods, and
improves the overall stiffness of the mechanism. The virtual
prototypes of the three configurations are shown in Fig. 9.

VI. CONCLUSION
For the grinding operation of large structural compo-
nents, a fully symmetrical parallel positioning mechanism is
adopted to achieve the machining operation.

(1) Based on finite screw for configuration synthesis, the
desired motion of the mechanism is determined through the
movements involved in grinding operations.

(2) From the desired motions, standard Type I and Type II
configurations are derived, further leading to 85 feasible limb
structures of 4-DoF and 5-DoF.

(3) Three limb structures were selected from 85 types
of limb structures. Taking these three limb structures as
examples, three fully-symmetrical parallel positioning mech-
anisms were configured as in-situ grinding processing mech-
anisms based on assembly conditions and requirements of
positioning accuracy and machining stiffness.
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