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ABSTRACT We consider finite-horizon episodic reinforcement learning (RL) under heavy-tailed noises,
where the p-th moment is bounded for any p € (1, 2]. In this setting, existing RL algorithms are limited
by their requirement for prior knowledge about the bounded moment order of the noise distribution. This
requirement hinders their practical application, as such prior information is rarely available in real-world
scenarios. Our proposed method eliminates the need for this prior knowledge, enabling implementation in
a wider range of scenarios. We introduce two RL algorithms, p-Heavy-UCRL and p-Heavy-Q-learning,
designed for model-based and model-free RL settings, respectively. Without the need for prior knowledge,
these algorithms demonstrate robustness to heavy-tailed noise and achieve nearly optimal regret bounds,
up to logarithmic terms, with the same dependencies on dominating terms as existing algorithms. Finally,
we show that our proposed algorithms have empirically comparable performance to existing algorithms in

synthetic tabular scenario.

INDEX TERMS Reinforcement learning, heavy-tailed noise, regret analysis.

I. INTRODUCTION

Reinforcement Learning (RL) [16] has emerged as a critical
paradigm in the training of intelligent agents, enabling
them to make optimal decisions through interactions with
their environment. This approach has been successfully
applied across various domains, including soft robotics [21],
portfolio management [27], and autonomous driving [17].
To accurately reflect the inherent randomness present in real-
world applications, RL approaches typically employ noise
assumptions. Traditionally, the RL framework assumes noise
with bounded characteristics or sub-Gaussian distributions,
which has been extensively examined in the RL literature [6],
[8], [11], [13], [14], [20]. However, real-world scenarios
often present complexities that challenge these conventional
noise assumptions, extending beyond the scope of sub-
Gaussian noise. Examples include the fields of finance [4],
meteorology [9], and network communication [3], where
noise characteristics can be more complex. In response to
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these challenges, the research landscape of RL has progres-
sively expanded to encompass a broader spectrum of noise
assumptions [25]. A notable advancement in this direction is
the incorporation of heavy-tailed noise distributions into the
RL framework. These heavy-tailed distributions are adept at
modeling the presence of rare but problematic events, which
can substantially impede the learning process of an agent.
Specifically, researchers in the field of multi-armed bandits
(MABSs), which represent the simplest RL problem, have
investigated various settings characterized by heavy-tailed
noise distributions [7], [10], [15], [18], [19], [22], [23], [24],
[26]. The objective of these bandit algorithms is to identify
an optimal sampling strategy in the presence of heavy-
tailed noise, primarily leveraging the optimism in the face
of uncertainty (OFU) framework [2]. Algorithms based on
OFU utilize the confidence interval of a mean estimator of
the rewards to determine the sampling strategy. Consequently,
a fundamental approach to managing heavy-tailed noise
entails establishing concentration inequalities of estimator
with exponentially decaying error bounds, similar to the
Azuma-Hoeffding or Bernstein inequalities [1] commonly
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applied in sub-Gaussian or bounded noise distribution
settings. This approach necessitates the development of a
robust estimator capable of accurately estimating the true
reward, even in the presence of heavy-tailed noise.

Interestingly, [7] proposed such estimators having expo-
nential decaying error bound on reward mean estimation,
and the estimators have been widely used to deal with
heavy-tailed rewards in bandits studies [10], [15], [18], [19],
[23]. However, these estimators necessitate prior knowledge
of the bounded moment order of the heavy-tailed noise
distribution to be defined. In real-world scenarios, it is often
unrealistic to expect such prior knowledge about the noise
distribution to be available. This limitation poses constraints
on the practical application of algorithms developed with the
robust estimators for handling heavy-tailed noise. In RL, [25]
developed robust algorithms to handle heavy-tailed noise in
finite-horizon episodic Markov Decision Processes (MDPs),
utilizing the robust estimators provided in [7]. As a result, the
proposed RL algorithms are constrained in situations where
the prior information about the noise distribution is not known
in advance.

In this paper, we introduce two algorithms that enhance
the practicality of existing algorithms by eliminating the
need for prior knowledge of the noise distribution. The
proposed algorithms maintain the same theoretical guarantee
as previous algorithms up to logarithmic terms, without
requiring prior knowledge of the moment order of the
heavy-tailed noise distribution. This improvement is crucial
for real-world applications where such prior information
is often unavailable. Specifically, we utilize the p-robust
estimator provided by [22], which can be defined without
prior knowledge, instead of the estimators proposed by [7]
that require such knowledge. By using this estimator,
we introduce two RL algorithms, p-Heavy-UCRL2 and p-
Heavy-Q-learning, which are designed for model-based and
model-free RL settings, respectively. Since the confidence
interval of the p-robust estimator shares the same exponential
convergence rate as the robust estimators used in [25],
up to logarithmic terms, the regret bound of the proposed
algorithms is also comparable to that of the existing algo-
rithms. Finally, we show that the experimental performance
of our algorithms is almost equivalent to that of the existing
algorithms in synthetic tabular setting.

Il. RELATED WORK

In reinforcement learning (RL), bounded noise or sub-
Gaussian noise assumptions have long been investigated [6],
[81, [11], [13], [14], [20], and more recently, this assumption
has been extended to include heavy-tailed noise settings.

In the context of multi-armed bandits (MABs), which
can be viewed as the stateless RL, several works have
aimed to develop learning algorithms under heavy-tailed
noises. Reference [7] first considered the stochastic MAB
problem in the heavy-tailed noise setting. Specifically, they
introduced robust mean estimators such as truncation and
median-of-means and employed them to analyze a robust
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bandit algorithm, referred to as RobustUCB, which is an
adaptation of the classical UCB algorithm [2]. Subsequently,
the truncation and median-of-means estimators have found
broad application across various scenarios to address heavy-
tailed noises, such as linear bandits [10], [15], [23],
Lipschitz bandits [18], and Bayesian optimization [19].
Yet, using the truncation and median-of-means estimators
is hindered by a fundamental limitation: the prerequisite
knowledge of moment bounds pertaining to heavy-tailed
noise distributions. This constraint arises from the definitions
associated with these estimators, which impose constraints
on the practical utilization of the truncation and median-of-
means estimators. Interestingly, [22] tackled this limitation
by introducing the p-robust estimator. Unlike its counterparts,
this estimator operates independently of prior knowledge
while having a slightly looser confidence bound compared to
the truncation and median-of-means estimators. In addition,
[22] showed that there is a finite-armed stochastic bandit
problem for which the Robust-UCB has an unavoidable
sub-optimal factor In(T)' /P where p is a bounded moment
order of the heavy-tailed noise distribution and proposed a
perturbation-based algorithm APE? that achieves minimax
optimal regret bound O(T''/P) in terms of T

As aforementioned, MABs under heavy-tailed noises have
been studied and improved over the last decade. However,
existing studies in the RL field have mainly focused on
light-tailed noise settings (e.g., sub-Gaussian). Here, we will
briefly review only the works closely related to our results.
[6] introduced the well-known model-based RL algorithm,
UCRL2, with a total regret bound O(DS \/ﬁ ) where D is
a diameter of the given MDP, § is states, and A represents
actions. In addition, [6] showed that for any RL algorithms,
we can choose an MDP in which the lower bound of the
algorithm matches Q2(+/DSAT). Following this work, [12]
proposed the Bayesian RL algorithm, PSRL, which combines
UCRL2 with Thompson sampling and proved that PSRL
can achieve the Bayesian regret bound O(D+/SAT), which
is an improvement over UCRL2 by a factor of O(vH).
In model-free RL algorithms, [14] adopted Q-learning with
Hoeffding and Bernstein-style bonus terms in a finite-horizon
episodic MDP setting, which attains nearly optimal regret
bound in terms of 7' under some optimistic initialization
of value functions. While there have been advancements,
these algorithms are still limited by the sub-Gaussian noise
assumption.

Notably, [25] first studied RL under heavy-tailed noises.
Specifically, they proposed two RL algorithms, Heavy-
UCRL2 and Heavy-Q-learning, which are designed in
model-based and model-free setups, respectively. However,
like most of the works on MABs under heavy-tailed noises,
[25] utilized the truncation estimator which requires prior
knowledge about the bounded moment order of heavy-
tailed noises. Thus, Heavy-UCRL2 and Heavy-Q-learning
assume the prior knowledge is known in advance, which
hampers the practical application of the algorithms. In this
work, we will relax this constraint on Heavy-UCRL?2 and
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Heavy-Q-learning. More specifically, we propose robust
RL algorithms, p-Heavy-UCRL?2 and p-Heavy-Q-learning,
by leveraging the p-robust estimator. Especially, the proposed
algorithms do not need any prior knowledge and enjoy the
same regret bound of Heavy-UCRL2 and Heavy-Q-learning
in terms of H, S, A, and T up to logarithmic terms.

lll. PROBLEM FORMULATION

Consider the problem of reinforcement learning (RL) whose
goal is to find optimal sequential decisions to maximize
cumulative reward over given rounds. RL can be formalized
using the concept of an Markov decision process (MDP)
M = M(S, A, p, r), where S is a finite state space, A is
a finite action space, p : S x A x S — [0, 1] is the transition
model, and the stochastic reward function r : § x A —
[7min, 'max]- We denote the S and A denotes the cardinality
of § and A, respectively. In RL, the reward and transition
functions may not be fully known to the agent. Then, the agent
interacts with the environment over a sequence of discrete
time steps to learn about reward and transition models and to
optimize its behavior. In each time step ¢ € [T], an agent in
state s; € S selects an action a; € A and receives a reward r;,
which is an independent and identically distributed random
variable sampled from the reward distribution R(s;, a;). After
receiving the reward, the agent transitions to the next state
s’ € 8§ according to the transition model p(s’|s, a), where
Zs,e S Ps.a(s’) = 1. Following [25], we assume that the
reward distribution can be a heavy-tailed distribution with
finite moment order of p where p € (1, 2]. Furthermore,
we make assumption on MDPs as follows:

Definition I (Diameter of MDP [6]): Consider the stochas-
tic process defined by a stationary policy w S —
A operating on an MDP M with initial state s. Let
T(s'| M, 7, s) be the random variable for the first time step
in which state s' is reached in this process. Then the diameter
of M is defined as

._ : /
D(M) := S;rggécsﬂ:rgl_r)lAE[T(s IM, 7, 5)]. €))
An MDP M is called a communicating MDP if and only if
it has a finite diameter. In addition, we assume finite-horizon
episodic MDPs where the agent interacts with the MDP over
T = HK total rounds, where H is the horizon length and K is
the number of episodes. For a policy 7, the Q value function
is defined as Qj (s, a) := E[Zgzh rlsn = s,ap = a, .
Then, the value function is V;f (s) = E[ZZ:h rylsp = s, .
For any s € S and a € A, the optimal Q-value and value
functions are denoted as Qj(s,a) := max; Q7 (s, a) and
Vi(s) := maxy V}' (s, a). For simplicity, we set Vg 11(s) =
0 and Qp+1(s,a) = 0, respectively. Then, the goal of the
agent is to minimize the cumulative regret,

T
Rr = > Vi(s1) = V] (s1), 2)

t=1

where 7 is the chosen policy by the learner.
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IV. METHOD

In this section, we introduce two algorithms tailored for
heavy-tailed noise setting. The first algorithm, p-Heavy-
UCRL2, is an adaptation of UCRL2 [6], specifically designed
to handle heavy-tailed noises. The second algorithm, p-
Heavy-Q-learning, is a robust modification of Q-learning
algorithm [14] intended for heavy-tailed noises as well.
Both algorithms leverage the p-robust estimator proposed
by [22]. The formal definition of the p-robust estimator is
as follows:

Definition 2 (p-Robust Estimator [22]): Let {Y;}}2, be
independent and identically distributed (i.i.d.) random vari-
ables sampled from a heavy-tailed distribution with a finite
p-thmoment, v, := E|Yy|P, foranyp € (1,2]. Lety := E[Y¢]
and define an estimator as follows

A

Y, =

IC_; > (Y /(en'/P)) 3)

no o’ k=i

where ¢ > 0 is a constant. Then, for all € > 0, we have
N _1
P(¥, > y+ cIn(exp(bpvy)/c)/8)/n'T7) <8 (4)
and

Py > ¥, + cln(exp(b,,u,,)/cﬂ)/a)/nl‘% )y<s8. (5

Algorithm 1 p-Heavy-UCRL2

input § € (0, 1), S, A, p-robust estimator 7, parameter ¢
1: t < 1, initial state s
2: for episode k =1,2,...,K do
30ty <1, Ni(s,a) <0
4:  Forall (s,a) € S x A initialize v (s, a) to 0, where
vi(s, a) is a visitation of state-action pair (s, @) in the
current episode
5. Set M be the set of all MDPs with states S and
actions A with transitions py (|s, a) and rewards 7(s, a)
satisfying the following inequalities:
Tclog(2SAt, /8)

1
max{1, Ni(s, a)}' "7

) A 145 log(2At; /8)
[PCls.a) = prCls @] It < [ S2m=eT s )

6:  Obtain policy 7x by using extended value iteration
and select action according to 7ty until v (s;, 7(s;)) <
max{1l, Ni(s;, Tk (s1))}

7: end for

(6)

|F(s, @) — Pe(s, @)| <

Note that the p-robust estimator consists of an influence
function defined as

W, :=In(by|x P+ x+ DI[x > 0]— In(by|x[” — x4 DI[x <0]
(8)

2

2 275
where b, := 2(;%117)1_7’ + (12)%1;)2—; " Intuitively, the
influence function behaves linearly around a neighborhood
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Algorithm 2 p-Heavy-Q Learning
Require: § € (0, 1),S, A, parameter ¢
1: Initialize Qy, < Hrpgax and Np(s,a) < O for all (s, a, h) €
S x Ax [H]
2: forepisode k =1,2,...,K do

3: forsteph=1,2,...,H do

4 Select action ay ; < argmax, Qp i (X4, an)

5 t < Np(sp,ap) + 1 1

6: b, < by +2H(cIn(2SAT)/8)/t' " 7)

7: o < Z—j‘_}

1 1

8 On < (1 — a)Qn(xp, ap) + as(ct? Yrp(rp(sn, ap)/ct?) +
Viy1 +bp)

9: end for

10: end for

of 0, however, when x becomes large enough, the influence
function has a form similar to the logarithmic function.
With this property, rewards contaminated by heavy-tailed
noises can be regularized while preserving meaningful
information. Furthermore, it is important to note that the
definition of p-robust estimator eliminates the need for
any prior knowledge about the bounded moment of heavy-
tailed noises. This feature facilitates the development of
robust reinforcement learning algorithms without requir-
ing prior information on noise moment order which is
often not given in practice. By leveraging the p-robust
estimator, we propose p-Heavy-UCRL2 as detailed in
Algorithm 1.

A. COMPARISON WITH UCRL2 [6]

The first algorithm, p-Heavy-UCRL2 (Algorithm 1) is a
variant of the UCRL2 algorithm [6] with the p-robust
estimator. In the vanilla UCRL2 algorithm, a learner
constructs a plausible set of MDPs at the beginning of
each episode. Then, the learner chooses an optimistic MDP
in the set of plausible MDPs and estimates an optimistic
policy corresponding to the chosen MDP. In particular,
the rewards 7i(s,a) and transition probabilities pi(s, a)
are estimated considering given k episodes, and a set of
plausible MDPs is defined from the estimates. Thus, the
estimation step of mean rewards and transition probabilities
directly affects the quality of plausible MDPs set and the
selection of an optimistic MDP. In particular, the vanilla
UCRL2 guarantees the estimations of reward and transition
probability by using Azuma-Hoeffding inequality which has
an exponential convergence rate but only applicable under the
sub-Gaussian noise assumption. However, under the assump-
tion of heavy-tailed noises, Azuma-Hoeffding inequality
cannot be utilized. Thus, p-Heavy-UCRL2 estimates mean
rewards by using the p-robust estimator which provides
a similar convergence rate to that of Azuma-Hoefdding
inequality under heavy-tailed noises. In other words,
the high probability confidence bound of mean rewards
is guaranteed by the confidence interval of p-robust
estimator.
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B. COMPARISON WITH HEAVY-UCRL2 [25]

Similar to ours, [25] proposed a model-based RL algorithm,
referred to as Heavy-UCRL2, designed to handle heavy-
tailed noises. Specifically, they revised the vanilla UCRL2
algorithm with a truncation estimator [7] capable of adapting
to heavy-tailed noises. Consequently, mean rewards are
estimated using the confidence interval of the truncation
estimator. However, unlike the p-robust estimator, the trun-
cation estimator assumes that the bounded moment order of
heavy-tailed noises is known in advance, necessitating prior
knowledge on bounded moment order for Heavy-UCRL2.
This constraints the practical application of Heavy-UCRL2.
In Section V, we will prove that Heavy-UCRL2 and p-Heavy-
UCRL2 have the same regret bounds up to logarithmic terms
of H, S, and T, even though p-Heavy-UCRL2 does not
require prior knowledge.

C. COMPARISON WITH Q-LEARNING [14]

Algorithm 2 is an adaptation of the Q-learning algorithm [14]
with the p-robust estimator. In finite-horizon episodic MDP,
[14] showed that if the Q value function is initialized with H
and the exploration bonus term is given as b, := ¢/ H31/t
where ¢ := log(SAT /8) and the Q-learning algorithm can
achieve a nearly optimal regret bound. The update rule of the
Q value functions of vanilla Q-learning is as follows:

On(s, @) < (1 — an)Qn(s, @) + ar[ru(s, a) + Vi1 (s) + bl
©)

where o; = Z—i} is a learning rate, (s,a) € S x A
represents a state and action pair, and s’ is the next state.
The performance of this algorithm hinges crucially on the
bonus term b;, which enables the Q-learning algorithm to
attain an optimal regret bound O(v H*SATt) with respect
to T. However, this bonus term was derived from the
usage of Azuma-Hoeffding inequality, and thus when using
this bonus term in the heavy-tailed setting, one cannot
guarantee the performance of the algorithm. Instead of direct
application of reward mean to update the Q value function,
we first regularize contaminated rewards by using the p-
robust estimator. The update rule of our algorithm is as

follows:

On (1 = a)Qn(xp. an)

1 sy, a
+o (czw,, (’1(”—1’7)) + Vi1 + b;). (10)
ctr

Here, the contamination on rewards is alleviated by the
p-robust estimator. In addition, the bonus term is different
from the original bonus term b,, which is defined as b; =
b +2H(c ln(ZSAT)/B)/tl_ll’) where c is some constant, and
8 € (0,1) is a confidence parameter. This bonus term is
derived from the confidence interval of the p-robust estimator
and enables us to explore suitably even in the heavy-tailed
noise setting.
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D. COMPARISON WITH HEAVY-Q-LEARNING [25]

In model-free RL under heavy-tailed noises, [25] proposed
a robust variant of Q-learning algorithm [14] by using the
truncation estimator. Especially, Heavy-Q-learning truncates
rewards contaminated by heavy-tailed noises, i.e., 7, =
ri{|lr;] < B;}, where I is indicator function, B, :=
(vpt/ log(ZSAT/cS)) is a truncation threshold at time step
t € [T] and v, is the bounded moment order of heavy-
tailed noise. Accordingly, the Bellman update rule of Heavy-
Q-learning is defined as

On(s, a) < (1 — a)On(s, @) + a;(Fu(s, @) + Vi1 (s') + b)),
(11)
1 _1
where b/ := b, + 8Hv} Mgl ". These simple
modifications induce the robustness of Q-learning. However,
as in the case of Heavy-UCRL?2, Heavy-Q-learning still
requires prior knowledge.

V. REGRET ANALYSIS
In this section, we present theoretical results of p-Heavy-
UCRL2 and p-Heavy-Q-learning. In the analysis of p-Heavy-
UCRL2, we establish various regret bounds, including a
total regret bound over 7 rounds (Theorem 1), a per-step
regret bound (Corollary 1), an instance-dependent regret
bound (Theorem 2), and a regret bound for changing
MDPs (Theorem 3). For p-Heavy-Q-learning, we establish
regret bounds using Hoeffding and Bernstein-style bonus
terms. Significantly, both p-Heavy-UCRL2 and p-Heavy-
Q-learning exhibit identical polynomial dependencies on
H, S, and T terms as the existing regret bounds in [25],
which match the lower bound in RL under heavy-tailed
noise [25]. It is worth noting that unlike Heavy-UCRL2
and Heavy-Q-learning, these achievements are made without
necessitating prior knowledge of the bounded moment order
of heavy-tailed noise distributions. Now, we start with the
first result, the total regret bound of p-Heavy-UCRL2.
Theorem 1 (Total Regret Bound of p-Heavy-UCRL2): Let
RA := Tmax — ¥min- Then, we have the following total regret
upper bound of p-Heavy-UCRL2 with probability at least
1-4,

| T 2SAT 1
20RADS. |AT log (3) +(2C,+1)(7¢) log (T) (SAT)?

(12)

where C, is some constant.

The proof is deferred to Appendix A. Within the proof,
the regret is bounded by three primary error terms which are
induced by the extended value iteration, estimation of tran-
sition probabilities, and rewards, respectively. Specifically,
heavy-tailed noises only impact the errors in reward mean
estimation, while the other terms remain unaffected. Thus, the
first term of (12) which is unaffected by heavy-tailed noise,
20RADS /AT log(T /§), retains the same dependencies on D,
S,A, and T as the vanilla UCRL2 [6]. In contrast, the second
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term of (12) represents an extra regret component associated
with heavy-tailed noise, which is derived from the confidence
interval of the p-robust estimator. More precisely, to bound
the reward mean estimation error in constructing a plausible
MDP set, p-Heavy-UCRL2 leverages the confidence interval
of the p-robust estimator, which results in an additional regret
bound (i.e., the second term of (12)). Note that this penalty
on regret matches the lower bound Q((SAT)I/ Py [25], which
implies the extra term of regret bound is inevitable.

Similar to ours, Heavy-UCRL2 utilizes the truncation
estimator to bound reward mean estimation error in the
heavy-tailed setting. The regret term of Heavy-UCRL
corresponding to the second term of (12) shows a better
dependency on log(2SAT /3) by an order of 1/p where p €
(1,2] is a bounded moment order of heavy-tailed noise
distribution. The difference in these regret bounds arises
from the difference in the confidence intervals of the p-
robust estimator and the truncation estimator. However, the
increase in the order of the regret bound for p-Heavy-UCRL?2
is limited to the logarithmic factor log(2SAT /&), meaning
that the polynomial dependencies on the dominating terms,
including H, S, A, and T, remain consistent with the regret
bound of Heavy-UCRL2. We will show that the experimental
performance of both algorithms is almost identical as detailed
in Section VI.

Corollary 1 (Average Per-Step Regret): The average per-
step regret of p-Heavy-UCRL?2 is at most \, with probability
at least 1 — §, for any

RZAITZSM log (40R8A)\DSA )) ’

alog (2%) +2alog (%)} (13)

T > max {(42202

where & = (1/\)7-T(4C, + 2)7T(7¢)7T (SA)7 .

The proof is deferred to Appendix B. From Theorem 1,
we can directly derive Corollary 1 which provides probably
approximately correct (PAC) bound of p-Heavy-UCRL2.
Compared to Heavy-UCRL2, the order of 7c¢ has increased
from 1 to p%l, where 1 < p%l forany p € (1, 2]. This implies
that we need slightly more samples to guarantee the regret that
is smaller than .

Theorem 2 (Instance-Dependent Regret): For any initial
states € S, any T < 1, any A > 0, and some constant C,
with probability at least 1 — 36, the regret bound of p-Heavy-
UCRL2 is

PSS 2SAT\\ 7T (SA\ 7T
4C, +2)P-T(Tc)r-T | log 5 ~ + AT
(14)
Let g = p*(M) — maxses maxy.s— A{p(M, 7, s)
oM, m,s) > p*(M)} be the average reward gap between of

the best and second-best policies. Then, the expected regret
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of p-Heavy-UCRL2 (with parameter § := %T ) is bounded as

E[AM, s, T)]

P 2SAT\\ 7T (2SA\ 7T
< (4G, +277 (7077 (log (5~ =22

8
+ Z ’71 + log, ( m(a)x Tn)—‘
s,a

T (s)=a

max Ty. (15)

. (s)=a

The prodf is deferred to Appendix C. This theorem shows
that p-Heavy-UCRL2 can achieve the logarithmic expected
regret in terms of instance-dependent term, that is, the gap
between the average reward of the best and second-best
policies. Compared to Heavy-UCRL2, the dependency on
log(2SAT /§) is increased from 1 to ]%, while the polynomial
dependencies on the other terms remain unchanged. Thus we
can attain the same instance-dependent regret bound to that
of Heavy-UCRL2 up to logarithmic terms without requiring
prior knowledge.

Theorem 3 (Regret for Changing MDP): Let p € (1,2].
Restarting p-Heavy-UCRL2 with parameter Z% at each steps

{2p—1)/(p—1)) . . .
(’;Ww—‘ fori = 1,2,3,..., with probability at least

1 — 8, the regret of p-Heavy-UCRL2 is upper bounded by

—1 1
RALBTT BT (SA)D . (16)

The proof is deferred to Appendix D. This theorem shows
that the regret bound of p-Heavy-UCRL for changing MDP,
which is the same as that of Heavy-UCRL2 up to logarithmic
terms. Furthermore, if the noise distribution has a finite
variance (i.e., p = 2), the regret bound for changing
MDP becomes Ra£/3T2/3(SA)!/2 that recovers the same
dependencieson ¢, T, S, and A compared with vanilla UCRL2
under sub-Gaussian noise setting.

Theorem 4 (Regret Bound of p-Heavy-Q-Learning with
Hoeffding-Style Bonus): The total regret of p-Heavy-Q-
learning with Hoeffding-style bonus over 7 rounds is as
follows,

1 1 1
0 (rmaxHZ«/SATL S HETY (SA)“E) Can

The proof is deferred to Appendix E. This theorem presents
the total regret bound of p-Heavy-Q-learning over T rounds
with Hoeffding-style bonus term. The first term of (17) is
not affected by heavy-tailed noise, while the second term
represents an additional component induced by heavy-tailed
noise. In comparison with Heavy-Q-learning, the order of
t = log(SAT /§) has increased from 1 — 1/p to 1. However,
this increase is confined to logarithmic terms, similar to the
previous p-Heavy-UCRL2 case, while the orders regarding
H, S, A, and T remain unchanged.

Theorem 5 (Regret Bound of p-Heavy-Q-Learning With
Bernstein-Style Bonus:) The total regret of p-Heavy-
Q-learning with Bernstein-style bonus term over T

VOLUME 12, 2024

rounds is as follows,

0(‘ JH33  SAT +H> 9u(SA) P TP+ HOr2, v7 (AL
3 -2
A VH T e (SAO? + H 71\ J(SAPBH(p — 1)). (18)

The proof of Theorem 5 is deferred to Appendix F.
This theorem presents the regret bound for p-Heavy-Q-
learning with a Bernstein-style bonus term. Unlike the
Hoeffding bonus term case, which uses the Azuma-Hoeffding
inequality, Bernstein’s inequality is utilized to bound the
MDP’s transition probability estimation error, leading to an
additional regret due to the gap between true variance and
estimation variance. Furthermore, the second term of (18)
represents the regret induced by heavy-tailed noise, where,
akin to previous cases, the order of ¢ has increased from
1 —1/p to 1. Note that in a sub-Gaussian noise setting, using
the Bernstein’s inequality to bound transition probabilities
estimatino error tightens the regret bound by a factor of
O(ﬁ ) [14]. However, in a heavy-tailed noise setting, the
reward estimatino error dominates the regret bound, and
thus, the overall regret bound remains the same as that of
Hoeffding-style bonus term.

Theorem 6 (Lower bound in heavy-tailed setting [25]):
For any fixed T and algorithm, there exists a communicating
MDP M with diameter D such that the expected regret of the
algorithm is Q((SA)I_/%T%’). In the finite-horizon episodic
setting, there exists a MDP such that the expected regret is
QUH(SA) TP TH).

[25] proved that the lower bound of finite-horizon episodic
MDP setting under heavy-tailed noise. Specifically, when
the noise has only a finite variance (p = 2), this lower
bound recovers the lower bound under sub-Gaussian noises
Q(+/SAT). We note that the regret bound of p-Heavy-Q-
learning aligns with this regret bound in both cases of
Hoeffding and Bernstein-style bonus terms, up to logarithmic
terms.

VI. EXPERIMENTS

In this section, we present the experimental performance of p-
Heavy-UCRL2 and p-Heavy-Q-learning on synthetic tabular
MDP such as SixArms [5] and DoubleChain. The main
comparison group of algorithms includes Heavy-UCRL2
and Heavy-Q-learning, both designed for the heavy-tailed
noise setting. In experimental results, the proposed algo-
rithms show similar or even better performance while
both of them do not require prior information on the
bounded moment order of heavy-tailed noise distribution.
Furthermore, we compared our algorithms with UCRL, Q-
learning, and PSRL to demonstrate the challenges faced
by reinforcement learning algorithms developed under the
sub-Gaussian noise assumption when applied in heavy-
tailed scenarios. To generate heavy-tailed noise distribution,
we make a Weibull distribution which has a scale o and shape
k parameters. Specifically, we set « = 1 and k = 1.6, the
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FIGURE 1. Experimental results on synthetic tabular MDPs. Fig. (a) for DoubleChain and Fig. (b) for SixArms.
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FIGURE 2. Experimental results on synthetic tabular MDPs only associated with RL algorithms under heavy-tailed noises. Fig. (a) for

DoubleChain and Fig. (b) for SixArms.

mean is zero, and the noise moment order p = 1.2. We begin
with the formal construction of synthetic tabular MDPs.

The following synthetic MDPs are adopted to evaluate the
performance of RL algorithms in [25]. DoubleChain MDP is
a combination of two £-length Riverswim-style MDPs where
an agent has two actions, either going right or left. In this
MDP, the leftmost state has a negative or zero reward and
the rightmost states of each Riverswim-style sub-MDP have
the highest rewards. Thus the agent tries to go right-side
states to maximize cumulative rewards. In our simulation,
we set the length ¢ 3, and thus the number of states
S = |S] is 7 including an initial state s;. We assume
that the rewards of the rightmost states sy and s, follow a
normal distribution A/ (0.5, (0. 1)2). Furthermore, the rewards
onstates sy, ..., S¢—1and sgyq, ..., s2¢ follow N'(0.1, (0.1)2)
and NV(—0.5, (0.1)2), respectively. The SixArms MDP con-
sists of seven states. In an initial state sg, an agent can choose
one of six actions, ay, ..., ag each of which transitions the
agent to the corresponding state s1, ..., S¢ with probability

pi fori € {1,...,6}. After the transition to the next state s;,
Vi e {1, ..., 6}, if the agent selects action a;_; then the agent
107806

returns to the current state with probability 1; otherwise, if the
agent takes any other actions, the agent goes to the initial state
so. The reward on the initial state and the other states are set to
normal distribution A'(1.2, (0.1)%) and A'(1 4 (0.2)s;_1, 0.1),
respectively. Note that the algorithm receives a noisy reward
contaminated by heavy-tailed noises.

A. RESULTS ON TABULAR MDP

Fig. 1 presents the experimental results of RL algorithms
on DoubleChain and SixArms MDPs. As shown in both
Fig. la and 1b, the algorithms designed for sub-Gaussian
noise settings, namely UCRL2, Q-learning, and PSRL,
exhibit poor performance under heavy-tailed noise condi-
tions. These findings align with theoretical results, as the
guarantees for sub-Gaussian RL algorithms are heavily
dependent on concentration inequalities that hold only in
sub-Gaussian noise settings. Conversely, RL algorithms
tailored for heavy-tailed noise demonstrate superior per-
formance. Specifically, the model-based RL algorithms
p-Heavy-UCRL2 and Heavy-UCRL outperform the sub-
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Gaussian RL algorithms by significant margins and produce
nearly identical results to each other. Additionally, the
model-free RL algorithms p-Heavy-Q-learning and Heavy-
Q-learning show almost zero regret, with minimal differences
between them. These outcomes support our theoretical
results, indicating that the increase in the regret bounds is
restricted to logarithmic terms. Fig. 2 shows the experi-
mental results exclusively for RL algorithms designed for
heavy-tailed noise. Consistently, there are no significant
performance differences between these algorithms, despite
our methods not requiring additional information about the
moment order of the heavy-tailed noise. The performances of
all algorithms for heavy-tailed noises are similar, howerver,
p-Heavy-UCRL2 and p-Heavy-Q-learning have a strength in
that they do not require prior knowledge of bounded moment
order of heavy-tailed noise while Heavy-UCRL and Heavy-
Q-learning do.

VII. CONCLUSION

In this paper, we proposed reinforcement learning (RL)
algorithms, p-Heavy-UCRL2 and p-Heavy-Q-learning, for
finite-horizon episodic Markov decision processes (MDPs)
under heavy-tailed noise. Unlike existing algorithms, our
methods do not require any prior knowledge about the
bounded moment order of the heavy-tailed noise distribution,
making them applicable to a broader range of scenarios. This
advantage arises from the nature of the p-robust estimator,
which is defined without the need for prior knowledge.
We demonstrated that our algorithms achieve the same
regret bounds as existing algorithms, nearly optimal up to
logarithmic terms. Finally, our experimental results validate
the theoretical guarantees, showing favorable performance
with existing algorithms.

APPENDIX A

PROOF OF THEOREM 1

We briefly outline the proof of Theorem 1. The total regret
over T rounds is bounded as (20) with a probability of at
least 1 — 12?—5/4 This regret bound can be decomposed into
two major terms: the regret when the true MDP is within the
plausible MDP set and the regret when it is not. By utilizing
Lemma 1, we can determine the regret bound for the case
when the true MDP is not included in the plausible MDP
set. The regret when the true MDP is within the plausible
MDP set can be further decomposed into transition and
reward estimation errors. To bound the transition estimation
error, we use technical Lemma 2. The reward estimation
error is bounded using the confidence interval of the p-
robust estimator (Definition 2). Finally, by summing the
upper bounds of the regret for both cases when the true MDP
is within the plausible set and when it is not—the proof is
completed.

Proof: The proof is an adaptation of the proof of
Theorem 2 in [6] and the entire proof consists of four
subsections. Note that conditioned on N (s, a), the rewards at
each time step ¢ € [T'], r;, are independent. Thus by using the
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confidence interval of the p-Robust estimator the estimation
error for rewards under heavy-tailed noise is bounded as
follows,

T

P[ D o< D NG, a)F(s, @) — CT\<N<s, a))s,a}

t=1

s\ 8
=< S_T SW’ (19)

where Cr = 3 In (exp(bpv,/c?)*> (8T/8)), § € (0, 1] is
a confidence parameter, and N (s, a) is a state-action counts.
Letting Ay be the regret incurred by an arbitrary episode k €
[K], the total regret A can bounded by

K
A1, T) < D Ay +Cr (20)
k=1

with probability at least 1 — 12;;5/4 In particular, the total
regret A(sy, T') can be decomposed into regret that occurs
when the true MDP is not in the plausible set and regret that
occurs when it is included in the plausible set.

A. REGRET FOR THE TRUE MDP NOT BEING IN THE
PLAUSIBLE SET
In this section, we provide the regret when the estimated
plausible set does not encompass the true MDP. The proof
directly follows from the following lemma.

Lemma 1 (Lemma 17 in [6]): Foranyt > 1, the probabil-
ity that the true MDP M is not contained in the set of plausible

MDPs M(t) at time t is at most 1557 that is

P{M ¢ M(1)} < (21)

156
Then, by this lemma and the same argument in Sec-

. . . .1 5
tion IV-B in [6], we have, with probability at least 1 — 7>

m
> Adygat, < RaVT (22)
k=1

where I is an indicator function and Ra := Fyax — Fin-

B. REGRET FOR THE TRUE MDP BEING IN THE
PLAUSIBLE SET

Now we turn to bound the regret in each episode k € [K],
assuming that the plausible MDP set contains the true MDP.
We first start by showing that the condition for stopping value
iteration of p-Heavy-UCRL?2 is identical to that of UCRL2.
Specifically, the stopping criterion of extended value iteration
is as follows:

Theorem 7 (Modification of Theorem 7 in [6]): Let M
be the set of MDPs with state space S, action space A,
transition probabilities p(-|s, a) and mean rewards 7 (s, a)
that satisfy inequalities (6) and (7). u;i(s) denote the state
value of s at iteration i. Then, if M contains at least one
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communicating MDP, extended value iteration converges.
Furthermore, stopping extended value iteration when

max{ui+1(s) — ui(s)} — min{u;1(s) —ui(s)} <& (23)
seS seS

the greedy policy with respect to u; is e-optimal.
From Theorem 7, the regret in episode k can be bounded
as

A < D vi(s. a)(p* — (s, a) (24)
< Z V(5. @) — 75, @) + Z % 25)
= D" wi(s, )Br — Fals, @)

+ % Vi(s, @) (s, @) — (s, @) + % ka/s;_ka) (26)
=i — D+ D wils, ) (s, a) — F(s, a))
Vi (s, a) :
+2>° 27)

where I:’k = (Pr(s'|s, 7k (s)))s,s the transition probabilities of
7, on My. For the second term, we have the following:

> vils, ) (s, @) — F(s, a))

< ZVk(S, a)(|7x(s, a) — Fi(s, @) + [Fi(s, a) — (s, a)])

| (28)
- ka(s 0 2. 7log(25Atk/8)
s,a max{1l, Ni(s, a)}

(29)

where the inequality (29) follows from the confidence
interval of p-robust estimator and the assumption that
the true MDP is in the plausible set of MDPs. Since
max{1, Nr(s, a)} < tx < T holds, we obtain that

2SAT
A < vk(Pk — Du;+ 14clog 5

vk (s, a) vi (s, a)
+ .
g o max{1, Ni(s, )}~ vaax{l,Nk(s, a)}

(30)
For the first term of the above inequality, we have
V(P — Dwi = vi (P — Pwi + v (P — Dwi. (31)

Since the true MDP is in the plausible set My, we can
leverage the following bound

- R | 145 1og(2Ax/3)
lpCls, @) — pe(ls, Dl < m- (32)

By using the inequality (32), we can bound Vi (P —Pr)wy.
Note that this bound is identical to that of the vanilla UCRL2.
In other words, we can bound transition error in the same
manner in [6] since heavy-tailed noise does not affect this
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error term. From the argument in subsection 4.3.2 in [6],
we have the following inequality:

vk (s, a)
«/max{ 1, Ni(s, a
(33)

2AT
Vk(Pk —Pi)wi <D [14S log ( )

In addition, the second term of the inequality (31) can be
bounded as

> viPr —Dw,

k=1

5 8T 8T
<Ral|D ETlog 5 + DSAlog, A 34

with probability at least 1 — 127(5_*/4

Combining the derived results and summing up the
per-episode regret Ay overall episodes [K] with M € Mq,
the total regret when the true MDP is in the plausible set of
MDPs is as follows:

m
Z Ak]IME/\/lk
k=1
m 5 m
< D k@ = Powiliyepg + DO viPr — Dwilienq,
k=1 k=1

Vi (s, a)

2SAT\ <
+ l4clog (—) > 1
8 ) =57 max{1, Ni(s, @)} 7

Vi (s, a)

+21§sz,a: max{1, Ni(s, a)}
= RAD( 145 log (%) + 2) (V2 + 1)VSAT

wral D 27100 (31 + Dsatog, (2L
A 2" OB\ s £2\5a

25AT\ — .
4 ldclog (—) 3 WD)
8 ) =57 max{1, Ni(s, @)} 7

(35)

To bound >, >, W, we introduce the

following lemma.

Lemma 2 [25]: For any sequence of numbers
21,22, s 2n With 0 < 73 < Zp_1 := max({l, Zf;ll zi}, there
exists some constant Cy, such that

Tk
D 1 =Gz, (37)
iz,
Proof: The proof can be found in [25]. O

By using lemma 2 and Jensen’s inequality, we have

vi(s, @)

< Gy > NP < C)(SAT)'/P
T max{1, Ni(s, @)} 7 o
(38)
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where C,, is some constant. Finally, we have

m
Z Ak]IMeMk
k=1
m m
< D i@ — PoOwilyerq + O Vi@ — Dwillyens,
k=1

k=1
2SAT\ <
+ 14clog (T) Z

k=1 s,a max{l, Ni(s, a)}l_ﬁ

Vi (s, a)

Vi (s, a)
+ sz::‘ g /max{l, Ni(s, a)} 39
< RAD( 14S log (2?3 ) + 2) (V2 + D)V/SAT
5 8T 8T
(ZSAT> 1
+ l4clog | —— ) Cp(SAT)"/?. (40)

C. COMBINING ALL RESULTS
Now, we have the following total regret of p-Heavy-UCRL2

m m
Als1,T) < D" AMilggag, + O Alesm, +Cr - (4D)
k=1 k=1

<Cr +RA\/T

5 8T 8T
+Ra\ D ETlog 5 + DSAlog, A
2AT
—i—RAD( 14Slog( ; )+2)(«/’+1)¢5A

+2C, (7c log (”%)) (SAT)'/P (42)

where Cr = 3 2 log (exp(b Vp /cp)i : ( ) the confidence

interval of p-robust estimator. The heavy-tailed terms are
bounded by

5 bpvp % (8T 2SAT 1
1 log (e( 7’ (T)) +2C, (7c10g (T)) (SAT)»

2SAT 1
<QC,+1) (7c log (—)) (SAT)» (43)

2SAT 1
= B, log (T) (SAT)?» (44)

where B), := (2C,+1)(7¢). Combining all these, we can write
the total regret as follows:

S r10g (1) + psatog, (5L
2" OB\ s %82\ sa

A(sy, T)

< RA\/T-‘FRA (D
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+RAD(\/14S log (ZATT + 2))(ﬁ+ )/SAT

2SAT
+ B, log ( ) (SAT)? . (45)

Expanding the RHS of the above inequality gives

A(sy, T)

5 8T
< RAVT + RaD 5T log (T)

8T
+ RADSA log, (S—A) +RaAD\/14S log (2AT §)~/2+/SAT

/ 2AT
+ RaD. [ 14S log (T)x/SAT

2SAT
+RAD22V/SAT +RA2V/SAT +B, log( ; )(SAT)
(46)

We can rewrite this inequality as

1 5 8T
A(s1, T) < RADS — — =1 —
(s1,T) < RADS~VA (ﬁ+ a 2og((s)

+(W2+1) /14log (Z?ST) +¢§+2)

8T 2SAT 1
+RADSAlog, A +B)log 5 (SAT)».
(47)

As similar to [6], assume that A > 2. For1 < T <
20%A log( ) we have A(sy, T) < 20,/AT log( ) tr1v1ally
Since T > 34A10g(8), we have A < W .

VAT log(T /6) and also log,(87) < 2 - log(T'). Then we can
obtain

8T T
RADSAlog, (S_A) <2RADSA log (S_A) (48)
_2RaDS | (T /SAW/AT Tog(T/5)
(0]
= 34log(T/5) ¢ g
(49)

_ 3%RADS\/fW. (50)

Further, T > 34 - Alog (g) also implies log (ZAT) <2.

log (£) and log (8%2 < 2-log (%). Thus, we have that for
any T > 1, with probability at least,

A(s1, T) < RaDS+/AT log(T /8)

X(\}E f+(f+1)f+f+2+34)

, 2SAT
+ B log| ——

)(SAT);. (51)
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Therefore we have

A(sy, T)
/ T 2SAT 1
<20-RADS /AT log (3) + B, (log (T)) (SAT)»
(52)
as desired. O
APPENDIX B

PROOF OF COROLLARY 1

Proof: To complete the proof, we need to show that there
exists some Ty such that the per-step regret can be bounded
by A when Tg < T. From Theorem 1, we have that

20RADS /AT Tog(T/5) N Bp(log(zsAT/a))(SAT)ﬁ \
<
T T

(53)

Here, B, is constant defined as Theorem 1. Following [6],
we find T satisfying the first and second terms of the above
inequality are bounded by % respectively. The first term is
derived from result in [6]. For the second term, we have

B, (Iog(2SAT /8))(SAT)? A

. . (54)

= 2(2C, + 1)(7¢)(10g(2SAT /8))(SAT)? < AT (55)

= (4C, + 2)(7c)(10g(2SAT/8))(SA)%% <77 (56)
:¢(%)ékug+zwﬂwoﬁ%mg2?T»ﬁwmw5

<T 57)

= (%);1 (4C, + 271 (Te)7 T (log(ZS?T))(SA)P%I <T

(58)

1
Let @ = (1/N7T@AC, + 2)71(7¢)7-1(SA)7T. Then,
we have

2SAT 25A T
o log 5 <T = alog 5 + alog 3 <T

(59)
Setting X = 2a log (%) gives
X = 2alog (%) (60)
— alog (% : %) 61)
> alog (% 2log (%‘)) (62)
X
= o log (E) (63)

Note that inequality (62) uses the fact x > 2log(x) for
all x > 0. Therefore we can conclude that 2« log (§) >
o log (%), from which the proof is completed. 0
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APPENDIX C
PROOF OF THEOREM 2
This section presents the proof of Theorem 2 which
represents the logarithmic upper bound on the expected
regret of p-Heavy-UCRL2. Lemma 3 plays a role similar to
Lemma 2 in the proof of Theorem 1.

Lemma 3 [25]:

vi (s, a)

LS CuLSAT (64)
Kekn sa max{l, Ni(s, a)}' "7
Proof: The proof can be found in [25]. O
Following [6], we make the definition of e-bad episode.
Definition 3: An episode k is €-bad if its average regret is
lager than €, where the average regret of length £y, is %—k" with

A =30 o = ).

Now, we introduce Lemma 4 which provides an upper
bound on the total number of rounds in A-bad episodes where
the average regret exceeds A. Using this lemma, we can upper
bound the incurred regret in the A-bad episodes.

Lemma 4: Let Ly be the number of steps taken by p-
Heavy-UCRL2 in \-bad episodes up to time step T. Then for

any initial state s € S, for any T and A > 0, we have

4C, +2\7 T o 2SAT\\ 7T . 1
Ly =< 3 (Tc)r=1 | log 5 (SA)r!

(65)

Proof: First, let us define K) and J) be the sets of

the indices of the A-bad episodes and time steps in those

espisodes, respectively. Then, by confidence interval of the

p-robust estimator, we have the following with probability at
least 1 — 6,

tr1—1
DD = DD wils. a)F(s. a)
keK, t=tx keK, s,a

— 2 In (exp(bpvj,,/c"’)s/4 (Saﬁ)) . (66)

By combining the fact that P {ZkeKs Alpyrgm, > 0} <$é
and above inequality, we have

Ap(s. T) < Cp+ D Allyen (67)
kekK,

where A) is regret of A-bad episodes and C, :=
2In (exp(bpvp /Py (&TA)) By combining these inequal-
ities, we have

Ak < vi(Py — Dwy

28AT ,
+2-7clog (T) V(5. 4)

1
s max{1, Ni(s, @)} 7
Vi (s, a)

+2§;7§§ﬁﬁﬁﬁiﬁ (68)
V(P = Dwie = vie(P = Piwi + vie (P = Dwi (69)

v (Py — Pr)wg
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vi (s, a)

= RaD 14Slog( )Z max{l, Ni(s, a)}

By using (69) and (70), we can obtain the following
inequality:

(70)

Ak < vi(Py — Dwy
2SAT
+2-7clog 5

vi (s, a)

vi (s, a)

s,a max{l, Nk(sa a)}lig

+2 % Vmax{T, Ni(s, a)} (71)
= w(Pr — Powi + vk (Px — Dwy
+2-7Tclog (2SAT) Vi (s, @)
O /5% max{1, NiGs, @)} 7
Vi (s, a) .

+2
%: ~/max{l, Ni(s, a)}
2SAT ,
§vk(Pk—I)wk+2.7clog( : ) V(. d)

samax(1, Ni(s, @)} 7

(RAD,/14S log QAT /8) + 2) Z VK (s, 4)

max{l, Ni(s, a)}
(73)

In the same manner as Appendix D in [6], we have

vi (s, a)
> — Nk(s,a)}smﬁul)\/LgSA (74)

keKy s.a

And also, by lemma 3, we have

WA e say (75)

1
keky s.a max{l, Ni(s,a)} 7

Then, from inequalities (67), (73), (74), and (75) it follows
that with probability at least 1 — 2§,
Ag(s, T)

< Cr + (RAD\/14S 10g(2AT /8) + 2)(~/2 + 1)(v/L.SA)

2SAT 1
+2-Tclog| —— ) Cp(L:SA)P

+ > P — Dwilyepm, (76)
kek,

where Cr = 2 In (exp(bpv,/c?)*/?) (SL,,

to bound Zkng vi(Pr — Dwilyre p, - For this, we use an
argument similar to the one applied to obtain inequality (34).

> v Pr = Dwillyepm,
kekK,

T 8T
<Ra (21) . Ly log (E) + DSAlog, (S—A)) (77)

with probability at least 1 —§. Combining inequalities (76)
and (77) yields:

A;(s, T)

) Now, we need
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s
+ (RaDy/145 10g(2AT /8) + 2)(v/2 + 1)(+/L:SA)

2SAT 1
+2-Tclog | —— ) Cp(L:SA)P

)
T 8T
+ R (ZD - [Lglog (E) + DSAlog, (S_A)) (78)

with probability at least 1 — 35. We can simplify the above
inequality (78) in a similar way to the proof of Theorem 1.
Ax(s, T)

T 2SAT 1
<2005, [LyAlog | 5 ) + By (log (=~ ) ) (Lasay

(79

Here, (2C,+1)(7¢)is denoted by B),. Also, by the condition
of T,

5 8L,
< 7 In (exp(bpvp/cp)4/5) (—)

) 2SAT 1
A\(s,T) < 2B, (log (T)) (L\SA)?  (80)

Especially, by using condition on T and the fact that ALy <
A’ (s, T), we have
)\ k] s

LAT) = < - Ax(s, T) (81)

2SAT
2By, (log (—

)) (LrSA)? (82)
28.
2-2C,+1D)-(To) - (1og(

AT 1
—)) (LASA)?

(83)
Thus we have
1-1 4C, + 2 2SAT 1
L’ s( ”; )~(7c)~ log(T)>(SA)ll’ (84)
4C, + 2\ -1 .
iL}\f( 5 )p (Te)7T

2SAT\\ 7T 1
-(log(T)) (SA)PT (85)

as desired. ]
Proof: Substituting Ly in inequality (79) with upper
bound on L) in inequality (85), we have

=<

>/I—‘ >/I—‘>/I-‘

A
<28, (log ( )) (L\SA)? (86)
L
o (3 (57 0
2SAT \\ 7T
x (log( )) (SA)7-D (87)
( ( ))”1 1 (4G +2 =
= 2B, | log (SA)P '(—) (7c)pr1

A

(88)
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» 1
T /SA\ 7T
(%)

(89)

p_ :a 2SAT
= (4Cp + 2)”‘1 (76‘)”_1 (IOg (T))

with probability at least 1 — 34. Since the regret incurred
in non A-bad episodes is smaller than AT, the first statement
of theorem is Completed For the second part, note that the
expected regretin 5 & _bad episodes is upper bounded by (4C),+

2)1ﬁ (7c)PTl (log g”AT +1. The remaining
part of the proof follows from the proof of Theorem 4 in [6].
O

P
r=1 (2SA Pl

APPENDIX D
PROOF OF THEOREM 3
Proof: Since we assume that horizon T is unknown, we use

an alternative approach for restarting: p-Heavy-UCRL2
8

restarts p-Heavy-UCRL2 with confidence parameter j; at
(142¢) . o
steps T, = le<'+—§>//§ fori = 1,2,3,---, dividing the

algorithm into n stages. Let n be the largest natural number

n(142e)/e
such that yrg(H—e)/e

up to step 7. Then, by the definition of t;, we can verify

< T, that is, n is the number of restarts

(14-2¢) /¢ (n+1)(l+28)/8
n
Foe <1 =< T < Tn+1—1 < K(H—g)/gholdsand
consequently we have the following inequality
(I+e) (1+e)
g(1+2s)T(1+2s) —l<n< g(1+2s)T(1+ (90)

The regret A, incurred in the £ stages in which the MDP is
restarted is bounded by multiplication of R and total number
of steps in these stages. The number of steps is maximized in
the last £ stages, which is T, time steps. Note that time steps
T contain at most 7,41 — | — 7,—¢41 steps. Then

Te < tpp1 — 1 — Tug1—¢ 9n
(n+ 1)(]+2€)/8 n+1-— Z)(1+28)/€ 1
= T dvee ((Fo)e T e
(92)
= £<1‘+1'e)/s ' ((” + DI — (1 - e)<1+2s>/s>
(93)

(1= —=0% (94

1 X /142N,
p— — & &
- ¢(1+e)/e Z( k )n

1+2 e
< Tl L (95)
P
< 1+2 (T T (96)
£

where we used the generalized binomial theorem. Thus A, is
bounded as follow,

(I+2¢) .g<(11++;2> . T% 97)

A <RA-£-T¢=Rp-

For the case that the MDP does not change between the
steps 7; and min{T’, 7;11}, the regret A(sy,;, T;) for these T; :=
min{7, 7,41} — 1; steps is bounded by applying Theorem 1.

107812

With the confidence parameter -5, we have

[2’

0228AT; 1
A(sy, Ti) < 2By | log 3 (SAT;)» (98)

2SAT 1
<2B, (3 log (T)) (SAT;)? (99)

T 5/é‘,whe:reBp =Tc(2Cy+
, n, the total regret Ay

with probability at least 1 —

1). Summing over all stages i = 1,

is bounded by
Ap = Ay, T) (100)
i=1
<> 28, (3 log (ﬂ)) (SAT;)? (101)
i=1
< 2B, (3nl’ log( )) (SAT)» (102)
<2B, (3n log ( )) AT)P (103)

2SAT 1
<2B,-¢ ( ( )) - (SA)»

(104)

with probability at least 1 — >, ﬁ. Here, the

1
inequality (102) is due to Jensen’s inequality >/ 7/ <
1

(nT)?. The remaining part is similar to the proof of
Theorem 6 in [6]. O

APPENDIX E
PROOF OF THEOREM 4
We begin with Lemma 5, which is used to prove Theorem 4.
Lemma 5 demonstrates that for any episode k € [K], Q’Z
serves as an upper bound for the optimal Q-value function
Oy In the proof of Theorem 4, Lemma 5 is utilized to bound
the total regret of p-Heavy-Q-learning with Hoeffding-style
bonus. This approach is similar to the scheme used in the
proof of Theorem 1 in [14].

Lemma 5: Let us define by = rmaxc\/g, and let y; =

1
2H(c ln(ZSAT)/(S)/tlff’). Then, for any § > 0 and for any
(s,a,h k) e S x Ax[H] x [K], (Q’,j — Q) satisfies the
following bound with probability at least 1 — §,

0<(Q} — O
t
<@ Hryax+ D @iV = Vi (s )+3b v (105)
1
Proof: We hlave the following identity for Q7
0;(s. a)
= Qh(s a)

+ Zat [rh(s, a) + By — PV, (5, @) + Vi, (s, a)] .
i=1
(106)
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Then we can obtain following upper bound

0f — O)(x, @)
<X (Hrpax — Q}i(s, a))

t
-
+2 [(Vh+1
i=1

t
+ D af(F(s, @)= (s, @)
i=1

0
<a (Hrmax —

Vh+1)(sh+1)+[(1@"2" —Pp)Vi, 16, a)+bi]

(107)

0j (s, a))
! . X . AL
+3 o [Vh = Vi DG )+ B =PV 16, a0+
i=1
+2H ((c In(2SAT)/8) /t“%)
Qj (s, a))

(108)
= a?(Hrmax_
t t
+ |V = Vi ] B PV 1G5, @)
i=1 i=1

t
+> aibi+2H ((c In(2SAT)/8) /tl‘ﬁ)

i=1

(109)

t
< @ (Hra = Qs a) + Dt [(V4L = Vi )G |
i=1

H3 Lo -1
+ CTmaxy| —— + > aibi +2H ((c In(2SAT)/5) /1 n)

i=1
(110)
with probability at least 1 — §. We now denote y,

1
as 2H (c In(2SAT)/8) / tlff’). Then by extending above
inequality we have

t
o (Hray — Qj(s. @) + D (Vi —

i=1

L H3.
+ Zaibi + CTmax\| —— v

i=1

Vh+1)(5h+1)]

t
< 0 (Hrmax — Qs @) + D (Vi = Vi (s )]
i=
H3. H3.
+ 2T max T"’Crmax T+Vr (111)

t
= & (Hrpax—Qj(s. )+ _ (Ve = Vi, (s, 1430+
i=1
(112)

This completes the proof. g
Now we present the proof of Theorem 4.

Proof: The proof is a modification of the proof of
Theorem 1 in [14]. By applying lemma 5 and following the
same argument in proof of Theorem 1 in [14], the additional
part is a regret due to the heavy-tailed noise. Since the other

VOLUME 12, 2024

parts are same, we only introduce the extra regret incurred by
heavy-tailed noise 35, &, Vo

Nf(s a)

K
S = Z Z 2H(c1n(2SAT)/5)/n1‘ﬁ) (113)
k=1

h
= 2H(cIn@SAT)/$) > > nr !

(114)
s,a n=1
K\
< 2H(cIn(25AT)/8)K (ﬁ) (115)
1 1
< O(HK 7 (SA)' ™) (116)
Nh (s a) .
where the first inequality holds since >, >0 is

maximized when Nh (s,a) = SA for all (s, a) e S x
A. Considering the above result and following the same
argument in the proof of Lemma 4.2 in [14], the total
regret can be bounded as Zszl 8’1‘ < O(Fmax~v H*SAT +

1 1
(H?K » (SA)I_F) with probability at least 1 — 2§. Rescaling §
to 6/2 completes the proof. g

APPENDIX F

PROOF OF THEOREM 5

The proof is an adaptation of the proof of Theorem 5 in [14].
We claim that with the following bonus term, we can derive
Theorem 5 by using a similar argument in [14]. Unlike the
Azuma-Hoeffding inequality, Bernstein’s inequality includes
the true variance of the optimal value function in the bound.
However, since we do not know the true variance, we need
to estimate it, which introduces an additional variance
estimation error (Lemma 9). We first introduce the definition
of the empirical variance term which is employed in the
proofs as follows:

2
t

1 ki
Wi(x,a, h) := " le Vi & h+1
=

Z Vh+1 (xh+1

(117)

where the state-action pair (x, a) was taken at step h for ¢
times with k7 . . ., k; episodes, respectively. Additionally, the
Bernstein-style bonus term for some constants ¢ and c; is
defined as:

H HP 2 JSA(p — 1)
B/ :=min {/M(Wt(s, a, h) + H)+—— ; ?=1)
H? H7SA |H3
+ l\/rmax + L\/ rmax’ C2Vmax _L}
t t t
1
+2H T (118)
where ¢ = log(2SAT)/$ and accordingly, we have
Bi(x,a, h)
b N ,h = — 9’
1(x, a, h) >
) sh - 1_ — 5 ,h
bi(x, a, h) == Bi(x,a, h) —( aBi—1(x, a )). (119)
2“[
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As in the Hoeffding-style Q-learning case, the following
lemma still holds by using the update rule of Algorithm 2
and the Bellman optimality equation.

Lemma 6 (Recursion on Q [14]): For any (x,a,h) € S x
A x [H] and episode k € [K], lett = N}’f(x,a) and
suppose that (x, a) was previously taken at step h of episodes
ki,..., ks <k, then

(0 — Op(x, ) = a?(Hrmax — Q5 (s, @)

+ Zat Vi = Vi DG
+ (@) = PV 0x, @) + bitx, a, )]

t
+ > (s, a) — 7(s. a)) (120)

=1
From Lemma 6, we oan directly derive Lemma 7.
Lemma 7: There exists absolute constants c» such that if
B(x,a, h) < c1Tmaxy/ HT% + y1, then, with probability at least
1 — 8, the following holds

V(x,a,h, k) e S x Ax[H] x [K],

t
(VE = ViOE) < 0 Hrmax + D (Vi) = Vi DGEL ) + By

i=1

(121)
where t = N,’l‘(s, a), Yy = 2H(cln(2SAT)/8)/tl_%) and
ki, ...,k < k are the episodes in which (x, a) was taken

at step h.

The main challenge of the proof is to bound the term
Zf 1 at'[(]f”k" PV 1@, @)l in Lemma 6. Specifically,
since we do not know the V,TH, we need to substitute Vh .
with its estimate W;. Therefore, it is important to show how
close V;, | and W, are, and the Lemma 8 is a key ingredient
in proving this. Lemma 8 is a variant of Lemma C.7 in [14]
with additional terms due to heavy-tailed noise, and is used as
acomponent in the proof of Lemma 9. Additionally, Lemma 9
is used to address the estimation error between true variance
and sample variance.

Lemma 8 (Technical Lemma for Lemma 9): Suppose
Lemma 7 holds. For any h € [H], let q);; = (V}Il‘ — V;‘)(x;l‘),
and let w = (wq, ..., wg) be a nonnegative weight vector.
Then, we have

K
> Wity < O(maxV H31 - (SA|wloo + v/SAIWI[1Wlloo)
k=1

1 1
?(wll)?).
(122)
Proof From the optimistic choose of bonus term,
we have Vh (xh) < maxyeq Qh(xh, a) = Qh(xh,ah) Then,
by using the Bellman optimality equation and Lemma 6, the
following holds.

+ H2SA[|Wl|oo + H2U(SA|W]|o)' ™

ok = (VF —vHER) < ©@F — 0p ek, db) (123)

107814

<a Hrmax + Za,qﬁhﬂ + 3b; + ¥
i=1

(124)

1
where y; := 2H(c ln(ZSAT)/S)/tl_T’). In [14], the weighted
sum of ¢f is upper bounded by O(SA|wlevVH5 +

VSATwWIIwlleH?t), where ¢ := log(SAT /6). In our proof,
since we are dealing with heavy-tailed noise, an additional
regret term occurs:

K K
> wmin =Zwk2H(cln(SAT)/8) (nh)ﬁ‘l) (125)
k= k=1

Nh (s,a)

1—1
1y 7
< O(H\) - Z Z wk(,)( ) (126)

where w = (wy, ..., wyg)is a weight Vector Letus defined =

Nk ‘(x,a)
LSA‘\V\VJJ\T J Since [|w|l1 = 2, , 20 wi(x, @), we can
continue to write above inequality as following:

o £ (1))

s,a =1
NK(s,a) 71%
=0H) (> D] Wk(xa)+ZZ||w||oo (—)
s,a =1 s,a =1
(127)
4\
50<HL>Z||w||w(1+Z(7) ) (128)
s,a i=1
< O(He(SAlIwlloe + SAlWllo0) 7 wlln? ) (129)

Then, the weighted summation can be rewritten as
K
k
2w
k=1

K
< HrmaxSAlWlloo + D_ Wity 1 + OSAlIWlloo
k=1

+ VST Wil - VE
1=1 1
+O(Hu- (SAllwllos + SAlWllo0) "7 (Iwl1D7))
(130)

By recursion this for 4, h + 1, - - - , H, we have

O(SAIW oo imax H3 + iy SAIW 1ot
_1 1
+ HUSA oo + HA(SAIWllo0) 7 (Iwl[1)7).
(131)

]

Now, we introduce the estimation error between the

empirical variance and true variance of the optimal value
function.
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Lemma 9 (Variance Estimation Error): There exists an
absolute constant ¢ > 0 such that for any 6 € (0, 1) and
k € [K], with probability at least 1 — §/K, if

oF = (VE— V) < (0 — 0Dk, af) < o0y + B
(132)

holds and (Q]Z/ — 0))(x,a) = 0 forall k' < k, then for all
(x,a,h) € S x A x [H], we have

ViV @ @) = Witx, a, )|

< (e[ i (S 1 [

H3SA L /SA\1-;
+ H (7) ) (133)
where t = N;f(x, a).
Proof: Let us define k; = min({k € [K]lk >

ki-i and (x},af = (x,a))} U{K + 1}) for any (x,a, h) €
S x A x [H] with kg = 0. Then the difference between
true variance of value function V;, V¥ 1 (x, @) and its estimate
W;(x, a, h) can be decomposed as following:

Py [VhV];:_]](x’ a) = EX’NP('\x,a)[V}TJ,_l(x,)

— [PV 0, @] (134)
1 < _ )
Pr: 7 2 Vit i = BaVi ). o) (135)
i=1
P ~lzt“[v* - liv* o I (136)
3°7 ht1 7 7 h+1 K11
i=1 =1

1 ! ki ki 1 ! k; ki 2

Py Wi(x,a, h) = 7 Z [Vh+l(xh+1) ~7 Z Vh{i-l(xh]-i—l)]

i=1 j=1

(137)
Thus the upper bound of |[VV; , — W;| becomes the
summation of |P; — P3|, |[P2 — P3|, and |P3 — P4| by triangle
inequality. In addition, [14] proved that by using Azuma-
Hoeffding inequality, |P; — P>| and |P> — P3| are bounded
by cHzr,%mx«/L/t. To bound |P3 — P4|, we apply Lemma 8
with a weight vector w such that wy, = % for all i € [¢], but

wy = Oforallk” ¢ {ki,--- , k;}, which means ||w||; = 1 and
[[W|loo = % Then we have

|P3 — P4
4H <

ki ki * ki
; (Vh+1(xh+l) - Vh+1(xh+1))
i=1

O(H - (rma v HUSA Wl + v/SATWIIHWllcc)

2 2 1—1 1
+ HSA|[wlloo + H USA[|W||oo) "(IIWII])”)) (139)

- o(H(rm HSL(% + \/g)
e () )
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(138)

IA

(140)

SA SA H31SA
=0 Fmax H7L 7+ T + ;

(141)

Hence, the gap between the empirical variance and the
actual variance for UCB-Bernstein is bounded by

L —SA | SA
O(Hzrr%m)C\/;"i_ Ymax H7L(T + 7)
H3.SA SAy1-1
+ ; +H3(TL) ’). (142)

|
Lemma 10 shows the bound on total variance over K
episodes. This lemma is applied to prove Lemma 11.
Lemma 10 (Bound on Total Variance, Lemma C.5 in [14]):
There exists an absolute constant c, such that with probability
at least 1 — 8§,

K H

DD VRV (. dy) < crp g (HT + H31). (143)
k=1 h=1

Lemma 11 (Bound on Q’hC — Qp): Forany$ € (0, 1), there

exists an absolute c1,cy > 0 such that under the choice of
Bi(x, a, h) in the equality (118) with probability at least 1 —
26, the following holds simultaneously for all (x, a, h, k) €
Sx Ax[H] x[K]:

Q) — 0P, a)

t
< 0P Hrax + D al(Vi = VE D@D+ B (144)
i=1
where t = N}]f(s, a)and ky, ...,k < k are the episodes in
which (x, a) was taken at step h.
Proof: The proof is an adaptation of the proof of Lemma
C.4 in [14]. Reference [14] proved that the following holds

’ iaiﬂ[ki <k]- [(If”fj - Ph)V;TH](x, a)‘
i=1

2

H H
< om-[ SIVAVi 10 @ ——rant| - (149)

with probability at least 1 — %. By using Lemma 10, the
inequality (145) can be written as follows,

t

D@ - PoVi @, a)

i=1

<0 /H ViV H
= 7[ h h_H](x’a)t‘i‘TrmaxL

H 29 )
<0 7 Wi(s, a, Wrpax + Hrpax + H Vinax ;

1
+H3L(% + (%)IP))]]/Z + T max H7SAF’"“")
t

t t

(146)

(147)
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H
=< O(IT(Wt(xs a, Wrmax + Hrpax

1 HET sa\ | V2
#(5) (v o 0E2)
p t

HZL\/ Vinax L\/H7fArmax) (148)
H 1‘13‘[)7_1 SA 1
—1 —
S0(\/ rmaXL(W[(S,a,h)—FH)—{— P : P )
HZL\/ Tiax L\/H7fArmax) (149)
< B (150)

where the weighted AM-GM inequality is used. Finally,
applying the above inequality to Lemma 6, we have for all
(x,a,h)e S x A x [H],

0< (Q’;, - O})(x,a)

Zat v, h+1

0
— o (Hrmax —

0;(s, @)

V;+1)(x1,1€;1)]

t
- Zai(?h(x, a) — (v @) — > alb; (151)
i=1 i=1
t
< > all@) = PiVi, )x, a) (152)

i=1

Hrpoxt
o) - [\/T(W,(s, a,h)+ H)

3p—1
. H7 T 1 J/SA(p = 1) W
t

t

IA

L\/H7SArmaxi|
t

(153)

which completes the proof. g
Now we turn to present the proof of Theorem 5.
Proof: As in the proof of Hoeffding-style bonus term,
by using Lemma 11, the total regret can be bounded by

ZSh < O(rmaxV (SAH )+Z Z(ﬂ e (s, dl e )

=hk=1
(154)

s
Where I o= [} — P)(Vi, — Vi DIGs. a). Here,

h, h2k=1 Eh w < O(Hrpax~/Tt) holds with probability
1 — § by Azuma-Hoeffding inequality. Then the remaining
part is Zszl ZZI: | ﬂ"'ﬁ . From the definition of the bonus term
B’, we have

Zﬂn

k=1 h=1

o Hrpaxt
5220( T (Wi(s, a, h) + H)

k=1 h=1

107816

2p—1
. H? T /SAp=1)) .

t

K H .
+ D> (Hy/

k=1 h=1

H>0\/13 . N L\/H7SArmax)
t t

(155)

Then using the same argument as in the regret analysis of
Theorem 4, we have

(S a)
Zy - Z Z 2H (cln(zsAT)/a)/n‘*ﬁ) (156)
< O(HKE(SA)I*E) — O(TPH' "7 (SA) 1) (157)

The upper bound of remaining terms in (155) can be
obtained from steps in the proof of Theorem 5 in [25], which
completes the proof. (|

APPENDIX G
TECHNICAL LEMMA
Lemma 12 [14]:

t
—aj)afzai H(l—aj)

j=1 Jj=i+1

H+1
“THyo M =110

(158)
Then, the following properties hold for ozf:
1) \[21_1\[ \[foreveryt>1

2) max;ep ol < % and 3 (a})? < ?for everyt > 1.

3) XXal =1+ f foreveryi> L.
Lemma 13 (Lemma 5 in [14]): For all a;, we have the
following:

(159)
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