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ABSTRACT This paper details the extraction of possible equivalent circuits over a wide band for an
Electric-LC resonator in two technological configurations: a) a multilayer stack working at mm-wave and
b) a WR90 waveguide in the X band. The proposed equivalent circuits are based on a T structure or on
only one shunt susceptance with two transmission lines. An identification process applied to the frequency
behavior of the reactance/susceptance is used to obtain a more appropriate and efficient equivalent circuit,
giving a physical meaning, if any, to each inductance, capacitance or resonator tank contained in the proposed
circuits. Finally, experimental results are obtained for the ELC in the WR90 waveguide and used to identify
an equivalent circuit able to represent also the effect of the material losses.

INDEX TERMS Compact circuit modeling, microwave and millimeter-wave circuits, model extraction of
passive circuits, passive component modeling, periodic structures, waveguide structures.

I. INTRODUCTION
One of the problems in finding the equivalent circuit of
microwave/mm wave structures is related to the complexity
of the structure under study that could be obtained
by combining several microwave discontinuities or other
elements that could be recognized as inductors or capacitors.
It is not easy to recognize an efficient equivalent circuit
that takes into account each part of the complex device
as an individual block as it occurs at low frequencies.
Unfortunately, at a high frequency each component is made
by distributed elements, except for some thin discontinuities
in waveguide, as inductive or capacitive irises. Moreover,
the measurement at microwaves are purely based on
scattering parameters seen at the input and output ports
and the complexity of the overall device is seen as a
‘‘black box’’ mixing the effect of each component that is
represented by a 2 × 2 scattering matrix, with only three
independent real parameters for a reciprocal lossless device
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(|S11| , ϕ11, ϕ22 for example). It is clear that the identification
of the components of the ‘‘black box’’ is quite difficult
starting from only three real parameters. The frequency
behavior can help in the identification process but the
problem is still complex, especially if transmission lines are
contained in the overall device under test.

A first strategy in finding an equivalent circuit of the
device under study could be based on the transformation of
the 2 × 2 S-matrix in terms of a direct T or 5 equivalent
circuit by the usual transformation of the S matrix in Z or Y
matrix [1], [2]. The obtained equivalent circuit is ‘‘minimal’’
in the sense that only three real parameters (reactances or
susceptances) are used to represent the frequency behavior
of the overall lossless circuit. The challenge now lies in
identifying each reactance in terms of a capacitance or
inductance combination that should have some physical
meaning in relation to the blocks of the device under study.
Synthesis based on poles and zeros for each reactance may
be effective for low frequencies, but may not be suitable for
extremely high frequencies, especially if transmission lines
are present in the device.
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A second strategy is based on the identification of the
S matrix in terms of the equivalent circuit for microwave
discontinuities based on a shunt reactance with input and
output transmission lines [1]. While the shunt susceptance
represents the overall reflection and transmission properties
of the device, the input and output transmission lines are used
to change the phase properties of the equivalent circuit to
match the prescribed phase of the scattering parameters of
the device [3]. The shunt susceptance could be identified with
the Brune synthesis. This second strategy could be useful to
find a more compact and light equivalent circuit, as done
in [4] for Split Ring Resonators (SRR), where the effect
of the geometrical parameters on the circuital parameters is
analyzed.

The proposed strategies will be applied to the analysis of
ELC (Electric-LC) resonator in two different technological
configurations: a) a multilayer dielectric stack, under the
hypothesis of plane wave excitation incoming from the air
and a periodic repetitions in the transverse section [5] and
b) a WR90 waveguide operating in the X band, where the
ELC is placed symmetrically in the longitudinal plane so
that the electric field of the TE10 mode is parallel to the
ELC plane. In the first case, the electromagnetic analysis is
performed by applying the Floquet’s boundary conditions,
while in the second case, the usual modal propagation is used,
defining electric boundary conditions in correspondence of
the waveguide walls. In both cases, a numerical analysis is
performed with the CST electromagnetic simulator.

ELC-based metamaterial resonators exhibiting negative
permittivity offers several advantages such as a high level of
symmetry in their geometry and negligible magnetoelectric
coupling along with their ability to couple to both parallel
and perpendicular components of an electric field [6], [7],
[8], [9], [10], [11], [12], [13]. ELC resonators can be
used in many scenarios, such as filtering structures [8],
[9], [10], [11], [12], [13], [14], energy harvesting [15],
sensors [16], [17], [18], [19], rasorbers [20]. Some literatures
reported simple equivalent circuit approaches based on
quasi-static analysis only to predict the resonance frequency
for sub-wavelength resonators and not to predict the complete
reflection/transmission behavior over a wide band [9], [12].
Moreover, the equivalent circuit approaches depends also
from the kind of excitation applied to the resonators,
as normal or oblique plane wave incidence on the ELCs
plane [8], [9], [10], [11], [12], [13], [15], [20], [21],
[22], [23], or lateral plane wave incidence [24], or an
excitation with coplanar [25], [26] or microstrip [16], [17],
[18], [19] transmission lines. In fact, in the presence of
normal incidence, the ELCs can be correctly seen as a
lumped load while for oblique incidence this approximation
is still good only if the ELCs dimensions are small with
respect to the wavelength. On the contrary, for lateral
incidence or coplanar/microstrip transmission line excitation,
the equivalent circuit should contain also some transmission
lines to simulate the effect of the ELCs length in the

direction of propagation of the exciting electromagnetic field.
This effect could be neglected only for sub wavelength
ELCs to define lumped equivalent circuits. The proposed
approach in this paper works in analyzing precisely the
reflection/transmission characteristics of the ELCs excited
by a lateral plane wave incidence or placed along the
longitudinal direction of a closed rectangular waveguide. The
aim is to analyze the effects of the length of the ELCs on
the equivalent circuit that is able to reproduce the ELCs
electromagnetic properties over a large bandwidth, from
micro/mm wave up to subTHz.

The presence of multiple resonances related to the
dimensions of the ELC produce different frequency behavior,
that can yield different equivalent circuits for similar
geometries. In fact, we will show that, by increasing the
side dimension of a square ELC in a WR90 waveguide,
the behavior of the frequency response of the scattering
parameters yield to an equivalent circuit that increases its
complexity with the order (or kind) of the resonance. The
first resonancewill be identifiedwith a very simple equivalent
circuit over the whole X band, while the second one requires a
more complex equivalent circuit that should take into account
the effects of the longitudinal length of the ELC resonator
with the presence of non-Foster reactive elements as negative
inductances/capacitances. The proposed equivalent circuit
can be a promising tool to improve the optimization process
in the design of more complex filtering structures. This topic
will be discussed with an example showing the improvement
achievable in run time and also in the explanation of the
frequency behavior of the global filtering structure.

Finally, the experimental results on the ELC in a WR90
waveguide will be used to define an equivalent circuit that
takes into account also the presence of resistances related to
the material losses.

II. THEORY
A. ELC IN DIELECTRIC STACK
As shown in Fig. 1(a), a plane wave propagating in the z
direction with Ex and Hy components impinges from the air
on a periodic distribution of a multilayer stack containing
ELC’s with periodicity of Lx = 155 µm in the x direction
and a periodicity of Ly in the vertical y direction with Ly =

hSiO2 + hSi = 310.19 µm. The multilayer stack has a length
Ls = 270 µm in the z direction. The single unit cell of the
investigated ELC structure and the technology cross-section
are displayed in Fig. 1(a) and 1(b). The ELC resonator is
embedded in the SiO2 layer (height hSiO2 = 10.19 µm)
and deposited on top of a Silicon substrate with a height of
hSi = 300 µm. The ELC structure has dimensions of L =

150µm, w = 5µm, g = 5 µm and h = 2 µm. A multilayer
silicon technology stack has been considered for the analysis
of ELC metacells as a possibility to utilize them in a real
millimeter wave and sub-THz components and devices [27].
The reflection and transmission characteristics of this ELC
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FIGURE 1. (a) Periodic arrangement of ELC resonators symmetrically
placed in the unit cell. (b) Cross section of the multilayer high frequency
technology stack (not in scale). The Lx × Ly unit cell is emphasized with
dashed lines.

FIGURE 2. Two equivalent circuits representing the ELC resonator (a) by
Z-matrix ZELC,s (b) by S-matrix SELC,s.

resonator metacell has been studied with a Floquet ports
arrangement and simulated using CST Microwave Studio.

Once the scattering matrix Sair of the structure has been
obtained by CST (or by experimental results), we can define
the two different equivalent circuits, shown in Fig. 2 of the
‘‘black box’’ represented by Sair. It should be recalled that the
matrix Sair is the scattering matrix evaluated by considering
two ports in the air, placed at z = −Lp and z = Ls + Lp,
as shown in Fig. 2, where Lp is the distance between the
ports in the air and the front (z = 0) or back (z = Ls) face
of the dielectric stack. To correctly evaluate the equivalent

FIGURE 3. Scattering parameters seen at (see Fig. 2): (a) z = 0−, z = L+
s

(air, S0) and (b)-(c) z =

(
Ls−L

2

)−
, z =

(
Ls+L

2

)+
(ELC on the dielectric

stack, SELC,s).

circuit of the ELC in the multilayer stack alone, we have to
deembed Sair by eliminating the lengths Lp, i.e. the distance
between the numerical ports and the position of the dielectric
stack, to obtain the scatteringmatrix S0 at the input and output
sections at z = 0 and z = Ls of the dielectric stack. Thematrix
S0 takes into account both effects of (1) the discontinuity
between the air and the dielectric stack and (2) the ELC
placed symmetrically on the dielectric stack. To obtain the
equivalent circuit of the ELC alone, we need to re-normalize
S0 with respect to the effective dielectric constant of the
dielectric stack, that in our case is εse = 11.64, and de-embed
the obtained scattering parameters to delete the effect of the
stack length Ls−L

2 , as shown in Fig. 2. In doing so, we obtain
the scattering matrix of the ELC on the dielectric stack,
SELC,s, highlighted in red in Fig. 2.

The scattering parameters of S0 and SELC,s are shown in
Fig. 3: the main effect of the re-normalization is to delete
the effect of the transition air-dielectric which ‘‘masks’’
the effective behavior of the ELC resonator. In fact, while the
stop band frequency of the ELC at about 100 GHz is the
same for S0 and SELC,s, the behavior of |S11| is different for
the two cases: the re-normalization deletes the effect of the
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FIGURE 4. (a) Comparison between the series reactance X11 − X12
extracted by ZELC,s (‘‘exact’’, black solid line, left axis) and that obtained
by the two approximating series elements shown in Fig. 6(a) (‘‘ident’’, red
dashed line, left axis). (b) Comparison between the shunt reactance X12
extracted by ZELC,s (‘‘exact’’, black solid line, left axis) and that obtained
by the two approximating series elements in Fig. 6(a) (‘‘ident’’, red dashed
line, left axis). Absolute errors between exact and identified values are
shown in the right axes (dotted blue line).

length along z of the stack that produces a good matching at
about 110 GHz. By doing so, we have highlighted the actual
behavior of the ELC resonator shown in Fig. 3(b)-3(c), where
8ij represent the phase of the scattering coefficients. At this
stage, one can proceed to obtain the two possible equivalent
circuits shown in Figs. 2(a)-2(b).
The first T circuit, Fig. 2(a), is obtained by a simple

transformation of SELC,s in the corresponding Zmatrix, while
the second circuit, Fig. 2(b), is based on the circuits used
by [1], [2] for 2-port devices, by evaluating

B = ±2

∣∣∣SELC,s11

∣∣∣
ηs

∣∣∣SELC,s21

∣∣∣ (1)

θELC,s = −
1
2
arg

(
SELC,s11

2j− Bηs

2j

)
(2)

with SELC,s11 = SELC,s22 by symmetry of the device and
ηs =

η0√
εse

[3].

The evaluated reactances for the ELC equivalent circuit
of Fig. 2(a) are shown in Fig. 4 (black solid lines, ‘‘exact’’,
left axis), while the shunt susceptance and the electrical
length of the transmission line for the ELC equivalent
circuit of Fig. 2(b) are shown in Fig. 5 (black solid lines,
‘‘exact’’, left axis). The two different circuits produce two
different readings of their overall behavior. In fact, while both
representations give an immediate reading of the presence of

FIGURE 5. (a) Comparison between the shunt susceptance extracted by
SELC,s with (1) (‘‘exact’’, black solid line, left axis) and that obtained by
two approximating shunt branches shown in Fig. 7(a) (‘‘ident’’, red dashed
line, left axis). (b) Comparison between the electrical length of the
transmission lines extracted by SELC,s (‘‘exact’’, black solid line, left axis)
and that obtained by setting an equivalent length Le = 77.5 µm (‘‘ident’’,
red dashed line, left axis). Absolute errors between exact and identified
values are shown in the right axes (dotted blue line).

zero of transmission (the zero value of X12 or the pole of B
produces a short circuit at about 100 GHz), the reading of
X11,X12 is more complex. In fact, the origin of the pole at
about 115 GHz in X12, Fig. 4(b), is due to the denormalization
process of SELC,s which produces an impedance matrix
ZELC,s that is singular at this frequency. In fact, it is well
known that, while the scattering matrix of a device is always
defined and never singular, the same does not occur for the
impedance matrix that could be singular at some frequencies:
jX11, jX12 → ∞. Hence the presence of the singularity of X12
has no physical meaning, being not related to the physical
behavior of the ELC. Moreover, the singularity of X11,X12
disappear in X11 − X12 because the two singularities cancel
each other as discussed in the Appendix. Hence, the series
reactance X11 − X12 becomes regular without singularity.
From this point of view, the representation in terms of the
equivalent circuit in Fig. 2(b), where the shunt susceptance
B becomes singular exactly at the ELC resonant frequency,
seems more appropriate, efficient and correctly defines the
physical behavior of the resonator.

To obtain a more powerful circuit representation of the
ELC behavior over a wide band, we need to apply an
identification process of the frequency behavior to both
proposed equivalent circuits and try to give a physical
explanation to the obtained circuit elements. To do this,
a classic identification process based on the analysis of
poles and zeros of the reactances/susceptances of Fig. 2
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FIGURE 6. (a) Identified approximated circuits for the circuit in Fig. 2(a)
obtained by the impedance matrix ZELC,s. (b) Comparison between the
amplitudes of SELC,s and the scattering parameters obtained by the
approximated circuit shown in Fig. 6(a).

has been applied to obtain a good fitting. In particular,
a rational function representing a possible fitting circuit,
including negative inductances and capacitances if any [4],
is minimized with respect to the exact values shown with
black continuous lines in Figs. 4 or 5(a). Once the coefficient
of the numerator and denominator of the rational function
have been obtained, they are matched with series or shunt
inductances/capacitances or LC (tank) resonant circuits. The
circuit configuration identifying the circuit obtained by the
ZELC,s matrix in Fig. 2(a) is shown in Fig. 6(a) with L1T =

24.46 pH, L2T = 69.15 pH,C2T = 6.21 fF,C3T =

17.97 fF, L4T = 38.85 pH,C4T = 48.86 fF.
The comparison between the exact behavior of the

reactances obtained by ZELC,s and the approximated one
obtained by the identified circuit in Fig. 6(a) are shown
in Fig. 4 for the series and shunt reactances of the T
circuit with a good agreement between the exact (black solid
lines, ‘‘exact’’, left axis) and the approximated identified
values (red dashed lines, ‘‘ident.’’, left axis). The absolute
error between the exact and the identified values of the
reactances is shown with dotted blue lines (right axis) in
Fig. 4. The error is very low over the whole band, except
for X12 near the resonance at 115 GHz, where a small
error in the identification of the resonance frequency can
cause an error increasing. From the identified values of
the reactance, we can evaluate the corresponding identified
scattering parameters, S ident.ij , that are comparedwith the exact
values in Fig. 6(b). The comparison is good in the band of
80–120 GHz, with a little shift in the resonant frequency and
maximum absolute error of about 4 dB at 140 GHz for |S11|
(maximum percentage error about 42 %).

FIGURE 7. (a) Identified approximated circuits for the circuit in Fig. 2(b)
obtained by the scattering matrix SELC,s. (b)-(c) Comparison between the
amplitudes/phases of SELC,s and the scattering parameters obtained by
the approximated circuit shown in Fig. 7(a). (d) Comparison between the
amplitudes of S0 and the scattering parameters obtained by the
approximated circuit shown in Fig. 7(a) embedded in the dielectric stack
between z = 0−, z = L+

s (see Fig. 2).

The same identification process has been applied to the
shunt susceptance of the circuit of Fig. 2(b), obtaining
the circuit configuration shown in Fig. 7(a), with C1 =

0.41 fF, L2 = 0.37 nH,C2 = 6.87 fF. The comparison
between the exact values of B and its identified circuit is very
good, as shown in Fig. 5 (black solid and red dashed lines,
left axis). The absolute error between them is shown with
dotted blue lines (right axis) and is very low over the whole
band. The comparison between the the scattering parameters
obtained by the exact values extracted by SELC,s with (1) and
the approximated value obtained by the two shunt branches is
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shown in Fig. 7(b)-7(c) with a very good agreement between
the exact (black solid line, ‘‘exact’’) and the approximated
values (red dashed line, ‘‘ident.’’) over the whole band, with
maximum absolute error 0.67 dB for |S11| (max. percentage
error 6%) and 0.063 dB for |S21| (max. percentage error 5%).
Similarly, the electrical length of the lines θELC,s obtained
by SELC,s can be approximated with an equivalent length
Le = 77.5µm, with a very good agreement as shown in
Fig. 5(b) (Absolute error less than 0.15 degrees , dotted blue
lines, right axis). Le is slightly larger than L/2 = 75µm
and this is due to the effect of the ELC that produces a
larger path for the incident, reflected and transmitted waves
with respect to the nominal one. Anyway Le still maintains
a very good approximation for the phase of the scattering
parameters of SELC,s, as shown in Fig. 7(c). This can be
confirmed by the reconstruction of the scattering parameters
of the global structure seen at the air-dielectric stack interface
(z = 0−, z = L+

s in Fig. 2). In fact, Fig. 7(d) shows that the
comparison between the exact values and those obtained by
the equivalent circuit in Fig. 7(a) imbedded in the dielectric
stack between z = 0−, z = L+

s is very good over the whole
band, with maximum absolute error 1.02 dB for |S11| (max.
percentage error 15%) and 0.11 dB for |S21| (max. percentage
error 12%). This comparison could not be so good if also the
identified phases in the equivalent circuit were not correct.

Finally, it should be interesting to give a physical
explanation of the identified circuit in Fig. 7(a). The presence
of the second branch with the tank L2C2 is clearly related
to the resonant LC behavior, given by the capacitance of the
ELC gap and the ELC inductance, while the first branch with
C1 is due to interactions between the ELC conductors.

On the contrary, the X12 resonant tanks contained in the
T identified circuit in Fig. 6(a) is related to the singularity
of the ZELC,s matrix at about 115 GHz, obtained by the
transformation of SELC,s in ZELC,s, while the tank contained
in the series branch, resonating at about 340GHz, comes from
the requirement of a good identification for X11−X12 that the
pure inductance L1T cannot ensure. Moreover, their resonant
frequency is not related to the reflection or transmission
properties of the ELC but, at the same time, their presence
must ensure that X12 has a zero at 100 GHz, i.e. the resonant
frequency of the ELC, where total reflection occurs.

Summing up, the identified circuit shown in Fig. 7(a)
seems more reasonable and with a physical meaning more
robust with respect to the T identified circuit in Fig. 6(a).

B. ELC IN WR90 RECTANGULAR WAVEGUIDE
The second configuration analyzed is a rectangular
WR90 waveguide loaded with a square ELC resonator
designed on a lossless FR4 substrate as shown in Fig. 8.
The substrate is placed symmetrically with respect to
the horizontal x-direction. For this case, the chosen
dimensions are: a = 22.86mm, b = 10.16mm,L =

4.67mm,Ltc = 0.835mm,Ld = 20mm,w = 1mm, g =

1.5mm, t = 1.6mm. The equivalent circuit proposed for
this configuration is similar to that used in the previous

FIGURE 8. Rectangular waveguide loaded with a square ELC placed on a
dielectric substrate (not in scale).

FIGURE 9. WR90 waveguide loaded with lossless FR4 substrate:
propagation constant of the fundamental mode βwr (black solid line) and
modal impedance Zwr

0 (red dashed line).

sub-section, shown in Fig. 2(b). The T circuit is not analyzed
for this case because we have shown in the previous section
that its evaluation and identification can be cumbersome due
to the singularity of its Z matrix.

The propagation constant βwr of the fundamental mode
of the WR90 waveguide loaded with the substrate and the
modal impedance, Zwr

0 , are shown in Fig. 9. They are used
to renormalize and de-embed the scattering parameters seen
from the air at z = 0− and z = L+

s to obtain those seen in
the dielectric loaded waveguide, exactly at the boundary of
the ELC resonator, i.e. z = z−1 , z = z+2 , as shown in Fig. 8.
The scattering parameters amplitudes seen in the waveguide
from the air at z = 0− and z = L+

s , S
air, and those seen at

the ELC boundaries in the dielectric, SELC,wr, are shown in
Fig. 10(a)-10(b), respectively.
Following the same procedure of the previous sub-section,

we can obtain the electrical parameters of the equivalent
circuit of Fig. 2(b). In fact, the exact values of the electrical
length of the transmission lines, θELC,wr, and the susceptance
B can be obtained by (1)-(2) where ηs must be replaced by
the dispersive modal impedance Zwr

0 (Fig. 9). The electrical
length of the equivalent circuit in Fig. 7(a), θELC,wr, is shown
in Fig. 11 (black solid lines ‘‘exact’’, left axis), together with
the identified values (red dashed lines ‘‘ident’’, left axis).
For this case, the electrical length θELC,wr can be identified

92286 VOLUME 12, 2024



C. H. Joseph et al.: Efficient Equivalent Circuits Model for Electric-LC Resonators

FIGURE 10. Scattering parameters amplitude seen at:
(a) z = 0−, z = L+

s (Sair) and (b) z = z−

1 , z = z+

2 (SELC,wr). Longitudinal
planes are shown in Fig. 8.

FIGURE 11. Exact and identified values (left axis) and their absolute error
(right axis) of the elements of the equivalent circuit shown in Fig.2(b)
and 7(a) for WR90 waveguide loaded with one ELC on a FR4 substrate:
(a) electrical lengths of the transmission lines; (b) shunt susceptance.

with an equivalent FR4 loaded WR90 waveguide of length
Le = 2.29 mm, which is very close to L/2 = 2.335mm. The
absolute error between the exact and identified values is less
than 0.15 degrees (dotted blue lines, right axis).

Similarly, in Fig. 11(b) we report the exact values of B
(black solid lines, ‘‘exact’’, left axis) and the corresponding

FIGURE 12. Comparison between SELC,wr and the scattering parameters
obtained by the circuit in Fig. 7(a) whose values are shown in Fig. 11.

ones obtained by the identified values (red dashed lines,
‘‘ident’’, left axis) (C1 = 0.805 fF,L2 = 10.934 nH,C2 =

23.187 fF in the equivalent circuit of Fig. 7(a)). An excellent
agreement is obtained as highlighted by the absolute error
(dotted blue lines, right axis in Fig. 11) that is less than
0.2 m �−1 in the whole band (apart near the resonance where
a small error in the identified resonant frequency can cause an
error increasing).

The scattering parameters obtained by the identified
equivalent circuit, S ident.ij (red and green dashed lines), are
compared with the exact ones (black and blue solid lines)
in Fig. 12 with very good agreement in both amplitude
and phase (maximum absolute error 0.35 dB for |S11| and
0.14 dB for |S21|; maximum percentage error 6% and
8% respectively). Hence, the equivalent circuit proposed in
Fig. 7(a) seems to be a valid approximation also for a WR90
waveguide loaded with ELC on FR4 substrate in the X band.

Other two structures with smaller ELC lengths have been
analyzed with the proposed equivalent circuit and they are
described as cases b and c in Tab. 1 (the first row describes
the case just discussed). The obtained electric parameters
for the equivalent circuits are shown in the Table and the
corresponding results are shown in Fig. 13 with a very good
agreement between exact and identified scattering parameters
(Fig. 13(a): maximum absolute error 1.97 dB for |S11| and
0.004 dB for |S21|; maximum percentage error 7% and 9%
respectively; Fig. 13(c): maximum absolute error 1.02 dB for
|S11| and 0.008 dB for |S21|; maximum percentage error 5%
and 8% respectively.).

On the other hand, it could be interesting to understand how
effective could be the identification of one ELC in WR90
waveguide with the very simple circuit shown in Fig. 7(a)
by enlarging the dimensions of the ELC. This can be done
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TABLE 1. Geometric and electric parameters of the analyzed structures
resonating at 10 GHz. L, w, g, Le expressed in mm, capacitances in fF,
inductances in nH.

FIGURE 13. Comparison between SELC,wr and the scattering parameters
obtained by the equivalent circuit of Fig. 7(a) with the identified values
shown in Tab. 1 for cases a and b.

FIGURE 14. Resonance frequency of one square ELC in WR90 waveguide
by varying the external side L.

by analyzing the variations in the resonance frequency by
altering the length of the sides in the square ELC (g and w
are fixed as the case a in Table 1), as shown in Fig. 14. It is
evident that increasing the dimensions of the ELC a second
resonance appears. It should be interesting to understand if
the previous simple equivalent circuit can still be a good
approximation of the actual behavior of the ELC resonator
at the second resonance. To do this, we have applied the
previous identification process to the scattering parameters
of an ELC with L = 6.22 mm, resonating at about 10 GHz as
in the previous case.

The main difference between the two resonances is in the
electromagnetic field distribution around the ELC structure.
In fact, if we compare the electromagnetic field maps for
the two analyzed cases of ELC (L = 4.67 or 6.22mm)
shown in Fig. 15, we can notice that the main effect of the
resonance is a very strong electric field for the shorter ELC
with side L = 4.67mm and a very strong magnetic field for
the larger ELC with side L = 6.22mm. Therefore, the length
of the ELC resonator produces an effect in terms of resonating

FIGURE 15. Amplitude of: (a)-(b) electric field and (c)-(d) magnetic field
for the two ELCs with side 4.67 mm or 6.22 mm at the resonance
frequency.

electromagnetic field that will change the identification of the
shunt susceptance.

In fact, we have at first identified the electric parameters
of the circuit of Fig. 7(a) previously used, obtaining C1 =

26.45 fF, L2 = 0.21 µH,C2 = 1.18 fF. The comparison
between the exact (black solid line) and the identified results
(blue dotted line) are shown in Fig. 16(a). It is evident
that the proposed identified equivalent circuit based on a
capacitance and a LC resonating tank accurately reproduces
the correct results within a narrow bandwidth around the
resonance frequency, while in the previous case (Figs. 12–13,
smaller ELCs) the comparison was very good over the whole
bandwidth with the same kind of identified elements. The
main difference between the larger and the smaller ELCs
is that the exact susceptance of the larger ELC shows a
non-Foster behavior (dB(f )/df < 0) in the lower (8-9.5 GHz)
and upper (10.5-12GHz) parts of the band. Hence, to improve
the identification of the non-Foster parts of the susceptance
we have to add some non-Foster elements, such as negative
inductances and/or capacitances. In doing so, we can identify
a new circuit similar to that shown in Fig. 7(a), where the
first branch is replaced by a non-Foster L1C1 tank. From the
identification process, we obtain the following values for the
new components, L1 = −21.14 nH,C1 = −24.36 fF,L2 =

0.23 µH,C2 = 1.09 fF (case d, Table 1), and the identified
results (red dashed line) are shown in Fig. 16(a) obtaining a
very good agreement with the exact results (black solid line).
The absolute error between the exact and identified values
(dotted orange line, right axis) is very low over the whole
band.

The effect of the ELC length is appreciable also on
the transmission line electrical length shown in Fig. 16(b).
In fact, in this case the behavior of θELC,wr is a non linear
function (black solid line, ‘‘exact’’) that can be approximated
with the linear one satisfying the minimum distance in
terms of least square mean (red dashed line, ‘‘ident.’’). The
equivalent length of the transmission line with linear behavior
is Le = 8.73mm, which is much larger than L/2 = 3.11mm
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FIGURE 16. WR90 waveguide loaded with one square ELC on a FR4
substrate with L = 6.22 mm: exact and identified values (left axis) and
their absolute error (right axis) of the (a) shunt susceptance and
(b) electrical lengths of the transmission lines.

FIGURE 17. WR90 waveguide loaded with one square ELC on a FR4
substrate with L = 6.22 mm: comparison between SELC,wr and the
scattering parameters obtained by the equivalent circuit of Fig. 7(a) with
the identified values shown in Fig. 16.

other than what happens for the first resonance. The absolute
error between the exact and identified values is acceptable
over the whole band (dotted blue line, right axis).

The comparison between the exact values of the scattering
parameters and those obtained with the non-Foster identified
circuit and the equivalent transmission line of length
Le = 8.73mm are shown in Fig. 17(a)-17(b) with a

very good agreement for the amplitude over the whole
bandwidth (maximum absolute error 2.35 dB for |S11| and
0.21 dB for |S21|; maximum percentage error 9% and 14%,
respectively) and a good agreement also for the phase.

Summing up, for all the cases referring to the first
resonance (cases a-c of Table 1) with a ratio L

λg
less

than 0.17 evaluated at 10 GHz, the equivalent circuit can
be summarized with a very good approximation by two
transmission lines, each of length Le ≈ L/2, surrounding
a lumped load with two shunt branches made by a pure
capacitance and an LC tank. For a larger ratio L

λg
, the

ELC have a different behavior related to the presence of
a second resonance that changes the identified equivalent
circuit. In fact, the two transmission lines are greater than
L/2 while the shunt load requires the presence of non-Foster
elements to correctly reproduce the frequency behavior of the
ELC scattering parameters over the whole band.

C. APPLICATION OF THE EQUIVALENT CIRCUIT
The proposed equivalent circuit can be used in an
optimization process with many advantages with respect to
pure numerical optimization by electromagnetic simulators.
Just as an example, let’s suppose we want to enlarge the
stop band of the ELC at the first resonance in the range
9.5-10 GHz. The simplest solution is to design a new ELC
resonating at 9.5 GHz and to put in cascade with ELC
resonating at 10 GHz. This is not sufficient because we
have also to choose the distance d between the ELCs to
obtain the best results in terms of bandwidth. This could be
done numerically by CST but the main problem is the run
time required to perform such optimization. In fact, the
run time required for just one simulation varies from about
5 minutes for d = 5mm to about 8 minutes for d = 25mm.
The optimization process requires tens of simulations and the
run time could be very long. To shorten the run time we could
evaluate the scattering parameters (and consequently the
obtained stop band) for a number of cases, for example from
d = 5mm to d = 20mm with a step of 1 mm (16 cases),
and choose the distance ensuring the largest stop band in this
set of simulations. This strategy requires about 80-90 min to
solve all cases.

The use of the equivalent circuit reduces drastically the
run time for the optimization. In fact, once obtained the
equivalent circuit for the new 9.5 GHz ELC (as discussed
in the previous sub-section) we can cascade it with
the equivalent circuit of the 10 GHz ELC by inserting
between them a transmission line of electrical length βwrd
representing the waveguide loaded with FR4, as shown in
Fig. 18(a). Hence, the scattering parameters can be easily
obtained with the classical evaluation of the input impedance
of the overall equivalent circuit shown in Fig. 18(a) [1], [2]
when it is closed at the left/right port with the modal
impedance Zwr

0 . The evaluation of the scattering parameters
and their stop band for the previous 16 cases is very fast, about
1.5 sec for each value of d , for total time of about 24 sec
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FIGURE 18. (a) Overall equivalent circuit of the cascade of two ELCs
resonating at 9.5 and 10 GHz; (b)-(c) behavior of the susceptances
B9.5, B10; (d) total electrical length comprised between B9.5 and B10 for
d=9.99 or 24.64 mm; (e)-(f) scattering parameters of the cascade of two
ELCs for d=9.99 or 24.64 mm; (g) scattering parameters of the cascade of
two ELCs for the optimized value d = 17 mm.

against 80 min with CST. It is clear that the equivalent circuit
approach becomes a winning strategy in the optimization
procedure.

The use of the equivalent circuit approach is useful also
to refine the range where the best solution for d must be
searched. In fact, in Fig. 18(a) the transmission lines of the
equivalent circuits of the two ELCs and the transmission line
of the connecting section can be put together to obtain only
one overall transmission line with electrical length θtot =

θ9.5ELC + βd + θ10ELC . In order to evaluate S11, the circuit
shown in Fig. 18(a) must be closed on the modal impedance
Zwr
0 at the right port. The transmission line at the right end,

between jB10 and the right port, is transparent being closed
on the modal impedance. Hence Zwr

0 is directly in shunt
with jB10. The behavior of B9.5,B10 are shown in Fig. 18(b)
while their amplitudes in Fig. 18(c). The direct comparison
between the amplitudes shows that at about 9.75 GHz the
two susceptances have the same value but with different
sign (B10 capacitive, B9.5 inductive). If the total length θtot
is equal to a multiple of π at this frequency, the input
admittance seen at section A-A’ is equal to the admittance
seen at section B-B’, i.e. 1/Zwr

0 + jB10. At this frequency
B10 = −B9.5 and the global admittance seen at the input

section becomes Yin = jB9.5 + jB10 + 1/Zwr
0 = 1/Zwr

0 with
perfect matching. This means that at this frequency the stop
band behavior is ‘‘broken’’ and the goal to obtain a stop band
between 9.5 and 10GHz is not reached. To verify the presence
of perfect matching at 9.75 GHz we must evaluate the
distance d that gives perfect matching at the input port. To do
this, we need the values of βwr, θ9.5ELC , θ10ELC at 9.75 GHz:
βwr

= 214.4 m−1, θ9.5ELC = 0.51 rad, θ10ELC = 0.49 rad.
Hence the electrical length of the waveguide connecting the
two ELCs to obtain perfect matching must be βwrd = π −

(θ9.5ELC +θ10ELC ) = 2.14 rad. Hence, d =
2.14
214.4 +k λ

2 = (9.99+

k 14.65)mm where k is an integer that takes into account the
periodicity of the transmission line. Hence, we can expect
that choosing d=9.99 mm and d=9.99+14.65=24.64 mm
we have perfect matching at 9.75 GHz. This is confirmed
by the plot of the global electrical length (in degrees) for
d=9.9 mm and d=24.64 mm in Fig. 18(d): it is evident
that at 9.75 GHz the total electrical length is just 180◦

or 360◦ and hence perfect matching is obtained, being at
this frequency B10 = −B9.5. Hence the global stop band
width, expected to be comprised between 9.5 and 10 GHz
for the presence of the two resonating ELCs, is ‘‘broken’’
by the perfect matching frequency at 9.75 GHz as shown
in Fig. 18(e)-18(f) for d=9.99 and 24.64 mm. In the same
figures, the comparison with the results obtained by CST is
shown with dashed lines. This preliminary discussion helps
us also to define the range to find the optimized value of d to
obtain a large stop band. In fact, the range is just comprised
between 9.99 and 24.64 mm, where perfect matching occurs
at 9.75 GHz. If we would use directly CST, we can limit the
search of the optimized value lowering the global run time
(many minutes, may be hours), while using our equivalent
circuit approach the run time is just tens seconds. The
cascade results for the best case (d = 17mm) are shown
in Fig. 18(g).

This analysis shows how the proposed equivalent circuit
could be an interesting tool in optimization process.

III. EXPERIMENTAL RESULTS
The two ELCs resonating at the first and second resonances
have been fabricated on a lossy FR4 substrate and are shown
in Fig. 19(a), according to the dimensions reported in Tab.1,
cases a and d. The details of the ELC designed at the first
resonance are shown in Fig. 19(b), where the upper ruler has
a step between two adjacent ticks equal to 0.5mm. The lower
step is in inches. The correct placement in the waveguide has
been obtained by using the red spacer shown in Fig. 19(c),
realized with a 3D printer, with horizontal dimension equal
to a−t

2 , vertical dimension less than b, and longitudinal
dimension greater than Ls (see Fig. 8). The spacer has been
placed in the waveguide and the substrate with the ELC
has been inserted in the waveguide and laid to the spacer.
Then, the spacer has been easily moved toward the end of the
waveguide (due to a vertical dimension less than b, the spacer
can be easily moved along the longitudinal dimension).
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FIGURE 19. (a) Realized ELC for the first and second resonances.
(b) Detail of the ELC for the first resonance. (c) Use of the spacer for the
placement of the dielectric substrate. (d) Placement of the dielectric
substrate in the WR90 waveguide.

FIGURE 20. Comparison between experimental (‘‘exp’’) and theoretical
(‘‘th’’) results for the ELC designed at the first (a) and second
(b) resonance.

The final placement of the substrate is shown in Fig. 19(d)
with a precision of about ±0.02mm.
The scattering parameters of the waveguide loaded with

the ELC have been measured with E8361A PNA Keysight
Network Analyzer. As in the theoretical analysis, the
scattering parameters have been renormalized with respect
to the modal impedance of the substrate and de-embedded
to obtain the scattering parameters seen at the input and
output sections of the ELC. The comparison between the
experimental values and the theoretical values obtained in
Sub-Section II-B are shown in Fig. 20(a)-20(b) for both
resonators. The presence of the lossy substrate which could
have different electrical characteristics with respect to that
used in the simulation and the effect of amechanical precision
of about±0.02mm in the copper layout moved the resonance

FIGURE 21. Identified approximated circuits for the lossy case of an ELC
resonator placed on a substrate in WR90 waveguide at: (a) first
resonance (L = 4.67 mm) (b) second resonance (L = 6.22 mm).

FIGURE 22. Exact and identified values (left axis) and their absolute error
(right axis) of the elements of the equivalent circuit shown in Fig. 21(a)
for WR90 waveguide loaded with one ELC on a FR4 lossy substrate for the
first resonance: (a) shunt conductance and (d) shunt susceptance.

at about 9.8 GHz for both the resonators while the theoretical
value was 10 GHz.While the first resonator shows a behavior
very similar to the theoretical case, the second resonator has
a different behavior around the resonance frequency while is
very similar at the ends of the frequency band.

The first lossy resonator has been analyzed with the same
approach as of Sub-Section II-B with the only difference
that the equivalent circuit must contain a complex admittance
Y = G + jB instead of the pure susceptance B, as shown
in Fig. 21(a). The complex admittance Y has been identified
with C1 = 0.96 fF,R = 15.43 �,L2 = 11.13 nH,C2 =

23.51 fF. The resistance takes into account the material
losses. The obtained values are very similar to those evaluated
for the lossless case discussed in Sub-Section II-B, apart
from the value of the resistance. These values have been
used to evaluate the identified complex admittance Y that is
compared in Fig. 22(a)-22(b) with the exact values extracted
by the scattering parameters, showing a very good agreement.
Similarly, the comparison between the scattering parameters
obtained with the identified circuit and the experimental
values is shown in Fig. 23 (maximum absolute error 0.12 dB
for |S11| and 1.2 dB for |S21|; maximum percentage error 2%
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FIGURE 23. Comparison between the amplitudes of SELC,wr and the
scattering parameters obtained by the lossy equivalent circuit of
Fig. 21(a).

FIGURE 24. Exact and identified values (left axis) and their absolute error
(right axis) of the elements of the equivalent circuit shown in Fig.21(b) for
WR90 waveguide loaded with one ELC on a FR4 lossy substrate for the
second resonance: (a) shunt conductance and (d) shunt susceptance.

and 6%, respectively). This implies that the identified lossy
circuits very well match the experimental results.

Regarding the lossy ELC at the second resonance, more
complex circuit shown in Fig. 21(b) must be used to identify
its global complex admittance shown in Fig. 24 with black
solid lines. In fact, the presence of non-Foster behavior in
the lower and higher parts of the band imply the presence
of negative inductances/capacitances other than a resistance
to take into account the material losses. The identified
values are: L1 = −27.11 nH,C1 = −18.03 fF,R =

319.67 �,L2 = 0.247 µH,C2 = 1.055 fF. These values
have been used to evaluate the identified complex admittance
Y shown in Fig. 24 (red dashed line) with a very good
agreement with the exact values. The absolute error for
the conductance is acceptable over the whole band (dotted
blue line, right axis) while for the susceptance a low
peak appear near the frequency with maximum slope near
the resonant frequency. Finally, the scattering parameters
obtained by the identified equivalent circuit are compared in

FIGURE 25. Comparison between the amplitudes of SELC,wr and the
scattering parameters obtained by the lossy equivalent circuit of
Fig. 21(b) for WR90 waveguide loaded with one ELC on a FR4 lossy
substrate for the second resonance.

Fig. 25 with the exact values, showing again a very good
agreement (maximum absolute error 1.1 dB for |S11| and
0.43 dB for |S21|; maximum percentage error 18% and 26%,
respectively).

IV. CONCLUSION
Two possible equivalent circuits have been proposed and
analyzed for an ELC resonator in a multi-stack dielectric
substrate. The two circuits are obtained by the Z or S
matrices of the device under study. An identification process
based on the analysis of poles and zeros has been applied
to the reactances/susceptance of the proposed equivalent
circuits, showing a good agreement with the extracted values.
The analysis of the identified series/shunt branches yields
to define the circuit based on only one susceptance as
more efficient and with a physical meaning. Then the ELC
resonator has been placed in a rectangular waveguide and
the efficiency of the equivalent circuit based on only one
susceptance has been discussed, showing that this simple
circuit is able to correctly reproduce the behavior over the
whole band for the ELC designed at the first (electric)
resonance by means of an identified circuit based on a shunt
between a capacitance and an LC tank. On the other hand,
the simple circuit must be replaced with a more complex
one, containing also non-Foster elements, if we want to
obtain a good comparison for an ELC designed at the
second (magnetic) resonance. Finally, experimental results
have been discussed and two lossy equivalent circuits have
been proposed showing a very good agreement for the ELC
at both resonances.

APPENDIX A
IMPEDANCE MATRIX OF A TWO-PORT RECIPROCAL
SYMMETRIC DEVICE
Given the S matrix of a reciprocal (S21 = S12) and symmetric
(S22 = S11) device

S =

[
S11 S12
S12 S11

]
(A.1)
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FIGURE 26. Frequency behavior of the reactances of the ELC on the
dielectric stack.

the impedance matrix Z is [1], [2]:

Z = Z0 [I − S]−1
· [I + S] =

[
Z11 Z12
Z12 Z11

]
(A.2)

being Z0 the normalization impedance and

Z11 = Z0
1 − S211 + S212

(1 − S11 − S12)(1 − S11 + S12)

= Z0
1 + S11 − S12
1 − S11 + S12

+ z12 (A.3)

Z12 = Z0
2S12

(1 − S11 − S12)(1 − S11 + S12)
(A.4)

The series impedance in the T circuit shown in Fig. 2(a) is
equal to

Zs = Z11 − Z12 = Z0
1 + S11 − S12
1 − S11 + S12

. (A.5)

From (A.3)-(A.4), Z11 and Z12 are singular at the frequency
f0 where

S12 = ±(1 − S11) (A.6)

while the series impedance (A.5) is singular only if

S12 = −(1 − S11) (A.7)

because Z11 and Z12 cancel their singularities if S12 = 1−S11.
Hence, while the shunt impedance Z12 is always

identified by LC circuit (tank) resonating at the frequency
f0 where (A.6) is satisfied for any sign, the series impedance
Zs has two different circuit identifications:
1) if S12 = S11−1 at f0, the series impedance Zs is singular

(Zs → ∞) and identified by LC tank resonating at the
same frequency of Z11,Z12;

2) if S12 = 1 − S11 at f0, the series impedance Zs
is not singular (Zs → Z0

S11
1−S11

) and identified by a
combination of inductances/capacitances, as discussed
in Sec. II-A.

The scattering matrix of the ELC analyzed in Sec. II-A
is characterized by the frequency behavior shown in
Fig. 3(b)–3(c). Being lossless the ELC, the impedance matrix
is purely imaginary, hence Z11 = jX11,Z12 = jX12, and
X11,X12 become singular at about f0 = 115 GHz, as shown in
Fig. 26 (black solid and dotted red lines). On the other hand,
S11, S12 satisfy condition 2) at f0 = 115 GHz, as shown in
Fig. 27. Hence the series reactance X11 − X12 cancels the

FIGURE 27. Frequency behavior of 1 − S11 − S12 to verify condition (A.7).

singularity of X11,X12 and becomes regular at f0 = 115 GHz,
as shown in Fig. 26 (dashed blue line).
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