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ABSTRACT In this paper, we assess the performance of an equal-gain combining (EGC) diversity receiver
operating over composite Fisher-Snedecor fading channels. The Fisher-Snedecor fading model results from
the amalgamation of two well-known physical phenomena that greatly degrade the wireless signal: multipath
and shadowing. More precisely, the Fisher-SnedecorF distribution is formed by the ratio of two independent
Nakagami-m random variables (RVs)—the Nakagami-mRV in the numerator models multipath fading while
the Nakagami-m RV in the denominator characterizes shadowing fading. To evaluate the performance of the
considered EGC diversity receiver, we first derive exact expressions for the probability density function
(PDF) and the cumulative distribution function (CDF) of the sum of the ratio of independent Nakagami-m
RVs. To achieve this goal, we utilize a Laplace- and residue-based approach. Additionally, we employ the
moment-matching method and the Beta Prime distribution to effectively approximate the sum of the ratio of
independent Nakagami-m RVs. Subsequently, we apply the obtained exact and approximate sums statistics
to compute the performance metrics of the EGC receiver subject to Fisher-SnedecorF fading channels, such
as the outage probability (OP) and the average bit-error rate (ABER). We aspire that the findings presented
in this work not only enhance the theoretical comprehension of wireless communication systems but also
offer valuable insights for optimizing the design and performance of these systems in real-world scenarios.

INDEX TERMS Beta prime distribution, composite fading channels, equal-gain combing receivers, Fisher-
Snedecor F distribution, sum of the ratio of Nakagami-m random variables.

I. INTRODUCTION
Fading comprises the random variations that a wireless signal
experiences and is conventionally classified into two types:

The associate editor coordinating the review of this manuscript and

approving it for publication was Xueqin Jiang .

(i) multipath and (ii) shadowing [1]. Multipath fading occurs
due to signal propagation along multiple paths between
the transmitter and receiver. Each path follows a different
trajectory to the destination, which is determined by the
reflections, diffractions, and scattering of the signal along
the route [2]. Shadowing fading, on the other hand, models
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the signal variations over large distances where significant
obstacles like hills or large buildings obstruct the primary
signal path between the transmitter and the receiver.

Classical statistical models such as Rayleigh, Rice,
Weibull, and Nakagami-m [3] are commonly used to
model multipath fading, while the Log-Normal distribution
is considered the most accurate model for characterizing
shadowing [4].

Both fading types are usually studied separately. However,
in a real scenario, the assumption that the propagated signal
solely suffer one kind of fading is not always true. In fact,
field measurements have demonstrated that urban/suburban
propagation scenarios are better described by models which
consider both, multipath fading and shadowing [5], [6]. Those
models are known in the literature as composite fading
models.

Different statistical models have been proposed as alter-
natives to characterize the composite fading channel, such
as the Nakagami-m/lognormal [7], Rayleigh/lognormal [1],
Rice/lognormal [8], Fisher-SnedecorF [9], α-µ/gamma [10],
κ-µ/gamma and η-µ/gamma [11]. Typically, such fading
models are distinguished by being derived from the ratio
of two random variables (RVs), the first RV (numerator)
representing the multipath fading and the second RV (denom-
inator) denoting the shadowing fading (please, cf. [12], [13],
[14], [15], [16], [17], [18], [19], [20]).
Among these distributions, the Fisher-Snedecor F dis-

tribution has recently been suggested as an alternative for
describing both shadowing and multipath fading, showing an
excellent fit to real wireless data [9]. The Fisher-Snedecor
F distribution is formed by the ratio of two independent
Nakagami-m random variables (RVs)—the Nakagami-m
RV in the numerator models multipath fading1 while the
Nakagami-mRV in the denominator characterizes shadowing
fading.

Aiming at enhancing system performance, various wire-
less communication systems make use of spatial diver-
sity techniques, such as equal-gain combining (EGC)
and maximal-ration combining (MRC). MRC offers the
best performance. However, its practical implementation
poses significant challenges, mainly because it requires
both a phase compensation stage and knowledge of the
instantaneous fading amplitude at each receiver’s branch.
On the other hand, EGC does not require knowledge of
the instantaneous fading amplitude; it only requires a phase
compensation stage at each receiver’s branch. As a result,
its implementation is significantly simpler compared to that
of MRC. More importantly, as the number of branches
increases, the performance of EGC receivers approaches that
of MRC receivers [4].

1The Nakagami-m distribution has been proved to efficiently mimic mul-
tipath fading in several wireless applications. Additionally, it encompasses
the Rayleigh distribution as a special case, commonly employed for non-
line-of-sight scenarios, and can closely approximate the Hoyt and Rice
distributions [21], [22].

Within the context of small-scale fading (i.e., multipath)
and owing to the simpler implementation and relatively
good performance of EGC receivers, several works have
examined their performance subject to multipath fading
channels like Rayleigh [23], [24], [25], Rice [26], [27], [28],
Weibull [29], κ-µ [30], and α-µ [31], [32], [33]. Meanwhile,
within the context of composite fading (i.e., multipath and
shadowing), other works have concentrated effort to assess
the performance of MRC diversity receivers over composite
fading channels, such as the Fisher-Snedecor [34], [35]
and the Generalized Fisher (GF) [36] fading channels.
Specifically, in [34], the performance metrics of MRC
receivers, such as the outage probability and the average
bit error rate, were derived in terms of the Lauricella
multivariate hypergeometric function. In [35], the authors
utilized the multivariate Fox’s H -function to introduce
an alternative expression for the OP, effective capacity,
and channel capacities. Similarly, in [36], the ergodic
and outage capacities expressions were evaluated using
the multivariate Fox’s H -function. However, despite many
efforts, there are no works addressing the performance of
EGC diversity receivers over composite fading channels.
The scarcity of studies in the technical literature can be
attributed to the complex mathematics associated with the
sum of composite fading envelopes. This has motivated
the analytical development pursued in this work. More
precisely, in this work, we analyze, in an exact (using
a Laplace- and residue-based approach) and approximate
manner, the performance of EGC receivers operating over
Fisher-SnedecorF fading channels. To the best of our knowl-
edge, no studies have been carried out for the investigated
scenario.

The main contributions of this paper can be summarized as
follows:

• Exact expressions for the PDF and the CDF of the sum
of the ratio of independent Nakagami-m RVs. It is worth
emphasizing that the obtained sums statistics serve as
valuable analytical tools for wireless engineers, as they
can be utilized in various other wireless scenarios,
such as multiple scattering communications, multihop
relaying systems [37], and cascade fading channels [38].

• Closed-form approximations for the PDF and the CDF
of the sum of the ratio of Nakagami-m RVs, given in
terms of the Beta Prime statistics.

• A performance assessment of EGC diversity receivers
subject to Fisher-Snedecor F fading channels. Specif-
ically, we derived the essential performance metrics,
namely, outage probability (OP) and average bit-error
rate (ABER). More interesting, asymptotic expressions
for both performance metrics are also introduced in this
work.

Notations: In the following, E [·] denotes expectation;
Pr [·], probability; N, the set of natural numbers; 1

2Z+, the set
of positive integer and positive half-integer numbers; R+, the
set of positive real numbers; C, the set of complex numbers;
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The remaining sections of this paper are organized as
follows. In Section II, we introduce the problem formulation.
Following that, in Section III, we provide an exploration
of the statistical properties of the distribution of the sum
of ratios of Nakagami-m random variables. In Section IV,
we outline the calculations necessary to derive the expression
that characterizes the composite multipath/shadowing model.
Then, Section V presents the results and their respective
analyses. Finally, in Section VI, we provide concluding
remarks.

II. PROBLEM FORMULATION
Let us define {Xn}Mn=1 and {Zn}Mn=1 as sets of independent and
identically distributed (i.i.d.) Nakagami-m RVs with PDFs
given by

fXn (xn) =
2mm1

1

0(m1)�
m1
1
x2m1−1
n exp

(
−
m1x2n
�1

)
(1)

fZn (zn) =
2mm2

2

0(m2)�
m2
2
z2m2−1
n exp

(
−
m2z2n
�2

)
, (2)

where mr and �r (r ∈ {1, 2}) represent the shape and
spread parameters, respectively, and 0(·) denotes the Gamma
function [39].
Additionally, let us define Y as the sum of the ratio of the

above defined Nakagami-m RVs, i.e.,

Y ≜
M∑
n=1

Xn
Zn

. (3)

Since Xn and Zn are independent RVs, we can equivalently
define Y as

Y ≜

√
�1

�2

M∑
n=1

Hn =

√
�1

�2

M∑
n=1

X ′
n

Z ′
n
, (4)

where Hn is the ratio of two independent and normalized
(i.e., unit power) Nakagami-m RVs X ′

n and Z
′
n, each with PDF

given respectively by

fX ′
n
(xn) =

2mm1
1

0(m1)
x2m1−1
n exp

(
−m1x2n

)
(5)

fZ ′
n
(zn) =

2mm2
2

0(m2)
z2m2−1
n exp

(
−m2z2n

)
. (6)

To the best of our knowledge, there are no closed-form
solutions for the exact sum statistics (namely PDF and
CDF) of Y . So far, the only method to evaluate the sum
statistics in (3) (or, equivalently, in (4)) is through the multi-
fold Brennan’s integral [40]. Of course, this approach is
computationally expensive and prone to convergence and
stability problems. In the next section, we address this crucial
problem by deriving exact and closed-form approximations
for the PDF and the CDF of the sum in (3).

III. SUM STATISTICS
In this section, we furnish exact series representations and
closed-form approximations for the sum statistics of Y . To do

so, we employ a Laplace- and residue-based approach, as well
as the moment-matching method.

A. EXACT SUM STATISTICS
Proposition: The PDF of the sum in (3) can be expressed as
a piece-wise function as

fY (y) =


fD1 (y), 0 < y ≤

(
m2

m1

) 1
2

fD2 (y), y >

(
m2

m1

) 1
2

,

(7)

where fD1 (y) is defined as

fD1 (y) =

√
�2

�1

 2
(
m1
m2

)m1

0(m1)0(m2)


M

×

∞∑
i=0

δi

(
y
√

�2
�1

)−1+2(i+m1M )

0(2(i+M m1))
, (8)

where δi is given by

δ0 = (0(m1 + m2)0(2m1))M δi =
1

i0(m1 + m2)0(2m1)
(9a)

×

i∑
l=1

(−1)lδi−l
l!

(−i+ l + l M )0(2(l + m1))

× 0(l + m1 + m2)
(
m1

m2

)l
, i ≥ 1. (9b)

Meanwhile, fD2 (y) is defined as

fD2 (y)=

√
�2

�1

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)(
2
(
m2

m1

)m2
)k

×

∞∑
i=0

∞∑
j=0

λk,i3k,j

(
y
√

�2
�1

)−2(i+k m2)−j−1

0(−2(i+ k m2) − j)
, (10)

where λk,i is given by

λk,0 = (0(m1 + m2)0(−2m2))k (11a)

λk,i =
1

i0(m1 + m2)0(−2m2)

×

i∑
l=1

(−1)lλk,i−l
l!

(−i+ l + l k)0(−2(l + m2))

× 0(l + m1 + m2)
(
m2

m1

)l
, i ≥ 1,

(11b)
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provided m2 /∈ 1
2Z+, and 3k,j is given by

3k,0 = (0(m1)0(m2))M−k (12a)

3k,j =
1

j0(m1)0(m2)

j∑
l=1

(−1)l3k,j−l

l!
(−j+ l + l (M − k))

× 0

(
m1 +

l
2

)
0

(
m2 −

l
2

)(
m2

m1

) l
2

, j ≥ 1.

(12b)

Proof: The proof is given in the Appendix A.
Corollary: The CDF of the sum in (3) can be expressed as

a piece-wise function as

FY (y) =


FD1 (y), 0 < y ≤

(
m2

m1

) 1
2

FD1

(√
m2

m1

)
+ FD2 (y), y >

(
m2

m1

) 1
2

,

(13)

where FD1 (y) is defined as

FD1 (y) =

 2
(
m1
m2

)m1

0(m1)0(m2)


M

∞∑
i=0

δi

(
y
√

�2
�1

)2(i+m1M )

0(2 (i+M m1) + 1)
,

(14)

where δi is given in (9). On the other hand, FD2 (y) is given by

FD2 (y) =

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
i

)(
2
(
m2

m1

)m2
)k

×

∞∑
i=0

λk,i

∞∑
j=0

3k,j

(
�2

�1

)−(i+k m2)−
j
2

×

(
y−2(i+k m2)−j −

(
m2
m1

)−(i+k m2)−
j
2

)
0(−2(i+ k m2) − j+ 1)

, (15)

provided m2 ∈
1
2Z+, where λk,i and 3k,j are given in (11)

and (12), respectively.

Proof: The CDF of the sum in (3) can readily obtained

by integrating (7) from zero to y, i.e., (FY (y) =
∫ y
0 fY (u)du).

This completes the proof.
Given that the results obtained in (8) and (10) are expressed

in terms of infinite series, truncation was necessary. Thus,
we define the truncation errors for the PDF, as

ϵf (y, τ ) ≜ fY (y) − f̃Y (y), (16)

where f̃Y (y) represents the function truncated to the τ -th term.

Therefore, for 0 < y ≤

(
m2
m1

) 1
2
, we have

ϵfD1
(y, τ ) =

√
�2

�1

 2
(
m1
m2

)m1

0(m1)0(m2)


M

×

∞∑
i=τ

δi

(
y
√

�2
�1

)−1+2(i+Mm1)

0(2(i+Mm1))
, (17)

and for y >
(
m2
m1

) 1
2

ϵfD2
(y, τ ) =

√
�2

�1

(
1

0(m1)0(m2)

)M
×

M∑
k=0

(
M
k

)(
2
(
m2

m1

)m2
)k

×

∞∑
i=τ

∞∑
j=τ

λk,i 3k,j

(
y
√

�2
�1

)−1−j−2(i+km2)

0(−j− 2(i+ km2))
.

(18)

In Section V, we illustrate how the truncation errors rapidly
decrease as the number of terms in the series, τ , increases,
showing truncation errors on the order of 10−10 for τ ≥

40 and different parameter settings.

B. APPROXIMATE SUM STATISTICS
Let R be a RV following a Beta Prime distribution [41] with
PDF and CDF given respectively by

fR(r) =
r−1+a(1 + r)−a−b

B(a, b)
, (19)

FR(r) = I r
r+1

(a, b), (20)

where a, b are the shape parameters, B (·, ·) denotes the
Beta function [42, eq. (6.2.1)] and I(·) (·, ·) symbolizes the
incomplete Beta function [42, eq. (26.5.1)].
The raw moments of R have simple closed-form expres-

sions, given by

E[Rt ] =

t∏
k=1

a+ k − 1
b− k

, (21)

where t ∈ N and t < b.
Using the moment matching approach, we derive an

approximate expression for the sum of independent Fisher-
Snedecor F variates based on the Beta Prime distribution.
The choice of the Beta Prime distribution is due to the
direct and close relationship with the Fisher-Snedecor F
distribution. Moreover, as the Beta Prime distribution is
a two-parameter PDF and its first two raw moments are
given in a relatively simple and tractable form (i.e., without
gamma or exponential functions), we only need to solve two
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non-transcendental equations to find the appropriate Beta
Prime PDF parameters, as will be shown shortly.

The parameters a and b of the Beta Prime distribution
in (19) are determined by matching the first and second raw
moments, i.e., E[R] = E[Y ] and E[R2] = E[Y 2].
Solving the resulting two equations for a and b, we obtain

a =
E[Y ](E[Y ] + E[Y 2])

E[Y 2] − E[Y ]2
(22)

b = 2 +
E[Y ](E[Y ] + 1)
E[Y 2] − E[Y ]2

. (23)

The first moment of Y required in (22), can be obtained as

E[Y ] = E

[√
�1

�2

M∑
n=1

Hn

]

(a)
= M

√
�1

�2
E[Hn]

(b)
= M

√
m2�1

m1�2

E
[
X ′
n
]

E
[
Z ′
n
]

= M

√
m2�1

m1�2

0( 12 + m1)0(− 1
2 + m2)

0(m1)0(m2)
, (24)

where in step (a), we used the independence ofHn, and in step
(b), we used the independence between Xn and Zn.
Meanwhile, the second moment of Y required in (22) can

be calculated as

E[Y 2] = E

(√�1

�2

M∑
n=1

Hn

)2
=

�1

�2
E

( M∑
n=1

X ′
n

Z ′
n

)2
(a)
=

�1

�2

 M∑
n=1

E

[(
X ′
n

Z ′
n

)2
]

+ 2
M∑
j=1

j−1∑
i=1

E

[
X ′
iX

′
j

Z ′
iZ

′
j

] ,

(25)

where in step (a), we used the binomial expansion.
Finally, utilizing the independence between Xn and Zn

along with some algebraic simplifications, (25) reduces to

E[Y 2] =
�1

�2

(
m2

m1
M (M − 1)

(
0( 12 + m1)0(m2 −

1
2 )

0(m1)0(m2)

)2

+M
m2

m1

0(1 + m1)0(−1 + m2)
0(m1)0(m2)

)
. (26)

Using (24) and (26) alongwithminor simplifications, a and
b ultimately reduce to (27) and (28), as shown at the bottom
of the next page, respectively, as displayed at the top the next
page.

IV. PERFORMANCE ANALYSIS
In this section, we evaluate the performance of EGC receivers
subject to Fisher-Snedecor F fading channels by deriving
exact and approximate formulas for the OP and ABER.

A. SIGNAL-TO-NOISE RATIO
The instantaneous signal-to-noise ratio (SNR) of an
M -branch EGC diversity receiver is given by [1]

γ =
ρ

M

(√
�1

�2

M∑
n=1

Hn

)2

=
ρ

M
Y 2, (29)

where ρ =
Es
N0

is the average SNR per symbol, with Es
being the transmitted energy symbol and N0 the power of the
additive white Gaussian noise.

Using (7) in (29) and applying the variable transformation,
we have that the PDF of the γ for the exact sum can be
expressed as piecewise functions as

fγ (γ ) =


fγD1

(γ ), 0 < γ ≤

(
m2 ρ

m1M

)
fγD2

(γ ), γ >

(
m2 ρ

m1M

)
,

(30)

fγD1
(γ )=

1
2γ

2
(
m1�2γM
m2�1ρ

)m1

0(m1)0(m2)


M

∞∑
i=0

δi

(
�2γM
�1ρ

)i
0(2(i+M m1))

,

(31)

fγD2
(γ )=

1
2

√
�2M
�1γρ

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)
2k
(
m2

m1

)m2k

×

∞∑
i=0

λk,i

∞∑
j=0

3k,j

(√
�2γM
�1ρ

)−2(i+k m2)−j−1

0(−2(i+ k m2) − j)
.

(32)

From (30), the exact CDF of γ can be found as

Fγ (γ ) =


FγD1

(γ ), 0 < γ ≤

(
m2 ρ

m1M

)
FγD2

(γ ), γ >

(
m2 ρ

m1M

)
,

(33)

where

FγD1
(γ ) =

∫ γ

0
fγD1

(u)du,

=

2
(

γMm1�2
m2ρ�1

)m1

0(m1)0(m2)


M

∞∑
i=0

δi

(
γM�2
ρ�1

)i
0(2i+ 2Mm1 + 1)

,

(34)

and

FγD2
(γ ) =

∫ γ(
m2 ρ

m1 M

) fγD2
(u)du+ FγD1

(
m2 ρ

m1M

)
,

=

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)
2k
(
m2

m1

)m2k

×

∞∑
i=0

λk,i

∞∑
j=0

3k,j

(√
�2

�1

)−2(i+k m2)−j
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×

((√
γM
ρ

)−2(i+k m2)−j
−

(√
m2
m1

)−2(i+k m2)−j
)

0(1 − 2(i+ k m2) − j)
.

(35)

Similar to the exact sum case, we utilize (19) in (29) to
derive PDF of γ for the approximate sum, yielding

f̂γ (γ ) =

(
M
ρ

) a
2
γ −1+ a

2 (1 +

√
Mγ
ρ
)−a−b

2 B(a, b)
. (36)

From (36), the approximate CDF of γ can be obtained as

F̂γ (γ ) =

∫ γ

0
f̂γ (u)du

=

γ a/20(a)
(
M
ρ

)a/2
2F̃1

(
a, a+ b; a+ 1; −

√
Mγ
ρ

)
B(a, b)

,

(37)

where 2F̃1 (., .; .; .) is the regularized hypergeometric func-
tion [43], a and b are given in (27) and (28), respectively.

B. OUTAGE PROBABILITY
The OP is a statistical measure that quantifies the probability
that a communication system will not be able to achieve a
certain performance. In other words, the OP is the probability
that the received signal is below a pre-defined threshold, ζ ,
namely [44, eq. (43)]

Pout ≜ Pr [γ ≤ ζ ] = Fγ (ζ ). (38)

From (33), the exact OP can be obtained as

Pout = Fγ (ζ ). (39)

More interestingly, the asymptotic OP can be derived by
taking the first of the sum in (34). This expression is of
paramount importance in analyzing communications systems
in high SNR. The asymptotic OP, in terms of code gain (Kout )
and diversity gain (Vout ), is given by

Pout ≃ (Kout ρ)−Vout , (40)

where Vout = M m1, and Kout is given by

Kout =
m2�1

Mζ m1�2

(
B (m1,m2) 0 (2M m1 + 1)

1
M

20 (2m1)

) 1
m1

.

(41)

Finally, from (37), the approximate OP can be computed
as

P̂out = F̂γ (ζ ). (42)

C. AVERAGE BIT ERROR RATE
The ABER represents the probability of an error occurring
when receiving a bit transmitted over a communication
channel. For our investigated scenario, the ABER is defined
as [44, eq. (31)]

Pe ≜
∫

∞

0
Q(
√
2 ξ γ ) fγ (γ ) dγ, (43)

in which Q(·) is the Gaussian Q-function [4, eq. (4.1)] and ξ

is a modulation parameter (e.g., ξ = 1 for binary phase shift
keying (BPSK) modulation).

Now, considering the limits of integration due to the
piece-wise function and with the aid of the complementary
error function erfc(·) [42, eq. (7.1.2)], (43) can be re-written
as

Pe =
1
2

(∫ m2 ρ

m1 M

0
erfc(

√
ξ γ ) fγD1

(γ ) dγ

+

∫
∞

m2 ρ

m1 M

erfc(
√

ξ γ ) fγD2
(γ ) dγ

)
. (44)

Substituting (31) and (32) in (44), the exact ABER can be
computed as follows

Pe = Pe1 + Pe2 (45)

where

Pe1 =

 2
(
m1�2
m2�1

)
m1

0 (m1) 0 (m2)

M
∞∑
i=0

δi

(
�2M
�1 ξ ρ

)i+Mm1

2
√

π0 (2 (i+Mm1) + 1)

×

(
√

π erfc

(√
m2ξρ

m1M

)(
m2ξρ

Mm1

)i+Mm1

−0

(
i+Mm1 +

1
2
,
m2ξρ

Mm1

)
+ 0

(
i+Mm1 +

1
2

))
,

(46)

and

Pe2 =
1
4

√
�2M
�1ρ

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)
2k
(
m2

m1

)m2k

a = M

√
m2�1

m1�2

(M−1)0
(
m1+

1
2

)
0
(
m2−

1
2

)
0(m1)0(m2)

+

(√
m1�2
m2�1

+
0(m1+1)0(m2−1)

0
(
m1+

1
2

)
0
(
m2−

1
2

)
)

0(m1)0(m1+1)0(m2)0(m2−1)

0
(
m1+

1
2

)2
0
(
m2−

1
2

)2 − 1
(27)

b =
1

0(m1+1)0(m2−1)

0
(
m1+

1
2

)2
0
(
m2−

1
2

)2 −
1

0(m1)0(m2)

[
M − 2

0(m1)0(m2)
+

√
m1

√
�2

√
m2

√
�10

(
m1 +

1
2

)
0
(
m2 −

1
2

) +
20(m1 + 1)0(m2 − 1)

0
(
m1 +

1
2

)2
0
(
m2 −

1
2

)2 ].
(28)
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×

∞∑
i=0

λk,i

∞∑
j=0

3k,j

(
m2�1
m1�2

)−i− j
2−km2

−

√
πM�2
ρ�1

0(1 − 2(i+ k m2) − j)

×

(
√

π erfc

(√
m2ξρ

m1M

)

−

√
m2ξρ

m1M
Ei+ j

2+km2+
1
2

(
m2ξρ

Mm1

))
, (47)

in which 0(· , ·) represents the incomplete gamma function
[42, eq. (6.5.3)] and En(·) is the exponential integral function
[42, eq. (5.1.4)].

Similar to the OP analysis, but now by taking the first term
of the series in (46) and by letting ρ → ∞ in erfc

(√
m2ξρ
m1M

)
and in 0

(
i+Mm1 +

1
2 ,

m2ξρ
Mm1

)
, the asymptotic ABER in

terms of code gain (Ke) and diversity gain (Ve)is given by

Pe ≃ (Ke ρ)−Ve , (48)

where Ve = M m1, and Ke is given by

Ke =
ξ m1 �2

M m2 �1


B (m1,m2)

(
2
√

π0(2Mm1+1)

0
(
Mm1+

1
2

)
) 1

M

20 (2m1)



1
m1

.

(49)

The approximate ABER can be obtained by replacing (36)
in (43), i.e.,

P̂e =
1
2

∫
∞

0
erfc(

√
ξ γ ) f̂γ (γ ) dγ. (50)

Solving the integral in (50), the approximate ABER is
given in closed form as

P̂e =

(
M
ρ

) 1
2 (−b−1)

2
√

πb(b+ 1)0(a+ b)B(a, b)

×


(−2b2 − 2b)

(
Mξ

1
b

ρ

) b
2

A(a, b, ρ,M , ξ )

0(a+ 1)−10(b− 1)−1

+ b(a+ b)ξ
b+1
2 0

(
−
b
2

)
0(a+ b)B(a, b, ρ,M , ξ )

+ (b+ 1)

√
M
ρ

(
√

πb0(a)0(b)
(
M
ρ

)b/2
−ξb/20

(
1
2

−
b
2

)
0(a+ b) C(a, b, ρ,M , ξ )

))
(51)

where

A(a, b, ρ,M , ξ ) = 3F3

(
1
2
,
a
2

+
1
2
,
a
2

+ 1;

FIGURE 1. PDF of the analytical, approximated and simulated result with
M = 3M = 3M = 3, �1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}, m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}

and m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}.

FIGURE 2. CDF of the analytical, approximated and simulated result with
M = 3M = 3M = 3, �1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}, m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}

and m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}.

3
2
, 1 −

b
2
,
3
2

−
b
2
; −

ξρ

M

)
(52)

B(a, b, ρ,M , ξ ) = 3F3

(
b+ 1
2

,
a+ b+ 1

2
,
a+ b+ 2

2
;

3
2
,
b+ 2
2

,
b+ 3
2

; −
ξρ

M

)
(53)

C(a, b, ρ,M , ξ ) = 3F3

(
a+ b
2

,
a+ b+ 1

2
,
b
2
;

1
2
,
b+ 1
2

,
b+ 2
2

; −
ξρ

M

)
(54)

in which pFq(·) is the the HypergeometricPFQ function given
in [45]. In the upcoming section, the expressions in (46)
and (47) were computed using numerical integration due to
their high computational cost.

V. RESULTS AND DISCUSSIONS
In this section, we validate our derived expressions through
Monte Carlo simulations.2 Additionally, we conduct a
performance evaluation of EGC diversity receivers.

Figure 1 shows the analytical, approximate, and simulated
PDFs of Y considering �1 and �2 equal to 1 and varying

2The number of realizations for Monte-Carlo simulations was set to 107.
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FIGURE 3. Truncation Error versus τττ for y = 1y = 1y = 1 with �1 = 1.0�1 = 1.0�1 = 1.0, �2 = 1.0�2 = 1.0�2 = 1.0,
m1 = 2.0m1 = 2.0m1 = 2.0, m2 = 2.7m2 = 2.7m2 = 2.7, and variation in MMM.

FIGURE 4. Truncation Error versus τττ for y = 1y = 1y = 1 with M = 3M = 3M = 3,
�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}, m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0} and
m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}.

FIGURE 5. Truncation Error versus τττ for y = 25y = 25y = 25 with �1 = 1.0�1 = 1.0�1 = 1.0, �2 = 1.0�2 = 1.0�2 = 1.0,
m1 = 2.0m1 = 2.0m1 = 2.0, m2 = 2.7m2 = 2.7m2 = 2.7, and variation in MMM.

values of m1 and m2. The analytical PDF curves show
a perfect fit with the simulated data. On the other hand,
regarding the approximate PDF, the figure shows that as
m1 and m2 decrease the distance between the exact and the
approximate values increase, i.e., the approximation does
not fit the true values. More interestingly, it is possible to
observe that the miss-matching between the approximate
and true values is focused on the tails of the distribu-
tion. This result suggests that the Beta prime distribution
follows the true distribution shape but has its limitations

FIGURE 6. Truncation Error versus τττ for y = 25y = 25y = 25 with M = 3M = 3M = 3,
�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}�1 = �2 = {1.0, 1.0, 1.0, 1.0, 1.0}, m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0}m1 = {1.0, 1.5, 2.0, 2.5, 3.0} and
m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}m2 = {1.7, 2.2, 2.7, 3.2, 3.7}.

FIGURE 7. OP versus ρρρ for analytical, approximated and simulated result
with �1 = 1.0�1 = 1.0�1 = 1.0, �2 = 1.0�2 = 1.0�2 = 1.0, m1 = 3.0m1 = 3.0m1 = 3.0, m2 = 2.2m2 = 2.2m2 = 2.2, and variation in MMM.

FIGURE 8. ABER versus ρρρ for analytical, approximated and simulated
result with �1 = 1.0�1 = 1.0�1 = 1.0, �2 = 1.0�2 = 1.0�2 = 1.0, m1 = 2.0m1 = 2.0m1 = 2.0, m2 = 2.7m2 = 2.7m2 = 2.7, and variation in MMM.

in approximating the tail distribution values. This occurs
because higher-order moments are crucial for accurately
characterizing tail distributions with the moment-matching
method, and using only the first and second moments (for
analytical convenience) can lead to minor inaccuracies at the
extreme values of the distribution. Figure 2 illustrates the
results of the CDF analysis of Y. Similar to the PDF analysis,
the exact and simulated results show a total agreement
while the approximation curves show a slight difference with
respect to the exact curves as m1 and m2 decreases.
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Analyzing Figs. 3–6, it can be noticed that for any
parameter setting, the truncation errors for the PDF and the
CDF decrease as the number of terms in their series, τ ,
grows. Moreover, from 3 and 4, it becomes apparent that the
truncation error decreases as the value ofM increases and the
parameters m1 and m2 decrease. Similarly, upon examining
Figs. 5 and 6, we can infer that the truncation error decreases
as the value of M decreases and the parameters m1 and
m2 increase.

Figure 7 displays the OP in terms of ρ for various values
of M , the EGC diversity order. The figure indicates that
for larger values of M , the system performance improves as
expected. The analytical, approximate, and simulated results
depicted show excellent consistency among them.

Figure 8 represents the ABER for various values of M ,
the EGC diversity order. As M increases, better ABER
values are achieved. Using the approximation based on the
Beta-Prime distribution (51), as the value of ρ increases,
the results start to diverge; nevertheless, we still achieve
good performance. Moreover, our asymptotic formulations
(red curves in Figures 7 and 8) provide excellent fits as ρ

increases.

VI. CONCLUSION
This paper aimed to assess the performance of EGC receivers
over Fisher-SnedecorF fading channels. To do so, we derived
exact and closed-form approximations for the sum statistics
of the ratio of Nakagami-mRVs. All our derived formulations
were thoroughly validated through numerical and Monte
Carlo simulations.

The obtained sum statistics serve as valuable analytical
tools for wireless engineers, as they can be applied in other
wireless scenarios (e.g., multiple scattering communications,
multihop relaying systems, and cascade fading channels),
thereby enriching the overall body of knowledge.

APPENDIX A
PROOF EXACT SUM PDF
For motivation purposes, let us introduce the auxiliary RV:

H ≜
M∑
n=1

Hn. (55)

The PDF of Hn has a closed-form expression and is given
by [46, eq. (3.2)]

fHn (hn) =
2 (m1)

m1 (m2)
m2 h−1+2m1

n

B(m1,m2)

(
m2 + m1h2n

)−m1−m2
.

(56)
After some algebraic manipulations, we can express (56)

as

fHn (hn) =

2
(
m1
m2

)m1
h−1+2m1
n

0(m1)0(m2)

× G1,1
1,1

[
m1h2n
m2

∣∣∣∣ 1 − m1 − m2
0

]
, (57)

where Gd,b
a,c [·] is the Meijer G-function [47].

Now, with the aid of [48, eq. (07.34.02.0001.01)] along
with some algebraic manipulations, we can rewrite (57) as

fHn (hn) =

2
(
m1
m2

)m1
h−1+2m1
n

0(m1)0(m2)
1

2πi

×

∮
Ls

0(m1 + m2 − s1)0(s1)
(
m1h2n
m2

)−s1

ds1,

(58)

where s1 ∈ C is a complex variable of integration, i =
√

−1
is the imaginary unit, and Ls is a complex contour spanning
counterclockwise all poles of 0(s1).
Now, we proceed to compute the Laplace transform of the

PDF of Hn, i.e.,

L{fHn}(s) =

∫
∞

0
exp (−s hn) fHn (hn) dhn, (59)

in which s ∈ C.
Substituting (58) into (59), interchanging the order of

integration, and then evaluating the real inner integral with
the assistance of [48, eq. (06.05.02.0001.01)], we obtain

L{fHn}(s) =

2
(
m1
m2

)m1
s−2m1

0(m1)0(m2)
1

2πi

∮
Ls†

0(m1 + m2 − s1)

× 0(s1)0(2m1 − 2s1)s2s1
(
m1

m2

)−s1
ds1, (60)

whereLs† is a new complex contour that appears after solving
the real inner integral. To avoid replicated poles, we choose
Ls† to be a straight line parallel to the imaginary axis, starting
at −∞i + ϱ and ending at +∞i + ϱ with ϱ ∈ R+ such that
it separates the poles of 0(m1 + m2 − s1) and 0(2m1 − 2s1)
from those of 0(s1).

Once Ls† is defined, we can now evaluate the complex
integral in (60) via residues [49]. More specifically, as Ls† is
a straight vertical line that splits the complex plane into two
regions, one region containing the poles of 0(s1), denoted as
D1, and the other region containing the poles of 0(m1+m2−

s1) and 0(2m1 − 2s1), denoted as D2. Therefore, we must
evaluate the complex integral in (60) by considering both
regions. Certainly, the solution obtained after evaluating each
region will possess its radius of convergence (ROC), as will
be seen shortly.

1) D1 REGION
The poles contained in D1 are located at s1 = −i for i =

0, 1, 2, . . .. Then, after applying the residue operation to (60)
evaluated at these positions, we obtain the following solution:

L{fHn,D1}(s) =

2s−2m1
(
m1
m2

)m1

0(m1)0(m2)

( ∞∑
i=0

1
i!

0(i+ m1 + m2)

× 0(2i+ 2m1)
(
m1

m2

)i
s−2i

)
. (61)
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The Laplace transform of the PDF of H , considering D1,
is given by

L{fH ,D1}(s) =
(
L{fHn,D1}(s)

)M
. (62)

Replacing (61) into (62), we have

L{fH ,D1}(s)=

2s−2m1
(
m1
m2

)m1

0(m1)0(m2)


M ( ∞∑

i=0

1
i!

0(i+ m1 + m2)

× 0(2i+ 2m1)s−2i
(
m1

m2

)i )M
. (63)

Following non-trivial algebraic manipulations with the
assistance of [39, eq. (0.314)], we get

L{fH ,D1}(s) =

2s−2m1
(
m1
m2

)m1

0(m1)0(m2)


M

∞∑
i=0

δi s−2i, (64)

where δi is given in (9).
Now, we proceed to invert the (64) via

fH ,D1 (h) =

(
1

2πi

)∮
LB

exp (sh)L{fH ,D1}(s) ds. (65)

Plugging (64) into (65), and after a term-by-term inversion,
we get

fH ,D1 (h) =

 2
(
m1
m2

)m1

0(m1)0(m2)


M

∞∑
i=0

δi h2(i+m1M )−1

0(2(i+M m1))
, (66)

Using (66) and after a conventional transformation of
variables (i.e., Y =

√
�1/�2H ), the PDF of Y , considering

D1, can be finally obtained as in (8), where its ROC lies

within the strip 0 < y ≤

(
m2
m1

) 1
2
.

2) D2 REGION
The poles contained inD2 are located at s1 = i+m1+m2 and
s1 =

j
2 + m1 for i, j = 0, 1, 2, . . .. Accordingly, by applying

the residue operation to (60) evaluated at these positions,
we obtain the following solution:

L{fHn,D2
}(s)

=
1

0(m1)0(m2)

(
2

∞∑
i=0

(−1)i

i!

× 0(i+ m1 + m2)0(−2i− 2m2)s2(i+m2)
(
m1

m2

)−(i+m2)

+

∞∑
j=0

(−1)j

j!
0(m2 −

j
2
)0(m1 +

j
2
)sj
(
m1

m2

)−
j
2
)

. (67)

Recalling that Hn is formed by the ratio of i.i.d. RVs, then
the Laplace transform of the PDF of H , considering D2,
is given by

L{fH ,D2}(s) =
(
L{fHn,D2}(s)

)M
. (68)

Substituting (67) into (68), we get

L{fH ,D2}(s)

=

(
1

0(m1)0(m2)

)M (
2

∞∑
i=0

(−1)i

i!

× 0(i+ m1 + m2)0(−2i− 2m2)
(
m1

m2

)−(i+m2)

s2(i+m2)

+

∞∑
j=0

(−1)j

j!
0(m2 −

j
2
)0(m1 +

j
2
)sj
(
m1

m2

)−
j
2
)M

. (69)

Applying the binomial theorem in (69), we obtain

L{fH ,D2}(s)

=

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)

×

(
2

∞∑
i=0

(−1)i

i!
0(i+ m1 + m2)

× 0(−2i− 2m2)
(
m1

m2

)−(i+m2)

s2(i+m2)
)k

×

( ∞∑
j=0

(−1)j

j!
0(m2 −

j
2
)0(m1 +

j
2
)
(
m1

m2

)−
j
2

sj
)M−k

.

(70)

After lengthy algebraic and series manipulations with the
aid of [39, eq. (0.314)], we rewrite (70) as

L{fH ,D2}(s) =

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)

×

(
2
(
m2

m1

)m2
)k

s2m2k
∞∑
i=0

λk,i s2i
∞∑
j=0

3k,j sj,

(71)

where λk,i and 3k,i are given in (11) and (12), respectively.
Now, we apply the inverse Laplace transform to (71), i.e.,

fH ,D2 (h) =

(
1

2πi

)∮
LB

exp (sh)L{fH ,D2}(s) ds, (72)

where LB denotes the Bromwich contour.
Replacing (71) into (72), and after a term-by-term

inversion, we obtain

fH ,D2 (h) =

(
1

0(m1)0(m2)

)M M∑
k=0

(
M
k

)(
2
(
m2

m1

)m2
)k

×

∞∑
i=0

λk,i

∞∑
j=0

3k,j h−2(i+k m2)−j−1

0(−2(i+ k m2) − j)
. (73)

From (73) and after a straightforward transformation of
variables (i.e., Y =

√
�1/�2H ), the PDF of Y , considering

D2, can be finally written as in (10), in which its ROC is given

by the interval y >
(
m2
m1

) 1
2
.
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