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ABSTRACT This paper systematically investigates the effect of multi-tooth numbers on electromagnetic
performances of conventional and consequent-pole (CP) vernier permanent magnet (PM) synchronous
machines (VPMSMs), including average torque, overload capability, PM utilization, loss, efficiency, and
power factor, etc. In particular, the influence of multi-tooth numbers on the unipolar end leakage flux of
CP VPMSMs is investigated for the first time. It confirms that CP rotor and multi-tooth stator structures
exhibit better field modulation effects compared with conventional north-south pole and non-multi-tooth
stator structures. It reveals that there exists an optimal multi-tooth number for torque output capability
and PM utilization, as well as unipolar end leakage flux. In particular, it shows that the multi-tooth stator
structure helps save PM volume significantly for CP VPMSMs and suppress unipolar end leakage flux. The
PM utilization rate of CP VPMSM with 5 multi-teeth is more than 50% higher than that with single-tooth
structure while the unipolar end leakage flux is reduced by around 60%. However, the overload capability and
power factor will be sacrificed. Finally, the prototypes with 2 and 3 multi-teeth numbers are manufactured
and tested to verify the FEA analyses.

INDEX TERMS Consequent pole, field modulation, multi-tooth, permanent magnet, PM utilization,
unipolar end leakage, vernier machine.

I. INTRODUCTION
Vernier permanentmagnet synchronousmachines (VPMSMs)
become more popular in low-speed and high-torque applica-
tions due to their high torque density, high PM utilization, and
relatively simple structure [1], [2], [3], [4]. Vernier machines
(VMs) can be divided into overlapping winding open-slot
stator VMs and non-overlapping concentrated winding multi-
tooth stator VMs in terms of stator and armature winding
configurations. According to rotor topologies, there are CP
and north-south pole (NSP) structures [5]. For multi-tooth
stator VMs, the stator tooth is split into several dummy slots
to produce multipole effect. Together with non-overlapping
fractional slot concentrated winding (FSCW), VMs with
multi-tooth stator structures have the advantages of short
axial endwinding, high torque/power density, high efficiency,
and enhanced flux weakening capability compared with their
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overlapping winding counterparts [6], [7], [8], [9], [10].
Furthermore, PM utilization and torque output capability can
be enhanced when combined with a CP rotor structure [4],
[11].

The torque characteristics of NSP surface-mounted PM
(SPM) VMs with different stator slots and multi-tooth num-
bers are investigated and the optimal multi-tooth number is
determined [12], [13], [14], [15], [16]. The coding shaped
tooth NSP VPMSM that can increase average torque and
reduce torque ripple compared with regular multi-tooth VMs
is proposed [17]. However, the optimal multi-tooth numbers
for CP VMs have not been investigated in [12], [13], [14],
[15], and [16].
The CP structure can reduce around 30-40% of PM vol-

ume in FSCW SPM synchronous machines, but the average
torque will be slightly reduced [4], [18]. However, the CP
structure helps to reduce PM volume and increase the average
torque simultaneously for interior PM (IPM) synchronous
machines [11], [19]. The field modulation effects between
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NSP and CP structures are compared, which shows that the
CP structure can generate higher modulated torque [20], [21].
The field modulation effect of different stator slot structures
on NSP and/or CP PM machines is investigated [22], [23],
[24], and the results show that the slot-opening ratio has a
great influence on the field modulation effect. Field modu-
lation effects and torque components of CP VPMSMs with
2multi-teeth are investigated in [25], [26], [27], [28], and [29]
which shows that the torque output capacity can be enhanced
compared with conventional NSP VMs and single-tooth sta-
tor VMs.

The CP rotor structure leads to unipolar end leakage flux
which will threaten the safety of the machine system. The
unipolar end leakage flux in CP PM machines is investigated
in [30], [31], [32], [33], [34], [35], [36], and [37], but few
papers focus on CPVPMSMs [33], [34], [35]. The stator with
4-multi-teeth is proposed to suppress the magnetic unbalance
caused by CP rotor structure [33]. Two conventional CP
structures with opposite polarities are combined to reduce
the unipolar end leakage in CP VPMSMs [34]. A simple
composite rotor structure is proposed in [35] to eliminate the
unipolar end leakage in CP VPMSMs.

However, the effect of different multi-tooth numbers on
the electromagnetic performance, as well as unipolar end
leakage flux, of CP VPMSMs has not been systematically
investigated so far and will be the subject of this paper.

The main contributions of this paper can be summarized
as follows: 1) The optimal multi-tooth number, in terms of
torque characteristics, PM utilization, and efficiency, etc.,
is determined. It reveals that the CP rotor combined with
multi-tooth stator structure has better field modulation effect
and helps to increase torque output capability and improve
PM utilization. However, the efficiency at higher speeds,
power factor, and overload capability will be sacrificed while
using the CP rotor and multi-tooth stator. 2) The electromag-
netic performances of NSP and CP VPMSMs with different
multi-tooth numbers are compared. The CP rotor has bet-
ter average torque output capability and PM utilization, but
higher cogging torque, poorer overload capability, and lower
power factor compared with the NSP rotor. 3) The influence
of critical design parameters of multi-tooth CP VPMSMs is
investigated. It is found that the field modulation effect and
torque output capability are very sensitive to the dimensions
of multi-tooth and PMs. 4) The effect of different multi-tooth
numbers on the unipolar end leakage flux is investigated for
the first time, which reveals that the multi-tooth structure
helps to suppress the unipolar end leakage flux, with around
60% reduction for CP VPMSM with 5 multi-teeth compared
with that with single-tooth.

This paper is organized as follows. Machine topologies
of 6-slot VPMSMs with different multi-tooth numbers and
rotor topologies (CP and NSP) are presented in Section II.
Then, in Section III, all machines are optimized for maximum
average torque with the same active lamination stack length
and fixed copper loss considering end-winding. The effect
of multi-tooth numbers on electromagnetic performances

of VPMSMs, including torque characteristics, PM utiliza-
tion, loss, efficiency, etc., are investigated in Section IV.
Section V analyses the influence of critical design parameters
on field modulation effect and torque output capability while
the unipolar end leakage flux of VPMSMs with different
multi-tooth numbers is investigated in Section VI. Prototypes
with different stator structures (2 and 3 multi-teeth numbers)
and rotor topologies (NSP and CP) are manufactured and
tested to verify the FEA analysis in Section VII and this paper
is concluded in Section VIII.

II. MACHINE TOPOLOGIES
Vernier machines with multi-tooth stators and FSCWs have
short end windings, which can achieve compact struc-
ture and higher torque density. The cross-sections of 6-
slot FSCW VPMSMs with different multi-tooth numbers
and rotor topologies (NSP and CP), i.e., 6-slot/1-tooth/8-
pole (6s/1t/8p), 6-slot/2 multi-teeth/20-pole (6s/2mt/20p),
6-slot/3 multi-teeth/32-pole (6s/3mt/32p), 6-slot/4 multi-
teeth/44-pole (6s/4mt/44p), and 6-slot/5 multi-teeth/56-pole
(6s/5mt/56p) FSCW VPMSMs, are illustrated in FIGURE 1.
It should be noted that the conventional stator without multi-
tooth structure, as shown in FIGURE 1 (a), is named 1-tooth
in this paper for convenience.

For VMs, the relationship between stator slot number (Zs),
armature winding pole pair number (Pa), and rotor pole pair
number (Pr ) should satisfy:

Zs = Pr ± Pa (1)

For VMs with nst -multi-teeth in stator big tooth (Zs), the
relationship should be

nstZ s = Pr ± Pa (2)

The analytical method is used to reveal field modulation
and magnetic gearing effects. Magnetic saturation, magnetic
leakage, end-effect, and fringing effect are neglected to sim-
plify the analysis.

The magnetomotive force (MMF) of rotating PMs can be
expressed as

FPM (θ, t) =

∞∑
i=1

APMi cos (ipr (θ − ωt)) (3)

where pr is the pole-pair number of rotor PMs, ω is the
electrical velocity, θ is the mechanical angle, and APMi is the
magnitude of ith order harmonic.

For the NSP rotor,

APMi =
4BrhPM
iµ0µrπ

sin
(
iπ
2

)
sin

(
iprθPM

2

)
(4)

For the CP rotor,

APMi =
4BrhPM
iµ0µrπ

sin
(
iprθPM

2

)
(5)

where Br , hPM ,µr , and θPM are the remanence, the thickness,
the relative permeability, and the pole arc of rotor PMs,
respectively.
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The air-gap permeance accounting for the stator slots can
be expressed as

3s (θ) = 3s0 +

∞∑
j=1

3sj cos (jZsθ + π) (6)

When slot pitches of multi-tooth are equal, Zs is replaced
by nstZs, which is the total stator multi-tooth numbers, i.e.,
12 and 18 in FIGUREs 1 (b) and (c). nst is the multi-tooth
number per stator-tooth.

The open-circuit air-gap flux density is

Bm (θ, t) = FPM (θ, t) 3s (θ)

= 3s0 ∗

∞∑
i=1

APMicos[ipr (θ − ωt)]

+
1
2

∞∑
i=1

∞∑
j=1

3sjAPMicos[(ipr ± jps) θ − iprωt]

(7)

The pole-pair number of armature winding should sat-
isfy pa = nstZs − pr for achieving high torque [27]. The
back-EMF induced by the rotor PM magnetic field is

eA (t) = −
d
dt

λPM (t)

= −
d
dt
[rδlef nc

∫ 2π
Zs

0
Bm (θ, t) dθ ] = ωrδlef nc

× {3s0

∞∑
i=1

APMi[cos(ipr
2π
Zs

− iprωt)−cos (iprωt)]

+
1
2

∞∑
i=1

∞∑
j=1

ipr
ipr ± jZs

3sjAPMi

× [cos ((ipr ± jZs) θ − iprωt) − cos(iprωt)]} (8)

where rδ is the air-gap radius, lef is the axial length of stator
lamination, and nc is the number of turns per coil.
To simplify the analysis, higher order harmonics are

neglected due to their low amplitudes. Only considering i =

1, j = 1 or nst , and ipr−jZs in ipr±jZs, the back-EMF can be
rewritten as

eA (t)

= ωrδlef nc[cos (pa
2π
Zs

+ prωt) − cos (prωt)]

× (3s0APM1 +
1
2

pr
pr − Ns

3s1APM1 −
1
2
pr
pa

3snstAPM1)

(9)

The back-EMF contains EMFs generated by unmodulated
and modulated field components. The first term is generated
by the unmodulated field. The second term is generated by the
field modulation effect of stator big tooth (Zs) while the third
term is generated by the fieldmodulation effect of multi-tooth
(nstZs).

FIGURE 1. Machine topologies of 6-slot FSCW VPMSMs with different
multi-tooth numbers and rotor topologies. (a) 6s/1t/8p. (b) 6s/2mt/20p.
(c) 6s/3mt/32p. (d) 6s/4mt/44p. (e) 6s/5mt/56p.
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When three-phase sinusoidal current and id = 0 control is
applied, the average electromagnetic torque is expressed as:

Tav =
3EAIA
2ω

=
3
2
IArδlef nc(3s0APM1 +

1
2

∞∑
j=1

pr
pr ± jZs

3sjAPM1)

(10)

The average electromagnetic torque can be simplified as:

Tav

=
3
2
IArδlef nc

× (3s0APM1 +
1
2

pr
pr − Zs

3s1APM1 −
1
2
pr
pa

3snstAPM1)

(11)

III. MACHINE OPTIMIZATION
The 6-slot VPMSMs with different multi-tooth numbers (one
to five) and rotor topologies (NSP and CP) are globally
optimized for maximum average torque under fixed 40 W
copper loss considering end winding. During the optimiza-
tion, fixed parameters are listed in Table 1, including stator
outer diameter (100 mm), active stack length (50 mm), air-
gap length (1 mm), shaft diameter (20 mm), and copper loss
considering end winding (40 W). Stator inner radius (rsi),
yoke thickness (hy), tooth width (wt ), slot opening height
(hs0), stator slot opening width (bs0), width of multi-tooth and
depth of dummy slot (wmt and hmt (wmt1 = wmt2)), and pole
arc to pole pitch ratio of rotor PM (prPM ) will be globally
optimized as shown in FIGURE 2. The prPM is defined as
θpm/θ1.

FIGURE 2. Illustration of variables of 6-slot VPMSMs during the
optimization. (a) NSP with 2mt. (b) CP with 3mt.

For NSP VPMSMs, the PM volume is fixed at 24.5 cm3

while two scenarios are considered for CP VPMSMs, i.e.,
fixed 24.5 cm3 PM volume and unfixed PM volume.

FIGURE 3. Optimized torques of 6-slot VPMSMs with different
multi-tooth numbers and rotor topologies.

TABLE 1. Fixed parameters of NSP and CP VPMSMs.

TABLE 2. Optimized variables of NSP VPMSMs.

TABLE 3. Optimized Variables of CP VPMSMs.

FIGURE 3 compares the optimized torques of NSP and
CP VPMSMs, where the optimized torque increases first
and then decreases with the increase of multi-tooth number.
When the PM volume for CP VPMSMs is fixed the same
as that of NSP VPMSMs, the average torques of CP with
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FIGURE 4. On-load magnetic field distributions of 6-slot VPMSMs with
different multi-tooth numbers and rotor topologies. (a) 6s/1t/8p.
(b) 6s/2mt/20p. (c) 6s/3mt/32p. (d) 6s/4mt/44p. (e) 6s/5mt/56p.

1-3 multi-tooth numbers are higher while the torques of CP
with 4 and 5 multi-tooth numbers are lower than that of NSP
counterparts. However, when PM volume is not fixed during
optimization, the optimized torques of CP VPMSMs with
different multi-tooth numbers will increase and always be
higher than those of the corresponding NSP counterpart with
any multi-tooth number. Moreover, the optimal PM volumes

TABLE 4. Comparison of PM volume, average torque, and PM utilization
among CP VPMSMs with different multi-tooth numbers.

of CP VPMSMs with different multi-tooth numbers are less
than 24.5 cm3. The optimized CP VPMSMs with less than
24.5 cm3 PM volume are chosen to be analyzed in this
paper. Optimal parameters are listed in Table 2 (NSP) and
Table 3 (CP). Meanwhile, optimal machine structures and
on-load magnetic field distributions under 40 W copper loss
are shown in FIGURE 4.

IV. COMPARISON OF ELECTROMAGNETIC
PERFORMANCES
A. OPEN-CIRCUIT
The electromagnetic performances of optimized NSP and CP
VPMSMs are compared in this section, including torque char-
acteristics, PM utilization, efficiency, power factor, overload
capability, etc.

Open-circuit radial air-gap flux densities, back-EMFs, and
their FFT spectra of optimized 6-slot NSP and CP VPMSMs
with different multi-tooth numbers are shown in FIGURE 5.
NSP structures have higher fundamental components of
open-circuit radial air-gap flux density but CP structures have
higher modulated field harmonics as shown in FIGURE 5 (c),
which means CP structures have better field modulation
effects and have potential to generate higher back-EMFs.
Fundamental components of open-circuit radial air-gap flux
density decrease with the increase of multi-tooth number
for both NSP and CP VPMSMs. However, due to the field
modulation effect, fundamental components of open-circuit
back-EMFs show different trends, increasing first and then
decreasing. For both NSP and CP VPMSMs, the fundamental
components of back EMF reach their maximum when the
multi-tooth number is four.

B. TORQUE CHARACTERISTICS
FIGUREs 6 and 7 show the torque characteristics of opti-
mized 6-slot NSP and CP VPMSMs with different multi-
tooth numbers. Average torques of CP VPMSMs with
different multi-tooth numbers show the same trend as that
of NSP VPMSMs, increasing first and then decreasing with
the increase of multi-tooth numbers. The optimal multi-tooth
numbers for maximum average torque under 40 W copper
loss and 50 mm lamination stack length are three for both
NSP and CP structures. The cogging torque and torque rip-
ple decrease with the increase of multi-tooth number. The
average torque of the CP structure is higher than that of the
NSP counterpart, but the torque ripple and cogging torque
are higher. The multi-tooth structure helps to reduce cogging
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FIGURE 5. Open-circuit radial air-gap flux densities and back-EMFs of
6-slot NSP and CP VPMSMs with different multi-tooth numbers.
(a) Air-gap flux densities of NSP. (b) Back-EMFs of NSP. (c) Air-gap flux
densities of CP. (d) Back-EMFs of CP. (e) FFT spectra of air-gap flux
density. (f) FFT spectra of back-EMF.

torque and torque ripple. Moreover, multi-tooth stator and CP
rotor structures have poor overload capabilities as shown in
FIGURE 7.

FIGURE 6. On-load torques and cogging torques of 6-slot NSP and CP
VPMSMs with different multi-tooth numbers. (a) On-load torques of NSP.
(b) Cogging torques of NSP. (c) On-load torques of CP. (d) Cogging torques
of CP. (e) FFT spectra of on-load torque. (f) FFT spectra of cogging torque.

FIGURE 8 shows the average torque, torque ripple,
and PM utilization comparison between optimized 6-slot
NSP and CP VPMSMs with different multi-tooth numbers.
It shows that the CP rotor combined with multi-tooth stator
structure can help to reduce the PM volume and increase the

FIGURE 7. Overload capabilities of 6-slot NSP and CP VPMSMs with
different multi-tooth numbers.

PM utilization. For CP structure, the optimal PM volume
decreases with the increase of multi-tooth number. Thus,
CP VPMSMs with higher multi-tooth numbers exhibit higher
PM utilization. Especially for CP VPMSM with 5 multi-
teeth, the PM volume is saved by about 50% compared with
the corresponding NSP counterpart. Table 4 gives detailed
data on average torque, PM usage, and PM utilization of CP
VPMSMs with different multi-tooth numbers.

FIGURE 8. Average torques, torque ripples, and PM utilization
comparison between optimized 6-slot CP and NSP VPMSMs with different
multi-tooth numbers. (a) Average torque and torque ripple. (b) PM
volume and PM utilization.

C. LOSS, EFFICIENCY, AND POWER FACTOR
FIGURE 9 shows losses, efficiencies, power factors, and d-
axis inductances of optimized 6-slot NSP and CP VPMSMs
under 40W copper loss and different speeds (400 and
1500 r/min). The iron loss increases with the increase of
multi-tooth number while the PM loss shows the opposite
trend because the PM volume per piece decreases when the
multi-tooth number increases, leading to lower PM loss. The
lower total PM volume of CP structure also causes lower
total PM loss. As VPMSM with 3 multi-teeth has the highest
average torque, it has higher efficiency at lower speed. When
the speed increases, the iron loss increases with the increase
of multi-tooth number, and thus, efficiency decreases with
the increase of multi-tooth number at high speed conditions.
The power factor decreases with the increase of multi-tooth
number and the CP structure will further decrease the power
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factor because the multi-tooth stator and CP rotor structures
will increase the d-axis inductance.

FIGURE 9. Losses, efficiencies, and power factors of optimized 6-slot CP
and NSP VPMSMs with different multi-tooth numbers. (a) Iron loss.
(b) PM loss. (c) Efficiency. (d) Power factor and d-axis inductance.

In conclusion, CP VPMSMs have higher torque output
capability and higher efficiency at lower speed conditions
(400 r/min) compared with their NSP counterparts. More-
over, the PM utilization will be improved significantly when
combining the CP rotor and stator with higher multi-tooth
numbers. About 50% of PM volume can be saved for CP
VPMSMwith 5multi-teeth compared with the corresponding
NSP counterpart. However, CP VPMSMs have lower power
factor, much higher torque ripple and cogging torque, and
poorer overload capability compared with their NSP coun-
terparts.

V. INFLUENCE OF CRITICAL DESIGN PARAMETERS
In this section, the influence of critical design parameters on
field modulation effect and average torque of CP VPMSMs
is investigated, including the width of multi-tooth (wmt ) and
the depth of dummy slot (hmt ) for the stator side and pole arc
to pole pitch ratio and thickness of rotor PM (prPM and hPM )
for the rotor side as shown in FIGURE 10.

FIGURE 10. Illustration of critical parameters of CP VPMSMs.

A. WIDTH OF MULTI-TOOTH
The width of multi-tooth directly affects the equivalent
air-gap permeance, and thus, affects the field modulation
effect and average torque output capability of CP VPMSMs.
FIGURE 11 shows the influence of width of multi-tooth on
open-circuit air-gap flux density and average torque. The
larger the multi-tooth width, the higher the equivalent air-gap

permeance, and thus, the higher the fundamental component
of open-circuit air-gap flux density. However, the modulated
component of open-circuit air-gap flux density increases
and then decreases with the increase of multi-tooth width.
Consequently, the torque of CP VPMSMs is very sensitive
to the width of multi-tooth. The multi-tooth width should
be carefully selected to maintain fundamental air-gap flux
density while achieving relatively higher modulated air-gap
flux density to achieve maximum torque output capability.
There is an optimal width for each CPVPMSMwith different
multi-tooth numbers.

FIGURE 11. Influence of width of multi-tooth on air-gap flux density and
average torque of CP VPMSMs. (a) Fundamental component of air-gap
flux density. (b) Modulated component of air-gap flux density. (c) Torque.

B. DEPTH OF DUMMY SLOT
The influence of depth of dummy slot on open-circuit air-
gap flux density and average torque of CP VPMSMs is
shown in FIGURE 12. The increase of multi-tooth height will
reduce the fundamental component of air-gap flux density
while increasing the modulated component, showing that the
height is also critical to the torque output capability. There
exist optimal heights of multi-tooth numbers for different
multi-tooth numbers, which decrease as multi-tooth numbers
increase.

C. POLE ARC TO POLE PITCH RATIO
The PM dimensions affect the MMF of rotor PMs and the
equivalent air-gap permeance of CP VPMSMs. Different
from the pole arc to pole pitch ratio in NSP VPMSMs, which
is usually 0.5, in CP VPMSMs the pole arc to pole pitch ratio
can exceed 0.5 for better field modulation effect and torque
output capability. FIGURE 13 shows the influence of pole
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FIGURE 12. Influence of depth of dummy slot on air-gap flux density and
average torque of CP VPMSMs. (a) Fundamental component of air-gap
flux density. (b) Modulated component of air-gap flux density. (c) Torque.

arc to pole pitch ratio of rotor PMs on open-circuit air-gap
flux density and average torque. Both the fundamental and
modulated components of air-gap flux density increase and
then decrease with the increase of pole arc to pole pitch ratio.
For all CPVPMSMs, themaximum fundamental components
are achieved at a pole arc to pole pitch ratio of 0.7, while the
maximum modulated components are achieved at a pole arc
to pole pitch ratio of 0.6. There is a trade-off between fun-
damental and modulated components of air-gap flux density
for achieving maximum torque output, therefore, the optimal
pole arc to pole pitch ratio of each CP VPMSMwith different
multi-tooth numbers is almost the same, between 0.60 and
0.63.

D. PM THICKNESS
The influence of rotor PM thickness on open-circuit air-
gap flux density and average torque of CP VPMSMs is
shown in FIGURE 14. The fundamental component of
air-gap flux density increases first and then remains almost
unchanged with the increase of PM thickness while the
modulated component increases first and then decreases.
As the PM thickness will affect the MMF of rotor PMs (5),
flux leakage, and rotor core saturation, thicker PM does
not guarantee higher average torque. The optimal PM thick-
ness decreases significantly with the increase of multi-tooth
number.

Overall, the fieldmodulation effect and torque output capa-
bility are very sensitive to the dimensions of multi-tooth and
PMs. The optimal width of multi-tooth and depth of dummy
slot vary with the multi-tooth number. With the increase of

FIGURE 13. Influence of pole arc to pole pitch ratio of rotor PMs on
air-gap flux density and average torque of CP VPMSMs. (a) Fundamental
component of air-gap flux density. (b) Modulated component of air-gap
flux density. (c) Torque.

FIGURE 14. Influence of PM thickness on air-gap flux density and
average torque of CP VPMSMs. (a) Fundamental component of air-gap
flux density. (b) Modulated component of air-gap flux density. (c) Torque.

multi-tooth number, the optimal PM thickness decreases sig-
nificantly, while the optimal pole arc to pole pitch ratios are
similar. Hence, the PM volume decreases with the increase of
multi-tooth number.

89606 VOLUME 12, 2024



Y. Zheng et al.: Optimal Multi-Tooth Numbers for Vernier PM Synchronous Machines

FIGURE 15. Magnetic paths of end leakage flux for CP VPMSM with 3 mt.

FIGURE 16. End leakage flux distributions of CP VPMSMs with magnetic
shaft and different multi-tooth numbers under on-load condition
with 40 W copper loss. (a) 1t. (b) 2mt. (c) 3mt. (d) 4mt. (e) 5mt.

FIGURE 17. Maximum end leakage fluxes of VPMSMs on shaft surface.

VI. UNIPOLAR END LEAKAGE FLUX OF CP VPMSMS
Unbalanced magnetic circuits in the CP rotor structure lead
to unipolar end leakage flux and magnetization on the shaft,
which may threaten the safety operation of the machine
system. The end leakage flux of CP VPMSMs with differ-
ent multi-tooth numbers and rotor structures (conventional
rotor with magnetic/non-magnetic shaft and composite rotor
with non-magnetic/non-magnetic shaft) is investigated in this
section.

A. UNIPOLAR END LEAKAGE FLUX DISTRIBUTION
3D FEA models are built to analyze end leakage flux distri-
butions of CP VPMSMs with different multi-tooth numbers.

FIGURE 18. End leakage flux distributions of CP VPMSMs with different
rotor structures under on-load condition with 40 W copper loss. (a) 1t.
(b) 2mt. (c) 3mt. (d) 4mt. (e) 5mt.

TABLE 5. Key parameters of prototypes.

Magnetic paths of end leakage flux for CP VPMSM with
3 multi-teeth are shown in FIGURE 15. The path with orange
color is for end leakage caused by the PM magnetic field,
while that with green color is for the armature reaction mag-
netic field. The unipolar end leakage flux is mainly caused by
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FIGURE 19. Comparison of maximum unipolar end leakage flux and
reduction rate of CP VPMSMs with different rotor structures.
(a) Maximum unipolar end leakage flux. (b) Reduction rate.

the PM magnetic field while the armature reaction only has a
minor effect on end leakage flux because it will enhance the
magnetic saturation [35].

End leakage flux distributions of CP VPMSMs with mag-
netic shaft (SUS430 magnetic stainless steel) and different
multi-tooth numbers under on-load condition with 40 W
copper loss are shown in FIGURE 16.
End leakage fluxes of all CP VPMSMs show significant

unipolar distributions. FIGURE 17 shows the maximum end
leakage fluxes of VPMSMs on the shaft surface about 3 mm
away from the rotor end, which shows that the multi-tooth
stator structure helps to reduce the end leakage flux and the
higher the multi-tooth number, the lower the unipolar end
leakage flux. Themaximum end leakage flux of CPVPMSMs
with 5 multi-teeth (6s/5mt/56p) is 0.20 T, more than 60%
lower compared with VPMSMs without multi-tooth stator
structure (6s/1t/8p), which is 0.54 T.

B. COMPOSITE ROTOR AND NON-MAGNETIC SHAFT
Inserting a non-magnetic ring between the rotor and shaft,
forming a composite rotor structure, will increase the mag-
netic reluctance of end leakage flux path, thus, helping
to reduce the unipolar end leakage flux while maintain-
ing the average torque output capability, especially when
non-magnetic shaft is used [35]. FIGURE 18 shows end
leakage flux distributions of CP VPMSMs with different
rotor structures under 40 W copper loss. The combination
of composite rotor and non-magnetic shaft can reduce end
leakage flux significantly.

FIGURE 19 shows themaximum unipolar end leakage flux
and reduction rate of CP VPMSMs with different rotor struc-
tures. Compared with the conventional rotor, the composite
rotor structure can reduce around 40% of the maximum end
leakage flux while the composite rotor with non-magnetic
shaft can reduce around 95% of the maximum end leakage
flux.

FIGURE 20. Prototype 6s/2mt/20p and 6s/3mt/32p VPMSMs.
(a) 6s/2mt/20p stator. (b) 20p NSP rotor. (c) 20p CP conventional rotor
with magnetic shaft. (d) 20p CP composite rotor with non-magnetic shaft.
(e) 6s/3mt/32p stator. (f) 32p NSP rotor. (g) 32p CP conventional rotor
with magnetic shaft. (h) 32p CP composite rotor with non-magnetic shaft.

VII. EXPERIMENTAL VALIDATION
A. ELECTROMAGNETIC PERFORMANCE
Two VPMSMs (6s/2mt/20p and 6s/3mt/32p) with NSP and
CP rotors are prototyped. For the CP rotor, the conven-
tional rotor with magnetic shaft (stainless steel SUS430) and
the composite rotor with non-magnetic shaft (stainless steel
SUS304) aremanufactured. Prototypes are tested to verify the
effectiveness of FEA analysis.
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FIGURE 21. Test rigs for back EMF, cogging torque, static torque, and
dynamic torque.

FIGURE 22. Measured and FEA predicted open-circuit back EMFs at
400 r/min. (a) Waveforms. (b). FFT spectra.

FIGURE 23. Measured and FEA predicted cogging torques. (a) Waveforms.
(b). FFT spectra.

FIGURE 24. Measured and FEA predicted static torques. (a) 6s/2mt/20p.
(b) 6s/3mt/32p.

FIGURE 20 shows stators, NSP rotors, CP conventional
rotors, and CP composite rotors of prototypes. Table 5 lists
the key parameters of prototypes. The test rigs for back EMF,
cogging torque and static torque [38], and dynamic torque are
shown in FIGURE 21.
FIGURE 22 shows measured and FEA predicted

open-circuit back EMFs at 400 r/min which shows good
agreement. VPMSMs with 3 multi-teeth have higher funda-
mental components of back EMF compared with 2 multi-
teeth ones. CP rotor structure can also generate higher
fundamental component of back EMF compared with its NSP
counterpart.

FIGURE 25. Measured and FEA predicted dynamic torques. (a) Dynamic
torques of 6s/2mt/20p. (b) Dynamic torques of 6s/3mt/32p. (c) FFT
spectra of dynamic torques of 6s/2mt/20p. (d) FFT spectra of dynamic
torques of 6s/3mt/32p.

FIGURE 26. Measured and FEA predicted torque-current characteristics.
(a) 6s/2mt/20p. (b) 6s/3mt/32p.

FIGURE 23 shows the measured and FEA-predicted
cogging torques. VPMSMs with 3 multi-teeth have lower
cogging torque compared with those with 2 multi-teeth while
the CP rotor structure has higher cogging torque compared
with its NSP counterpart.

The static torque is measured by injecting current through
the DC power supply (Ib = Ic = −0.5Ia) and rotating
the stator while keeping the rotor stationary, and then, the
relationship between static torque and rotor position can
be measured. Measured and FEA predicted static torques
match well as shown in FIGURE 24. The static torque of CP
VPMSM is slightly higher than that of the NSP counterpart.

Measured and FEA predicted dynamic torques match well
as shown in FIGURE 25. FIGURE 26 shows measured
and FEA predicted torque-current characteristics, which also
shows good agreement.

B. UNIPOLAR END LEAKAGE
The unipolar end leakage flux of the whole shaft region can
be measured with the bare rotor before assembling as shown
in Figs 27, as well as the measured end leakage flux in the
shaft region outside the end cap after assembling.

The unipolar end leakage fluxes of two machines before
and after assembling with conventional rotor and magnetic
shaft as well as with composite rotor and non-magnetic
shaft obtained by FEA and measurements are compared
in FIGURE 28. FEA-predicted results match well with
the measurements. The 6s/3mt/32p VPMSM has lower
end leakage flux than 6s/2mt/20p. In addition, employing
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FIGURE 27. Illustration of measuring unipolar end leakage flux.
(a) 6s/2mt/20p conventional rotor and magnetic shaft. (b) 6s/2mt/20p
composite rotor and non-magnetic shaft. (c) 6s/3mt/32p conventional
rotor and magnetic shaft. (d) 6s/3mt/32p composite rotor and
non-magnetic shaft.

FIGURE 28. Measured and FEA predicted end leakage fluxes.
(a) 6s/2mt/20p bare rotor. (b) 6s/3mt/32p bare rotor. (c) 6s/2mt/20p
assembled. (d) 6s/3mt/32p assembled.

the non-magnetic ring and non-magnetic shaft effectively
reduces the unipolar end leakage flux for both prototypes.

VIII. CONCLUSION
In this paper, the effect of multi-tooth number on electro-
magnetic performances of consequent-pole vernier PMSMs
is investigated. Two prototypes are manufactured and tested
to verify the FEA analysis. It confirms that the CP rotor
combined with multi-tooth stator structure has better field
modulation effect and helps to increase torque output capa-
bility and PM utilization. It reveals that there is an optimal
multi-tooth number (3 for the analyzed machines) for max-
imizing average torque. With the increase of multi-tooth
number, the PM utilization will be improved significantly
(saved about 50% for 5 multi-teeth), but the efficiency at
higher speeds, power factor, and overload capability will be
sacrificed. Moreover, it has been found, for the first time, that
themulti-tooth stator structure helps to reducemore than 60%
of the maximum unipolar end leakage flux of CP VPMSMs
compared with CP VPMSMs with single-tooth stator struc-
ture. In addition, the influence of critical design parameters of
CP VPMSMs, which should be carefully selected to achieve
better field modulation effect and maximum torque output
capability, is investigated, including the width of multi-tooth
and depth of dummy slot, the pole arc to pole pitch ratio, and
the PM thickness.
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