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ABSTRACT Electric vehicles (EVs) have emerged as the pivotal strategy for mitigating carbon emissions.
Nevertheless, the lack and imbalance of charging facilities have greatly reduced consumers’ willingness to
buy EVs, thereby leading to stagnation in the EV market. Although many studies focus on the imbalance
in the EV market, few of them have explored the pricing strategies of charging service providers from the
perspective of consumers. Therefore, to assist charging service providers in optimizing pricing decisions,
we propose a consumer-perspective utility model. Specially, this utility model analyzes both time and
travel costs. Furthermore, considering three charging technologies including fixed charging, mobile charging
vehicles, and mobile charging robots, we then apply game theory to characterize charging services providers
competition scenarios between charging services providers. After theoretical and numerical analyses,
we have the following five conclusions: 1) with the high time cost for consumers, the profits of fixed charging
exceed those of mobile charging vehicles; 2) mobile charging robots intensify competition in the charging
market and lower the price of conventional charging services; 3) mobile charging robots also reduce the
demands for fixed charging services and expedite technological substitution; 4) cost of consumers time
has a positive influence on mobile charging vehicles but a negative effect on other charging services; and
5) profits of the three charging providers increase with higher consumer time costs. Finally, we propose
an innovative market analyzing tool based on research findings to assist charging service providers in their
decision-making process.

INDEX TERMS Game theory, electric vehicles charging, mobile charging vehicles, mobile charging robots,
pricing strategy.

I. INTRODUCTION

Carbon emissions contribute to environmental pollution and
adversely affect human health [1], [2]. The primary source
of carbon emissions is the combustion of fossil fuels [3],
such as fuel vehicles [4]. Additionally, survey data indicate
that road transport is a significant contributor to global
carbon emissions [5]. Therefore, Electric vehicles (EVs)
have attracted significant attention from many countries as a
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sustainable transportation option. Several governments have
expressed a strong commitment to reducing carbon emissions
during transportation. For example, the European Union (EU)
plans to ban the sale of new petrol and diesel cars by 2035 [6].
The US invests 7.5 billion dollars to build a national network
of EVs [7]. China strives to peak its carbon dioxide emissions
before 2030 and achieve carbon neutrality before 2060 [8].
Therefore, the development of EVs is necessary to replace
fueled vehicles and reduce road carbon emissions [9], [10].
However, the existing charging infrastructure limits the
development of EVs [11], [12]. Specifically, charging
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technology faces two main problems: high damage rates
and long queues at fixed charging stations [13], [14].
Additionally, the number of fixed charging infrastructure
is limited by the power grid and land availability [9].
Simultaneously, many researchers found that the stochastic
charging/discharging of electric vehicles would result in
a large impact on the security and stable of the electric
grids [15], [16], [17], [18]. Mobile charging vehicles also
have several problems such as long waiting times for service
and high pricing [19]. Although a mobile charging robot is a
new technology that can address the above problems, it has
yet to be widely adopted [20]. Therefore, these factors lead
to insufficient resources for the charging infrastructure and
hinder the growth of the EV market.

To enhance charging infrastructure and promote the
EV industry, new mobile charging robots are expected to
compensate for the inadequacy of conventional charging
methods [20]. These robots are intelligent and provide
automatic charging services within a limited range [21]. They
embody a fusion of the maneuverability inherent in mobile
charging vehicles and the reliability characteristics of fixed
charging stations [22].

Nevertheless, extant scholarly endeavors have predomi-
nantly focused on the delineation of location strategies and
the infrastructure of fixed charging stations [23], [24], [25].
A paucity of research has delved into the distinctive attributes
and operational paradigms underpinning mobile charging
methodologies [26], [27], [28]. To fill this gap and provide
strategic direction to fee-for-service providers, this study
attempts to answer the following question. First, what is the
difference between the service methods of mobile charging
robots and mobile charging vehicles? Second, what is the
equilibrium pricing strategy for mobile charging robots?
Finally, what is the impact of the new technology on the
market? How should charging service providers adjust their
business strategies based on the development of charging
technology?

To answer these questions, we first formulate a
game-theoretic framework for multiple charging service
providers. Second, we present a combination of theoretical
and numerical analyses to determine the equilibrium pricing
of mobile charging robots. The analysis also examines
the impact of mobile robots on other players. In addition,
we analyze the impact of consumer time and travel cost
on the equilibrium pricing strategy. Finally, we analyze this
issue from the perspective of EV drivers(i.e. consumers),
particularly the impact of different consumers’ time and
travel cost on the choice of charging technology. The research
outline of this study can be represented by a flow chart as
follows figure 1.

We contribute to the EV charging competition literature in
the following three aspects. First, We extend the literature on
competition in the EV charging service market. Unlike prior
studies [23], [24], [25], [29], [30], [31], [32], we incorporate
the demand function of EV charging services, accounting
for consumers’ time and travel costs. Secondly, we analyze
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and contrast the characteristics of mobile charging vehicles
and mobile charging robots. Thirdly, this paper delves into
the competitive landscape and pricing strategies of various
EV charging services, offering insights into how charging
service providers can devise effective strategies to enhance
profitability. While existing research primarily focuses on the
configuration and pricing of mobile charging vehicles and
fixed charging stations, our study extends to encompass the
pricing strategy of mobile charging robots and their impact on
the charging service market. The contributions of this study
can be summarized as follows:

o We discuss the pricing and impact of mobile charging
robots. This study is noteworthy for being the first to
propose a pricing method for mobile charging robots
grounded in game theory, as well as for comparing the
distinctions between mobile charging robots and mobile
charging vehicles, and exploring their implications on
the charging service market from our observation.

o We formulate a game-theoretic framework to portray
the competitive equilibrium pricing between differ-
ent charging technologies. As far as we are aware,
no research has ever been conducted on the three
charging technologies competition and pricing strategy.
This study uses a static complete information game and
a two-stage Stackelberg game to distinguish between
different charging technology stages.

o« We discuss the changes in equilibrium pricing and
analyze the impact of mobile charging robots on the
original players’ pricing and profits. Few studies have
discussed the impact of mobile charging robots on the
market is demonstrated. Our results provide reliable
recommendations for charging service providers to
adjust their business strategy.

o We propose an innovative decision-making mechanism
aimed at aiding fee-for-service providers. Drawing
upon the analysis of consumers’ time cost, travel cost,
and charging vehicle service costs presented in this
study, we have developed both a flowchart and a
coordinate diagram, as demonstrated in the conclusion.
This diagram illustrates how the research presented
in this study provides practical guidance to charging
service providers, enabling the formulation of informed
and scientifically grounded business strategies.

To the best of our knowledge, the study is one of the
few attempts to investigate the impact of the three types
of charging infrastructure on the charging market from the
perspective of EV drivers. The implications and significance
of our study are as follows:

« EV Infrastructure Development. This study analyzes
the differences in EV charging methods to assist
investors in selecting appropriate charging technology
under different conditions.

« Future Research and Innovation. The results of this
study extend to the impact of new technology on the
future, analyzing the characteristics of new technology
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FIGURE 1. Research outline.

and laying the groundwork for innovation in business
models for mobile charging technology.

o Carbon reduction and environmental protection.
This study provides a more precise description of the
conditions that facilitate the use of various charging
technologies. This is of practical value for the devel-
opment of charging infrastructure, promotion of EV
utilization, and reduction of carbon emissions.

The remainder of this paper is organized as follows.
In Section II, we review the relevant literature. Section II1
presents consumer demand and charging service provider
profit models. In Section IV, we analyze the equilibrium pric-
ing strategy for charging services. In Section V, we present
our conclusions and potential directions for future work.

II. LITERATURE REVIEW

This section reviews publications relevant to our study
in three research fields: (1) Competition and pricing of
charging service construction. (2) Charging site selection
and path planning. (3) Mobile charging services. This study
contributes to EV-charging providers.

A. COMPETITION AND PRICING OF CHARGING SERVICE
CONSTRUCTION

Currently, research on EV charging services focuses on
charging service construction competition and pricing which
considers user preferences. Duan et al. consider the EV
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charging facility construction strategy affected by consumer
queuing [23]. Lee et al. investigate the price competition
between heterogeneous EV charging stations [24]. Gupta
et al. investigate pricing strategies for charging stations in
non-cooperative games with user location awareness [30].
Hu et al. compare EV charging and battery-swapping choices
in the context of consumer opportunity cost differences
[33]. Some researchers focus on the impact of transportation
networks on electric charging competition. Lai et al. [34]
considering the competition effect established based on
the traffic network, is formulated to facilitate the charging
stations to attract the defined competitive charging demand.
Yang et al. [35]model the noncooperative pricing game of
self-interested fixed charging stations, taking into account the
complex interactions between the EV users and the coupled
operation of transportation network and power distribution
network.

While the above literature considers a fixed charging
station construction strategy under consumer preferences,
it rarely considers the competition when different charging
technologies are available.

B. CHARGING SITE SELECTION AND PATH PLANNING
Furthermore, numerous studies have concentrated on the
development of charging stations for EVs, including the
challenges related to their placement and the planning
of charging routes. Zhao et al. study the site selection
optimization problem of new entrants to competitors’ fixed
charging stations [36]. Feng et al.propose a multi-criteria EV
charging station site selection decision from a sustainability
perspective [25]. Xu et al. focus on the charging station loca-
tion problem of consumer range anxiety and path deviation
[37]. Schoenberg et al. use centralized charging station data
to coordinate EV charging and reduce waiting times [38].
Chung et al.consider the double objective optimization
problem of charging cost and user convenience and propose
the application of centralized scheduling and low-complexity
distributed algorithms to EV charging paths [39].

The literature above examines site selection decisions
that consider consumer charging cost but overlooks differ-
ences in consumer preferences between various charging
technologies.

C. MOBILE CHARGING SERVICE

In addition to the construction of fixed charging stations,
scholars have focused on the characteristics of mobile
charging methods [26], mobile charging service models [27],
[31], [40] and mobile charging route planning [28], [41].
Wang et al. consider that mobile charging is more flexible
than fixed charging when considering the time cost. Mobile
charging is also limited by its service cost and charging
efficiency of mobile charging [26]. Zhang et al. and
Tang et al. propose online booking of mobile charging
system planning and operation scheduling and propose that
mobile charging can be used as a supplement to fixed
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charging [27], [40]. Wang et al. investigate a hybrid charging
system comprising fixed charging and mobile charging vehi-
cles [31]. By considering demand distribution characteristics,
they argue that mobile charging is a relatively high-cost, high-
return, and high-risk option. The above literature considers
the differences between charging technologies and analyzes
the service characteristics of mobile charging. However,
they rarely describe service methods for mobile charging
robots. Qureshi et al. propose mobile charging vehicle
scheduling with random driving time [28]. Liu et al. focus
on mobile charging vehicle task allocation and the charging
path optimization process [41]. Owing to the high operating
cost of mobile charging vehicles, with the development of
intelligent technology, automatic charging such as mobile
charging robots has gradually emerged [32], [42], [43], [44].
Zhang et al., Fu et al., and Kong et al. design an online
scheduling and charging strategy for mobile charging robots
to use tracking and positioning to realize automatic charging
of EVs and unbind charging facilities from parking spaces
[32], [42], [43]. Zhang et al. analyze the mobile charging
robot is responsible for the coordination of power distribution
networks and operators in charging prices and power, which
increases the operators’ charging revenue [44].

The above literature discusses the characteristics and
applications of mobile charging robots but lacks the pricing
of mobile charging robots and their impact on the charging
service market.

D. UNIQUENESS AND CONTRIBUTIONS OF THIS STUDY
However, most studies focus on achieving economic benefits
while considering preferences for the development of EV
charging services. There is a lack of emphasis on analyzing
mobile charging service technologies and models. Further-
more, there is also a lack of research on the pricing strategies
of mobile charging robots, their impact on the charging
services market, and the necessary adjustments that charging
service providers should make to address the increasingly
competitive environment. Our study examines competition
and pricing strategies in the EV charging market, with a
particular focus on mobile charging robots and vehicles
that consider consumers’ time cost. This study explores an
optimal strategy for charging service operators with different
consumer preferences. In addition, it extends previous work
on the impact of new participants and analyzes how to adjust
the charging management strategies. We compare the profits
of charging service providers using different modes and add
new findings to the literature.

lll. MODEL DESCRIPTION

A. PROBLEM DESCRIPTION

In this study, we examine the market for EV charging
services that includes a fixed charging service provider (e.g.
TELD) and two mobile charging service providers (e.g. NIO
Company and Sator Technology). Three types of charging
service providers are shown in Figure 2. This study considers
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FIGURE 2. Three types of EV charging services.
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two competition modes based on the time sequence of mobile
charging robots entering the market. The first mode, called
Mode N, studies competition and pricing in the charging
service market of fixed charging (subscript f) and mobile
charging vehicles (subscript m). The second mode, called
Mode Y, is a two-stage Stackelberg game in which fixed
charging providers and the mobile charging vehicle providers
make pricing decisions first, followed by mobile charging
robots (subscript b) making pricing decisions. This study
examines the variables that influence the pricing of charging
services and considers the cost of time and travel cost. Table 1
presents the symbols and definitions of the variables used in
the study.

In this section, we introduce two competitive scenarios
for the three charging services, Mode N and Mode Y.
Subsequently, we analyze the impact of time cost and travel
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TABLE 1. Variable and definitions.

Variable Definitions

Uic{m,fpy | The utility gained by consumers from accepting
charging services

Pie{m,f,b} Charging price

dic{m,fb} Demand for different charging services

Tic{m,fb} | Charging services providers profits

v Consumers’ value of charging services

c Consumers travel unit cost

0 Consumer unit time cost, @ Satisfies the uniform
distribution of [0, O]

k Entry costs of mobile charging robots

t1 The elapsed time of a consumer waits in line for
fixed charging

to The elapsed time of a consumer wait for the mo-
bile charging vehicle

h Mobile charging vehicles unit service cost

cost on consumer utility to derive the demand function
for charging services. The SectionlII-Cwill demonstrate the
profit function of the charging service provider, which will
facilitate a more comprehensive analysis of the two com-
petitive scenarios. In Section IV, we show the equilibrium
solution and equilibrium analysis of the two modes.

B. CONSUMER CHARGING DECISION

When consumers choose charging services, they compare the
utility of the different services. Assume that the consumer’s
perceived value of the charging service is v, and the unit
waiting time cost is ®. If consumers choose fixed charging,
they may encounter an insufficient number of charging
stations. The elapsed time for a consumer waiting in line
is #1, and the transportation cost of driving to a fixed charging
station is ¢. The fixed charging price is ps. Therefore, the
consumer utility gained from choosing a fixed charging mode
is:

U =v—pr—c—01 (1)

If consumers choose the mobile charging vehicle, the
elapsed time of a consumer wait for the charging vehicle to
arrive is fp, the unit charging cost of the mobile charging
vehicle is p,,, and the utility obtained by the consumer is:

Un=v—pn—0t )

Mobile charging robots are typically installed in locations
such as shopping malls, commercial complexes, and indus-
trial parks [20]. These robots are useful in areas with low
underground navigation accuracy, high passenger traffic, and
high-speed service stations during holidays [26] as shown in
Figure 2. If the consumer chooses the mobile charging robot
service, the mobile charging robot will go to any parking
space, where the consumer only needs to wait for a short time
to charge. Compared with mobile charging vehicle services,
mobile charging robots have a limited movement range and
self-service. Therefore it is assumed that they do not need
to wait. And the service costs are 0. The unit charging cost
is pp, the consumer’s travel cost is ¢, and the utility gained by
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FIGURE 3. The relationship between consumer utility U and time cost ¢ in
Mode N.

consumers choosing the mobile charging robot is:
Up=v—pp—c )

This study assumes that consumers have no preference
for the two charging services and derives the relationship
between the charging demand function and time cost. The
relationship between the charging demand function and
time cost is derived from the consumer utility function by
assuming that consumers have equal utility.

By comparing the two charging services in Mode N, two
scenarios can be obtained as follows:

The consumers will choose

1) The fixed charging if

+c—
Ur > max {Up, 0} ,i.e.,0 > w
2— 1

2) The mobile charging vehicles if

Ur < max {Uy,0},ie.,0 < w
h—1
Assuming that the consumer’s unit time cost 6 satisfies the

uniform distribution of [0, ®], consumer demand and time

cost are presented as a linear uniform distribution based on the
relationship between consumer utility and time cost as shown
in Figure 3. The charging demand of Mode N is obtained as
follows:
61% _Pr +C—Pnm (4)
(2 —11) O
q}vzl_[)f—i-c_pm (5)
(r—1)0O
By comparing the three charging services in Mode Y, Three
scenarios can be obtained as follows: The consumers will
choose

1) The fixed charging if
Ur > max {Upn, Uy, 0},
prre=prm _, _Pb=Pf
R P He
2) The mobile charging vehicles if
U, > max {Ub, Uy, O},
Pf+C—Pm Pp+C—Pn

. . V—Db
i.e.,0 < min , ,
h—n 15} 15}

i.e
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Mobile charging Fixed charging
vehicles provider provider
Pm Pr
Consumer

FIGURE 5. Mode N: Two charging services for consumers.

3) The mobile charging robots if

Up > max {Up, Uy, 0},

Pb — Pf Pb+ C— Pm
Ho ’ 15 ’

i.e.,0 > max [

As charging technology develops, mobile charging robots
join the charging service market, and the relationship between
consumer utility and unit time cost is shown in Figure 4.
If Mode Y is established, it satisfies p,, < pr +c¢ < pp + c.
The utility of different charging services for EV drivers can
be compared using the following three scenarios:

Similarly, the charging demand in Mode Y is:

y_Pf+C—Pm

_ 6
="t —me ©
y _Po—Df DPftC—Dnm

- — 7
I =6 (th—1)© 7
Y Pb — Pf

1 8
qp no (8)

According to the different participants in the development
stage of the EV charging technology, this study constructs
two market competition modes N and Y as shown in
Figure5-Figure6.

C. EV CHARGING SERVICE COMPETITION MODEL

In Mode N, fixed charging and mobile charging vehicles
make simultaneous decisions. In Mode Y, fixed charging
and mobile charging vehicles make simultaneous decisions
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FIGURE 6. Mode Y: Three charging services for consumers.

first, and then mobile charging robots make pricing decisions.
The profits of fixed charging, mobile charging vehicles, and
mobile charging robots are:

T = praf 9
Ty = (pm - h) qdm (10)
T = pbqpr — k (11)

h is the labor cost of charging delivery service in mobile
charging vehicles, and k is the entry cost of choosing
a mobile charging robot to join the charging service
market. The demands of fixed charging, mobile charging
vehicles, and mobile charging robots are independent of
each other. The charging service providers usually charge
unit charging service fees of py, py;, pp to obtain differential
income. To show the impact of consumer time cost on
different charging services, we assume that production and
construction costs are 0.

IV. EQUILIBRIUM SOLUTION AND ANALYSIS

A. EQUILIBRIUM SOLUTION STRATEGY

In Mode N, consumers can choose between two charging
services: fixed charging or mobile charging vehicles. The
demand for fixed charging and mobile charging vehicles
is independent of each other, and the two charging service
providers simultaneously make pricing decisions. Through
the Nash equilibrium solution, when #, > 1] is satisfied, the
optimal pricing is:

1

Py = 3 (c+2h— 61 + On) (12)
1

p]}(\' = § (—c+h—201 +20n) (13)

Substituting Equatiosn (12)-(13) into the participants’
profit functions (9)-(10), we obtain:

v _ (c—h— 0t + On)?

14
T 90 (1, — 11) (14)
— h 4201 —20n)?
n}v — (c + 1 2) (15)
90 (1, — 1)

The detailed process can be seen in Appendix A-A
Lemma 1: The equilibrium outputs in Mode N are as

follows. Assume that the following conditions hold.
o1 © { c—h c—h
> 11, ©® > max{——, ——1}.
2 ! 200 — 2t H — 1t
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Based on the deduce of IV-A, in addition to
Equation (12)-(15), the following equations for demands of
charging services are formulated as follows.

N c—h+20H —206n

— ) 16

I 301, — 300 (16)
(c — h — Ot + On)?

- . 17

q;v 90 (1 — 1) 17

Lemma 1 shows the consumers’ time cost and travel cost have
an effect on equilibrium profits.

Next, we analyze the equilibrium prices and profits after
the introduction of mobile charging robot providers in
Mode Y.

In Mode Y, we consider the charging service market
consisting of fixed charging, mobile charging vehicles, and
mobile charging robots. Fixed charging and mobile charging
vehicle providers first make pricing decisions simultaneously.
Then, the mobile charging robots determine the price.
To solve the two-stage Stackelberg model, according to
the backward induction method, we can derive the optimal
pricing decision for mobile charging robot service providers:

o1
py = 5 (pr +6n) (18)
Substituting Equations (18) into (9)-(10), we obtain the
optimal pricing of the charging service as follows:

y  —Of+2(c+ht+1 (2h+ On)

= 19
Pm 2(11 + 2n) (19)
y t1(—c+h— Ot + BOn)
= 20
pf 1+ 2 20)
1 (—c+h+30n)
ph = @1)
2(t1 + 20)

The expression analysis of optimal pricing shows that, the
optimal pricing of fixed charging, mobile charging vehicles,
and mobile charging robots is positively proportional to
the consumer time cost. The pricing of mobile charging
robots is affected by the waiting times of the other charging
services.

When we have

f1(—c + h+ 301)?
k <
40(t) + 21)?

We obtain the following Equations (22)-(24) by substituting
Equations (19)-(21) into Equation (9)-(11).

, (02 —@c—2n+0n)n)’ o)
g =
" 40 (tr — 1) (1] + 212)>

t(t +¢ —h+ 0t — On)?
JTfy= 1t +1n)(c + O : 2) 23)
20 (tp — 1) (11 + 212)
_ —4kOr} — 16kO3 + 11((c — h)* 4+ Ono)

40(11 + 21)?
s.t.0 = —6¢ + 6h — 16k + 901, (24)

The detailed process can be seen in Appendix A-B
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Lemma 2: The equilibrium outputs in Mode Y are as
follows. Assume that the following conditions hold.
t1(—c + h + 301)?
40(1) + 21)*
2(c—h) 1t —C+h]
nt—n) n—n)

Besides the optimal prices and profits in Equation (18)-(24),
the following equations of demands for charging services are
formulated.

Yy (1 + 1) (c — h+ Ot — BOn)

Hh>t,k<

® > max

- 25
af 20 (11 — 1) (0 + 202) 25
o = 01 +2(—c + )t — Ot 6)
" 2006 + it — 213)
h+30n —c
Y
— 2R 27
b = %01 + 401 @7

In Equation (24), the equilibrium profit of mobile charging
robots is comprehensively affected by the waiting time of
other charging services, travel cost, and service costs.

B. EQUILIBRIUM ANALYSIS
Theorem 1: Through the assumptions of Lemma 1,
we have the following relations in Mode N:

1) The relation between p}v and pN:
a) p}v > p/¥ holds when

2c+h
e > L
-t +n
b) p} < pj, holds when
c—h 2c+h
< — .
H—tn - +h

2) The relation between n?] and 7V

a) Ifh>c, n}v > ¥ holds.

b) Ifc > h, n}v < r{nA{ holds when

c—h

2(c — h)
—_— < S —
2(ty — 11)

Hh—t
c) Ifc>h, JT;V > nnA{ holds when
2(c—h
o> 2=h
h—n

Proof: We prove Theorem 1 by the following difference
between p;v and p%:

1
p}v—pf;’=§(—2c—h—@t1+®t2).

|
Assume p}v — pf,V1>O (.e., p}v > p],X), we obtain
2c+h
O > L;
-+
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Otherwise p}v —p<0(e., p}v < plYy, we obtain

c—h
<
n—=n

2c+h
< .
—1+1n

N.

N
i i

Similarly, It is easy to prove the difference with g and &

N N _ 2¢c—2h+0On —0n
T — Tl = .
! m 301 — 361

Thus, Theorem 1 is proved.

Theorem 1 shows that the profits of charging service
providers are affected by the service costs, travel cost,
and consumer time cost. Theorem 1 (a) shows that when
consumers are time-sensitive, they prefer to go to the charging
station by themselves rather than wait for a mobile charging
vehicle. Consumers opting for fixed charging are relieved
of the time-related uncertainties typically associated with
waiting for charging delivery service. In addition, fixed-
charging providers do not have to bear the cost of charging
delivery services. Furthermore, we find that mobile charging
vehicles are more business-advantageous only when the cost
of their service is less than the cost of consumers’ time and the
cost per unit of consumers’ time is lower. Therefore, charging
service providers should devise business strategies that are
more acdptable. Mobile charging vehicle providers need to
curtail labor and operational expenses associated with visiting
services. The implementation of efficient charging routes for
mobile units and the introduction of online booking services
can logically minimize consumer wait times and increase
revenue.

To present the previous conclusions more intuitively,
we adopted a numerical analysis method. Based on market
research data for different charging service waiting times,
we set the parameter values as follows: 1, = 30,1 = 15,
h = 5. The results are shown in Figure 7.

We find that travel cost and time cost affect the profit levels
of fixed charging and mobile charging vehicles, as shown in
Figure 7. When h > c, fixed charging has more advantages
than mobile charging vehicles, and the profit of fixed
charging providers is greater than that of mobile charging

4.0
35
3.0
25

o T ' >TTY

2.0
7, Y<m;Y when c>h

15 7T, <117" when h>c
1.0

0.5
0 2 4 6 8 10

FIGURE 7. Charging Service Providers Profit Comparison in Mode N.
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vehicle providers. As consumers’ travel cost increases, the
revenue of mobile charging vehicles improves.

Theorem 2: Through the assumptions of Lemma 2,
we have the following relations in Mode N:

1) pf < p,, holds when
2(ct1 + (c+h)n)
1 (n—t)

O <

otherwise, p}/ > p};.
2) p,’,’, > p}); holds when
c+h

O < ;
N

otherwise, P;IZ > p}f.

3) p}; >p}/ holds when

(c—h)t+3n) 2(c—hn| .
—m)n ‘nt-n)’

®>max[

otherwise, p}/ > pg.

Proof: We prove the relationship between p}/ and p,’;l,
we follow the assumptions of Lemma 2, then we obtain the
following expression of p}/ —pr.

vy O —=2(c+hn+n(=2c+ On)
Pr = Pm= 2(h +2n) '

Assume p}/ - p,’;>0 (i.e., p}/ > p,};), we obtain

2(cti +(c+h) 1)
n—n)

Otherwise p/ — p,,<0 (i.e., pf < py,), we obtain

O >

[2(C—h)l‘2 —c+h 2(cti + (c+h) 1)
nt—n) t—n nt—n)
Thus, we prove the statement (1) of Theorem 2 according to
the above reduction.

Similarly, the relations of p};, p};, and pl):, p}/ can also be
proved through reduction. '

1
p,i—p,f:z(c—l-h—@tl).

py _py _ t1 (c—h+20t + On)
b5 2(t1 + 2t)

Theorem 2 is proved based on the similar reduction of the
proof of statement (1). [ |

Theorem 2 demonstrates that when the time cost of a
consumer is higher, the price of mobile charging robots
exceeds that of fixed charging. The results show that as the
pace of consumer life accelerates, consumers may prefer
self-service charging provided by mobile charging robots.
Conversely, mobile charging vehicles exhibit better pricing
performance when the time cost of a consumer is lower.
This is because the consumers with lower time cost can
accept the longer time of waiting for mobile charging delivery
services. Next, we will analyze the profit performance of

VOLUME 12, 2024



Y. Ding et al.: Competition and Pricing Strategy of EV Charging Services

IEEE Access

three charging service providers in terms of consumer time
cost and travel cost.

Theorem 3: The profits of charging service providers are
shown as follows:

1) If h>c, rrfY > rrrﬁ holds; but if ¢>h,

a) ]TfY > ¥ when

(c —h) (2+,/2+ 2,—?)

® > )
h—1
b) an < 7} when
- (c—h)(2+,/2+2,%)
— < 0B < .
h—1 h—1

2) n,f > nn’; when k < ky; ]T]f < nng when

1 (B +20n)?

ki <k < 7
40(t; + 21)

3) nlf > nfy when k < ki + ko, ng/ < an when
(B +20mn)?
40(t + 20)*

In the aforementioned inequalities, k1 and k, are denoted as
follows.

ki+k <k <

1
= e m @ m) (O} (n = 26)
+ (4t22 - t12) (c—h)?* —110p (B +86n)
+ 100012 ]
2(c — h)? + Ot (4¢c — 4h + Ot — Ony)
40 (11 + 2t)
Proof: Following the assumption of Lemma 2, we prove
Theorem 3 by the following difference between 7/ and 7,),

Y Y _Y Y
mw, and L and m,, .

ky =

v —2(c — h)*> — @212 4+ Ot (—4c + 4h + @zz)_
S m 40 (1 + 2t)
Then, we can derive a conclusion: If —2(c — h)? — ®2t12 +
Ot (—4c+4h+ Bnr) > 0, nf)-/ > rr,i holds; otherwise,
nj)./ < 7} holds.
Similarly, in order to proof the relations between 7rby and
nfy , we obtain the following statements.
B 1
40 (1 — 1) (1 +2n)?
+20n1{E + F — 1B (B + 80n)]
st.B=—c+h+0n
D = @%*} — 201 2k + On)
E = —5c+ 5h — 6k 4+ 501,

F = (c—h)> (rf + 4t22)

Y Y
T, — Ty

[D + 16k0O13
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af —x) = !
F 740 (1) — 1) (1) + 21)>

—6(A+k) — 201 2A + 6n) + C]
st.A=—c+h+k
B=2c—2h—10mn
C =20%t} + 16kO1; + 3(c — )1} + tita(c — h)?

[©1113B + 70%1}

Similarly, we can compare the profits between different
charging services.

Thus, Theorem 3 is proved. [ ]

The equilibrium strategy in the market is influenced by
the combined effects of service costs, consumer travel cost,
and consumer time cost. When consumers face high time
cost, fixed charging stations, and mobile charging robots
become preferable options over mobile charging vehicles.
The introduction of mobile charging robots has intensified
competition in the market and marginalized fixed charging
stations. Only when service costs are low, the introduction of
mobile charging robots intensifies the market performance of
mobile charging vehicles. Mobile charging robots reduce the
inconvenience of searching for charging stations by automat-
ing the process and transforming manual search efforts into
automated ones. This strategy optimizes the consumer service
experience and mitigates the inconvenience associated with
searching for charging stations. The parameter values are set
as follows: t, = 30,11 = 15,k = 10, h = 5. The results are
shown in Figure 8.

As shown in Figure 8, after the introduction of mobile
charging robots, consumers are increasingly inclined to
mobile charging robots, especially when the time cost
are high. This preference arises from the convenience
offered by mobile charging robots, which eliminates waiting
times by enabling vehicles to be charged while parked.
Specifically, the mobile charging robotics strategy combines
the reliability of a defined charging range with the flexibility
of mobile charging, thereby reducing consumer wait times.
Consequently, the introduction of mobile charging robots will
increase competition in the charging service market and expe-
dite technological advancement. For consumer segments with
heightened sensitivity to time cost, mobile charging robots
are poised to emerge as their preferred charging solution,
gradually encroaching on the fixed charging market. Notably
during the initial phase of mobile charging robot introduction,
providers may incur negative profits, thereby enhancing the
competitive performance of mobile charging vehicles. With
escalating travel cost, the operational landscape of mobile
charging vehicles is expected to improve. This trend not
only underscores the advantages of mobile charging robots
in catering to the demands of a fast-paced lifestyle but also
signals the growing significance of their competitive position
in the forthcoming charging market.

Theorem 4: After the introduction of mobile charging
robots, the equilibrium prices and profits of fixed charging
and mobile charging vehicles have the following order:
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FIGURE 8. Charging Service Providers Profit Comparison in Mode Y.

D phz=phopf zpfm zanwf = af.
2) The consumer utility in the charging service market has
improved, Uy, > Uy, U} = U}

Proof: We derive the proof with three parts as follows,
including the proof of the prices, the profits, and the utility,
respectively.

For the proof of the prices pl,x > p},g and p > p}/ ,
we follow the assumptions of Lemma 1-2, thus 2c—2h+0®1; —
401, < 0 holds. Then, we can get the following statements.

N y (1 —10)Q2c—2h+ Ot —401n)
= >

— 0.

P = Pm 6 (11 + 212)
N % (t1 — ) 2c —2h + Ot — 401) 0
S G > 0.

Py —Pr 3(11 + 20)

Therefore, pl > p!' and p}v > pj are proved.
Similarly, we can get the result of charging providers
profits as the following statement.

1
T = Ty =

e _(2c—2h+ 61 — 401
3600, 120 : 2

: [ — 501 + 11(2¢ — 2h + On)
426 (5¢ — Sh+ 2@[2)] > 0.

N y h@+n)c—h+0n — On)?

‘ 20 () — 1) (1 + 212)
(c—h+20tH — 2®t2)2

90 (1 — 1)

Y

> 0.

N> 7Y and 7 > 7} are proved.
For the proof of the utility, we have 2c —2h+©t — 401, <
0, then we can get the following statements.

Therefore, 7V

1 — 1) 2c —2h + Ot — 40r¢,
Ufy_U]{v:(l 2) (2c + 1 2)>0.
: 3(t1 + 20)
H — 1) 2c—2h+ Ot — 40Ot
UrZ_U;IXZ(l 2) (2c + 1 2)>0.
6 (1 + 21p)
Therefore, UY > UN and UY > UY are proved. ]

After the introduction of mobile charging robots, the
equilibrium prices of both mobile charging vehicles and
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FIGURE 9. The effect of travel cost c on price p in mobile charging
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FIGURE 10. The effect of travel cost ¢ on price p in charging providers
(6 = 0.5).

fixed charging stations have decreased. This phenomenon
arises from intensified service competition driven by mobile
charging robots. It will prompt other charging service
providers to set a lower price to retain a larger market.
Additionally, the introduction of mobile charging robots can
improve consumer utility, potentially eroding the competitive
advantages of incumbent market players. Moreover, mobile
charging robot providers can enhance consumer utility across
by intensifying market competition, thereby reducing the
prices of other charging services and increasing consumers’
surplus value.

Next, we focus on the impact of consumer time cost and
travel cost on charging service competition decisions and thus
draw Proposition 1-3.

Proposition 1: For the prices of the fixed charging and
mobile charging vehicles, with #,>t;, the following equilib-
rium solutions hold.

1) p;V s JT;V s p}/ s pl):, JTfY, and nlf decrease with ¢, while pfx R

Y N Y :
Dims Ty » and 7, increase with c.

2) p}v, p}/, pZ, p%, and p,); increase with ®. Besides, JT}V,
71,1,:7 s 7TfY s rr,ﬁ , and nlf also increase with ©.

We prove Proposition 1 based on the first-order derivatives of
p () with respect to ¢ (0) (see Proof A-C in Appendix A-C
When consumers’ travel cost ¢ increases, the prices of
fixed charging and mobile charging robots decrease, while
the price and demand for mobile charging vehicles increase as
shown in Figure 9-10. This is because when consumers drive
to charging stations, they will afford road costs and deal with
risks such as traffic congestion. As travel cost c rise, fixed-
charging consumers will turn to mobile-charging vehicles,
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FIGURE 11. The effect of time cost ¢ on price pin mobile charging
vehicles provider(c = 10).
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FIGURE 12. The effect of time cost 6 on price p in charging
providers(c = 10).

thereby increasing the demand for mobile-charging services.
This phenomenon is particularly evident in areas with urban
congestion or insufficient coverage of fixed charging stations.
Therefore, in these areas, The market for mobile charging
vehicles has the potential to expand. In addition, the profits
of fixed charging stations may be affected by external factors,
such as traffic congestion and inaccurate map navigation. For
mobile charging vehicles, it will be more advantageous to
deploy mobile charging vehicles in areas with high travel
cost (e.g., urban centers). In addition, fixed charging location
choices and accurate address navigation are beneficial for
both fixed charging stations and mobile charging robots.
As the consumer time cost ® increases, charging service
pricing and benefits also increase as shown in Figurel1-12.
Specifically, a larger ® is the higher the opportunity cost of
consumers. At this time, charging service providers have an
incentive to raise prices to obtain more profits.

Proposition 2: The effect of consumer time cost on
demand is as follows:

1) When & > ¢, q}v,q}/, q) decrease with ©, ¢7, g},
increase with ®.

2) When ¢ > h, q}v, q}/, q}; increase with @, ¢ and ¢!,
decrease with ©.

We prove Proposition 2 based on the first-order derivatives of
p () with respect to ¢ (0) (see Proof A-C in Appendix A-C

Fixed charging has more advantages than mobile charging
vehicles when 2 > c¢. As the consumer time cost ® increases,
there will be a decrease in the demand for both fixed charging
services and mobile charging robots. This is because an
increase in ® narrows the cost difference between mobile
charging vehicles and fixed charging options, including
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FIGURE 13. The effects of c — h on charging providers’ quantity q (¢ = 0.5).

q
0.4
— qmy
0.3 am
0.2

: : : -h
1 2 3 ¢
FIGURE 14. The effects of c — h on charging providers’ quantity q (¢ = 0.5).

mobile charging robots. Both fixed charging services and
mobile charging robot operations require consumers to drive
themselves, leading to an increase in opportunity costs.
Consequently, consumers prefer mobile charging vehicles,
thus increasing their demand. When ¢ > &, mobile charging
vehicles outperform fixed charging in terms of advantages.
However, as ® increases, the demand for mobile charging
vehicles tends to decrease. Despite the low service costs,
rising time cost narrow the gap between fixed and mobile
charging, making the benefits of mobile charging less obvious
and leading to reduced demand.

During periods of elevated consumer time cost, such as
peak demand periods like holidays when fixed charging
stations on motorways experience congestion, strategically
deploying certain mobile charging vehicles in charging
queues waiting for areas can prove advantageous. This allows
consumers to utilize mobile charging vehicles more conve-
niently and decrease their waiting time, thereby enhancing
the appeal of the service. For both fixed charging and mobile
charging robots, the adoption of super-fast charging technol-
ogy and scheduled charging services is recommended. Super-
fast charging technology has the potential to reduce charging
time and enhance user experience, while scheduled charging
services enable better resource planning and help avoid
resource wastage. Consequently, this enhances operational
efficiency and boosts profitability.

Proposition 3: The effect of the difference between travel
cost and charging delivery costs on demand is as follows:
When ¢ > h, the following statements hold.

1) q}v, q}/, q}:, r(fY, n}}/, and njﬁv decrease with ¢ — h.

2) ¢V, qr, 7Y, and 7 increase with ¢ — h.

We prove Proposition 3 based on the first-order derivatives
of p (7r) with respect to ¢ (0) (see Proof A-C in Appendix A-C
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FIGURE 15. The effects of ¢ — h on charging providers’ profits = (¢ = 0.5).

The gap between travel cost and mobile charging vehicle
service costs ¢ — h will have an impact on the equilibrium
demand of the participants. Specifically, when ¢ —# increases,
that is, travel cost for consumers increase or the cost of
mobile charging vehicle services decreases, the demand for
fixed charging stations and mobile charging robots decreases,
while the demand for mobile charging vehicles increases,
thereby improving the mobility and profit level of charging
vehicles. Therefore, for mobile charging vehicles, on the one
hand, profits can be increased by operating in areas where
consumer travel cost are high. However, smart technology
and battery recycling can be considered to reduce service
costs. We consider the impact of the difference between travel
cost and mobile charging vehicle service costs on the profits
of charging service providers, as shown in Figure 13-15.
As c—hincreases, for example, the higher the cost of travel or
the lower the service cost, the profits of fixed charging will
decrease, while the profits of mobile charging vehicles will
increase. This shows that mobile charging reduces service
costs through battery recycling and vehicle dispatching, etc.,
which is conducive to improving profitability.

V. CONCLUSION

Our study focuses on the competition in charging services
and pricing changes based on differences in the development
of charging technology. We considered two modes: fixed
charging and mobile charging vehicles (Mode N) and mobile
charging robots, fixed charging and mobile charging vehicles
(Mode Y). In Mode N, consider static games of complete
information in which fixed charging and mobile charging
vehicles make pricing decisions simultaneously. However,
in Mode Y, the fixed charging and mobile charging vehicles
decide the price first, and then the mobile charging robot
makes pricing decisions in the two-stage Stackelberg game.
This study analyzes the limitations of mobile charging
vehicles and explains why they have not gained popularity in
Mode N. Additionally, it examines the service approach and
pricing strategy of mobile charging robots in Mode Y and
analyzes the impact of new technologies on the equilibrium
of the charging market. The main findings of the study are as
follows:

First, mobile charging vehicles are generally less profitable
and less efficient than fixed charging stations. Mobile
charging incurs service costs, primarily because of the
requirement of offering charging delivery service, which
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FIGURE 16. Strategy options for new entrant charging service providers.

encompasses labor and energy expenditures. Moreover,
inherent journey risks such as traffic further escalate these
expenses. By contrast, fixed charging stations, are devoid of
such costs and expanding their infrastructure. Consequently,
consumers embraced fixed charging services. Second, the
pricing strategy of mobile charging robots is intricately tied to
travel cost and consumers’ time valuations. Mobile charging
robots combine the stability inherent in fixed charging
stations with the flexibility characteristics of mobile charging
services. Consequently, the pricing of charging robots is
inversely correlated with travel cost and positively correlates
with consumers’ time valuation. Finally, the advent of mobile
charging robots intensify market competition, precipitating
downward pressure on pricing for both fixed and mobile
charging services. As mobile charging robots develop, they
may potentially decrease the demands for fixed charging
services, expediting the obsolescence of the mobile charging
vehicle market.

As the EV market continues to expand, charging service
providers face the challenge of strategically setting their
pricing and service offerings to attract and retain customers.
One key consideration is the trade-off between consumer
time and travel cost, which varies based on both consumer
and city characteristics. To assist new entrants in making
informed decisions, we propose the use of a coordinate
diagram, as depicted in Figure 16, to visualize these factors.
It illustrates a coordinate diagram where the consumer time
cost is plotted on one axis and the travel cost on the other. The
diagram serves as a tool to analyze how different consumer
and city characteristics intersect and influence the optimal
pricing and service strategies for charging providers.

By analyzing the distribution of consumer and city
characteristics on the coordinate diagram, new charging
service providers can identify clusters or patterns that indicate
potential market segments. For example, developing a mobile
charging robot service is advisable in regions where both
consumer time cost and travel cost are high. This is because
the mobile charging robot exhibits superior performance
in terms of service efficiency and traffic cost control,
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FIGURE 17. Decision process for new entrant charging service providers.

as demonstrated in Theorem2. Conversely, fixed charging is
preferable in regions where consumer time cost and travel
cost are low, as indicated in Theorem 1. This preference
stems from the higher stability of fixed charging and its
ability to provide continuous power supply over extended
periods. In situations where consumer time cost is low but
travel cost is high, mobile charging is favored, as evidenced
by Propositions 1 and 2 which arises from the high
flexibility of mobile charging, making it suitable for various
emergencies.

In addition, we propose a decision-making flowchart
tailored for the three distinct charging services within the
EV (EV) sector in Figure 17. Our study integrates the cost
characteristics of EV charging technology to compare the
unit service cost (h) associated with mobile charging vehicles
with the unit trip cost (c) borne by consumers. Further-
more, the accompanying Figure 17 analyzes the reference
significance of consumer time cost within the decision-
making process, delineated through propositions 1-3.
By utilizing this flowchart, charging service providers
can more accurately identify optimal operating conditions,
leading to improved profitability.

In conclusion, our study proposes a coordinate diagram
that provides a visual framework for new charging ser-
vice providers to strategically assess the trade-off between

VOLUME 12, 2024

consumer time cost and travel cost based on varying
consumer and city characteristics. By leveraging this tool,
charging providers can tailor their pricing and service offer-
ings to meet the needs of diverse market segments effectively,
ultimately maximizing competitiveness and profitability in
the rapidly evolving EV market. With the development of
mobile charging technology, mobile charging robots are
expected to replace the original traditional charging methods
gradually. To improve charging service, providers should
consider the following measures:

« Fixed charging service providers need to carry out
optimized site planning, precise navigation charging,
and other new service methods to reduce the cost of
charging for consumers.

o Mobile charging vehicles must focus on reducing the
costs of charging delivery service. For example, EVs
can be used to recycle batteries and optimize charging
vehicle routes to reduce operating costs. Mobile charg-
ing vehicles are more suitable for areas with insufficient
fixed charging coverage and high transportation costs for
consumers to drive themselves.

« To enhance competitiveness and reduce costs, it is
crucial to develop advanced automatic navigation and
energy distribution algorithms for mobile charging
robots.

In the paper, we propose a utility model consider-
ing the consumer perspective. Although our research is
forward-looking and advantageous for the EV market, there
still exist some limitations summarized as follows. Firstly,
in this paper, we innovatively consider the differences
among the three charging services from the perspective
of consumers. To better profile different consumers (i.e.,
users), more information about users’ preferences is needed
to improve the utility model in the future. It is better to
use the investigation results of user satisfaction factors to
establish the relationship between consumer satisfaction and
the charging demand function. Secondly, this paper lacks
of discussion of the alliances of charging service providers
with different charging technologies. Although there are
some differences between mobile charging technologies, the
charging services will consider to acquisition or merger of
different charging technologies to enhance competitiveness.
It can investigate the cooperation in charging service
providers alliances. Finally, more research on the impact
of policy subsidies on charging infrastructure is needed to
encourage the advancement of the EV market. It can compare
the different subsidy impacts on three charging technologies
and discuss the impact on social welfare.

APPENDIX A

THEORETICAL ANALYSIS

A. THE DETAILED SOLVING PROCESS OF MODE N

In order to derive the equilibrium of Mode N. By using
the backward induction method, the first-order and second-
order derivatives of 7 with respect to p can also be obtained
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as follows:
32N 2
f2 T on—on 0.
ap}V 1 2
87‘[}\’ _ c+2pr — pm + Ot — O
Bp}v - O — On ’
32N 2
i) <0,

2 = —
8p1r\r{ @t] @t2

amy  c+h+pr—2pm

ap% On — On
auf 3%l .
We have t; > t;, —4 < 0, =2 < 0, the optimal strategy
apy aply
needs to satisfy:
—v =0 —F=0.
apf 8pm

Therefore, we can get
N 1
Py =3 (—c+h =201 +200),

the demand of fixed charging is
., (c—h—01+06n)?
q]{\’ =
90 (1) — 11)
the profit of fixed charging is
vy (c—h+201 —20n)?
T = .
f 90 (1 — 1)

Similarly, we can get

Ny 1
pm=5(6+2h—®t1+®t2),
N Cc—h+201 —20n

In = "304 —30n,
N _ (e—h—0n + On)?
" 99t —t1)

B. THE DETAILED SOLVING PROCESS OF MODE Y
Using the backward induction method, the first-order and
second-order derivatives of 7w with respect to p can also be
obtained as follows:
CEs 24 2
> =—— <0,
apg @t]

the optimal strategy needs to satisfy the following equation:
871,3/ _ —2pp+pr+ 0
py, Or

so we can formulate the mobile robot price:

-0,

1
Py = E(Pf+®f1)-

We can substitute PZ into JT,)n/ and nfy. By using the
backward induction method, the first-order and second-order
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derivatives of 7} (an ) with respect to p) (p}/ ) can also be
obtained as follows:

azﬂfy _ h+n -0
31,}/2 on(m —n)
82y 2

4 = on—on "
oph, 1= PR

Then, we have #, > t1, the optimal strategy needs to satisfy:

aﬂfy . @tlz +2prtr + 11 (26 +2pr — 2pm — @tg)

Y =0,
3pf 20t (1 — b)
om)  c+h+pr—2pm
pY —  Bn-0n

Therefore, we can get
y _h(=c+h—01 +06n)

pr = 1+ 26 ’

Y — —O12 +2(c+h) tr+11 2h+ On)
m 2 (11 +21n) ’
y _h(=c+h+30n)

Pb 2(t1 +2t)

The demand for fixed charging is
Yy (1 + 1) (c—h+ Ot — BOn)
T =" 20 0 —n) (1 +20)
the profit of fixed charging is

LY Hht+n)(c—h+ 01 — @t2)2
! 20(n— 1) (11 +20)°
Similarly, we can get
Yy (t1 + 1) (c — h+ B — BOnR)
T TR0 —n) (i + 20)
Y _ h+30rh —c
=261 + 400,
1
=
40(t + 2n)
+1 ((c — )%+ Oty (—6¢ + 6h — 16k + 9®z2)) ]

[ - 4korf - 16k013

C. PROOF OF PROPOSITION
Here we present detailed proof of Proposition 1, Proposi-
tion 2, and Proposition 3.
Proof: (Proof of Proposition 1) We prove Proposition 1

through the following first-order derivatives.

For the statement (1) of Proposition 1, the first-order
derivatives of p]’c\' , JT]{V , pr , pg , an, and 715 are shown as
follows:

BpN
R 1 <0,
dc 3
arN o —

r_ 2(=c+h+ 01 —0n) <0
e 90 (] — 1) '
apf t
= ! <0,
ac 1+ 2t
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9 N
oy n
dc 2 (t1 + 21)
a”fY _n (i +1n)(c—h+ 01 —6n) <0
dc O (12 — 11) (11 + 212)* ’
am) i (—c+h+30n)
dc 20(11 + 21)?
Besides, the first-order derivatives of pfx, p,’,’l, n,],\,' , and rrrﬁ in
the statement (1) of Proposition 1 are shown as follows:
apN 1
Pm ==->0,
ac 3
apY t
ﬁ — 2 > 0’
ac t+ 2t
N 2c—2h+ 40t — 461 0
= > N
dc 901 — 90K
Iny (O +2(—c+h)n—Onn)
I O —n)n+2n)*

For the statement (2) of Proposition 1, the first-order
derivatives of p}v , p}/ .y, pN, and p! are shown as follows:

Y 2
f
— =—(p—t 0,
56 3(2 1 >
Wy (=t 41

f 1 (=11 +1n) -0,
00 1+ 2t

ap}f 31t
_—=— >

00 2t + 4t
BpZ 1
— = — (—t t 0,
ac 3( 1+16) >

ap, _ (=t +1n)
00 2 (t; + 20)
Besides, the first-order derivatives of in the statement (2)

of an s 7[,],\1’ s an , nng , and ng/ in Proposition 1 are shown as

follows:

I (c—h+201 —20n) (c — h— 201 +201)
= >

0 902 (1] — 1) 0.
drN  (c—h+ Ot —BOn)(c—h— Bt + On)
0 902 (1] — 1) >0,
' 1 +n)[On —6n)? — (c—n?]
30 202 (1 — 11) (1 + 212)? =0
oY 1
50 402 (1) — 1) (1 + 20)° {[®t12 trlemhn
— Onn] (@zf F2(—c+h) b — O l‘z) } >0,
am) t ((c — h)* —90%13)
90 401 +2n)
Therefore, Proposition 1 is proved. ]

Proof: (Proof of Proposition 2) We prove Proposition 2
through the following first-order derivatives.

For the statement (1) of Proposition 2, with 7 > ¢, the

first-order derivatives of q}v , q}/ , q}f, g, and g¥ are shown

VOLUME 12, 2024

as follows:

3‘]}\] —c+h
— = <0,
00 302(H — 1)

dp =Wt
90 202(1 — ) (11 +20)
dgY -

% _ c—h <0,

00 202 (11 + 21)

% __c-n h >0,

00 302(H — 1)

3y _ (=M

= >0
00 O (t; — 1) (11 +21)

Particularly, the statement (2) is the same as the statement
(1) in Proposition 2. Thus, the same expressions of the first-
order derivatives of q}v .4} » 4}, > 4m» and g,,, are shown above.
While the results of them with ¢ > £ are shown as follows:
0 0. % _ 0.2 o o 0 _ . dm _

90 ~ Y30 ~ Y30 T Y ge <Y e <Y
Therefore, Proposition 2 is proved. [ ]
Proof: (Proof of Proposition 3) We prove Proposition 3
through the following first-order derivatives.
For the statement (1) of Proposition 3, with ¢ > h, the first-
Ut N Y Y _Y _Y N
order derivatives of qr > df s dp» T > T s and m; are shown
as follows:

3 1
q“;y = <0,
dc—h 301 —30n
8q}/ _ nh+n -0
d(c—h) 201 +20nn — 403
agY 1
% = - <0,
d(c—h) 201t + 401
8”]‘)’/ __h (t1 +1) (c—h+ Ot — BnR) <0
d(c—h O (1 — h) (t +210)? ’
oy __n(2e-h+6n
de—h 401 +2n)° ’
a]TN 2 —h
e/ A (PSP RN WY
dc—h 9 O (=t +1)

For the statement (2) of Proposition 3, with ¢ > h, the
first-order derivatives of ¢, ¢¥, =¥, and 7Y are shown as
follows:

Yan _ 1,
00 30n — 30n
dqp, n

=— 0,
90 O (1} + titr —23) -

omy  n (O} — 2(c —h) +Ot)) 1)

Ie—h O —n)n+2n)’ ’
N 2 c—h
_— = — + — > 0
dlc—h)y 9 O (=11 +1n)
Therefore, Proposition 3 is proved. |
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