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ABSTRACT This paper focuses on investigating fuzzy complex-valued neural networks with inertial item.
By utilizing fixed-time stability theory and inequality techniques, we designed two types of feedback
controllers and obtained some new criteria to ensure that the system achieves fixed-time complex projective
lag synchronization(CPLS). Compared with previous works, we study the complex-value system as a whole,
and compared to ordinary synchronization, CPLS has a broader range of applications. Finally, we provide
numerical simulations to verify the effectiveness of the theoretical results.

INDEX TERMS Fixed-time complex projective lag synchronization (FXCPLS), fuzzy neural networks,

complex-valued neural networks, inertial item.

I. INTRODUCTION
In practical applications, uncertainty, approximation, and
fuzziness are inevitably encountered. In order to deal with
fuzzy or uncertain situations, Yang et al. [1], [2] first
introduced fuzzy AND operators and OR operators for
research based on traditional cellular neural networks(NNs),
and proposed the concept of fuzzy neural networks(FNNs).
Compared with general NNs, FNNs have better robustness
and adaptability, and can be applied to complex practical
application scenarios, such as pattern classification, associa-
tive memory and parallel processing [3], [4], [5]. In addition,
some researchers have demonstrated that fuzzy logic can
be used to approximate any nonlinear function. Thus,
it has broad application prospects and research value, and
many scholars studied FNNs and achieved many excellent
results [6], [7], [8].

NNs are generally described by first-order differential
equations, such as the FNNs mentioned above. In real
systems, there are a large number of second-order dynamical
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phenomena, such as variable-speed operation of information
vectors constructed from network topologies. Babcock and
Westervelt [9] introduced the concept of inertial neural
networks(INNs) in 1986 by introducing inductors in neural
circuits to display inertial features. INNs are described by
for second order differential equations. This feature can be
well applied in generating pseudo random sequences and
image information processing. In addition, the equivalent
circuit of inductance can simulate the synapses of squid
and the membrane semicircular canals of animal hair
cells [10], [11]. When we combine the INNs with the
FNNs, we get the fuzzy inertial neural networks(FINNGS).
In recent years, many scholars studied FINNs and achieved
some meaningful results. Yang and Zhang [12] constructed
a novel controller using maximum analysis method and
studied the global asymptotic synchronization problem
of FINNG.

We note that the NNs discussed above is a real val-
ued NNs. With the continuous development of computer
hardware and software technology, the problem of complex
signals has been involved in many industrial production
engineering processes. There is an increasing interest among
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researchers in the application and study of complex-valued
neural networks (CVNNs). The state variables, connection
weight matrices, and activation functions of CVNNs are
all complex valued, therefore, CVNNs have more diverse
dynamic behaviors. Currently, CVNNSs is utilized in various
fields, like language recognition, signal processing and
pattern recognition. Reference [13] generalized the universal
approximation theorem of NNs to CVNNSs. Cheng et al. [14]
investigated the fixed-time problem for fractional-order
CVNNs and obtained corresponding sufficient conditions.
There are many literatures [15], [16], [17], and [18] studies
on CVNNs by separating systems into real and imagi-
nary systems. However, the approach increases system’s
dimensionality and complicates the calculation process,
resulting in conservative outcomes. Moreover, the separation
method may pose practical challenges in implementing it
in real-world applications. Therefore, it is more practical to
analyse the dynamic behavior for fuzzy inertial complex-
valued neural networks (FICVNNs) using a non-separation
method.

Synchronization refers to adjusting the response system
through a controller, ultimately achieving consistent dynamic
behavior between the response system and the driving
system. In recent years, synchronization has become an
important research direction in NNs due to its widespread
application in secure communication, associative memory,
image processing and information science [19], [20]. The
synchronization of NNs attract the attention of scholars in
various fields, and there have many excellent achievements
in this field to date [21], [22], [23], [24]. Complex projective
synchronization can reflect the proportional relationship
between synchronization states by introducing a scaling
factor. When our scaling factors are 0, —1, and 1,
they correspond to stabilization, anti-synchronization, and
complete synchronization. Therefore, complex projective
synchronization more general.

We generalize complex projective synchronization to
obtain complex projective lag synchronization(CPLS) [25].
CPLS is a special synchronization method that introduces a
lag term on the basis of complex projective synchronization,
which can better handle the delay problems in actual
systems. The significance of CPLS lies in the fact that in
some practical applications, such as control systems and
communication systems, there is a common occurrence of
time delay between systems. If synchronization is required
between these systems, traditional complex projective syn-
chronization methods may cause instability and errors in
the synchronization state due to delay. CPLS can solve
this problem by introducing a lag term, thereby making
the synchronization state between systems more accurate
and stable.

Settling-time(ST) is an important evaluation indicator for
the speed of system synchronization, and existing research
mainly focuses on finite-time stability [26], [27], [28].
The ST of finite-time stability is contingent upon the
initial condition, and if the initial condition is unknown
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TABLE 1. The meaning of symbols in the article.

Notation Meaning
N SetS =1,2,3...n
R real number domains
C complex number domains
cn n — dimensional complex number space
i imaginary unit and v/—1 = i
A Conjugationof/\,)\:aerieC,X:afbi
a, b, positive constant
Oup, hup complex-valued neuron connection weights
dyp the elements of feed-forward templates
Sup / @, the elements of fuzzy feed-forward MIN/MAX templates
Fep/Oup fuzzy feed-forward MIN/MAX templates
fo(-), 8o(:) complex-valued activation function
T discrete delay
i maxpes{Tp}
[Al1 [Al1 = a] + |b]
[Al2 A2 = VX

or cannot be provided, it becomes impossible to accu-
rately estimate the ST. Therefore, finite-time stability has
limitations.

Polyakov [29] introduced the concept of fixed-time
stability, which ensures that the ST of a system is unrelated
to its initial value. He also estimated the upper limit of the
system stability time. Currently, there are numerous studies
exploring the theory of fixed-time stability. In order to save
control costs, Zhang et al. [30] designed an event triggered
control scheme for fixed-time synchronization(FXS) and
stabilization of discontinuous NNs. Liu and Zhang [31]
designed two control strategies and obtained sufficient
conditions to ensure that FICVNNSs achieve fixed-time lag
synchronization(FXLS).

Inspired by the above content, this paper explores the
fixed-time complex projective lag synchronization(FXCPLS)
for FICVNNs using a non-separation approach. The key
contributions of this paper can be summarized as follows:

1. Our model is more versatile than previous models
in [12] and [23] as it integrates fuzzy logic, inertial item, and
complex numbers into the NNs.

2. On the base of the Lyapunov stability theory, we obtain
sufficient conditions to ensure that FICVNNs achieve
FXCPLS. Meanwhile, by selecting different lag constants
and projective parameters, our conclusion can be extended
to fixed-time complex projective synchronization(FXCPS),
FXCL along with fixed-time anti-synchronization(FXAS).

3. By designing a complex-valued feedback controller,
we implemented FXCPLS for FICVNNs and calculated the
upper limit of ST.

The remaining sections of this paper are arranged as
shown below. Section II provides some preliminaries,
including model description, etc. Section III introduces
novel findings on FXCPLS of FICVNNs. In section IV,
we validate the effectiveness of our results through numerical
simulations. Finally, section V provides a comprehensive
summary of the entire article and provides future research
directions.
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Il. PRELIMINARIES
The FICVNN:S is:

n n
};t(t) = —o, A (1) — Etj"t(t) + Z azpfp()\,o(t)) + zhw

p:l p:l

n n
X gp(Ap(t — 7)) + ZdtpHp(t) + /\ rpHp(1)

p=1 p=I1

n n
+ \/ S8ioH (1) + /\ S8p(Ap(t — Tp))

p=1 p=1
n
+ \ @pgo0pt = 7,). 1 2 0,1 €5, (1)
p=1

where t € S, A,(t) € C means the (th state at time ¢, H,(¢) is
the input of the «/h neuron. The initial conditions of FICVNNs
(1) are given as 1,(¢) = (), 1.(¢) = 1(¢), ¢ € [-£,0].
The meanings of other symbols are shown in Table 1.

To simplify the analysis of FICVNNSs (1), an intermediate
variable v,(t) = A,(r) + A,(¢) is introduced. FICVNNs (1) is
expressed as follows:

M(t) = =1, (1) + v(0),

U U
P(t) = —En () — hd(0) + D dpfp (o) + D

p=1 p=1
U n
x 8ot = Tp) + D _dipHy(t) + \ rpH,(t)
p=1 p=1
n n
+ V 8pHo®) + \ s08p(ot — 7))
p=1 p=1
n
+ \ @pgo(plt = ,). 1 2 0,1 €5, )
p=1
where & = ¢, — 1, and h, = «a, — &,. The drive FICVNNs

are represented by Eq. (1), and the response FICVNNs can
be translated as shown below:

k(1) = =k, (1) +w(1),

n U
huic () + D daf i, (1) + D T

p=1 p=1

W (1) = —Ew(t) —

U n
x 8okt — 1))+ D dpHy(t) + [\ ripH (1)

p=1 p=1

n n
+ \/ 3lpHp(t) + /\ §Lpgp(Kp(t - Tp))
p=1 p=1
n

+ \ @upgole,(t — 1))+ 0(1), 1 = 0,0 €8, (3)
p=1
with initial state «,(¢) = 7,(¢), w.(¢) = {.(¢), where T,(r)

denote controllers. To obtain the error system from Egs. (2)
and (3), E,(r) = k(1) —mA(t=y), O(1) = w,(t) —mv (=),
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where y > (0is lag-constant, m € C is projective factor. Next,
the error system as follows:

B(t) = —E.(t) + 0,(1),

n
(1) = ~£0.0) — KB + Y (4afy (k,1)) = md,

p=1

U
X fp (ot = 1)) + D (Rupplicptt = 7)) = m

p=1

n
—70) + N\ ogolinlt = 7,))

p=1

n n
- /\ mgp8p(Apt — 1o — )+ \/ @p8p(Kp(t
p=1 p=1
n
— 1) — \/ m@,8o (ot — T, — ¥)) + D0,
p=1
t>0,teS8. )

hpgo(hp(t — 10

Remark 1: Unlike [17], [18], the model (1) we constructed
not only considers inertial item but also introduces fuzzy
logic. Compared to the CVNNs discussed in previous
literature, the model we discussed is more general.

Hypothesis 1: For A1, A» € C, A1 # Ao, there are constants
L,L,M, M > 0@ € S), then

A=) < LA — A2,
g (A 1)—g (A1 < M |A1 — A2l1,
)£z < Lkt — Aala,
g () =8 (A)l2 < Mi|A1 — Azl

Definition I  [32]: Systems (2) and (3) can achieve
FXCPLS if there exists a fixed-time Ty and the ST function
T ($(0)), then:

Fala]
t—>T<p(0>> Bl =

Vi = T(p(0)), p(1) =0
T (p(0)) < Ty,

where p = lor 2, (1) € C*, p(1) = (E1(1), E2(0), ...,
2,(1). O1(1), ©2(1), ..., ©,(1)).

Lemma 1 [30]: Assuming V() is a radial unbounded
function, and V(p(t)) = 0 & () = 0, and the given

relationship holds

—kV(t) — 21 VP(@) - ¢,
—kV(t) — 22VF (1) - ¢,

V(t 0,1
D < (1) € (0, 1),
V) =1,
then, the system (2) and (3) can achieve FXCPLS, in which
k>0 > 0,2 > 0,k < min{Q,20},8 =3+
sign(V() — 1),1 < @ < 2. The upper bound of ST is

Q) 1, 2
estimated to be Ty = (k+;“)(<I> g — arina, it
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Lemma 2 [32]: LetA, > 0,0 =1,2,3---
1, Uy > 1 one has

U n N N
S5 = (3 A 3T 5 S a0
=1 =1 =1 =1

7;0 < U <

Lemma 3 [33]: For any 9(¢)
formula holds

: R — C, the following

(DO @) + [P (1) = 2|9 @)1
QOISO = O]l

+ | e +o
@)D" 9@ = 5([19(t)]D ?(1) + F(@)DT I (1)).
Hence, Dt represents the Dini derivative.

Lemma 4 [33]: For any #(t) : R — C and there exists
measurable selection w(t) € co(¥(t)), where

co(D(1)) = co(sign(Re(9(1)))) + ico(sign(Im(D(1)))),
then the following formulas hold:
(WP O]o) + @0 (0)] = 2|0 O]
2)(1)P(2) + w()P(2) = 2|9 ()1
Hence, D™ represents the Dini derivative.

Ill. MAIN RESULTS
A. DESIGNING A CONTROLLER BASED ON 1-NORM
Construct the controller as follows

0.(1)0.(t) # 0,

u,(t) = Ul*(l) + U, (), 5)
&(ﬁm =0

ijt(t) = 07

where

n
V0 = 3 (m0afoGuplt = 7)) = Biafp it = )

=1

h~Y

n
£ 37 (mhfy Gt = T = 7)) = Byef (0 = 7,
p=1
n n
- V))) + /\ mgp8p(Ap(t —Tp —y)) — /\ Si8p
p=1 p=1
n
< (mhp(t=Tp =y N+ \/ mmugp(ho(t — T, — ¥))
p=1
n

- \/ @ip&p(mAp(t —Tp — V),
p=1

I\le(t) = _[®L(I)](§IL|ELO)|1 + 210,(D]1 + |Et(t)|/13

n
H1OMI] + 3+ D9l = 7).

p=1

VOLUME 12, 2024

Noting that vy,(¢) is discontinuous, one has

vL(t) = _CO([®L(I)])(§11|EL(I)|1 + 2u10,(D)1 + |Et(t)|/13

n
+1OUNI] + L3+ D 9l B = Tp)h).
p=1
By the measurable selcetion theorem, there exists a function
w,(t) € co([®,(t)]) such that

i)lz(t) = _wz(t)(§1L|EL(t)|1 + 0210.,(D))1 + |Et(t)|€3

1
1O + &+ D Pl B — Tp)N1).
p=1
Theorem 1: Under Hypothesis 1, the FICVNNs (2)-(3)
can achieve FXCPLS under Eq. (5) if the following condition
holds

—@ip + (1|1 + 1611 + pl1)M, <0, (©6)
1 Q 1 Q
and Ty = gepaa oy — alta

Proof: Define the Lyapunov functlon as:
"

Vi = D" (12l +10.011). )

=1
Take the derivative of V1(¢) along the trajectory of Eq.(4),
DTVi(t)
1

Z ([“t(t) () + [EDIE0) + [6,(0]6,(1)

=1

+[0.016.0)
n
1
=3 (- 1B + 5 [E@I00 + [2010.0)
=1
1 —
—&10.0) = 3h ([O.OIZ() +[O.1]ED) )

non
+ % Z Z ([®‘(l)] (aleP(Kp(t)) - 8zp

=1 p=1
X folmhp(t = 1)) + [OUD)I3F GepD) — By
<y it — ) + (00D (gt = 7))
— Bipgp(miy(t — T, — ) + O g ept — 7))
X 8t =7, = 1)

n

+ — Z ([O ] /\ Sip8p(Kp(t = Tp)) — /\

p=1 p=1

X Gipgp(mhy(t — T — ¥))) + [0,(1)] /\ Sip

p=1

n
X gp(kp(t — Tp)) — /\ Sip&p(mAp(t —Tp — )
p=1

n n
+ [®L(t)]( \/ Dp8pKp(t — Tp)) — \/ Dy
p=1 p=1
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n
[0.1)] \/ Wy

p=1

x gp(mh,(t — 1y — V))) +

n
xgplicp(t = 7)) = \/ @iyt — 7, = 1)
p=1

+

N =

1

Z ([O.O]01.(t) + [O,()]V1,(1)). 3
=1

According to the definition of [E,(?)], we get

1, —
5([310)]@[([) + [Eu(1]6.(1))

= sign(Re(Et(t)))Re(&(t)) + sign (Im(EL(t)))Im(G)l(t))
=100 )

Based on the above, similarly, there is

1 —
- Eht‘[(")z(t)] Et(t) + [@L(t)]El(t))
< | B0 (10)

Based on Hypothesis 1, We get

22

H M5

(IR A O R WA )

N =

+ [Ou(1)]0,5fp (15 (2)) — Dypfp(mA (2 — V)))

M:

Z 1040 (1 (1)) = Dyaf (Mt — YD1

I
=

n
Z B 1Ly licp (1) = map(t — y)i

M=

I
—_

M=
Ms ]

=<

100 [1 L E ()1 (1)

I
_
>
I
_

Similarly

1 n
12 ([@ 01 (890 (1 =Tp)) =82t =T, 7))

1 p=

1OV, Kyt = ) = By minlt =7 = 7))
n
ZZIhth |8t — o)1 (12)

Based on Hypothesis 1 and Lemma 2 in [8], there is

7
%Z( O,(1)] /\ S&p(kp(t — Tp)) — /\ St

=1 p=1 p=1

n
X gp(mh,(t — 7, — ¥) + O s
p=1

n
x8(kp(t = o) = [\ Sipgolmip(t = 7, = 1))
p=1
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n n

Sip&plkp(t — Tp)) — /\ Sip
=1 p=1

Aot —Tp =¥

P
p(m
n
< D> swlilgolept = Tp) —may(t — 7, —y)h

=1 p=1
n n
<D D lsiph Myl Eplt — 7)1 (13)
=1 p=1
Likewise,
Z( [0.(1)] \/ @p&p(kpt — Tp)) — \/ Wy

=1 p=1 p=1

n
) + 1001\ @,

p=1

X gp(mA,(t — 1y —

"
X gp(kp(t — Tp)) — \/ @pgpMAp(t — T, — V)))
p=1
U
Z @\ M,y | Bt — Tp)1. (14)
p:
Substituting Eqs. (9) (14) into Eq. (8) yields

Ms

N
DM(:)sZ ( A G

n n n
+ D (EHDIOMNT+ DD (Ihphi+ls,h
=1

=1 p=1
e —
N AACEATEE SN (A
=1
+[O,(N]V1(1)). (15)

From Egq. (5) we get

1 < —_
3 Z ([©.0101.(1) + [.(0)]01,())

[©.(D]w(1) + [OD]w (1) E(1)]1

l\)l'—*

2 ([0M]w (1) + [O.(D)]w (1)) [OU1)]1

NI>~

([B.D]w.(1) + [0.(1)]w, (1) Hut(t)h

NI*—‘

(@Dl (t) + [0,(0)]w0) 0,(t)[?
zs[ [0,(D]wi(1) + [0,(t)]w, (1))

i
i
i

n
> 0 ([O.0]w (1) + (OO (D) EC — T,)h
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n n
GBI = D el O — D 1B}

=1 =1

?
Z|®(t>|ﬁ ZQL ZZWua -

= =1 p=1

M:

(16)
By substituting Eq. (16) into Eq. (15), we get
n U
DYVI() < DD (=t = 1+ h + [0, 1L) D)y
=1 p—l
+ Z( o — &+ DIOO]1 + Z Z — 9

=1 p=1
+ |hlp|l + sl + |wzp|1)Mp|up(t — 1)l

n n n
=S EO =D 10l - &
=1 =1 =1
n n n
< =D kulEBOh =Y k0Dl =Y B}
=1 =1 =1

n
- > 1eml] -« (17)
where k;, = —(=¢, — 1 4+ h + |8pz|1Lz)a ky =
n
_(_4-21 —&+1), ¢ = Z £3,.

=1
By application of LeIana 2 we have:
(DIf Vi(2) € (0, 1)

U

n
-SRI} - Z [EXGI
=1

U
(men Z|® )"

< _Q,vf(t). (18)

(DIf Vi) = 1,

U

n
-SRI =D 1001
=1 =1

n n
<=0 > 1mon)’ -2 (> 1eonh)’
=1 =1

<—uvio. (19)
From eqs. (18), (19), we obtain

—kVitt) — VPl — ¢, Vi) €, 1),
DTVi(t) <
—kVi(t) — Vi —¢, Vi) =1,

(20
where k = min{ky,, ko), Q1 = 1, Qy = —n!=F21-8,
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Remark 2: Notice that the controller (5) contains the sign
function sign(-) and therefore the controller (5) is discontinu-
ous. However, in some cases, continuity is necessary and we
can use fanh(-) approximation instead of sign(-).

B. DESIGNING A CONTROLLER BASED ON 2-NORM

Next, the controller will be designed based on the 2-norm
of complex numbers to enable FICVNNs to implement
FXCPLS. In this section, the continuous controller is
designed as follows:

0.(1)0,@) # 0,

{ B.() = v{(0) + (0, on
(1) = 0, 0.1)0,1) =0,
where
. 1 ~ 1 _ -
Vo (t)=— X0 (;mat<t>|%+<§|m<t>|%)ﬂ + @Bt — T3
- - 1
+23) — 2ulO0)]3 — <5|®L<t>|%>ﬂ.

Theorem 2: Under Hypothesis 1 and controller (21), the
FICVNNs (2)-(3) can achieve FXCPLS if the following
condition holds

1 < _
-+ 5 Z (|h1p|2 + lspl2 + |wtp|2)Mp <0.
p=1
In addltlon the upper bound on the ST is estimated to be
Q1 _ 1 Qz
Ty = Groen "tk i et
Proof: Define the Lyapunov function as:

U

1
V) = 3 Z (IO +10.0]3)

=1

n
Z (2WEO+0.00.0). @2

Take the derivative of V,(¢) along the trajectory of Eq.(4),
DTV, (1)

& e —— : _
=3 > (Ez(f)EL(f) + E(OE(1) + 0,000,
=1

0.00,(1))

U
> Re(EWED + 6.008,0))

=1

n
D - Re(B.)E(®)) + Re(©.()E(1))

=]
— Re(£,0,(1)0,(1)) —

n
+ > Re(8f, (k,(0) 0.0 - ZRe( oo (13 (1

p=1 p=1

- 7)oM) + Zn; Re(npg (ot = 7)) 0.0))

Re(h, El(t)(H)_(t))

86125



IEEE Access

Y. Yao et al.: Novel Results on FXCPLS for Fuzzy Complex-Valued Neural Networks With Inertial Item

n
ZRe( w8p m)\p(t —Tp — V))W)

=1

i)

n
+Re( N\ s (ot = 7))0.0)

p:
—Re(

n
/\
o=
+R€( @ipgp (kp(t — fp))m)
1,;_
v

—Re(

+ Re(bzt(w%)). (23)

—

Sip8p m)‘p(t V))W(t))

—

@185 (ot = T, = 1))

On the basis of Hypothesis 1 and the properties of the
inequality, we get:

ii ( diafp (Ko (1)© (f)) ii ( oo (m
X kp(t = 1))B,0)

n n
< DD [ (ko (0)Ou(0) — B (Mt — 1)) 0,0,

Lp

—_

|atp|2|m|2[fp (Kp(f)) —fo (m)‘p(t - V))|2

M-

I
_
he)
I
_

10,012Lp O, (D)]2| B, (1)1

M-

1

non
ZZ (19 Lo 1OOB + 19, LIEOR).  @4)

1 p=

Zn:Re( Bupp (ot = 7,))BD) — ZW:ZRe(hw

1 p=1 =1 p=1
x gp (Mt — 7, — y))@t(t))

1

Il
h~)
I

IA

l\)l'—‘

M=

n
> (plo, 10,03 + 1 oM EE = 7))
1 p=

M=

1
< =
-2

—_

L

(25)

n n n
ZRE( /\ Sip8p (Kot — Tp))m) - ZRe( /\ S
p= =1 p=1

=1

8o (mho(t = 7, 1)) B.0)

n n
= Z‘ /\ §Lpgp(Kp(t - Tp))m_ /\ §Lpgp(mkp(t

=1 p=1 p=1
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U

n
ZZ |§lp|2‘gp(’<p(t - ‘Cp))_gp(m)\p(t —Tp— V))‘z
=1p
X |®

(t)Iz

=

< Z 1510 2Mp 12 €t = T)10.(D)]2
=1 p=1

n n
= 2 2 D" (IswMpl OO + I I Eult — )13)-

=1 p=

l\)l'—*

(26)

ZRE( \/ T8y Kp(t — rp) @ (t)) ZRe( \/ (2

=1 1

p=
X g (ot = 7, = ))0,0)

n n
=->> (|wlp|sz|®[(r>|§ + | aM, 2Bt — rp>|§).

=1 p=1

l\)lH

(27)
By adding (24)-(27) to (23), we obtain
DtV (1)

non
1 1 ~
=D (=151 = b+ 51k 20
=1 p=1

1 - -
+ (_ St + E(H - ht|2 + |atp|2Lp + |th|2Mp
- - 1
+ 16 12My + |5 12M,)) |O,(0)]3 + 5(|hlp|2

+ Isipl2 + @) Mo |2t = 7,)13)

n
+ D" Re(02(H©,(1)). (28)
=1

Form Eq. (21), then
Dt V()

n n 5 1 1 B
=23 ((— & =1+ 311 =hla+ 310,12L)
=1 p=1

- 1 -
X |B(O3 + (=& — & + U1 =Rl + 19 laLy

+ lup oMy + [Gip12M)y + | 12M ) 10,113

.1 -
+ (_ o+ E(lhtp|2 + ISpl2 + |wtp|2)Mp)

1 n
X Bt = 7)) = 5 D(EOR)
=1

1 n N B
-5 2100 = > &
=1 =1
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n n n
= > (kLB + k2 |O0F) + DD (-
=1 =1 p=1

1 -
+ 5 Upla + G2 + [0 2)Mp ) |1 Bulr — )13

U

— OB - 3 Zuo OB -3k

=1 =1

n
— > minfk, k) (B3 + 10,(1)]3)

=
=1
1 n
-5 2 180BF -5 Zu@ 03)F - 24“31
=1 =1
- 1 1
< —kva0) - 3 Zasl(r)é)ﬂ -5 Zu@t(r)@)ﬂ
=1 =1
n ~
- b (29)
=1
~ n - ~
where ku = — Z (— Clt -1+ %|1 - hz|2 + %|8pt|2Lt)s

n

Z (o —&+3(1-

|§Lp|2M + |wtp|2M )) k= me{kh, k2t}
By application of Lemma 2 we have:
(DI Va(r) € (0, D),

1 o 1 o
-5 2120 = 2 > (el

=1 =1

s S e sl S 2.8
<-(3) (2§|um|z> ) (2§|®L<r)|2)

1221 = h, |2+|atp|2ip+|htp|2Mp+

1
< —(E)I—ﬁVf(r) (30)
Q) IfVo(r) > 1,

1 1 <
-5 ;(mm@)ﬂ -5 ;u&(n@)f‘

IA

B T N RS RIS N
M (2;“[(%) M (2§|®[(r>|2>

—n' PV @), (31)

IA

From eqgs. (14), (15), we obtain
ko)~ Vi) —E. Var) € (0, 1),
D*Vy(r) <
ko)~ Vi) L. Van) = 1,
(32)
$5=3 G

=1

where S~21 = (%)1”3, 522 = 771
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TABLE 2. Comparisons between recent works and this article.

References FNNs

(41, 71, [8]
[6], [12], [39]
[17], [18], [40]
[35], [41]-[45]
[22], [31], [46]

[47], [48]

This paper

Inertial items CVNNs  FXCPLS

L

L X X

LU XX
LUX X X
<UX X X X X X

Remark 3: In [34], [35], [36], the controllers designed
contain the sign function sign(-), so the controllers are discon-
tinuous. However, in some cases, continuity of the controller
is necessary. Therefore, the controllers in this article does
not include symbol functions, which can effectively avoid
unnecessary oscillations.

Remark 4: This article studies the CPLS problem of
FICVNNs, which combines complex projective syn-
chronization and lag synchronization. Complex projec-
tive synchronization can also improve the level of
secure communication. Due to the time required for
signal transmission, lag synchronization is a reason-
able solution for driving response systems. Therefore,
CPLS can better transmit information and has practical
value.

When the values of m and y are given, the result of
Theorem 1 can be generalized to the following conclusion.

Corollary 1: Under the conditions of Theorem 1 and
controller (5), the following results hold

(1) if m # 0,y = 0, drive-response system (2) and (3)
obtain fixed-time CPS;

2)ifm = 1,y > 0, drive-response system (2) and (3)
satisfy FXLS;

B)ifm = 1,y = 0, drive-response system (2) and (3)
obtain FXS.

Corollary 2: Under Theorem 1 and control Eq.(5), if f,(-),
8p(+), p € § are odd functions, there are true that

(hif m = —1,y > 0, drive-response system (2) and (3)
get fixed-time lag anti-synchronization(FXLAS) at Tyy.

)it m = —1,y = 0, drive-response system (2) and (3)
fulfil FXAS at Ty.

Corollary 3: It f,(-), gp(-) satisfy f,(0) = g,(0) = 0, m =
y = 0, Eq. (2) achieves fixed-time stabilization under vy, (¢)
and settling time is T7y.

Remark 5: Similarly, if the conditions of Theorem 2 and
controller (21) are established, results similar to Corollary 1-
3 can also be obtained. Therefore, the results of this article
are generalizable.

Remark 6: Previous research results only considered
fixed-time projective synchronization(FXPS) or FXLS [31],
[37], [38]. But FXPS, FXLS and anti-synchronization
are special cases of our results. It is not difficult to
see that the research results of this article are relatively
comprehensive.

Remark 7: We present the differences between this article
and other literature in Table 2.

86127



IEEE Access

Y. Yao et al.: Novel Results on FXCPLS for Fuzzy Complex-Valued Neural Networks With Inertial Item

IV. NUMERICAL EXAMPLES
Example: Let us consider the following FICVNNSs:

N U
Ju(t) = =2 () = L) + D 0pfo Op(O) + D Ty

p=1 p=1

U n
X gp(Ap(t — 7)) + zdeHp(t) + /\ rpH (1)

p=1 p=1
n n
+ \/ 3ypH (1) + /\ Si8p(Ap(t — Tp))
p=1 p=1
n
+ \ @pgoOpt = 1,). 1 2 0,1 €5, (33)

p=1

where (, 0 = 1,2, 01 = 14,00 = 2,01 = 2,4, = 1.4,
fp = 8p = Hy(t) = 1.7 = Lfp() = go() =
tanh(Re(-)) + tanh(Im(o))i, dp = 0,,,p = 1,2,011 =
1.5 +2.6i,01p = —2.04+ 1.7i,021 = 1.2 + 0.6i,0 =
1.0 — 1.5, hyy = 2.5 4+ 1.5{,h1p = 1.0 — 1.2, hipg
—1.7 =27,y = =24 —1.6i,¢11 = 04 —1.0i,¢c12 =
-2 —03i,¢591 = 1.5 —16i,¢0 = 1.1 — 1.6i, ¢11 =
0.4—1.0i, ¢c1p = —2-0.3i, cp1 = 1.5—1.6i, cpp = 1.1-1.6i,
w1 =02-250, w1 =2—-1.4i,wy =0.5—-1.6i, w3 =
2.8 4+ 0.6i. The initial conditions of FICVNNSs are chosen as
M) = 1.8 4 170, Ai(¢) = 2.1 — L.4i, M(p) = —2.5 —
1.44, iz(qb) = —1.8+ 1.0i, ¢ € [—1, 0]. Then, the phase plot
and the state trajectory of variables 11 (¢), A2(¢) of FICVNNs
are obtained and shown respectively in Figs. 1 and 2.

Re(1, )

im{3,{t)

Im(x, (1)

FIGURE 1. The phase plot of FICVNNs Eq. (21).

5 T
= Re(, (1)) Re(X,(t)
]
=
g
= of
=
T
= 5
o 10 20 30 40 50 60 70 80 90 100
5 t
= ' T ——Im( ) Tm(3,(0)
=
=
£
E o
=
E

() 10 20 30 40 50 60 70 80 90 100
t

FIGURE 2. The state trajectories 1 (t), 1, (t) for drive system (33).
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Furthermore, let v,(t) = A,(t) + A,(7), then FICVNNs (32)
could be given by the following form

M(t) = =1, (1) + v(0),

U n
D) = —Ev () — hd(t) + D dpfp () + D B

p=1 p=1

U n
X go(hpt = Tp)) + D dipHp(t) + [\ ripH,(t)

p=1 p=1
n n
+ \ 8uH, )+ N\ 5080 (0p(t — 1))
p=1 p=1
n
+\ @8t — 7). 1 20,1 €5, (34)
p=1

Set the system (33) to be drive system and respond system
is:

k(1) = =k, (1) + w, (1),

n n
(1) = —Ewi(t) = hue(t) + D dpfpicp (D) + D Ty

p:l p:l

n n
X golicp(t =)+ D dipHp(t) + [\ ripH (1)
p=1 p=1

n n n
+ \/ S,oH (1) + /\ Si8plicp(t — Tp)) + \/ Dy
p=1 p=1 p=1
X gplipt — )+ B0 =00 €S.  (33)

Here, the initial values of response system (35) are respec-
tively taken as «1(¢) = 1.3 + 1.1i, wi(¢) = 3.0 — 1.8,
k2(¢p) = —2.0 — 1.2i, wa(¢) = —1.0 4+ 1.3i. Fig.3 depicts
the graph of the error state without a controller.

N
°

= Re(Z,®) Re(Z,(t)
ul 10 - i
K3
x o
ug -10
K3
& 50 . . . . . . . . .

0 10 20 30 40 50 60 70 80 90 100

t

__ 20 : : . : :
= ——Im(Z,®) Im(2,(8)
w10 - ,
£
= 0 .
ar-10 -
£
E . . . . . . . . .

0 10 20 30 40 50 60 70 80 90 100

t

FIGURE 3. Error states without control.

A. FXCPLS UNDER THE CONTROLLER (5)

The continuous functions f,(-) and g,(-) in system (21)
satisfies Hypothesis 1, and L, = M, = 1. In order to
achieve FXCPLS between systems (33) and (34), we choose
the parameters of the controller (5) as ® = 1.6, {1} = 25.6,
¢i2 = 291,861 = 15,4 = 0.7, 431 = ¢ = 0.05,
o1 65 > (IAnh + lsuli + lwih)Mi 5.8,
12 80 > (lh2hi + Isi2h + loh)My = 7.9,
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Re(X,(t) Re(rs, ()
= 10
=
g s
£ o
<
Z s
-10
0 20 40 60 80

t

Re(X, () Re(r,(® —Im(J, (1) ——— Im(r,(t))

Re(,(t)Re(r,(t)

-
o
-
°

— = Re((3+),(t) Re(r, (1)) - = IM(EH)A () e Im (5 (1))

o

o

Re((3+i)), (1) Re(x, (1)
Im((3+), (6 Im(, (1)

&

-
o

— = Im(@+)A, (1)

Ime, )

)

&b

Re((3+0),(t) Re(x, (1)
() (8, Im{s,(6)

N
=)

=)
N
a
)
©

10

FIGURE 5. (3 + i)A,(t — 2), «,(t) under Eq.(5).

4 T T T T
‘s& 2 m=3+i, =2 Re(=,(t) Re(=,(t) |
w
g o
s 2 1
a4 (=635 1
4
-6 | . . . . . B
0 1 2 3 4 5 6 7 8 9 10
t
T T T T T
= —Im(Z,(t) Im(2,())
z, ]
[2)
E
b
w ]
w
E
6 7 8 9 10

FIGURE 6. The error states and m =3 +i, y = 2 with Eq. (5).

g1 = 64.4 > (Ih1l1 + ls2lt + l@w2il1)My = 9.6, 0 =
80.5 > (Ih22l1 + ls22li + |@22li)M2 = 10.1. By simple
calculation we get k11 = 20.3, kjp = 22.3,ky1 = 15,k =
0.1, k = min{ky,, k2,} = 0.1, And Q| = 1, Q2 = 0.1088,
¢ = 0.1. Therefore, the conditions of Theorem 1 are satisfied.
According to Theorem 1, FICVNNs implements FXCPLS at

Ty =6.35.
To verify the correctness of our theoretical results in the
future, we set m = 3 + i,y = 2, under Theorem 1

and Eq.(5), drive-response systems (34) - (35) implement

VOLUME 12, 2024
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FIGURE 7. Trajectories of states 1,(t), «,(t) under control Eq.(21).
- 6 . .
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= =\
5 =
E
€, £,
0 2 4 6 8 10 ) 2 4 6 8 10
t t

(1)

e((2+i) A (1) e(r,(t)
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FIGURE 9. The error states and m = 2 +i, y = 2 with Eq. (21).

FXCPLS. Figs.4 and 5 show the state trajectories. And the
error trajectory is drawn in Fig.6.

B. FXCPLS UNDER THE CONTROLLER (21)

Next, we verify the validity of the controller (21). First,
we assign values to the parameters in the controller (21). Let
® = 17,011 = 94716, {1p = 1.52385, {5 = 14.5762,
T = 18.54715, 531 = 0.015,{3 = 0.005¢; = 63 >
2(Rl + 12l + sl + sl + @i l2 + [@112) M, =
6.267, 3 = 7.4 > %(Ihzllz + h22l2 + Is21l2 + [s22l2 +
@21l + Iwzllz)Mp = 7.37495. After calculation, one
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has kjj = 8,k = 0.0l,kyy = 62,kpp = 10,k =
2minfky,, ko) = 0.02, ©; = 0.813, 2, = 0.3078, ¢ = 0.02.
Therefore, the conditions of Theorem 2 are satisfied, systems
(34) - (35) implement FXCPLS at Ty = 5.85.

Similarly, let m = 2 + i,y = 2, the drive-response
system (34)-(35) realise FXCPLS at Tzf = 5.85, as shown in
Figs. 7 and 8. Fig.9 depicts the trend of the error state under
the controller (21).

V. CONCLUSION

Based on recent articles [25], [26], [49], we studied the
FXCPLS problems of a class of CVNNs with inertial
terms and fuzzy logic through non separation methods.
Utilising fixed-time control theory, we have developed new
criteria to guarantee that the FICVNNSs (4) fulfils FXCPLS.
Our conclusion can also be extended to other forms of
synchronization, such as fixed-time LS, fixed-time AS,
FXCPS, etc. At the same time, We conducted numerical
simulations using Matlab to verify the theoretical results of
this paper.

In order to obtain the stability and synchronization of NN,
most current control methods are time-triggered control, but
the control cost is relatively high. Event-triggered control will
only update when the measurement error exceeds the pre-
designed trigger condition threshold, which not only saves
costs but also The efficiency is improved. Therefore, using
event-triggered control to study complex-valued inertial
neural networks is worthy of further research.
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