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ABSTRACT Accurate power system observability relies on the optimal phasor measurement unit (PMU)
placement to minimize costs while ensuring complete state observability. However, modeling the effect
of zero-injection (ZI) buses remains a key challenge. Existing approaches use simplifying assumptions
about ZI buses that compromise measurement redundancy and connectivity. We propose a novel heuristic
methodology to address these shortcomings through comprehensive ZI bus modeling. This research
provides a computationally-efficient heuristic optimization strategy for power systems with complex ZI
bus topologies. The approach systematically analyzes ZI bus connectivity scenarios to develop enhanced
observability evaluation. The proposed comprehensive observability evaluation approach is also incorporated
to consider practical limitations including single outage contingencies of current measurement channels
of PMUs, transmission lines, single PMUs, limited budget, lack of PMU positioning site, and incomplete
observability with partial observability and depth of one unobservability for identifying optimal PMU
placements that balance cost and observability. Case studies on IEEE 14, 30, 57, andNew-England 39 bus test
systems demonstrate the efficiency of the proposed approach in finding high-quality solutions for normal
operating conditions and the capability of our proposed heuristic solution algorithm to consider different
practical situations in power network observability analysis. Compared to the existing studies, our proposed
solution algorithm achieves up to 21% and 29% fewer PMUs for obtaining complete state observability
under normal operating conditions and for single outage contingency of PMUs, respectively.

INDEX TERMS Optimal PMUplacement, state observability, zero injection buses, incomplete observability,
N-1 contingency.

NOMENCLATURE
SETS
Sets Description
B Set of all network buses, indexed by b.
Z Set of all ZI buses, indexed by z.

The associate editor coordinating the review of this manuscript and

approving it for publication was Jahangir Hossain .

Q Set of NZI buses which are connected to at least one
ZI bus, indexed by q.

Sets Description

N Set of NZI buses which are not connected to any ZI
bus, indexed by n.

Qz Set of buses connected to ZI bus z ∈ Z including z,
indexed by q.
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Zr Set of all ZI buses connected to each bus r ∈

Z ∪ Q.
S0 Set of buses without communication infrastructure,

indexed by s.

PARAMETERS
Parameters Description
C N × N bus-bus connectivity matrix.
N Number of all network buses.
Z Number of ZI buses.
Wb Number of buses connected to bus b ∈ B.
NPMU
B Maximum number of available PMUs due to

the limited budget.

VARIABLES
Variables Description
xb Binary decision variable for PMU place-

ment on bus b ∈ B (1 = install).
fb observability status of bus b ∈ B.
gzq observability status of bus q ∈ Qz according

to applying KCL on bus z ∈ Z .
ur observability status of bus r ∈ Z ∪ Q

according to applying KCL on all its adja-
cent ZI buses.

hi observability status of bus i ∈ N ∪ Q
according to depth of one unobservability.

I. INTRODUCTION
A. MOTIVATION
The ability of PMUs to calculate and obtain voltage and
current synchrophasors has made it possible to continuously
monitor the complete state and operation of the power
system [1].
The possibility of completely solving the state estimation

(SE) problem to determine all the voltage and current phasors
of the power system according to the provided measurements
from different measurement devices, such as PMUs dispersed
across the network is called power system state observability.
Therefore, if a set of PMUs installed on different buses of
the network can provide sufficient voltage and current phasor
information to the state estimator which can solve the SE
problem and find all the state variables of the power network,
the related power system is completely observable [2].
While the installation of PMUs on each of the network

buses provides comprehensive monitoring capabilities, the
high cost of PMUs necessitates the problem of finding the
minimum and optimal placement of PMUs (OPP), balancing
economic considerations with the need for complete power
system observability. The OPP problem is an NP-Complete
combinatorial optimization problem in a very large search
space. In a large search space (i.e., especially for large-scale
power networks), an optimization algorithm is necessary for
efficiently solving the problem [3], [4].
State observability, which is the main constraint of the

OPP problem, can be evaluated using topological state

observability analysis proposed in 1980 for the first time.
It is based on the network graph concept [2] and is the most
common method of evaluating state observability in the OPP
problem. In 1993, the OPP problem of attaining complete
power system observability [3] was studied for the first time,
and from then, numerous studies concentrated on the concept
of the OPP problem for power system observability which is
one of the main aspects of power system operation studies.

The OPP problem has been solved using various exact and
heuristic approaches. The existence of ZI buses in the power
networkmakes it possible to apply KCL to them. Considering
ZI buses in the OPP problem is one of the most challenging
issues. Numerous studies modeled the effect of ZI buses
in the OPP problem and presented mixed integer linear
optimization problems with some simplifying assumptions,
such as neglecting measurement redundancy and studying
the combination of connected ZI buses. Therefore, while
exact approaches aim to reach the global optimal solution,
they often rely on simplified assumptions for modeling the
effect of ZI buses. As a result, the final PMU placement
obtained by solving these models may not necessarily
guarantee complete state observability. On the other hand,
heuristic approaches can facilitate more accurate modeling
of ZI buses without such simplifying assumptions. Moreover,
heuristic approaches can solve the problem computationally
much faster than the exact optimization models. Therefore,
developing an effective heuristic methodology for the OPP
problem is a suitable solution for considering a compre-
hensive and realistic modeling of ZI buses. As a result, the
motivation of this study is to present an in-depth study on
different possible observability scenarios due to the presence
of ZI buses to comprehensively model their effect in the
OPP problem, and provide a practical solution approach that
balances optimality with accurate system representation to
ensure complete state observability.

B. LITERATURE REVIEW
There are numerous studies on the OPP problem that
can be divided into four general categories (1) analyzing
fundamental state observability [5] and considering practical
constraints such as N-1 contingencies, investment limitation,
incomplete observability, and measurement redundancy [6],
[7]; (2) improving heuristic and meta-heuristic algorithms for
solving the OPP problem, such as genetic algorithm (GA),
particle swarm optimization (PSO), and tabu search (TS) [8],
[9] and providing a linear mathematical formulation for the
OPP problem [4]; (3) extending the OPP problem to consider
different applications of PMUs such as fault location [10],
reliability [11], [12], and small signal stability [5]; and (4)
providing more accurate modeling of ZI buses in the OPP
problem, which is the scope of this study.

Some studies provided a mixed-integer linear math-
ematical formulation for the OPP problem. Theodor-
akatos et al. [13] proposed the use of the Branch-and-Bound
algorithm for solving the OPP problem formulated as a
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mixed-integer linear programming model. Their approach
aims to minimize the number of PMUs required to achieve
complete observability of the power grid while considering
various practical constraints. The authors demonstrated the
effectiveness of their method in finding optimal solutions
for different test cases and compared its performance with
other solution techniques. In [14], a novel approach to
solve the OPP problem is proposed using a binary poly-
nomial optimization problem. Maximizing the measurement
redundancy is achieved in [13] and [14] to improve the
reliability of the measurement system. However, they did not
consider the effect of ZI buses on power system observability
analysis [15].
In [16], a PMU placement algorithm is presented that takes

into account the network sparsity and the limited communica-
tion bandwidth. In [17], an advancedmeasurement placement
method for power system observability using semidefinite
programming is proposed that aims to find the optimal
placement of measurement devices, including PMUs and
conventional measurements, to ensure complete observability
of the system considering various practical constraints, such
as the number of available measurement channels and the
cost of installing measurement devices. In [18], ZI buses are
modeled to provide new current measurement information to
the system. In an almost similar way, [19] assigned a pseudo
measurement for each of the ZI buses in the network and
proposed a three-stage PMU placement heuristic approach.

The initial introduction of ZI buses into the linear
mathematical representation of the OPP problem began
with [4] and [11] based on this statement that the observability
status of each ZI bus and all its adjacent buses can be
evaluated together by applying KCL to ZI buses. The authors
also considered the concept of incomplete observability, the
effect of existing conventional measurements, and single
or multi-PMU loss in the observability analysis. A similar
method for considering ZI buses is used in [20] based on the
concept of multi-stage PMU placement. By knowing the final
optimal solution, this study provides the best sub-optimal
PMU placement for a multi-stage investment in the phasor
measurement system.

In [21], by using a similar rule for ZI buses, different
contingencies including a single outage of transmission lines
and PMUs and limitations on communication channels of
PMUs are also considered in the problem. The concept
of line-wise observability which is related to different
considerations in WAMS like restoration and dynamic line
monitoring is proposed in [22] in which a similar method is
used to consider ZI buses and assigns current measurements
to the adjacent lines of PMUs. In [23], based on the same
method for ZI buses, the connectivity matrix which is a
bus-bus incidence matrix is modified and single-line outage
contingencies is considered in the problem. The equivalent
linear formulation for exhaustive search is proposed in [24]
which implicitly followed the basic rule for ZI buses and
considered different N-1 contingencies in the problem.

By using the same method for OPP linearization, the problem
is studied in a real case of the Qatar grid in [25] in which
the presence of injection measurements is also added to
the problem. A multi-stage PMU placement considering the
probability of observation of each bus is proposed in [12] by
using the basic method for considering ZI buses. The concept
of depth of ZI observation is proposed in [26] assuming
that the reliability of ZI observation becomes weaker in
modern complex power networks with new topologies and
then, the authors considered different N-1 contingencies in
the problem and modeled the effect of ZI buses similar
to [11]. A similar formulation for considering ZI buses is
used in [27] in which the effect of different contingencies
and communication channel limitation is also studied. In [28],
existing conventional measurements are also studied in
the OPP problem with a completely similar formulation
to the previous studies. A new approach called the sine
cosine algorithm is proposed in [29] for the OPP problem
considering the effect of ZI buses in the observability analysis
of the power system similar to the previous studies. Using the
samemethod for considering ZI buses in the problem, and the
new concept of the resiliency of bus connection, a stochastic
approach is used in [30] to consider N-1 contingencies.

Due to deficiencies in considering the effect of ZI buses
on the OPP problem, a few works tried to study ZI buses
more carefully. In [31], instead of using a basic formulation
for considering ZI buses, new variables are defined to
maximize the measurement redundancy. A special case of
unobservability by considering two-connected ZI buses is
studied in [32] based on an iterative approach that starts
from the placement of PMUs on buses with high priority and
modifying the solution to find the optimal placement. In [8],
a set of unobservable connected ZI buses is studied based on
a proposed new rule for observability analysis considering ZI
buses. However, this is a special case of connected ZI buses
in which the effect of measurement redundancy is neglected.
A similar approach for considering connected unobservable
ZI buses is used in [33] along with considering N-1
contingencies in the problem formulation. Rashidi et al. [34]
also improved the mathematical formulation of considering
ZI buses by proposing some new rules for the problem.
However, some of the rules proposed in this paper cannot
be generally true. For example, rule #6 in [34], cannot be
applicable in all cases and may not lead to an optimal solution
with complete observability, especially for systems with
numerous connected ZI buses. Based on previous studies and
modifications, other researchers extended the OPP problem
to consider some other aspects of the problem, such as
measurement channel limitation and cyber-attacks. With
almost the same formulation as [33], the limitation on current
measurement channels of PMUs is studied in [35]. In [36],
a multi-objective OPP by adding maximum observability
and considering single PMU loss to the problem is studied.
However, the proposed method in [36] for considering the
effect of ZI buses is similar to [31]. The formulation of [35]
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and [37] is used in [38] to consider the coordination of PMUs
with other communication sensors in a power network with
radial lines. In [39], based on the proposed formulation in [8],
a probabilistic OPP under various contingencies like cyber-
attacks is studied which has similar shortcomings in terms of
modeling ZI buses.

In summary, although existing studies on OPP problem
have proposed some models for considering the effect of ZI
buses, three important aspects of modeling ZI buses in the
OPP problem still need to be improved. First, since some of
the network buses may be observed by two or more PMUs,
measurement redundancy should be considered accurately in
modeling ZI buses. Second, since series-connected multiple
ZI buses (SCMZIBs) can increase the number of observable
buses, accurately modeling the effect of SCMZIBs is crucial
for solving the OPP problem. Third, since special cases of
non-zero injection (NZI) buses between some ZI buses can
result in observing new buses of the network, this aspect
needs to be incorporated in solving the OPP problem.

C. CONTRIBUTION
This paper focuses on modeling the effect of ZI buses
in power system observability analysis to fill the gaps in
the existing literature on the OPP problem. We propose
a novel methodology for accurately modeling the effect
of ZI buses by relaxing the limiting assumptions of the
previous approaches including (1) measurement redundancy,
(2) SCMZIBs, and (3) special cases of NZI buses between
ZI buses. Therefore, this paper advances the current lit-
erature by overcoming the shortcomings of the previous
works in modeling ZI buses and providing the following
contributions.

1) We propose a more comprehensive OPP problem
formulation that considers the impact of ZI buses.

2) The proposed OPP problem formulation is solved by
a proposed heuristic solution algorithm enabling to
consecutively evaluate the observability of ZI buses.

3) The proposed OPP formulation is extended to consider
some important practical limitations in the OPP prob-
lem including limited investment budget, depth of one
unobservability, limited communication infrastructure
in some of the network buses, single transmission line,
single loss of current measurement channels of PMUs,
and single PMU outage contingencies.

4) The numerical results of applying our proposed
solution algorithm on IEEE standard test networks
provide insights for the system planner on the effect of
inaccurate modeling of ZI buses and the effectiveness
of comprehensively modeling ZI buses in reducing
the number of required PMUs, optimal solutions of
the OPP problem considering single outage contin-
gencies and trade-offs between investment budget and
observability, and the effect of lack of communication
infrastructure on the ability of PMUs to observe the
power system.

By addressing the challenges in comprehensively mod-
eling ZI buses, our research significantly enhances the
understanding and practical implementation of OPP for
power system observability. The remainder of this paper is
organized as follows: in section II, a general description of the
OPP problem, the existing approach with regard to the basic
formulation of considering ZI buses in the power system,
and the shortcomings in modeling the effect of ZI buses
are provided. Section III, presents the proposed heuristic
solution algorithm to consider the effect of ZI buses in the
OPP formulation. Section IV, studies important practical
limitations to be considered in the OPP problem. In section V,
the proposed methodology is applied to different standard
test networks and the results are compared with the existing
approaches. Section VI, concludes the paper.

II. PROBLEM DESCRIPTION
The OPP problem basically looks for finding the minimum
number and optimal placement of PMUs to attain complete
power system observability. Different buses of the network
can be mainly categorized as ZI and NZI buses. NZI buses
are the buses with unknown generation/consumption which
have to be determined after running SE. ZI buses are buses
with no generation and/or consumption.

There are three important shortcomings in modeling ZI
buses in the OPP problem considered in the previous refer-
ences including (1) measurement redundancy, (2) SCMZIBs,
and (3) existing NZI buses between ZI buses.

To demonstrate the shortcomings of the commonmodeling
of ZI buses in the OPP problem, the existing general rules for
the OPP problem considering ZI buses are reviewed in the
following subsections.

A. BASIC MODEL OF THE OPP PROBLEM
Fig. 1 shows a PMU installed on bus j that can measure the
phasor voltage of Vj and the current phasors of Ijk , Iij, and ILj.

FIGURE 1. A portion of a network with a PMU installed on bus j .

By applying KVL and Ohm law and knowing line
impedances, the voltage phasors of Vi and Vk can be
calculated according to Eqs. (1).

Vi = Vj + ZijIij (1a)

Vk = Vj − Zjk Ijk (1b)

As a result, the state of buses i, j, and k are observable by
this PMU. Based on this result, one of the basic principles of
state observability is that each PMU installed on bus i has the
capability of observing the state of bus i and all its connected
buses.
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Since bus j is a ZI bus in Fig. 1, in addition to Eqs. (1),
Eq. (2) is obtained by applying KCL.

Iij − Ijk = 0 (2)

In this set of three equations, there are five unknown
variables. If two of these five variables have been determined
by the installed PMUs across the network, a set of three
equations and three unknowns is derived, and therefore, the
other three unknowns can be calculated by solving this set
of equations. As a result, if two voltage phasors have been
observed, the other voltage phasor becomes observable by
applying KCL. Based on this explanation and generalizing
it to similar cases, another principle of state observability
is that for a group of buses consisting of a ZI bus and its
adjacent buses, if only one of them is not observed by the
installed PMUs, that bus will be observed by applying KCL
on the ZI bus. The above analysis and explanations are based
on topological state observability. For a power system that
works normally and close to the nominal ratings, topological
observability can guarantee the accuracy of state estimation
and numerical observability. Although some cases may exist
that topological observability cannot guarantee numerical
observability [40], [41], these cases are rare [42], [43].
Based on the above basic principles of state observability,

the general formulation for the OPP problem [4], [11], [20]
can be written as model (3).

min
∑
b∈B

xb (3a)

s.t. F = C × X (3b)

fn ≥ 1, ∀n ∈ N (3c)∑
q∈Qz

fq ≥ Wz, ∀z ∈ Z (3d)

In Eq. (3a), xb is a binary decision variable to decide
whether a PMU is installed on bus b or not. If a PMU is
installed on bus b, xb equals one, otherwise it equals zero.
Moreover, in Eq. (3b), C is an N × N connectivity matrix.
Each element of C is defined as Eq. (4).

Ca,b =

{
1 a = b or bus b is connected to bus a
0 bus b is not connected to bus a

(4)

X is an N × 1 vector of PMU installation decision
variables (i.e., xb), and F is the observability status vector.
Each element of F , fb, represents the observability status of
bus b according to installed PMUs on the power network
considering the basic principles of state observability. Each
PMU installed on any of the network buses can observe that
bus and all its adjacent buses. Therefore, for bus b, if a PMU
is installed on bus b, or any of its adjacent buses, fb will be
equal to or greater than 1 representing the observability of
that bus. Moreover, for a ZI bus and its adjacent buses, if only
one of them is unobservable, that bus is actually observable
by applying KCL. Therefore, all the network buses can be
divided into three categories including (1) ZI buses (Z ), NZI

buses which are not connected to any of the ZI buses (N ),
and (3) NZI buses which are connected to at least one ZI bus
(Q). For each of the buses belonging to N , Eq. (3c) can
be written as these buses should be observable directly by
installed PMUs across the network. For buses belonging to
Z and Q, Eq. (3d) is written to model the principle of state
observability for group of buses connected to ZI buses. In Eq.
(3d), Qz is the set of network buses connected to a ZI bus
(z ∈ Z ) including the ZI bus (i.e., z), andWz is the number of
elements of Qz minus 1 (i.e., the number of buses connected
to bus z). For example, for bus j in Fig. 1 which is a ZI bus,
Qz = {i, j, k} andWz = 2. Therefore, Eq. (3d) is represented
as Eq. (5) for this part of the network.

fi + fj + fk ⩾ 2 (5)

which means that in the group of bus j and all of its
connected buses, at least two of these three buses must be
observable.

B. DEFECTS OF BASIC MODEL OF THE OPP PROBLEM
The basicmodel of theOPP problem explained in section II-A
has some important defects and therefore, the existing
approach to the OPP problem cannot lead to minimum
number of PMUswhile ensuring complete state observability.
These defects are explained in the following subsections.

1) MEASUREMENT REDUNDANCY
The basic formulation used in the existing approaches for
the OPP problem is based on the assumption that F is a
binary vector that demonstrates whether a bus is observed
directly by a PMU or not. However, according to Eq. (3b), fb
is the multiplication of bth row ofC (connectivity matrix) and
vector X (PMU placement decisions). Since each of the rows
of C may have multiple elements with the value of one, and
PMUs are installed on more than one of the network buses,
fb can have non-negative integer values. It means that fb can
take any integer value even more than one.

Having a value more than one for fb represents the
measurement redundancy for bus b which means bus b is
observed by more than one PMU across the network due to
its connectivity in the topology of the network. However, this
fact may result in inaccurate satisfaction of Eq. (3d) which
is written based on the observability principle for groups of
buses connected to ZI buses. Consider Fig. 1 without the
PMU installed on bus j. If bus i has measurement redundancy
such that fi = 2, and buses j and k are not observed directly by
any of the PMUs, meaning fj, fk = 0, Eq. (5) is still satisfied
while two of the buses in this group are unobservable and
therefore, buses j and k cannot be observable by applying
KCL. As it is seen, Eq. (3b) can be satisfiedwhereas the entire
buses are not observable. Therefore, it cannot guarantee the
complete state observability of the network.

2) SERIES-CONNECTED MULTIPLE ZI BUSES
Sometimes there are situations in a power network whenmul-
tiple ZI buses are sequentially connected. In these situations,
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FIGURE 2. A portion of a network with SCMZIBs.

KCL can be consecutively applied to series-connected ZI
buses to observe new buses of the network.

Consider Fig. 2 as a portion of a network with SCMZIBs
without measurement redundancy. According to the installed
PMUs and Eq. (3b), fi, fj, fl, fk , fp, fo = 1 and fm, fn = 0.
Since buses k and m are ZI buses, Eq. (3d) can be written for
them as Eqs. (6) and (7), respectively,

fj + fk + fl + fm ≥ 3 (6)

fk + fm + fo + fn ≥ 3 (7)

Since fj, fl, fk = 1, Eq. (6) is satisfied which represents
the observability of the remaining unobservable bus m.
Moreover, since fk , fo = 1 and fm, fn = 0, Eq. (7) is not
satisfied. However, based on the observability principle for
the groups of buses connected to ZI buses, since bus m is
observable due to applying this principle to bus k , for the
group of bus m and its adjacent buses, the only unobservable
remaining bus n becomes observable. Therefore, although
Eq. (7) is not satisfied, all of the buses in Fig. 2 are
observable. As a result, Eq. (3b) in the basic formulation
can be unsatisfied whereas the entire buses are observable.
Therefore, using the basic model for the OPP problem may
not be able to lead to the minimum number of PMUs for
complete state observability under these conditions.

3) NZI BUSES BETWEEN ZI BUSES
In some cases when an NZI bus is between some ZI buses,
there can be an opportunity to observe more buses of the
network by applying KCL on ZI buses.

FIGURE 3. A portion of a network with an NZI between two ZI buses.

Consider Fig. 3 as a portion of a network with an NZI bus
between two ZI buses. Based on the PMUs installed on buses
i and n, and Eq. (3b), fi, fj, fn, fm = 1 and fk , fp = 0. Since
buses j and m are ZI buses, Eq. (3d) can be written for them
as Eqs. (8) and (9), respectively,

fi + fj + fk ≥ 2 (8)

fk + fm + fn + fp ≥ 3 (9)

Since fi, fj = 1, Eq. (8) is satisfied and therefore, bus
k becomes observable. Moreover, since fn, fm = 1 and
fk , fp = 0, Eq. (9) is not satisfied. However, based on
the observability principle for bus m, the only remaining
unobservable bus p becomes observable in the group of buses
connected to m. It is seen that in this case, Eq. (9) is not
satisfied although the entire buses in Fig. 3 are observable
according to the installed PMUs. Therefore, in addition to
the situations of SCMZIBs, there are other situations in the
power network that Eq. (3d) cannot comprehensively model
the complete state observability by the minimum number
of PMUs.

III. PROPOSED METHODOLOGY FOR OPP CONSIDERING
THE ACCURATE MODELING OF ZI BUSES
A. PROPOSED FORMULATION
As explained in section II-B, Eq. (3d) cannot accurately
model the effect of ZI buses and therefore, the existing
approach to the OPP problem presented in model (3),
may lead to incomplete state observability or non-minimum
required PMUs for complete state observability. Overcoming
the defects of the basic model in ZI buses modeling is crucial
for achieving comprehensive observability evaluation and
reducing the number of required PMUs. Therefore, a new
strategy to overcome these issues based on a consecutive
heuristic approach to solve the OPP problem is proposed in
this section.

To overcome the shortcomings discussed in section II-B1
as measurement redundancy in modeling OPP problem with
ZI buses, it is necessary to limit the upper-bound of F
vector by one to avoid inaccurate satisfaction of Eq. (3d).
Therefore, Eq. (3b) is modified as Eq. (10) to overcome this
shortcoming.

fb = min

{
N∑
i=1

Cb,ixi, 1

}
, ∀b ∈ B (10)

where Cb,i is the element in the bth row and ith column of
matrix C . This modification limits the observability status
variable, fb, to be at most equal to one. Therefore, it can
prevent the occurrence of situations similar to the one
explained in section II-B1.
Moreover, as explained in sections II-B2 and II-B3, there

are situations that although Eq. (3d) is not satisfied, the
entire buses belong to the group of buses connected to a
ZI bus become observable. To overcome these challenging
situations, the observability status of different buses across
the network can be consecutively evaluated. For example,
if in the situation explained in section II-B2 we update the
value of fm after satisfying Eq. (6), Eq. (7) can be also
satisfied and therefore, the entire buses of Fig. 2 become
observable.

To update the F vector consecutively, it is necessary to
modify Eq. (3d) such that it calculates the observability status
of all the buses connected to each of the ZI buses across the
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network. This modification is applied as Eqs. (11) and (12).

gzq =

 0
∑

q∈Qz
fq −Wz + 1 ≤ 0

1
∑

q∈Qz
fq −Wz + 1 ≥ 1

, ∀z ∈ Z , ∀q ∈ Qz

(11)

ur = min

 ∑
z∈Zr

gzr + fr , 1

 , ∀r ∈ Z ∪ Q (12)

where Zr is the set of all ZI buses that are connected to bus
r . Some of the network buses can be connected to more than
one ZI bus and therefore, it is possible that the observability
principle for groups of buses connected to ZI buses can be
appliedmultiple times for them. Therefore, Eq. (11) evaluates
the observability status of all buses connected to each of the
ZI buses. If two or more of the buses in the group of buses
connected to the ZI bus z (Qz) are not directly observed by
the installed PMUs across the network, the term

∑
q∈Qz

fq −

Wz + 1 is equal or less than zero and therefore, none of
the buses in this group can become observable by applying
KCL on the ZI bus z. Otherwise, the term

∑
q∈Qz

fq −Wz +

1 is greater than one, and therefore, the entire buses of Qz
are observable. The network buses belong to the set N
which are NZI buses and not connected to any of the ZI
buses and must become observable directly by the installed
PMUs across the network. However, the other buses of the
network can become observable directly by PMUs and/or by
applying KCL on ZI buses. Therefore, Eq. (12) evaluates
the observability of all the buses belonging to the sets Z
and Q. Each of these buses can be observable according
to applying KCL on their adjacent ZI buses (

∑
z∈Zr

gzr ),
and/or directly by the installed PMUs (fr ). As a result, fn for
n ∈ N and ur for r ∈ Z ∪ Q are binary variables eval-
uating the observability status of different buses across the
network.

B. PROPOSED HEURISTIC SOLUTION ALGORITHM
According to the situations explained in sections II-B2
and II-B3, after applying the above-mentioned modifications,
it is necessary to update the observability status of the
network buses and consecutively apply KCL and evaluate
whether new buses can become observable according to
Eqs. (11) and (12) or not. Therefore, we introduce a new
heuristic algorithm for solving the OPP problem that is
based on a consecutive observability evaluation to accurately
model the effect of ZI buses and to find the optimal PMU
placement to achieve complete power system observability.
The OPP problem that we define in this section is as
follows.

min
∑

b∈B
xb (13a)

s.t. Evaluate the observability of all buses (13b)

fb ≥ 1, ∀b ∈ B (13c)

In the model (13), we use the proposed concept explained
in this section to evaluate the observability status of the

network buses. This proposed concept can consider the effect
of measurement redundancy and evaluates the observability
status of each of the network buses individually. The terms
fb are binary variables that represent the observability status
of different buses. However, as we discussed in section II-B,
it is possible to observemore buses by consecutively applying
KCL on different ZI buses across the network. Therefore,
Eqs. (11) and (12) are only enough for the first time of
evaluating the observability status of buses connected to ZI
buses. However, it is possible to observe more buses of
the network after consecutively applying KCL. Therefore,
to achieve a comprehensive evaluation of observability status,
it is needed to run a consecutive observability evaluation
until there would be no other observable bus. To achieve
this goal, for each of the PMU placement strategies, the
observability status of all the network buses are consecutively
evaluated to make sure that for each of the PMU placement
strategies, maximum observable buses are determined. The
proposed consecutive approach for a given PMU placement
strategy to evaluate the observability status of all the network
buses (constraint (13b)) is presented as a flowchart shown
in Fig. 4

In the proposed framework, for a given set of PMUs,
we first evaluate the observability status of all the network
buses based on Eq. (10). In this step, we can determine the
observability status of all network buses according to the
installed PMUs. Then, we split the vector F into three vectors
FN , FZ , and FQ . The vector FN is associated with all of
the buses n ∈ N which should be observed directly by the
installed PMUs. Therefore, vector FN remains unchanged
even after applying KCL on ZI buses. For the other buses
of the network (i.e., ∀r ∈ Z ∪ Q) which are ZI buses or
buses connected to ZI buses, applying KCL can result in the
observability of new buses of the network according to Eqs.
(11) and (12). As a result, in the next step, we evaluate the
observability status of ZI buses and all the buses connected
to ZI buses based on the Eqs. (11) and (12). Therefore,
we obtain the binary observability status vector, ur , for all of
the buses r ∈ Z ∪ Q. This is the first stage of the proposed
consecutive heuristic approach. At this stage, a check is
performed to compare the modified observability status ur
with the original observability status fr before applying KCL
on ZI buses. If ur is found to be identical to fr for ∀r ∈

Z ∪ Q, it can be inferred that the applied observability
evaluation did not result in more observable buses. Therefore,
we again combine the splitted vectors to obtain the maximum
observable buses according to the given PMU placement.
Otherwise, it indicates the presence of new observable buses
after applying the proposed observability evaluation of ZI
buses. As explained in detail in sections II-B2 and II-B3, it is
possible to observe more buses of the network by applying
KCL on ZI buses consecutively. Therefore, we replace fr
with ur to re-evaluate the observability status of all the
buses belonging to Z ∪ Q. This helps the framework to
apply KCL consecutively on ZI buses. After re-evaluating the
observability status of all ZI buses and buses connected to
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FIGURE 4. Flowchart of the proposed consecutive approach.

ZI buses by applying Eqs. (11) and (12), the new resulting
binary variables ur is compared to the fr for ∀r ∈ Z ∪ Q
to check the existence of other observable buses across the
network. The consecutive approach continues until there is no
additional observable buses, which indicates the final solution
is reached.

Then, we use the proposed consecutive approach shown
in Fig. 4 to evaluate the observability status of all network
buses in the model (13) to solve the OPP problem. However,
the presence of any loop in a mathematical formulation
prevents it from being considered as a MILP formula-
tion and being solved by the state-of-the-art optimization
solvers, such as CPLEX. Therefore, we use GA to solve
the model (13). It is worth mentioning that any other
heuristic/meta-heuristic algorithms including but not limited
to PSO, SA, and TS can be also applicable to solve the
model (13).

IV. MODELING PRACTICAL LIMITATIONS
In practice, several practical constraints and unforeseen
events can impact power systems. These encompass, but are
not restricted to, factors such as (1) constrained investment
budgets, (2) insufficient communication infrastructure or the
absence of optimal PMU placement sites, (3) individual
failures in the current measurement channels of PMUs, (4)
contingencies arising from branch outages, and (5) PMU
losses. Ensuring the reliability of a measurement system
requires a comprehensive inclusion of these significant prac-
tical limitations and contingencies within the OPP problem.
Our proposed formulation and solution algorithm has the
capability of considering all the practical limitations of the
OPP problem. Therefore, within this section, we present
adapted OPP problems, grounded in the proposedmodel (13),
designed to address crucial practical considerations in
WAMS.

A. LIMITED INVESTMENT
In this section, we consider the practical constraint of the
limited budget that affects the power system observability.
Due to the limited investment, it may be impossible to have
the entire power system observable, and therefore, the power
network can have partial observability. Two approaches
for partial observability can be chosen [4]. In the first
approach, it is needed to have the maximum observability
(i.e. maximum number of observable buses) with respect to
the limited investment cost (i.e., limited number of PMUs).
In this approach, the purpose of the OPP problem is to
achieve the maximum number of observable buses across the
network with the given number of PMUs. To incorporate this
approach in the OPP problem, model (13) can be modified as
model (14).

max
∑
b∈B

Jb (14a)

s.t.
∑
b∈B

xb = NPMU
B (14b)

Evaluate the observability of all buses (14c)

fb = Jb, ∀b ∈ B (14d)

In model (14), the objective function is to maximize the
number of observable buses. As fb is a binary variable,
it can take values of zero or one, representing the unob-
servability and observability status of bus b, respectively.
Therefore, based on the limited budget in constraint (14b),
the model (14) finds the maximum number of observable
buses in the power system with the optimal PMU placement.
By changing NPMU

B in Eq. (15), we can find the optimal
solutions of the OPP problem for different levels of
investment.

1 ≤ NPMU
B ≤ N̂PMU

B (15)

The value of N̂PMU
B (the upper bound of NPMU

B ) is
the minimum number of PMUs required for complete
observability which is determined after solving model (13).
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In the second approach, the concept of depth of unobserv-
ability is incorporated [44]. In the depth of one unobservabil-
ity, the state of a bus can be estimated from the two adjacent
observable buses. In this concept, the load of some of the
NZI buses can be estimated based on the historical data and
the state of their adjacent buses. Therefore, as the amount
of load can be predicted, these buses can be considered as
ZI buses and KCL can be applicable for them. Therefore,
if after running the observability evaluation according to the
proposed heuristic approach (shown in Fig. 4), there are still
some NZI buses that their adjacent buses are observable, they
can be considered as buses with depth of one unobservability.
For the NZI buses that can become observable by the depth
of one unobservability, all of their adjacent buses should
be observable. Therefore, they can be considered as special
ZI buses that all their adjacent buses should be observable.
To incorporate this approach in the OPP problem, model (13)
can be modified as model (16).

min
∑

b∈B
xb (16a)

s.t. Evaluate the observability of all buses (16b)

hi =

 0
∑

j∈Qi
fj −Wi + 1 ≤ 0

1
∑

j∈Qi
fq −Wi + 1 ≥ 1

,

∀i ∈ N ∪ Q (16c)

ui = max {fi, hi} , ∀i ∈ N ∪ Q (16d)

fz ≥ 1, ∀z ∈ Z (16e)

ui ≥ 1, ∀i ∈ N ∪ Q (16f)

In model (16), the objective is to minimize the required
number of PMUs. However, as we incorporate the concept of
depth of one unobservability, the investment (i.e., the number
of required PMUs) can be less than the solution of model
(13). Constraint (16b), evaluates the observability status of
all the network buses according to the consecutive heuristic
approach shown in Fig. 4. Then, constraint (16c) evaluates
the situation of depth of one unobservability for all the NZI
buses across the network. If all the adjacent buses to bus
i ∈ N ∪ Q are observable,

∑
j∈Qi

fj −Wi + 1 is greater than
one and therefore, the state of bus i can be estimated from
its adjacent observable buses. As a result, constraint (16d)
determines that bus i is either observable by the installed
PMUs or with the depth of one unobservability. Finally, con-
straints (16e) and (16f) ensure that all the network buses are
observable.

B. LIMITED COMMUNICATION INFRASTRUCTURE
In this section, we consider the practical constraint of
the limited communication infrastructure which results in
the lack of PMU positioning on some of the network
buses. Considering this limitation will result in limiting the
problem from placing PMU on specific buses of the network.
Therefore, the proposed model (17) for this problem is

as follows.

min
∑

b∈B
xb (17a)

s.t. xs = 0, ∀s ∈ S0 (17b)

Evaluate the observability of all buses (17c)

fb ≥ 1, ∀b ∈ B (17d)

In model (17), the objective function is to minimize the
required number of PMUs for complete state observability
accounting for the limitation that it is impossible to place
PMUs on some of the network buses according to con-
straint (17b). In constraint (17b), S0 is the set of network
buses without communication infrastructure. Therefore, this
decision-making problem cannot place a PMU on these
buses. Then, constraints (17c) and (17d) evaluates the
observability of all the buses according to the proposed
heuristic approach shown in Fig. 4.

C. BRANCH OUTAGE CONTINGENCIES
In this section, we consider one of the most important and
common practical contingencies of the power system which
is transmission line outage contingency. To have a more
reliable power system, it is needed to have power system
observability under at least single outage contingencies of
the transmission lines. Transmission line outage will result
in changing the topology of the power system that may
make some of the network buses unobservable. Therefore,
in order to make sure that the power system is still observable
under any possible single outage of the transmission lines,
different topologies of the power system after the outage of
each of the transmission lines should be studied. Therefore,
the proposed model for this problem is presented as
follows.

min
∑

b∈B
xb (18a)

s.t. remove each of the branches iteratively (18b)

Evaluate the observability of all buses

for each of the contingencies (18c)

fb ≥ 1, ∀b ∈ B, ∀ contingency (18d)

In model (18), the objective is to minimize the required
number of PMUs for complete state observability during
the normal operation and single outage of transmission
lines. Therefore, constraints (18b) to (18d) evaluates the
observability of all the network buses using the heuristic
approach shown in Fig. 4 considering the single outage of
each of the transmission lines.

D. PMU LOSS CONTINGENCIES
In this section, we consider another practical contingency of
the system which is the loss of PMUs due to cyber-attacks
or loss of communication infrastructure. In this problem,
the measurement system should be robust to at least single
outages of the PMUs. In other words, by considering the
outage of any of the PMUs, the entire power system should
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be still observable. To consider this practical constraint, for a
given set of PMUs, the outage scenarios of each of the PMUs
should bemodeled and the power system observability should
be satisfied. Therefore, the proposed model for this problem
is presented as follows.

min
∑

b∈B
xb (19a)

s.t. remove each of the PMUs iteratively (19b)

Evaluate the observability of all buses

for each of the contingencies (19c)

fb ≥ 1, ∀b ∈ B, ∀ contingency (19d)

Model (19) similar to model (18) evaluates the observ-
ability of all the network buses with iteratively remov-
ing each of the PMUs for the given set of PMUs
with the objective of minimizing the required number
of PMUs.

E. LOSS OF CURRENT MEASUREMENT CHANNELS
In this section, another practical contingency of the system
considered is the single loss of a current measurement
channel of one of the PMUs. This contingency will
limit the capability of phasor measurement systems by
disabling one of the current measurement channels of a
PMU installed across the network. This limitation has less
effect compared to the single PMU outage. Therefore,
the proposed model for this problem is presented as
follows.

min
∑

b∈B
xb (20a)

s.t. remove each of the current measurement

channels of each of the PMUs iteratively (20b)

Evaluate the observability of all buses

for each of the contingencies (20c)

fb ≥ 1, ∀b ∈ B, ∀ contingency (20d)

In model (20), similar to the models in sections IV-C
and IV-D, the observability status of all the network buses are
evaluated considering each of the contingencies of removing
one of the current measurement channels of PMUs.

V. CASE STUDY
To evaluate the effectiveness of our proposed heuristic
solution algorithm, we conducted numerical experiments and
provided insights using the IEEE 14, 30, 39, and 57 bus
standard test networks. Moreover, to prove the efficacy
of our proposed approach, we also included a large-scale
network, the Polish 2383-bus network, in our simulation
results. Additionally, we compared the results of the proposed
heuristic approach with the previous studies to show the
superior performance of our proposed approach in terms
of reducing the minimum required number of PMUs for
complete power system observability.

A. STANDARD TEST NETWORKS
In this section, we introduce the standard test networks that
we used in this paper to evaluate the effectiveness of the
proposed methods.

1) IEEE 14-Bus: This is an IEEE standard test network
with 14 buses, 15 lines, and one ZI bus.

2) IEEE 30-Bus: This is an IEEE standard test network
with 30 buses, 34 lines, and six ZI buses.

3) New-England 39-Bus: This a standard test network
widely studied in the literature with 39 buses, 34 lines,
and 12 ZI buses.

4) IEEE 57-Bus: This is an IEEE standard test network
with 57 buses, 62 lines, and 17 ZI buses.

5) Polish 2383-Bus: This is a large-scale test network with
2383 buses, 2896 lines, and 552 ZI buses.

A summary of the key information for these test networks is
shown in Table 1.

TABLE 1. Key information of the test networks.

B. NUMERICAL RESULTS
To assess the performance of our proposed model, we imple-
mented the basic formulation of the existing model (3)
using GAMS language ver. 25.0.2 and CPLEX solver [45].
Moreover, our proposed heuristic approach was executed
using MATLAB with GA with the population of 1000,
mutation rate of 0.1, and a uniform crossover function.
The computational times for solving the proposed OPP
problems using our proposed heuristic approach are from
3.6 seconds for IEEE 14-Bus in normal operating condition
to 478.3 seconds for IEEE 57-Bus under single-line outage
contingency for complete observability. Moreover, the com-
putation time for the Polish 2383-bus test system in normal
operating condition is 637.6 seconds. We implemented the
OPP problems on a personal computer running Windows
10 with Intel Core i9 @2.5 gigahertz with 32 gigabytes of
installed RAM. To measure the effectiveness of our proposed
model, we compared the results of our proposed heuristic
approach with the basic MILP formulation of the OPP
problem (i.e., model (3)) to the four standard test networks
described in section V-A. The results are described in Table 2.
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TABLE 2. Minimum number of PMUs obtained by the existing model and our proposed heuristic approach.

TABLE 3. Minimum number of PMUs obtained by our proposed heuristic approach considering each of the shortcomings of ZI buses separately.

Table 2 clearly shows the effectiveness of our proposed
heuristic approach to reduce the number of required PMUs
for complete power system observability.

The IEEE 14-Bus network has only one ZI bus and
therefore, model (3) can converge to the optimal solution.
Although IEEE 30-Bus network has six ZI buses, the
maximum number of connected ZI buses in this power
network equals two. Therefore, model (3) could track
the observability status of all the network buses and our
proposed method could not achieve lower number of required
PMUs. However, for the New-England 39-Bus network, our
proposed heuristic approach obtains a better solution than
model (3). The existence of practical situations of ZI buses
such as SCMZIBs in this power network made it difficult
for model (3) to track the observability status of all the
network buses. The final solution of the proposed heuristic
approach for IEEE 57-bus power network resulted in almost
21% fewer number of PMUs than model (3), which is about
21% lower cost. Moreover, our proposed heuristic approach
resulted in 18.3% fewer PMUs compared to model (3) for the
Polish 2383-bus network. This less reduction in the number
of PMUs compared to the IEEE 57-bus network is mainly
because of the percentage of ZI buses in the power system.
For the IEEE 57-bus network, almost 30% of the network
buses are ZI buses compared to the Polish 2383-bus network
in which 23% of the network buses are ZI buses.

It is worth mentioning that although we changed the
observability status variable from integer to binary to avoid
the inaccurate effect of measurement redundancy on the
observability analysis considering ZI buses, there still can be
some of the network buses with measurement redundancy.
In other words, the state of some of the network buses can
be observable with more than one PMU across the network.
Therefore, we also derived the number of buses that can be
observed with more than one PMU or through more than

one observability path which is shown in Table 2. It clearly
shows that our proposed heuristic approach wich resulted in
fewer number of PMUs has also less number of redundant
observable buses compared to model (3).

Moreover, Table 3 presents the minimum required number
of PMUs obtained by our proposed heuristic solution
algorithm considering each of the explained shortcomings
of modeling ZI buses in the basic formulation separately.
As explained in section II-B1, not considering measurement
redundancy of some of the network buses may result in
inaccurate satisfaction of state observability and therefore,
the obtained PMU placement cannot guarantee the complete
state observability of the power system. As seen from Table 3,
considering the effect of measurement redundancy resulted in
a higher number of PMUs for complete state observability
which reflects that the optimal solution of model (3)
led to inaccurate solution of the OPP problem. However,
considering the other two shortcomings including NZI buses
between ZI buses and SCMZIBs resulted in lower number
of PMUs. Moreover, Table 3 effectively shows that the
inclusion of SCMZIBs has the highest effect on reducing the
number of PMUs compared to other situations. Specifically,
for IEEE 57-Bus network with the maximum number of
SCMZIBs being 11 (which means that in this network there is
a situation that 11 ZI buses are connected together in series),
20% reduction in required number of PMUs is obtained.
Furthermore, considering all the shortcomings explained in
section II-B1 in our proposed heuristic method (13), the
required number of PMUs can be reduced while ensuring
complete state observability of the power networks.

Although a larger number of network buses cannot
definitely result in a larger number of PMUs for power
network observability, the effectiveness of our proposed
heuristic approach for power networks with larger number of
buses and ZI buses can be clearly seen in Table 2. Therefore,
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TABLE 4. Comparing the solutions of single outage contingencies obtained by our proposed heuristic algorithm and basic formulation.

TABLE 5. Selected buses without communication infrastructure.

TABLE 6. Minimum number of PMUs considering lack of communication
infrastructure in some of the network buses.

comprehensively modeling the effect of ZI buses has a
significant impact on reducing the cost of PMU installment
in the power network.

C. RESULTS OF PRACTICAL LIMITATIONS
In this section, we apply the proposed models (14), (16), (17),
(18), (19), and (20) on the four test networks. The optimal
solutions of considering single outage contingencies of
PMUs, transmission lines, and current measurement channels
of PMUs considering different levels of investment budget are
presented in Tables 9 to 20, respectively in appendix.

Tables 9 to 20 effectively show how increased level
of investment budget can increase the observability of

TABLE 7. Selected buses without communication infrastructure.

power networks considering the single outage contingencies.
Given the optimal solutions by changing the investment
budget, the system planner can observe the optimal trade-
off between the investment and observability. Moreover,
Table 4 presents the minimum required number of PMUs
for complete state observability considering each of the
single outage contingencies obtained by using our proposed
heuristic solution algorithm and the basic formulation that has
shortcomings in terms of accurately modeling the effect of
ZI buses. Our proposed heuristic algorithm results in up to
29% reduction in the required number of PMUs for IEEE 57-
Bus network compared to the basic formulation for outage
contingency of single PMUs. Furthermore, as seen in Table 4,
single outage contingency of PMUs has more limitations on
the OPP problem and therefore, considering this contingency
to improve the observability of power system requires more
number of PMUs.

We also applied the practical constraint of the lack of
communication infrastructure in some of the network buses
proposed in model (17) for all of the standard test networks
described in section V-A. To illustrate the lack of PMU
positioning sites, the buses without the possibility of placing
PMUs on them are selected as in Table 5. The selection
of these buses is designed in a way that a subset of buses
associated with the optimal solution for complete state
observability in normal operating conditions is included in
these sets. Therefore, considering the inability of the problem
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TABLE 8. Minimum required number of PMUs considering lack of communication infrastructure in more network buses.

to install PMUs on those buses, its capability to achieve the
best solution is evaluated by taking into account the buses
without communication infrastructure.

Since the lack of PMU positioning on some of the network
buses may result in higher number of PMUs for complete
state observability, we also applied the concept of depth of
one unobservability proposed in model (16). The results of
applying the proposed models for the situations described in
Table 5 are presented in Table 6.
It is seen that having limited communication infrastructure

results in an increased required number of PMUs for
complete state observability and incomplete observability
with depth of one unobservability and therefore, increased
investment in placing PMUs. For example, New-England 39-
Bus test network requires eight PMUs for complete state
observability in the normal operating condition. However,
having eight buses without communication infrastructure
resulted in increasing the minimum required number of
PMUs to 11 and 10 for complete state observability and
for depth of one unobservability, respectively. It is also seen
that considering the depth of one unobservability resulted in
less number of required PMUs compared to the complete
state observability situation. It is also worth mentioning that
although IEEE 57-Bus requires higher PMUs for complete
state observability than New-England 39-Bus, the number of
PMUs required for depth of one unobservability for IEEE 57-
Bus is less than that of New-England 39-Bus. Therefore, for
IEEE 57-Bus, the concept of depth of one unobservability
facilitates estimating the state of many of the network buses
with a good approximation from the adjacent observable
buses.

Another situation to be considered is that with an
increase in the number of buses without communication
capabilities, conditions may arise such that even if PMUs are
deployed in all possible buses, complete state observability
may not be achievable even considering the depth of one
unobservability. In such cases, the problem-solving process
should be directed towards finding solutions that minimize
the number of unobservable buses. To achieve this objective,
it is necessary to consider both partial observability with
maximum number of observable buses and depth of one
unobservability. Therefore, in this case, we increase the
number of buses without communication infrastructure and
consider the combination of models (17), (16), and (14). The

new sets of buses without communication infrastructure for
the test networks are shown in Table 7. The selection of these
buses is also based on considering more number of buses
from the optimal solution for complete state observability in
normal operating conditions.

The results of applying the proposed models with the
heuristic approach for observability evaluation are demon-
strated in Table 8.
The results in Table 8 indicate that increasing the con-

straints on communication capabilities leads to an increase
in the required number of PMUs in certain scenarios.
Additionally, it is observed that considering depth of one
unobservability, some network buses remain unobservable.
These buses are those that do not satisfy any of the
observability depth situations. The only buses that do
not comply with the situation even with an increase in
observability depth are the terminal buses. For example,
bus 34 in the New-England 39-Bus network is a terminal bus,
and since the installation of a PMU in buses 20 and 34 is not
possible due to the lack of communication capabilities, this
bus remains unobservable even with considering depth of one
unobservability. Furthermore, the inability to observe some
buses results in a lower required number of PMUs to observe
the rest of the network buses. Another important observation
from Table 8 is the significance of analyzing incomplete
observability and understanding the concept of observability
depth. Although in the analysis of complete observability
for IEEE 57-Bus network, the possibility of observing two
buses from the network buses does not exist, the concept of
depth of one unobservability allows obtaining an arrangement
of PMUs in which the phasors of unobservable buses are
estimated from the state of adjacent buses.

VI. CONCLUSION
In this paper, we proposed a novel heuristic solution
algorithm for theOPP problem by comprehensivelymodeling
ZI buses. We presented the shortcomings of the existing OPP
models in considering ZI buses including (1) measurement
redundancy, (2) SCMZIBs, and (3) special cases of NZI
buses between ZI buses. The core novelty of this paper
lies in consecutively analyzing ZI bus topologies to develop
enhanced observability evaluation analysis and proposing a
new heuristic approach for the OPP problem.
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TABLE 9. Optimal solutions for IEEE 14-Bus power network for single transmission line outage contingencies and different investment budgets.

TABLE 10. Optimal solutions for IEEE 30-Bus power network for single transmission line outage contingencies and different investment budgets.

TABLE 11. Optimal solutions for New-England 39-Bus power network for single transmission line outage contingencies and different investment budgets.

TABLE 12. Optimal solutions for IEEE 57-Bus power network for single transmission line outage contingencies and different investment budgets.

TABLE 13. Optimal solutions for IEEE 14-Bus power network for single PMU outage contingencies and different investment budgets.
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TABLE 14. Optimal solutions for IEEE 30-Bus power network for single PMU outage contingencies and different investment budgets.

TABLE 15. Optimal solutions for New-England 39-Bus power network for single PMU outage contingencies and different investment budgets.

TABLE 16. Optimal solutions for IEEE 57-Bus power network for single PMU outage contingencies and different investment budgets.

We applied the proposed heuristic solution algorithm to
four standard test networks: IEEE 14-bus, IEEE 30-bus, IEEE
57-bus, and the New-England 39-Bus power networks. The
numerical results demonstrate that our proposed heuristic
approach outperforms the existing approaches in terms of

reducing the required number of PMUs for complete state
observability. Specifically, our proposed heuristic approach
reduces the number of PMUs for IEEE 57-bus power
network by 21% compared to the existing studies, which
is a significant achievement due to the high cost of PMUs.
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TABLE 17. Optimal solutions for IEEE 14-Bus power network for single outage contingencies of current measurement channels and different investment
budgets.

TABLE 18. Optimal solutions for IEEE 30-Bus power network for single outage contingencies of current measurement channels and different investment
budgets.

TABLE 19. Optimal solutions for New-England 39-Bus power network for single outage contingencies of current measurement channels and different
investment budgets.

TABLE 20. Optimal solutions for IEEE 57-Bus power network for single outage contingencies of current measurement channels and different investment
budgets.

This reduction in the number of PMUs with comprehensively
modeling the effect of ZI buses is a testament to the superior
performance of our proposed method.

Moreover, we studied important practical aspects of the
OPP problem including (1) limited investment budget; (2)
lack of PMU positioning sites; (3) incomplete observability;

and (4) single outage contingencies of PMUs, transmission
lines, and current measurement channels. We proposed new
optimization models for the OPP problem considering each
of the practical limitations using our proposed heuristic
solution algorithm. Our proposed heuristic solution algorithm
reduces the number of required PMUs for complete state
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observability under single outage contingencies up to 29%
compared to the existing studies. Furthermore, studying the
optimal solutions considering single outage contingencies
by changing the investment budget provides insights into
the trade-offs between investment and observability, and
determining the most constrained practical limitation of the
OPP problem which is the single outage of PMUs.

In conclusion, this research has demonstrated the superior
performance of our proposed observability analysis approach
and OPP problem in addressing the effect of ZI buses to
reduce the minimum required number of PMUs for complete
state observability. This study can be further extended to
maximize the redundancy of the measurements as illustrated
in [13] and [14] while accurately modeling the effect of
ZI buses as an indication of the reliability of the phasor
measurement system.

APPENDIX
OPTIMAL SOLUTIONS OF SINGLE OUTAGE
CONTINGENCIES
To avoid making the manuscript very long, this Appendix
presents the optimal solutions for single outage contingencies
considering different levels of investment budget for the four
test networks (i.e., IEEE 14-Bus, IEEE 30-Bus, New-England
39-Bus, and IEEE 57-Bus) in Tables 9 to 20.
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