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ABSTRACT In this paper, a novel Two-Grid (T-G) algorithm is proposed and analyzed for semi-linear
interface problems in two dimension. To linearize the Immersed Finite Element Method (IFEM) equations,
a T-G method based on some Newton iteration approach and correction method is investigated. It is shown
that the algorithm can achieve asymptotically optimal approximation as long as the mesh sizes satisfy
H = Oh'3) in L? norm (for H' norm, it even suffices to take H = O(h'/?)). As a result, solving such a
large class of nonlinear equation will not be much more difficult than solving one linearized equation.

INDEX TERMS Interface problem, coarse gird correction, immersed finite element method, nonlinear
problem, Newton iteration.

I. INTRODUCTION boundary 0€2;. For ease of exposition, we assume that the
Let Q be a convex polygonal domain in R? and | C coefficient function B is positive and piecewise constant, i.e.,
be an open domain with C? boundary I' = 9Q; C Q. Let

Q) = Q\Q. We consider the following semi-linear elliptic Bx) = i for x € Q15 B(x) =2 for x €. (4)

interface problem: The semi-linear interface problem (1)-(3) occurs fre-

V- (BVu) = f(x, u), x € Q. ) quently as the involved partial differential equations used
to simulate many basic physical phenomenons, which have
The system is subjected to the boundary condition: applications in many physical and engineering problems,
such as fluid dynamics [1], [2], [3], seismo-acoustics [4], and
u=0, ondf 2 electromagnetics [5].

In this paper, we focus on speeding up the iterations
by using two-grid approaches [6], [7], [8]. There are lots
of literatures concerning about the interface problems by

[u] =0, |:l3 8_ni| =0, across T, 3) different treatments, but, as far as we know, there are few

results about two-grid methods for semi-linear interface

where [v] is defined as the jump of v across the interface I" by problems by Finite Element Methods (FEMs) [9], [10] (or
[vI(x) = vi(x) —v2(x), x € T, with v; = v|gq, the restrictions Immersed Finite Element Methods (IFEMs) [11], [12]).
of vto ©;,i = 1,2, and n the unit outward normal to the In [12], we present two efficient two-grid (T-G) algorithms.
It is of great theoretical interest that a further coarse grid

The associate editor coordinating the review of this manuscript and correction after the fine grid correction can actually improve
approving it for publication was Fabrizio Messina . the accuracy. That is, we first solve a nonlinear problem by

and the homogeneous jump conditions on the interface,
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applying the Newton-like iteration on a (cheap) coarse grid
and then solve a linear elliptic system on a (expensive) fine
grid and solving one more linear equation on the coarse space.
It is shown that the algorithm can achieve asymptotically
optimal approximation as long as the mesh sizes satisfy H =
O(h'/3) (for H' norm, it even suffices to take H = O(h'/?)).

The remainder of the article is organized as follows:
Section II, we introduce the weak form and the IFE
approximation. Section III presents our novel two-grid
algorithm and gives its error estimates. Numerical tests are
presented in Section I'V.

Il. WEAK FORM AND IFEM

Let L?(Q) be the set of square-integrable functions on Q with
usual norm || - ||. Furthermore, let (-, -) denote the L? inner
product, scalar and vector, and (-, -)3q present the L2(3Q)
inner product with norm || - ||3q.

We shall also use the standard Sobolev space W (2) with
anorm | - [l given by @1y = 3 o< ID*G5p 0y (1 <
p < 00) and [|¢llm,co = MaX|y|<m €SS SUP,cq |0%u|, where
the multi index o = («1, @2) and || = o1 + 3. Forp = 2,
we define H™(Q) = W™2(Q), [|-llm = I lm2, I = Il llo.2
and || - [lo,co = || - lIoo. We will also write f(x, §) := f(§) and
of (x, &£)/0& = f/ (&) for simplicity.

For the analysis, we introduce the following space, for
r>1,1<p< oo,

WHP(Q) == {uec WHP(Q):ueWP(Q),s=1,2}
equipped with the norm

Vil iy = 1lrncyy + Ntllyroyy, Y € WIS,

For p = 2, we denote ﬁ’(Q) = VT/"Z(SZ), equipped with the
norm

Nl g = Nl + NullFr gy, Y € H' ().

The weak form for the semi-linear interface problem
(1) - (3) reads: find u € Hy, satisfies,

ap(u,v) = (f(u),v), Yve Vv, 5)
where
ap(u,v) = Z (/ BVu - Vvdx — / BVu - nvds) s
rer, VT oT
Yu,v € Hy(R2), (6)

where Hy(Q) := {v| vlr € HY(T), VT € 73} and Hp(R) is
equiped with the broken H ! semi-norm, which is ||| Lh =

1/2
(ZTG’]}, I\/va|i2(T)) .
Next, we construct an immersed finite element space
Vi(2) C Hp(R2). First, on each element K € 7j, we let

Vi(K) = span{g;(x), 1 <j=3, x €K},

where ¢;, 1 <j < 3 are standard linear nodal basis functions
if K is a non-interface element; otherwise, if K is an interface
element, ¢;, 1 < j < 3 are piecewise linear basis functions
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discussed in [13] and [14]. Then, we can define the immersed
finite element space over the whole solution domain € as
follows:

Vi(2) = {v|v satisfies conditions (I) - (IIT) given below}

D vigx € Vi(K), VK € Tp;
(I) v is continuous at every mesh point X € Ap;
1) v|pq =0.
Now, we propose the IFE approximation: find u;, € V;(£2)
satisfies the following equation,

ap(up, ) = (f (un), ), Vo € Vj. (N

Throughout this paper, we assume the nonlinear term
f(x, u) has second order derivative with respect to its second
argument u. Here, we don’t need the nonlinear term such the
condition

If'(w)| < Clul and |f"(w)| <C,YueR. (8)

We only need the following weaker assumptions on the
nonlinear term f (x, u).

Assumption 2.1: Assume f(x, u) QxR — Ris
a Carathéodory function, which satisfies the barrier-sign
conditions in its second argument: there exist constants
o, B € R with @ < 8, such that

fe,u) >0,
fx,w) <0,

if u > B,

ifu <a,

a.e.in 2.

This assumption guarantees the L° boundedness of the
weak solution # and the numerical solution u; solved
by (5) and (7), respectively. That is to say there exists some
ui,upy € R, uy < up, we have uy < wu,u, < u.
In order to give nonlinearity some local Lipschitz prop-
erty, we introduce the following additional hypothetical
conditions.

Assumption 2.2: Assume f(u) is
namely, f'(u«) > 0, for any u € [uy, up).

Assumption 2.1 and Assumption 2.2 ensure the boundness
of f'(u) and f”(u), for any u between u; and wup. Then,
the error estimates of IFE solution derive by (7) can be
established [12].

Lemma2.1: Letu € HJ(2) N W3P(Q) 2 < p < o0)
and u; € V) be the solution to problem (1)-(3) and the
IFE equations (7), respectively. Then, for some positive
constant C,

locally monotone,

lu — wnlln < Chllull gy, ©)
and

lu— ullriy < CH lullgarg- (10)

Ill. T-G ALGORITHM AND ERROR ESTIMATES

In this section, we will present the novel Coarse grid
Correction Two-Grid (CC T-G) method and error analysis.
The fundamental ingredient in this scheme is another
immersed FE space Vy(H > h) defined on a coarser
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quasi-uniform triangulation of €. Setting Ag(v,¢) =
ap(v, @) — (f'(ug)v, @). Then, we present the CC T-G method
which has three steps as follows.

Algorithm 3.1: Step 1: On the coarse grid 7y, compute
up € Vg satisfing the following nonlinear system,

ap(up, ve) = (f(un), ve), Vve € Vu. (11)
Step 2: On the fine grid 75, compute Uy, € V}, to satisfy the

following linear system:

Ag(Up, vi) = (f(up) — fup)up, vi), Yvp € Vi (12)

Step 3: On the coarse grid 7y, solve the following linear
system for ey € Vy:

1 i 2
Ap(eq,vh) = 3 (f (up)(Up — ug) ,VH) , Yvg € Vy.
(13)

Set u" = Up+ep.

The new feature of the above Algorithm 3.1 mainly lies in
step 3 where a further coarse grid correction is performed.
Corresponding to the form Ag(-, -), we define a projection:
Hp(2) — Vy by

Ap(¢, Qnv) = Ap(9,v), Vo € Vu, v e Hy(2).

By the interpolation properties of IFE functions [13], [14]
and the coercivity of ay(-, -) [12], it can be easily shown that
there exists Hy > 0, if H < Hy, Qg is well defined and
satisfies

lw—Quwl+H|w—0pwlli,rn < CH)H W11, YW € Hj.
(14)

Lemma 3.1: For any x € V),
1
A, x)= (f(uH) —f g + 5f" ) (U ~ up)?, x)

3 (P Wn — . Qux — x). - (19)
> HN\Up —Un)", X — X )-

Proof: By the definition of Qg and ey,

1
Anten. )=Anterr. Q)= (F"wm)(Un = u . Qi x)-

Summarize (12) and (13), (15) can be easily derived.

Then, we introduce the theoretical result for two-step
T-G solution, which has been obtained (see reference [12],
Lemma 5.1).

Lemma 3.2: Let uj, € Vj, be the solution to (7) on 7 and
Uy, € V), be the approximated solution obtained by (12). Then
we have the following estimate

lun — Unlli.n < CH* |l 3.4 (16)

for some positive constant C.

The estimate in Lemma 3.2 is already quite remarkable
because of the high power on the coarse mesh size H. But
more remarkable estimates will be seen in the next lemma.
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Lemma 3.3: Let up, € Vj be the solutions of (7) on
Tn, and u" € 'V}, the approximated solution obtained by
Algorithm 3.1. Then we have the following estimate

lun — w110 < CH |lull 3.4 (17)

for some positive constant C.
Proof: By the definition of u;, and the Taylor expansion,
we have

an(up, £) — (' (upup, §) = (f(MH) — f(ug)ug

o — ;) + (0w —um?. <),
which, together with (15) gives that for any ¢ € V),
h 1 4 2 2
Anty =", €)= 5 (F" i)y = w)? = Uy = ). ¢
b3 (Vs — ). ¢~ Qnc)
2

+ (0w —um. ¢). as)
By the Holder inequality and the well known Sobolev
inequality,
((uh —up)* = (Up — un)?, 5)
< NGup — Up)un — up + Un — umllg s l1S llo,6
< lun — Unllosllun — ur + Up — umllo.211¢ Nlo.6

< llun — Unll1,nlllun — ug | + 11Up — ug DS llo,6-
(19)

It follows from the convergence result (10) and Lemma 3.2,
((uh —up)* — (Up — up)?, C)

< CHOlull s lullgaallE ln (20)
By the Schwarz inequality, (14) and Lemma 3.2,
1 Vi 2
S (@ = . ¢ = 0nt)
< CllUy — unllg 4llc — Qutll
< CH |ull 3.4, 1€ 1.+ 21
where we have used (14) in the last step.
By Holder inequality
(Ot = un)*, €) = s = Nl 4 1€ s
< llun — w3 41 1.
< CHOllulfsag) IS Ihne (22)

Then, Lemma 3.3 follows immediately from (20), (21)
and (22). This completes the proof.

From (9), Lemma 3.3 and the triangle inequality, we can
easily get the following theorem.

Theorem 3.1: Letu € H&(Q) N VT/3’4(Q) be the solution
of (5), and " € V}, be the solution of Algorithm 3.1. We have
the following estimate

lu—u"1.p < Ch+ H)|ullaag) (23)

for some positive constant C.
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FIGURE 1. Log-log errors of IFE solutions in L2 norm (above) and
H' norm (below) for different diffusion coefficient ratios.

Next, we derive the LP(2 < p < o0) norm error estimate
of u, — u”.

Lemma 3.4: Let u, € Vj be the solution to (7) on 7,
and u" € Vj, be the approximated solution obtained by

Algorithm 3.1. Then we have the following estimate
lun — " lri) < CHOullaag). (24)

for 2 < p < oo and some positive constant C.
Proof: To derive the estimate in L”(£2) norm, we use a
duality argument by considering the auxiliary problem: find

nw e f]z(Q) such that
V- (BVW) —flumw = uy — ", inQ,  (25)

with the same conditions as (2)-(3). Given 2 < p < oo,
set g = p/(p — 1) € (1,2]. By the regularity of the weak
solution u, there exists Hy > 0, and C(Hyp), if H < H,
we know that [8]

ellzagy < CCHo) |y — 26)

La($)’

where we have used the regularity assumption(formula (27)
in [12]) of the auxiliary problem.
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FIGURE 2. Log-log errors of T-G IFE solutions in L2 norm (above) and
H norm (below) for different diffusion coefficient ratios, h = H2.

Along with (25), let us also introduce the IFE approxima-
tion: find u;, € V), satisfying

an(fns vi) — (f/(uH)Mh, Vh) = (uh —u", Vh), Yvp € V.
(27

Then, multiplying v, = u; — u" to both sides of (25),
we have

(uh — ", uy — uh)
= ap(i, up — u") — (f’(uy)u, up — uh)
= ap(p — pn, up — u'y — (f’(uH)(u — ), up — uh)

+ an(pn, up — u'") — (f/(uH)Mh, up — uh)
=K1+ Ky + K3 + Ky. (28)

By continuity of a;(-, -), we have

K1 + Kol SMA 4N 1100l — mallnnllun — w1l
< ChH ||l ey llull 3.4
< CH|lulljpasllun — u"llLae), (29)

where we have used Lemma 3.3 and (26) in the last step.
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FIGURE 3. Log-log errors of CC T-G IFE solutions in L2 norm (above) and
H' norm (below) for different diffusion coefficient ratios, h = H2.

For |K3+ K4|, combining (18), (20), (21) and (22), we have
An(up — ", 2) < HOull 240y 12 1.
+ H* ull a4l — Qm)EII.
It follows
K3 + Kal < CH®|lull 7.3 ll a1
+ H lullga.ay I — Qu)pnll
< CH|ull .40l all1
+ H [ull a.aqy (I — Qr)ul
+ H|lp— pnlln)

< CHCull sy |mn — o] (30)

L4()

Then, Lemma 3.4 follows immediately from the error
estimates for K;, withi = 1, 2, 3, 4. This finishes the proof of
Lemma 3.4.

Finally, we can easily obtain the following L? (2 < p < 00)
norm error estimate of Algorithm 3.1.

Theorem 3.2: Let u € H)(S2) N W3*(Q) be the solution
of (5), and u"* € V}, be the solution of Algorithm 3.1. Then,
We have

Hu _— H < C + Hlulljasqy,  GD
LP(2)

for some positive constant C.
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FIGURE 4. Log-log errors of T-G IFE solutions in L2 norm (above) and H'
norm (below) for different diffusion coefficient ratios, h = H3.

Proof: The theorem can be easily proved by the
error estimates of IFE solutions in L” norm (10), (24) in
Lemma 3.4, and the triangle inequality.

According to Theorem 3.1 and Theorem 3.2, it suffices
to take H = O(h'/3), while guaranteeing the optimal (or
nearly optimal) approximation for the discretization u” in
both H! and LP norm, and for H! norm, it even suffices to
take H = O(h'/3).

IV. NUMERICAL EXPERIMENTS

In this section, we present numerical results to verify the
effectiveness and robustness of our proposed scheme. All
the experiments are computed with double precision and
are performed on a desktop computer with a Intel Core
i7-9700 CPU, 3.00 GHz, and 8 GB memory. We consider
solving the following test semi-linear equations:

—V - BiVup)+u} =f, in @, i=1,2  (32)

where the boundary condition and interface jump are
subjected to (2)-(3).

Example 4.1: In this example, take the domain Q =
(=1, 1) x (—1, 1), the interface I" being the circle centered at
(0, 0) with radius ro, so that @1 = {(x, y) € R?|x>+)? < 1},

VOLUME 12, 2024
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Qy = Q\ Q. For the exact solution, we choose

r* /B,
r/B2 4 (1/B1 — 1/B2)ry,

where r = /x2+3y2, @ = 3,79 = 0.5, and f; is suitably
chosen such the exact solution.

First, we verify that the IFE solutions have optimal
convergence orders in both L? norm and semi-H ' norm. For
convergence orders in L3 and L* norms, we have observed
the similar behavior. In Figure 1, we display log-log errors
of IFE solutions with various diffusion coefficients ratios,
which illustrate that the IFE solutions of semi-linear interface
problems (1)-(3) have second order convergence in L? norm
and first order convergence in semi-H ' norm.

For the relationship & = H?, log-log errors of T-G
IFE solutions and CC T-G IFE solutions with different
diffusion coefficient ratios are given in Figure 2 and Figure 3,
seperately. We know that both the T-G IFEM and CC T-G
IFEM have optimal convergence rate in L> and semi-H!
norms with the coarse grid mesh size H = h'/2.

Log-log Errors of T-G IFEM and CC T-G IFEM with
H = h'/3 are shown in Figure 4 and Figure 5. We know that
both T-G IFEM and CC T-G IFEM have optimal convergence
orders, which are consistent with our theoretical results.

(x,y) € 21,

. (33)
otherwise,

VOLUME 12, 2024

4000 T T
single-grid
—&— TG
3500 cCT-G |
3000 [ R
&
2500 [ |
2000 - 1
1500 - B
1000 | 1
&
500 | R
&
0% i I I . . . . .
0 1 2 3 4 5 6 7 8 9
x10%
4
16 <1 ;
single-grid
TG
14 - cCT-G R
12 R
10 - R
*
sl |
6l |
4 |
5L |
Y — . . . . . . . .
0 0.5 1 1.5 2 25 3 35 4 45 5
x10°

FIGURE 6. A comparison of computing time for IFEM on single grid, T-G
IFEM, and CC T-G IFEM with h = H2 (above) and h = H3 (below).

However, errors of T-G IFEM in L? norm are bigger than the
errors of CC T-G IFE solutions.

For h = H*, we compute IFEM solution by Newton
method on mesh size & = 1/256. The errors in L2 norm and
semi-H ! norm are 4.017¢ — 06 and 2.510¢ — 03, respectively.
By contrast with Table 1, we find that CC T-G IFEM is more
robust than T-G IFEM. In semi-H! norm, the errors of T-G
IFEM and CC T-G IFEM are consistent with that of [FEM
on single grid. For L? norm, the errors of T-G IFEM and CC
T-G IFEM is bigger than the errors on single grid. The three
step coarse grid correction T-G IFEM has smaller errors than
two-step T-G IFEM. The similar behavior has been derived
for different diffusion coefficients. It should be pointed out

TABLE 1. Error of T-G IFEM and CC T-G IFEM, with fixed fine grid mesh
size h =1/256, B; : B =1:10%.

H h (lu—Upllz Ju— Ul Jlue—u"z Ju—u"s,,
U4 1256 4534c-06  2510e-03  4497¢-06  2.510e-03
18 1256 407706  2.510e-03  4.063¢-06  2.510e-03
/16 1/256  4.023e-06  2510e-03  4.020e-06  2.510e-03
132 1/256  4.017e-06  2510e-03  4.017e-06  2.510e-03
1/64 1256 4.017e-06  2.510e-03  4.017e-06  2.510e-03
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that the smaller of the mesh size, the advantage of CC T-G
IFEM is more obvious.

To verify the convergence order of T-G IFEM with h = H°,
we compute the IFE solutions on mesh size & = 1/243. The
errors on L? norm and semi-H ! norm with B : g = 1 : 10*
are 4.432¢ — 06 and 2.510e — 03, respectively. From Table 2,
we know that |u — uh|1,h has the convergence accuracy as
IFE solutions. But for T-G IFEM with h = H>, |u — Unli.n
has been increased at the sixth place after the decimal point.
Thus, we verify the CC T-G IFEM have optimal convergence
accuracy in H'! norm with H = h'/3. Moreover, we show the
computing time of IFEM on single grid, T-G IFEM, and CC
T-G IFEM in Figure 6. T-G IFEMs have greatly saved the
calculation time and the third correction step expends little
computational cost. In a word, the CC T-G IFEM can greatly
improve computation accuracy by adding a small calculation
cost.

TABLE 2. Error of T-G IFEM and CC T-G IFEM, with fixed fine grid mesh
size h=1/243, 8, : B =1:10%.

H h lu—Unllpz Tu—Unlig Nu—ullp2 Ju—u"T1s
1/3 1/243 6.577e-06 2.880e-03 6.444e-06 2.880e-03
19 17243 4509e-06  2.880e-03  4.507e-06  2.880e-03
1/27 1/243 4.470e-06 2.880e-03 4.470e-06 2.880e-03
181 1243 4470e-06  2.880e-03  4.470e-06  2.880e-03

V. CONCLUSION

In this paper, we present a novel two-grid algorithm for
semi-linear elliptic interface problems solved by IFEM.
Optimal error estimates of the coarse grid correction two-grid
solution in both H! and L? norm are derived. It shows that the
same accuracy of the IFE solutions are obtained by using the
relationship & = O(H?) (it even suffices to take h = O(H?)
for H' norm) between the fine grid and the coarse grid.
The key ingredient of the two-grid method is that we use
the correction technique on the coarse grid. Furthermore,
we know that a very coarse grid space is sufficient for
nonlinear problem that are dominated by linear part. In our
future work, we will consider two-grid algorithms for more
complex system.
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