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Abstract: A  generalized  multiple-mode  prolate  spherical  wave
functions (PSWFs) multi-carrier with index modulation approach
is  proposed  with  the  purpose  of  improving  the  spectral  effi-
ciency  of  PSWFs  multi-carrier  systems.  The  proposed  method,
based  on  the  optimized  multi-index  modulation,  does  not  limit
the number of signals in the first and second constellations and
abandons the concept of limiting the number of signals in diffe-
rent  constellations.  It  successfully  increases  the  spectrum  effi-
ciency of the system while expanding the number of modulation
symbol  combinations  and  the  index  dimension  of  PSWFs  sig-
nals.  The  proposed  method  outperforms  the  PSWFs  multi-car-
rier  index  modulation  method  based  on  optimized  multiple
indexes  in  terms  of  spectrum  efficiency,  but  at  the  expense  of
system computational complexity and bit error performance. For
example,  with =10  subcarriers  and  a  bit  error  rate  of  1×10−5,
spectral efficiency can be raised by roughly 12.4%.
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1. Introduction
The exponential  growth of  information transmission is  a
direct consequence of society’s progression towards digi-
tization. Based on the Edholm law, it is projected that the
volume  of  information  transmission  will  attain  the  tera-
byte  (TB)  level  by  the  year  2030  [1,2].  The  pursuit  of
achieving high spectral efficiency (SE) and energy aggre-
gation  for  information  transmission  has  emerged  as  a
prominent  research  area  in  the  field  of  beyond  5G
(B5G)/6G  communication  [3−5].  Various  forms  of  high
SE  index  modulation,  such  as  spatial  index  modulation,

spatial  time  index  modulation,  and  frequency  domain
index  modulation,  have  been  successively  introduced  in
the context of information mapping. The enhancement of
spectral  efficiency  is  achieved  by  increasing  the  number
of  modulation  symbol  combinations  through  the  utiliza-
tion  of  various  techniques  such  as  mapping  bit  informa-
tion  via  index  antennas,  spatial  time  resources,  subcarri-
ers, and other relevant means. One technique that can sig-
nificantly increase the number of modulation symbol per-
mutations  by  indexing  subcarriers  is  subcarrier  index
modulation  (SIM).  SIM  is  a  frequency  domain  index
modulation  representation  that  can  be  easily  employed
with  technologies  like  orthogonal  frequency  division
multiplexing  (OFDM).  Basar  et  al.  [6]  initially  incorpo-
rated  it  into  OFDM  due  to  its  favorable  compatibility
with  existing  communication  systems,  efficient  utiliza-
tion  of  system  bandwidth,  and  robustness  against  multi-
path interference. As a promising technology for facilitat-
ing  B5G/6G  networks,  it  has  garnered  significant  atten-
tion from experts and scholars in relevant domains [7−9].
Various  high-energy  aggregation  signal  waveforms,

such as universal filtered multi carrier (UFMC) [10], gene-
ralized frequency division multiplexing (GFDM) [11], fil-
ter  bank  multi-carrier  (FBMC)  [12],  and  multi-carrier
modulation  based  on  PSWFs  (PSWFs-MCM)[13],  are
proposed at the signal waveform level. These waveforms
are  utilized  either  through  filtering  techniques  or  by
employing  them  as  carriers  to  mitigate  out-of-band
energy  leakage.  Among  the  various  options,  MCM-
PSWFs  [13,14]  employ  PSWFs  signals  due  to  their
exceptional  fundamental  properties,  including  perfect
orthogonally,  time-domain parity symmetry,  and optimal
time-frequency  energy  aggregation  [15,16],  as  the  foun-
dational  waveform.  In  contrast  to  emerging  B5G/6G
alternatives  like  UFMC  [10],  GFDM  [11],  and  FBMC,
MCM-PSWFs possess several advantages including flexi-
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ble signal waveform design, high energy aggregation, and
high  SE  [15].  These  advantages  align  well  with  the
demands  of  information  transmission,  particularly  in
terms  of  high  SE  and  energy  aggregation.  The  techno-
logy  exhibits  significant  promise  and  future  possibilities
for  practical  implementation  [13,14].  Tong  et  al.  and
Murugesan  et  al.  recognized  its  potential  as  a  waveform
scheme for B5G/6G [17,18].
The  integration  of  PSWFs-MCM  with  SIM  is  antici-

pated to yield simultaneous enhancements in both SE and
energy  aggregation.  This  was  also  confirmed  in  [19],
where  they  included  SIM  into  MCM-PSWFs  and  pre-
sented  an  MCM technique  based  on  PSWFs  with  signal
grouping optimization (MCM-PSWFs-SGO). This method
initially  focuses  on  optimizing  the  grouping  of  PSWFs
signals.  Subsequently,  it  employs  signal  index and pulse
amplitude  modulation  (PAM)  to  facilitate  information
mapping  in  two  dimensions.  It  not  only  effectively  uti-
lizes  the  characteristics  of  index  modulation  technology,
which  can  greatly  enhance  the  SE  of  information  trans-
mission,  but  also  integrates  the  benefits  of  flexible  and
high  energy  aggregation  in  the  design  of  PSWFs  signal
waveform,  with  high  energy  aggregation  and  high  SE.
However,  because the  idle  subcarriers  of  MCM-PSWFs-
SGO  do  not  contain  any  modulation  symbols,  the
improvement of its system SE is limited to some amount.
Following that, Wang et al. [20] presented MCM-PSWFs
with  dual  mode  (DM-MCM-PSWFs).  On  the  basis  of
MCM-PSWFs-SGO, this approach adds a second constel-
lation  and  utilizes  silence  subcarriers  in  MCM-PSWFs-
SGO  to  transmit  modulation  symbols  mapped  from  the
second  constellation.  It  can  successfully  enhance  system
bandwidth  utilization  and  bit  error  rate  (BER)  perfor-
mance when the signal to noise ratio (SNR) is high with-
out modifying the peak to average power ratio (PAPR) or
energy  aggregation,  but  at  the  expense  of  system  com-
plexity.  Then,  in  [21],  MCM-PSWFs  with  improved
index  multiple  mode  were  proposed,  called  index  multi-
carrier  modulation  based  on  PSWFs  with  better  index
multiple-mode (BIM-MCM-PSWFs). This approach adds
a  third  constellation  based  on  DM-MCM-PSWFs  and
enhances system SE by organizing and merging the sub-
carriers  in  each  sub-block  after  grouping.  However,  the
number of active subcarriers is set in the three approaches
discussed above, limiting future increase of system band-
width  utilization.  Reference  [22]  suggested  an  MCM
approach for PSWFs based on generalized signal indexes,
called  MCM-PSWFs  with  generalized  index  modulation
(MCM-PSWFs GIM), which does not limit the number of
active signals and has higher system SE when compared
to a fixed number of active signals.
This  paper  proposes  a  method  that  combines  BIM-

MCM-PSWFs with generalized signal index, dubbed ge-
neralized multiple-mode PSWFs multi-carrier with index
modulation  (GMM-PSWFs-IM).  This  approach  merely
fixes  the  number  of  active  signal  paths  in  the  third  con-
stellation  of  the  original  BIM-MCM-PSWFs,  and  the
number of  signal  paths  in  the first  and second constella-
tions  is  no  longer  fixed.  It  can  increase  the  number  of
modulation symbol possibilities and, in the case of a large
number  of  subcarriers,  improve  the  system  SE  at  the
expense of compromising BER performance and compu-
tational  complexity  accordingly.  The  following  are  this
paper’s main contributions:
To begin, the GMM-PSWFs-IM approach is proposed,

which  employs  a  “dual  signal  index+three  constellation
maps”  information  mapping  structure,  allowing  to
increase the number of modulation symbol combinations
while also obtaining greater system SE. This method uses
the “signal index (fixed activation signal number)+gener-
alized  signal  index  (unfixed  activation  signal  number)”
for  the  second  signal  index  to  balance  the  system  BER
performance.  Simultaneously,  constellation maps that  do
not  overlap  and  are  easily  identifiable  in  order  to  sepa-
rate  signals  activated  by  two  signal  indices  is  built.  In
comparison  with  the  approaches  such  as  BIM-MCM-
PSWFs,  DM-MCM-PSWFs,  and  MCM-PSWFs-SGO,
the  proposed  method  achieves  a  better  balance  between
system SE and BER performance.
Second, we offer a method for detecting and demodu-

lating GMM-PSWFs-IM modulation signals  using maxi-
mum  likelihood  (ML).  The  suggested  technique  first
detects  modulation  symbols  carried  by  distinct  branch
PSWFs signals using fast Fourier transform (FFT)-based
PSWFs signal frequency domain detection [13]. Further-
more,  to  obtain  excellent  signal  index  detection  perfor-
mance, the ML algorithm is applied. The bit information
transmitted  by  the  transmitter  is  then  reconstituted  by
modulating symbol inverse mapping.
Third, the suggested approach’s system SE is provided

and  the  benefits  of  the  proposed  technique  in  terms  of
system  SE  and  BER  performance  are  demonstrated  by
combining  it  with  the  minimum  Euclidean  distance
(MED).  The  theoretical  analysis’s  correctness  is  con-
firmed  through  numerical  simulation.  It  is  worth  noting
that the above benefits are obtained at the expense of the
system  complexity  that  current  hardware  can  withstand,
and  with  the  continuous  improvement  of  computing
power, particularly the improvement of B5G/6G terminal
computing  power,  the  proposed  method  will  be  easily
realized. 

2. Principle of GMM-PSWFs-IM
The key factor limiting future system SE improvement in
the  BIM-MCM-PSWFs is  that  the  number  of  active  sig-
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nals in the signal index scheme is fixed, severely limiting
the number of modulation symbol combinations. Simulta-
neously,  if  the  number  of  activation signals  is  not  fixed,
i.e., the generalized signal index, the system BER perfor-
mance is lower and the signal index detection complexity
is greater. As a result, GMM-PSWFs-IM uses a dual sig-
nal index, with only a portion of the PSWFs signal under-
going GIM, which enhances system SE while also taking
BER performance and detection complexity into account.
Fig. 1 depicts the schematic diagram of GMM-PSWFs-

IM modulation signal generation at the transmitter, which
includes  two  signal  indices,  the  primary  signal  index
(fixed  number  of  activation  signal)  and  the  generalized
signal  index  (unfixed  number  of  activation  signal),  as

well as three constellation diagrams, constellations A, B,
and C. The proposed technique is separated into inphase/
quadrature(I/Q)  branches  and  employs  the  same  signal
index structure. The primary signal index is in charge of
the first signal index, which activates a set number of sig-
nals and controls constellation C to translate bit informa-
tion to modulation symbols. The generalized signal index
is in charge of the second signal index, which is responsi-
ble  for  indexing  the  inactive  signals  in  the  first  signal
index  without  limiting  the  amount  of  active  signals.  It
also directs constellation A to map bit information to the
modulation symbols corresponding to active signals, and
constellation  B to  map bit  information  to  inactive  signal
modulation symbols.
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Fig. 1    Principle block diagram of GMM-PSWFs-IM
 

m,m ∈ [0,n− k]

In addition, because parameters such as the number of
signal  packets,  the  number  of  signals  in  each  group,  the
number  of  modulation  bases,  and  the  number  of  activa-
tion signals directly determine the overall performance of
the  system,  the  overall  system  must  be  designed  and
selected  based  on  the  size  of  available  time-frequency
resources  and  the  system’s  overall  performance  require-
ments [19]. For the sake of simplicity, the PSWFs signal
is  assumed  to  be  a  low-pass  PSWFs  signal  with  sig-
nal  duration  of  T,  bandwidth  of  B/2,  number  of  signal
groups of g,  number of signals in each group of n,  num-
ber of signals selected for the first index of k, number of
signal  paths  selected  for  the  second  index  of

,  and  all  three  constellations  with M-ary
modulation.

c− l
l ∈ [1,c−1],c = BT

p′ = 2 j/g = pI+ pQ

At  the  transmitter,  the  PSWFs  signals  are  optimized
and  grouped  based  on    (the  number  of  signals,  and

), g (the number of signal packets), n
(the number of  signals  per  group),  and k  (the number of
activation signal)  that  can be used for  information trans-
mission  [19].  At  the  same  time,  divide  the  input  2j  in-
formation bits to be transmitted into g groups on average,
each  group  containing  .  Among

pI = pQ = p pI = pα,I,1+ pα,I,2 pQ = pα,Q,1+ pα,Q,2
α ∈ [1,g] pα,I/Q,1

pα,I/Q,2

them,  ,  ,  ,
,  and    represents  the  information  carried

by the index part of the I/Q branch signal, and   rep-
resents  the  information  carried  by  the  modulation  sym-
bols corresponding to the three constellations. Then, per-
form constellation design and bit information mapping to
generate  modulation  symbols  and  generate  modulation
signals. 

2.1    PSWFs selection and grouping

PSWFs  are  a  class  of  non-sinusoidal  function  sets  [23],
which  have  excellent  characteristics  such  as  complete-
ness, orthogonality, optimal band-limited signal, time and
bandwidth,  and  flexible  and  controllable  spectrum.
PSWFs can be expressed asw T/2

−T/2
φn(τ)h(t)dτ = λnφn(t). (1)

c = T B
ψn(c, t) λn

h(t)
φn(t)

h(t) = sin(Bt)/πt φn(t)

It  is  worth  noting  that    is  the  time-bandwidth
product,    is  the  nth  order  PSWFs,  and    is  the
eigenvalue  of  the  nth  order  PSWFs.    represents  the
time domain response of  the ideal  filter,    represents
baseband  PSWFs  at  ,  and    repre-
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h(t) = 2 fhsinc(2 fht)−
2 flsinc(2 flt) fh fl

sents  pass  band  PSWFs  at 
,  while    and    respectively  denote  the

upper and lower limit frequency of PSWFs.

Φ {φi (t)} i = 0,1, · · ·,ng−1

(α−1)n to αn α = 1,2, · · ·,g

1 to n

PSWFs selection and grouping have been introduced in
detail  in  [19]  and  [22],  thus  we  do  not  explain  it  in  this
paper.  The  proposed  method  begins  with  the  goal  of
ensuring  signal  energy  aggregation,  that  is,  the  first  ng
order  PSWFs  signals  are  selected  for  information  trans-
mission,  namely    ( ),  based  on
the  number  of  signal  groups g  and  the  number  of  signal
paths n in each group. Among them, φi(t) is the ith order
PSWFs  signal.  Furthermore,  the  ng  branch  signals  are
grouped  according  to  the  signal  order,  with  order  signal
from    serving  as  the    group,
and the n branch signals within each group are numbered
form  . 

2.2    Signal index and constellation scheme design

As shown in Fig. 2, GMM-PSWFs-IM employs a “signal
index (fixed number of activation signal) and the genera-
lized  signal  index  (unfixed  number  of  activation  signal)”

scheme.  The  fixed  activation  signal  index  (classical
called  IM),  i.e.,  the  first  signal  index,  chooses  k  activa-
tions  from  n  subcarriers  and  controls  constellation  C  to
generate modulation symbols corresponding to the activa-
tion signal.  The generalized signal  index (also known as
the second signal index, classical called GIM [24]) selects
activation  signals  at  random  from  n−k  subcarriers  and
controls  constellation  A to  generate  modulation  symbols
corresponding  to  active  signals,  while  constellation  B
generates  modulation  symbols  corresponding  to  inactive
signals.  Furthermore,  because  the  proposed  method  uses
two  signal  indexes,  correctly  distinguishing  the  second
signal  index  becomes  critical  to  recovering  the  signal
index and modulation symbol carrying bit information at
the receiving end.  The dual  signal  index necessitates  the
use  of  non-overlapping  and  distinct  constellation  maps,
particularly  constellation  maps  C,  A,  and  B,  to  address
the  aforementioned  issues.  As  shown in Fig.  2,  the  con-
stellation points of constellation C are located at the out-
ermost  point,  while  the  constellation  points  of  constella-
tions A and B are located inside.
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Fig. 2    Mapping principle of GMM-PSWFs-IM
 
It  is  worth  noting  that,  when  compared  to  the  signal

index  with  a  fixed  number  of  activation  signals,  the  ge-
neralized signal index with an unfixed number of signals
has  a  relatively  low  system  BER  performance.  In  the
meantime,  a  signal  index with a  fixed number of  activa-
tion signals can also be considered a type of generalized
signal  index.  As  a  result,  the  proposed  GMM-PSWFs-
IM’s generalized signal index can also fix the number of
active signal paths.

Z ∈ [0,Ck
n−1
]

J =
{dk,dk−1, · · ·,d1} k ∈ [1,n]
dk > dk−1 > · · · > d1 > 0

For signal index with fixed activation signal paths, the
permutation  and  combination  method  is  used  to  design
the  PSWFs  signal  index  scheme.  When  the  number  of
active PSWFs signal paths is k,  all  signal index schemes

  can  be  represented  by  a  sequence 
  of  length  [6].  Among  them,

 can be obtained by

Z = C(dk,k)+C(dk−1,k−1)+ · · ·+C(d1,1) (2)

where  Z  is  the  decimal  number  corresponding  to  the
sequence of bit information.
For the generalized signal index with an unfixed num-

ber of the signal, the signal index scheme is the set of sig-
nal  index schemes corresponding to the fixed number of
activation  signal  with  different  activation  signal  paths
[25], i.e.,

Z = {Z1,Z2, · · ·,Zm} (3)

Zi = C
(
dki
,ki
)
+C
(
dki−1,ki−1

)
+ · · ·+ C(dk1 ,1),dki

>

· · · > dk1 > 0, i = 1,2, · · ·,m
where   

,  the  same  processing  as  in  (2)
is  used.  Table  1  provides  the  signal  index  scheme  for
GMM-PSWFs-IM with n=3.
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Table 1    Mapping scheme of GMM-PSWFs-IM

Bit information Signal index Subcarrier mapping

[0,0,0] {3,1,2} sC
I (1) sA

I (1) sB
I (1){ , , }

[0,0,1] {3,2,1} sC
I (1) sB

I (1) sA
I (1){ , , }

[0,1,0] {1,3,2} sA
I (1) sC

I (1) sB
I (1){ , , }

[0,1,1] {2,3,1} sB
I (1) sC

I (1) sA
I (1){ , , }

[1,0,0] {1,2,3} sA
I (1) sB

I (1) sC
I (1){ , , }

[1,0,1] {2,1,3} sB
I (1) sA

I (1) sC
I (1){ , , }

[1,1,0] {1,1,3} sA
I (1) sA

I (2) sC
I (1){ , , }

[1,1,1] {2,2,3} sB
I (1) sB

I (2) sC
I (1){ , , }

  

2.3    Bit information grouping and signal index

Based on the number of PSWFs signal groups, denoted as
“g”, the number of signal paths per group, denoted as “n”,
and  the  number  of  activated  PSWFs  signal  paths  by  the
first  signal  index,  denoted  as  “k”,  the  2nd  signal  index
scheme  is  designed  using  (1)  and  (2)  (see  [19]  and  [22]
for details, which will not be repeated here) to determine
the amount of bit information carried by the signal index
and  modulation  symbol.  Among  them,  the  total  amount
of information that group g PSWFs signals can carry is

j = 2gpα,I/Q (4)

pα,I/Qwhere   is the amount of information that can be car-
ried by the I/Q branch of each n-order PSWFs signal, i.e.,

pα,I/Q =
⌊
log2

(
Ck

nMk
)⌋
+
⌊
(n− k) log2 (1+M)

⌋
(5)

⌊·⌋where    represents  rounding  down.  In  addition,  the
information  carried  by  the  I/Q  branch  signal  index  and
constellation  corresponding  modulation  symbols  of  each
n-order PSWFs signal is

pα,I/Q,1 = 2gpα,I/Q−nlog2M

pα,I/Q,2 = pα,I/Q,A,2+ pα,I/Q,B,2 + pα,I/Q,C,2 = nlog2M
(6)

pα,I/Q,2

pα,I/Q,A,2, pα,I/Q,B,2, pα,I/Q,C,2

where    represents  the  amount  of  information  car-
ried  by  the  modulation  symbols  corresponding  to  the
three  constellations,  while    rep-
resent  the amount of  information carried by the modula-
tion symbols  generated by the constellation A,  B and C,
respectively.

pα,I,1, pα,Q,1
α

α ∈ [1,g]

α

According  to    and  signal  index  schemes,
activate k signals from n-order PSWFs signals in the  th
( )  sub  block  to  load  modulation  symbols  gene-
rated by constellation C. Randomly activate signals from
the  remaining  (n−k)-order  PSWFs  signals  to  load  the
modulation  symbols  generated  by  constellation  A,  while
the inactive signals are used to load the modulation sym-
bols  generated  by  constellation  B,  as  shown  in  Fig.  3.
Sα,I,A, Sα,I,B, Sα,I,C represent the set of modulation symbols-
generated by three  constellation maps in  branch I. Sα,Q,A,
Sα,Q,B, Sα,Q,C represent the set of modulation symbolsgener-
ated  by  three  constellation  maps  in  branch  Q.  Corre-
spondingly, the signal index of the  th sub block can be
represented as

II,α = { iI,α,1,CM, iI,α,2,CM, · · · , iI,α,n,CM} , (7)

IQ,α = { iQ,α,1,CM, iQ,α,2,CM, · · · , iQ,α,n,CM} , (8)

CM = [A,B,C] II/Q,α,γ,M α

γ ∈ [1,n]

γ ∈ [1,n]

where  ,    represents  the  th  sub
block, with the PSWFs signal index numbered  .
When  CM=A,  it  indicates  that  the  modulation  symbol
generated  by  constellation  A  is  loaded  into  the  PSWFs
signal with the number  . Similarly, when CM=B
and C,  they  represent  the  modulation  symbols  generated
by loading the modulation symbols as constellation B and
constellation C, respectively.

 
 

xα(1)

Sub block modulation symbol generation

xα(2)

xα(n−1)

Signal index

1 −3 1  −3...

...

...
1 2 3 n−1n

Signal index

−1 ...

1  −3 1 ...

...

...
1 2 3 n−1 n

Iα,I

Iα,Q

sα,Q

sα,I

1+5i −1+1i−3+3i 1−3i −5−1i...

...

...
5 1 3 −3 −1

...

...
1 −1−3 1 −5

1+5i

−1+1i

−3+3i

1−3i

−5−1i

...

xα(n)

xα(3)

I

Q

p bits

xα

xI,α

xQ,α3 −1...

sα,I,A

sα,I,B

sα,Q,A

sα,Q,B

CM-B

CM-A

CM-C

5  −5 −5...

5  −5 5...

sα,I,C

sα,Q,C

CM-A/B/C short for constellation A/B/C

Fig. 3    GMM-PSWFs-IM modulation symbol loading process
 
 

2.4    Modulation symbols and modulation
signal generation

Based on the I/Q branch bit information Pα,I,2 , Pα,Q,2, con-
stellations  A,  B,  and  C  generate  corresponding  modula-

tion symbols, i.e.,

Sα,I = {sA
I (λ), sB

I (β), sC
I (ν)}, (9)

Sα,Q = {sA
Q(λ), sB

Q(β), sC
Q(ν)}, (10)
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sC
I/Q(v)

sA
I/Q(λ) sB

I/Q(β)

where,  λ=1,  2,  ···,  n−k−m,  β=1,2,···,m, m=[1,2,···,n−1]
and ν=k，  represents the modulation symbol corre-
sponding to constellation C, while   and   rep-
resent  the modulation symbols  corresponding to constel-
lation A and B, respectively.

X = [X1,X2, · · · ,
Xg]
Furthermore,  the  modulation  symbols 
  corresponding  to  all  g  sub  blocks  and  ng  branch

PSWFs signals are generated, as shown in Fig. 3.
Xα ∈ Cn×1Among  them,    is  the  modulation  symbol  of

the sub block, i.e.,

Xα=[xI,α(1)+ixQ,α(1), xI,α(2)+ixQ,α(2), · · · , xI,α(n)+ixQ,α(n)]
(11)

xI/Q,α(γ) ∈ Sα,I/Q γ ∈ [1,n]where   and  .
In  order  to  be  better  compatible  with  communication

systems  such  as  long  term  evolution  (LTE)  and  Wi-Fi
that  use  FFT  and  inverse  FFT  (IFFT)  signal  processing
modules,  and  to  further  reduce  signal  processing  com-
plexity, the proposed method adopts a frequency domain
generation  method  of  PSWFs  modulation  signals  based
on FFT/IFFT, which has lower complexity [13], i.e.,

S (ω) =
gn−1∑
i=0

x(i+1)ψi(ω) (12)

ψi(ω)
φi (t) (i = 0,1, · · ·,ng−1)

x(i+1) ∈ X
X

where    represents  the  frequency  domain  waveform
of  the  ith  order  PSWFs  signal  ,
and    represents  the  (i+1)th  modulation  sym-
bol in  . Then, the time-domain waveform of the modu-
lated signal can be obtained using IFFT processing, i.e.,

s(t) =
gn−1∑
i=0

x(i+1)φi(t) (13)

s(t)where    represents  the  time  domain  waveform  of
GMM-PSWFs-IM modulated signal. 

3. Principle of GMM-PSWFs-IM signal
detection based on ML

Fig. 4 shows the schematic diagram of GMM-PSWFs-IM
modulation  signal  demodulation  and  detection  at  the
receiver,  including  PSWFs  signal  detection  (red  dashed
box),  signal  index  detection,  and  modulation  symbol
inverse mapping (blue dashed box).
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Fig. 4    Demodulation principle block diagram of GMM-PSWFs-IM
 

Therefore, the proposed method adopts the FFT-based
PSWFs  signal  frequency  domain  detection  method  [13]
for  PSWFs  signal  detection.  This  involves  acquiring  the
frequency domain waveform of the received signal using
FFT. For the purpose of theoretical  analysis and without
loss of generality, assume that the channel is an additive
white Gaussian noise (AWGN) channel. In this case, the
Fourier transform of the received signal can be expressed
as

R(ω) = S (ω)+N(ω) (14)

N(ω) ∼ N(0,N0/2)
N0

where    represents  the  frequency
domain  noise  corresponding  to  AWGN,  and    repre-
sents the power spectral density of Gaussian white noise.
According  to  the  complete  orthogonality  of  the  PSWFs

signal  in  the  frequency  domain,  the  cross-correlation
function  with  the  Fourier  transform  of  the  ith  order
PSWFs signal can be expressed as

ri =< S (ω)+N(ω),ψi(ω) >= x(i+1)+ < N(ω),ψi(ω) > .
(15)

Then, a signal index detection method based on ML is
adopted to detect the signal index, i.e.,{

ÎI,α,ki
, ŝI,α,ki

,DI,α,ki

}
= argmin

II,α,ki ,sI,α,ki

n∑
γ=1

∣∣∣Im {[r]υ,υ
}− sI,α(υ)

∣∣∣2, (16)
{
ÎQ,α,ki

, ŝQ,α,ki
,DQ,α,ki

}
= argmin

IQ,α,ki ,sQ,α,ki

n∑
γ=1

∣∣∣−Re
{
[r]υ,υ
}− sQ,α(υ)

∣∣∣2,
(17)

DI/Q,α,ki
where    represents  the  Euclidean  distance  of
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{ ÎI/Q,α,ki
, ŝI/Q,α,ki

} r ∈ Cng×1,  and    represents  the  modula-
tion  symbols  corresponding  to  the  received  PSWFs  sig-
nals of different orders. Then, based on the detected sig-
nal index, recover the bit  information carried by the sig-
nal index. Finally, according to constellation A, constella-
tion  B,  and  constellation  C,  inverse  mapping  is  per-
formed on the modulation symbol to recover the bit infor-
mation carried by the modulation symbol, and the two are
combined to obtain all  the bit  information carried by the
modulation signal. 

4. System performance analysis
Given  that  the  proposed  GMM-PSWFs-IM  can  be
degraded  into  other  types  of  signal  index  modulation,
such as signal index modulation with fixed activation sig-
nal  number  (i.e.,  the  2nd  signal  index  silence,  MCM-
PSWFs-SGO[19]),  generalized  signal  index  modulation
(i.e., the 1st signal index silence, constellation B silence,
MCM-PSWFs  GIM  [22]),  and  traditional  dual  mode
modulation  (i.e.,  the  1st  signal  index  silence,  OFDM
replacing  PSWFs-MCM,  GMM-OFDM-IM  [24]),  etc.
Meanwhile, Wang et al. [19−21] discovered that the DM-
MCM-PSWFs,  MCM-PSWFs-SGO,  and  BIM-MCM-
PSWFs  outperform  traditional  orthogonal  multi-carrier
modulation based on PSWFs in  terms of  system SE and
BER performance. Furthermore, Wang et al. [13,19] dis-
covered that when comparing the performance of PSWFs-
MCM  based  on  PSWFs  signals  and  OFDM  based  on
sampling signals, modulation methods based on PSWFs-
MCM  outperform  those  based  on  OFDM.  In  addition,
results  [19,22] have obtained that  power spectral  density
(PSD)  and  PAPR  characteristics  are  the  same  when  the
number  of  signal  paths  and  modulation  symbol  input
number  used  for  information  transmission  are  the  same.
Also  [20]  agrees  with  the  conclusion.  Therefore,  we  do
not do more analysis on the characters of PSD and PAPR.
This  section  compares  the  proposed  method  to  the

other  three  methods,  DM-MCM-PSWFs,  MCM-PSWFs-
SGO,  and  BIM-MCM-PSWFs,  in  terms  of  system
SE,  BER  performance,  and  signal  index  detection  com-
plexity. 

4.1    Analysis of SE

Assuming that the time bandwidth product of PSWFs sig-
nals is c=B/F, when the symbol cycle is Q, the system SE
of  different  modulation  methods  can  be  uniformly
expressed as

η = Qme/ [QT (B+F)] (18)
me

me

where  T  represents  the  symbol  period,    denotes  the
amount of information carried by a single symbol period
modulation  symbol.  For  different  modulation  methods,

 is respectively

me,DM = 2g(
⌊
log2C

k
n

⌋
+nlog2M)

me,BIM = 2g(
⌊
log2C

k
nC

m
k

⌋
+nlog2M)

me,SGO = 2g(
⌊
log2C

k
n

⌋
+ klog2M)

me,GMM-IM = 2g(
⌊
log2

(
Ck

nMk
)⌋
+
⌊
(n− k) log2 (1+M)

⌋
)
(19)

where  DM  represents  DM-MCM-PSWFs,  BIM  repre-
sents BIM-MCM-PSWFs, SGO represents MCM-PSWFs-
SGO, and GMM-IM represents GMM-PSWFs IM.
(i) In contrast to DM-MCM-PSWFs and MCM-PSWFs-

SGO,  the  proposed  method  employs  not  only  the  dual
signal index, but also the generalized signal index, which
allows for an increase in the number of modulation sym-
bol combinations. According to (8), when the above three
methods  have  the  same M,  the  proposed  method  has  a
higher  SE.  For  example,  when  n=10,  the  proposed
method improves  system SE by approximately  32.0%  at
the expense of 1.69 dB BER performance sacrifice com-
pared to DM-MCM-PSWFs, and improves system SE by
approximately 69.3% at the expense of 2.87 dB BER per-
formance  sacrifice  compared  to  MCM-PSWFs-SGO,  as
shown in Table 2,  where bandwidth B  is  1.44 MHz, fre-
quency  interval F  is  15  kHz,  value  l  is  4.  Furthermore,
when  MCM-PSWFs-SGO  uses  higher-order  constella-
tion maps for modulation symbol mapping, the proposed
method  can  improve  SE  and  BER performance  simulta-
neously  with  optimal  parameter  selection.  For  example,
when  M=4,  the  system  SE  and  BER  performance  are
improved by 41.2% and 0.77 dB, respectively.

 
 

Table 2    System SE of different MCM methods (BER=10−5)
Modulation method g n k m SE/(bit/s/Hz) (Eb/N0)/dB Improvement/%

BIM-MCM-PSWFs [21] 11 8 7 4 3.63 13.14 12.4
DM-MCM-PSWFs [20] 10 9 5 / 3.09 12.23 32.0

MCM-PSWFs-SGO-2PAM [19] 9 10 7 / 2.41 11.05 69.3
MCM-PSWFs-SGO-4PAM [19] 10 9 5 / 2.89 14.69 41.2

GMM-PSWFs-IM (the proposed method) 9 10 / / 4.08 13.92 /
 

(ii) Compared with BIM-MCM-PSWFs, although both
methods have undergone dual signal index, the proposed
method adopts the idea of generalized signal index in the
second signal index, which can further increase the num-

ber  of  modulation  symbol  combinations.  Therefore,  the
system  SE  of  the  proposed  method  will  be  greater  than
that of BIM-MCM-PSWFs, when they are with the same
M. For example, when n=10, the proposed method is able
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to improve the system SE by about 12.4% at the expense
of 0.78 dB BER performance, as shown in Table 2. 

4.2    Analysis of BER performance

Because  MED  can  visualize  the  system  BER  perfor-
mance of modulation methods, it is chosen in this section
to analyze the system BER performance of various modu-
lation  methods.  It  is  worth  noting  that  because  the  pro-
posed method employs three constellation maps, the third
of which is made up of peripheral constellation points, its
MED is slightly larger than that of the other two constel-
lation maps, and because only a small number of subcar-
riers in each group of subcarriers transmit the modulation
symbols  mapped  by  the  third  constellation  diagram,  its
MED  has  a  small  and  negligible  impact  on  the  system
BER performance.
When the energy corresponding to each bit of informa-

tion is Eb, the MED of different modulation methods can
be represented as

d2
min，DM=

24
4(log22MDM)2−1

· 2⌊log2C
k
nMn

DM⌋Eb

n

d2
min，BIM=

12
4(log22MBIM)2−1

· 10n
5n+20

·

2⌊log2C
1
nC

m
n−1 Mn

BIM⌋Eb

n

d2
min，SGO=

12
4(log2MMCM)2−1

·
2⌊log2C

k
nMk

SGO⌋Eb

k

d2
min，GMM−IM=

12
4(log22MGMM−IM)2−1

· 10n
5n+20

·

2⌊log2C
1
n M2n−1

GMM−IM⌋Eb

n

(20)

where M represents the base number of modulation sym-
bols for various index modulation methods.
(i)  Compared  with  BIM-MCM-PSWFs,  the  ratio  of

EMD  between  the  proposed  method  and  BIM-MCM-
PSWFs shows

d2
min，GMM−IM

d2
min，BIM

=
⌊log2C

1
n M2n−1

GMM−IM⌋
⌊log2C1

nC
m
n−1Mn

BIM⌋
. (21)

According to (10), the MED of the proposed method is
very close to that of the BIM-MCM-PSWFs, but since the
signal  index  scheme  of  the  proposed  method  is  genera-
lized  multiple  index,  the  PSWFs  signal  number  of  the
first and second constellation map cannot be roughly the
same, and there is even a situation in which only the first
or  second  constellation  map  is  selected,  resulting  in  an
uneven distribution of the constellation points. This indi-
cates that the proposed method improves system SE at the
expense  of  sacrificing  some  BER  performance.  For
example,  when  BER=10−5  and  n=10,  the  proposed
method achieves about 12.4% improvement in system SE

at the expense of 0.78 dB BER performance compared to
the BIM-MCM-PSWFs with parameters n = 8, k = 7, and
M = 4, as shown in Fig. 5(b).
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(ii)  Compared  with  DM-MCM-PSWFs,  the  ratio  of
EMD  between  the  proposed  method  and  DM-MCM-
PSWFs shows

d2
min，GMM-IM

d2
min，DM

=
4(log22MDM)2−1

4(log22MGMM-IM)2−1
·

⌊log2C
1
n M2n−1

GMM-IM⌋
⌊log2Ck

nMn
DM⌋

· 5n
5n+20

. (22)

Meanwhile, [21] contends that the MED of BIM-MCM-
PSWFs  is  smaller  than  that  of  DM-MCM-PSWFs,
whereas the MED of the proposed method is smaller than
that  of  BIM-MCM-PSWFs,  indicating  that  the  MED  of
the  proposed  method  is  smaller  than  that  of  DM-MCM-
PSWFs.  However,  as  the  number  of  subcarriers  n
increases,  the  MEDs  of  BIM-MCM-PSWFs  and  DM-
MCM-PSWFs are gradually approximated, and when the
number of subcarriers n is large, the MEDs of the two are
nearly identical. This means that under the assumption of
a  larger  number  of  subcarriers  n,  the  proposed  method
can  improve  system  SE  while  sacrificing  less  BER  per-
formance.  For  example,  when  BER=10−5,  the  proposed
method (n=10)  is  able  to  achieve  about  28.3%  improve-
ment in system SE at the expense of 1.72 dB BER perfor-
mance  compared  to  DM-MCM-PSWFs  (n=8,  k=4),  as
shown in Fig. 5(a).
(iii)  Compared  with  MCM-PSWFs-SGO,  the  ratio  of

EMD between  the  proposed  method  and  MCM-PSWFs-
SGO shows

d2
min，GMM-IM

d2
min，SGO

=
4(log2MSGO)2−1

4(log22MGMM-IM)2−1
·

⌊log2C
1
n M2n−1

GMM-IM⌋
⌊log2Ck

nMk
SGO⌋

· k
n
· 10n

5n+20
. (23)

To  more  intuitively  compare  and  analyze  the  diffe-
rence  between  the  system  BER  of  MCM-PSWFs-SGO
and  the  proposed  method,  4-PAM is  chosen  as  the  con-
stellation  diagram for  MCM-PSWFs-SGO and k=n−1  in
BIM-MCM-PSWFs  to  ensure  that  the  two  systems  have
the  same system SE.  For  larger n, k,  the  combination  of
(19)  shows  that  the  MED  of  the  proposed  method  is
greater than that  of MCM-PSWFs-SGO, implying that  it
has  a  better  BER  performance.  For  example,  when
BER=10−5,  compared  with  MCM-PSWFs-SGO  (n=8,
k=6),  the  proposed  method  (n=10)  can  improve  the  sys-
tem  SE  and  BER  performance  by  12.4%  and  1.80  dB,
respectively, as shown in Fig. 5(b).
(iv)  Compared  to  other  methods  of  generalized  signal

index  modulation.  Fig.  5(c)  compares  the  proposed
method  to  MCM-PSWFs-GIM  [22]  and  OFDM-GIM
[25]  in  terms  of  system  SE  and  BER  performance.  The
simulation  results  show  that  the  proposed  method  can

sacrifice  some  BER  performance  in  exchange  for  a  sig-
nificant increase in SE when compared to MCM-PSWFs-
GIM  and  OFDM-GIM.  For  example,  when  BER=10−5

and n=10, the proposed method sacrifices 1.90 dB of sys-
tem  BER  performance  while  improving  SE  by  approxi-
mately  43.2%  when  compared  to  MCM-PSWFs-GIM,
and sacrifices 0.20 dB of system BER performance while
improving  SE  by  approximately  43.2%  when  compared
to OFDM-GIM.
(v)  The  comparison  of  system  BER  performance  in

Rayleigh  channels.  The  system BER performance  of  the
proposed method in Rayleigh channels is analyzed below
to  further  demonstrate  the  practical  application  value  of
the  proposed  method  in  this  paper.  Given  that  the  pro-
posed method uses an I/Q branch, the following compari-
son  analysis  compares  and  analyses  the  differences  in
BER performance between the proposed method and the
classical  multiple-mode  (MM)-OFDM-IM-IQ  [26]  and
the  optimized  IQ-dimension-expanded  multi-aligned
multi-mode  enhanced  SIM  OFDM  (MP-OFDM-ESIM)
[27], DM-MCM-PSWFs, and BIM-MCM-PSWFs, which
also adopt I/Q branch.
i) Compared with DM-MCM-PSWFs and BIM-MCM-

PSWFs,  under  Rayleigh  channel,  the  BER  performance
of the proposed method is still consistent with the theore-
tical analysis results, which is sacrificing part of the BER
performance in exchange for the improvement of SE. For
example, when BER=10−3, the SE is improved by 43.2%
at the cost of sacrificing 3.55 dB of the system BER per-
formance  compared  with  DM-MCM-PSWFs,  improved
by 10% at the cost of sacrificing 0.72 dB of BER perfor-
mance  compared  with  BIM-MCM-PSWFs,  as  shown  in
Fig. 6(a).
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under Rayleigh channel
 
ii)  Compared  to  MM-OFDM-IM-IQ  [28],  the  pro-

posed  method  can  achieve  a  significant  improvement  in
the BER performance under Rayleigh channel when sys-
tem SE is similar. For example, when BER=10−3, the pro-
posed method improves the system BER performance by

3.77 dB, as shown in Fig. 6(a).
iii)  Compared  with  MM-OFDM-hybrid  IM-IQ  (MM-

OFDM-HIM-IQ)  [24],  the  proposed  method  is  able  to
achieve  a  significant  improvement  in  BER  performance
under  Rayleigh  channel  when  system  SE  is  similar.  For
example, when BER=10−3, the proposed method improves
the  system  BER  performance  by  5.00  dB,  as  shown  in
Fig. 6(b). 

4.3    Analysis of system complexity

Table  3  compares  the  proposed  method’s  signal  index
detection  multiplicative  complexity  to  other  modulation
methods  with  a  bandwidth  of  B=1.44  MHz  and  a  fre-
quency interval of F=15 kHz. The proposed method has a
higher  system  complexity  than  that  of  other  methods,
such  as  DM-MCM-PSWFs  and  BIM-MCM-PSWFs,
because it  requires dual signal index and the second sig-
nal index uses generalized signal index. This implies that
the proposed method’s above performance advantages are
obtained at the expense of an appropriate sacrifice of sys-
tem  complexity,  but  with  continuous  improvement  of
hardware  level,  the  problem  of  high  system  complexity
will be gradually solved.

 
 

Table 3    Signal index detection multiplication operation amount with 1.44 MHz bandwidth

Modulation method Computational complexity n k m Operation amount

DM-MCM-PSWFs-ML [20] O(ng2
⌊
log2Ck

n
⌋
)

4 2 / 368

9 4 / 5 760

BIM-MCM-PSWFs-ML [21] O(ng(2⌊log2Ck
n⌋+2⌊log2Cm

k ⌋))
4 3 2 552

9 8 4 6 480

BIM-MCM-PSWFs-ML [21] O(ng(2⌊log2Ck
n⌋+2⌊log2Cm

k ⌋)) 8 7 4 3 784

GMM-PSWFs-IM-ML (the proposed method) O(ng(2⌊log2
(
Ck

n Mk
)
⌋+⌊(n−k)log2(1+M)⌋)) 10 / / 46 800

 
 

5. Conclusions
In  this  paper,  a  new  index  modulation  method  called
GMM-PSWFs-IM  is  proposed.  This  method  introduces
generalized signal index on the basis of the original BIM-
MCM-PSWFs.  By  employing  a  third  constellation  dia-
gram  for  the  dual  signal  indexing,  the  number  of  acti-
vated  subcarriers  for  the  2nd  signal  index  is  no  longer
limited  and  the  number  of  modulation  symbol  combina-
tions increases.
In  comparison  to  DM-MCM-PSWFs and  BIM-MCM-

PSWFs,  the  proposed  method  can  improve  system  SE
while  increasing  system  computational  complexity  and
BER  performance.  Under  the  same  modulation  base  as
MCM-PSWFs-SGO,  it  can  achieve  a  dual  improvement
in  SE  and  BER  performance,  resulting  in  better  overall
system  performance.  The  proposed  method  outperforms
the  classical  MM-OFDM-IM-IQ  method  in  Rayleigh

channels with similar system SE.
It  is  worth  noting  that  the  method  still  has  room  for

improvement.  Further  efforts  are  suggested  on  how  to
select  the  optimal  constellation diagram for  a  better  sys-
tem  SE  with  less  BER  sacrifice.  The  optimization  can
also be proposed on how to obtain lower BER under low
SNR.  And  how  to  optimize  signal  index  detection  to
improve the overall BER performance will be a key ques-
tion of future work.
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