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Approximation Algorithms for Maximization of k-Submodular
Function Under a Matroid Constraint

Yuezhu Liu, Yunjing Sun, and Min Li*

Abstract: In this paper, we design a deterministic 1/3-approximation algorithm for the problem of maximizing

non-monotone k-submodular function under a matroid constraint. In order to reduce the complexity of this

algorithm, we also present a randomized 1/3-approximation algorithm with the probability of 1—&, where ¢ is

the probability of algorithm failure. Moreover, we design a streaming algorithm for both monotone and non-

monotone objective k-submodular functions.
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1 Introduction

k-submodular function is a generalization of

submodular function?) and has been applied in
machine learning and data mining, including influence
maximization with k kinds of topics or sensor
placement with k kinds of sensors. For the problem of
maximizing monotone k-submodular functions, Ward
and ZivnyB! gave the deterministic 1/2-approximation
algorithm. Later, Iwata et al.[*! presented a randomized
approximation algorithm with approximation ratio
k/(2k—1). For the maximization of non-monotone k-
submodular  function without constraints, the
approximation ratio of max {1/3,1/(1+a)} is given,
where azmax{l, W}B]. Later, Iwata et al.l4]
improved the approximation guarantee to 1/2 based on
randomized algorithm. Based on their algorithm,
Oshimal®! improved it again and obtained a

(kK2 +1)/(2k* + 1)-approximation for k > 3. Meanwhile,
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he also gave a randomized (V17 - 3)/2-approximation
algorithm for k = 3. Besides, there are also some results
on the maximization of monotone k-submodular
functions with constraints. Under the size constraint,
Ohsaka and  Yoshidal® gave constant-factor
approximation algorithms with approximation ratios of
1/2 for the total size constraint and 1/3 for the
individual size constraint. Later, Nguyen and Thail”]
proposed new
maximization of k-submodular functions with a total

streaming algorithms for the

size constraint. Under the knapsack constraint, Tang
et all8l (1/2-1/2e)-
approximation algorithm. With a matroid constraint,

presented a deterministic
Calinescu et al.l”! designed a greedy algorithm that
outputs a 1/2-approximation solution. Furthermore,
there is a deterministic 1/3-approximation algorithm
for the maximization of non-monotone k-submodular
functions with a total size constraint!’. For more
research on k-submodular maximization, we can see
the Refs. [10-14].

In this paper, we plan to study the the problem of
maximizing the k-submodular function under a matroid
constraint and give the following contributions:

e We design a deterministic algorithm with an
approximation ratio of 1/3 and complexity of
O (|V|r (a+kb)) for the non-monotone k-submodular
function, where |V| represents the number of elements

in V, r represents the rank of the given matroid, a is
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the number of times to calculate whether a set is an
independent set in this matroid, and » is the number of
times to calculate a value of the k-submodular
function.

e We design a randomized 1/3-approximation
algorithm with the probability of 1—-¢& for the non-
monotone k-submodular function, which reduces the
complexity of the deterministic algorithm to

0(|V| (alogi+kblogl)logr), where & =max {g,
€1 &2

&}, and €1 and &, denote the probabilities of algorithm
failure.

e We also try to give a streaming algorithm for both
monotone and non-monotone k-submodular functions.

The rest of this paper is organized as follows. In
Section 2, we briefly introduce the relevant knowledge
of k-submodular functions and matroid. In Section 3,
two algorithms are included for the non-monotone k-
submodular functions. Furthermore, a streaming
algorithm 1is introduced for the monotone and non-
monotone objective functions in Section 4. We give the
final conclusions in Section 5.

2 Preliminary

At beginning, we give the definition of the submodular
functions. Given a finite set V, a real-valued set
function f:2Y — R is called a “submodular function”
if

fO+f(M=zfESUD)+f(SNT), VS, TCV.

The submodular functions are also known for the
property of diminishing marginal gain. For any subset
S CV and anelement e € V\S, we use

Js(e)=f (S Uleh)—-f(S)

to denote the the marginal gain of ¢ added to S. Then
f is a submodular function if and only if

fs(e) = fr(e), ¥S €T, Ve e V\T.

The k-submodular function is a generalization of the
submodular function. Suppose that there is a position
for each element in ground set V, the submodular
function just decides whether the element is chosen or
not. That is, there are only two choices for each
element. But there will be k positions for each item of
V for k-submodular functions. Now, we introduce the
definition of k-submodular functions. We still use V to
denote the finite ground set, assume k is a positive
integer, and denote [k]:=1{l, 2, ..., k}. Let (k+1)" :=

{(S1, 82, -
i # j}, then the k-submodular functions can be defined
as follows.

Definition 1 A set function f:(k+1)" =R is
called a “k-submodular function” if for any S =(S1,
So,....,Spand T =(Ty, T, ..., Tp) in (k+ 1)V,

SSOISiCV, Vielkl, SinSj=, Vi, je[k],

F@+fM>fESNT)+fESu),

where
SnT=1NTy, S,NTy, ..

sut=(s1uro((JsiuT),
i#l
S2um\(|Jsiur), ...,

i#2

(&Unﬂﬂj&um»

ik

o SN Ty),

The domain of the k-submodular functions can also
be expressed in the form of vectors. Given a k-tuple
S=(S1,S2, ..., Sp) e (k+1)V, we specify that if e€ S,
then S(e) =i, otherwise e ¢ J;e()Si, then S (e)=0. At
the same time, we define the support set of S as
S(S) = Uiy Si, which is composed of all elements
appearing in S1, So, ..., Sk, regardless of location. The
cardinality of S(S) will be used to represent the size of
S. Then we begin to characterize the relationship of the
k-submodular definition field with partial order. The
partial ordering relation is defined as follows. Taking
S=1,82, ..., 8% and T=(T, T, ..., Ty) in
(k+1)V,if S; C T; for all i € [k], we define S < T. Then,
we say that a k-submodular function is “monotone” if
for any S < T, we have f(S) < f (T).

For the convenience of subsequent expression, we
can also use the following symbols to represent the k-
tuples in (k+1)". Given S =(S1, S2, ..., Sp) e (k+ 1)V,
we can also denote it by {(e, S(e))} with e€ V. Note
that we donnot distinguish the elements not included
by the support set S(S) of S. For example, assume that
V=lel, ez, e3}, k=2, and take S = ({ez}, {€1}), then
S ={(e1, 2), (e2, 1), (e3, 0)}, and it can be also denoted
by {(e1, 2), (e2, 1)}. If there is only one element in the
support of S,i.e., S=(S1, S2, ..., Sk) with §; ={e} and
S ;= for all i # j, then we use (e, i) to denote S for
short. So for a given T = (Ty, Ta, ..., Tx) € (k+1)” and
e € V\S(T), that adding e into T; can be expressed as
T+ (e, i), and the corresponding marginal gain of
adding e to T; of T can be denoted by
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frie,)=f T+ D))-f(T)=
f (T, Ty, ..., Ti1, TiU{el,
Tiv1, ..., Tp)— f(D).

Using this definition, we can also obtain that the k-
submodular function is monotone if and only if
fre,i)>0 for any T=(Ty, Ty, ..., Tx)ek+1),
ee V\S(T) and i € [k].

There are two important properties of k-submodular
functions. One is orthant submodularity, the other is
pairwise monotonicity. A k-submodular function f is
“orthant submodular” if

Js (e, ) = fr (e, D),
for all Sand T in (k+ 1)V and Vi € [k], where S < T, and
e € V\S(T). The k-submodular function f is “pairwise
monotone” if

fs (e, D+ fs (e, ) =0,
forany S e (k+1)V, e€ V\S(S) and i, j € [k] with i # j.

There has been an important result about how to
characterize the k-submodular functions by orthant
submodularity and pairwise monotonicity.

Theorem 1 (Ward and ZivnyB3)) A function
f:(k+1)V - R is a k-submodular function if and only
if f is orthant submodular and pairwise monotone.

Now we present some definitions about matroid.

Definition 2 (Korte and Vygenl3)  Assuming V is
a finite set and ¥ € 2" (the power set of V), the system
(V, ¥) is named a matroid if it satisfies the following
conditions:

() oeF,

QIfXCYeF,then XeF,

(3) If X, Y € F and |X| < Y], then there is an element
e €Y\ X, such that XU{e} € F.

Each element in ¥ is called an “independent set” of
the matroid. For an independent set X, if any subset
containing X is not an independent set in 7, then X is
called a “maximal independent set”, also called a basis.
In this paper, B is used to represent the set formed by
the bases of . In fact, for any X, Y € B, we have
|X| = |Y], and this size is called the “rank’ of matroid. In
this paper, r is used to represent the rank of the given
matroid.

Here is a property about the independent sets of a
matroid.

Lemma 1 (Korte and Vygenl!3l) Given a matroid
(V, ), assume that X is an independent set and Y is a
basis containing X, then for any element e € V not in X
such that XU{e} belongs to ¥, there should be an

element ¢ in Y\ X satisfying that (Y\{e’'}))U{e} is a
basis too.

Given a matroid (V, F) as well as a k-submodular
function f: (k+1)" — R with f()=0, the problem of
maximizing k-submodular function with a matroid
constraint (denoted by MkSfM for short) is expressed
as follows:

max f (S) subjectto S(S) e F (1)
Se(k+1)V

If the objective function f is monotone, we use
mMkSfM to represent MkSfM. Otherwise, we use
nMkSfM to represent it.

In the following part, we introduce a special kind of
solutions of MkSfM.

Definition 3 A feasible solution S to Formula (1) is
called a “maximal solution” if it satisfies: For any
feasible solution T to Formula (1) with f (5) = f (T),
we have [S(S)|>|S(T)|. Specially, if S is an optimal
solution with maximal support set size, then it is also
called a “maximal optimal solution”.

Calinescu et al.l’l proved that in the monotone case,
the size of the maximal optimal solution of the
mMkSfM problem is rank r. Here, we will show that a
similar result can be obtained in the non-monotone
case.

Lemma 2 (Sun et al.['l) For nMKSfM, the size of any
maximal optimal solution is still r, that is, |S(S)| = r.

Proof If not, there is a maximal optimal solution O
with |[S(O)|<r. Then the element e satisfied the
following two conditions should exist:

(1) e¢ S(0),

2){e}uS(O)eF.

Since f is pairwise monotone, if we add the above e
to two different positions i and j of O, the sum of
marginal gains should be nonnegative. That is,
fo (e, )+ fo (e, j) = 0. Thus, it is concluded that at least
one of fp(e,i)>0 and fp(e, j)=0 1is true. If
fo (e, i) >0 is correct, we find that it does not reduce
f(0) by adding e to O. Then there is still a feasible
solution O+ (e, i) making f (O + (e, i)) = f (0). This is
in contradiction to that O is a maximal optimal
solution. u

3 Main Result for nMkSfM

In this part, we mainly analyze the nMkSfM problem,
and design a deterministic algorithm and a randomized
algorithm to obtain an approximation ratio of 1/3. The
difference between the two algorithms is that in the
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randomized algorithm, the approximation ratio is
obtained under the failure probability of &, but the
complexity of this algorithm is reduced.

3.1 Deterministic algorithm for nMkSfM

Calinescu et al.’! designed a greedy algorithm for the
mMKSfM problem. Based on this algorithm, we give
the deterministic Algorithm 1 for the nMkS{M
problem. According to Lemma 2, we can know that the
algorithm requires a total of r iterations, and the
number of elements in the final output solution S of
Algorithm 1 is r and S(S) € 8. In each iteration j, we
choose the element from a constructing set V (S/)
rather than the total set V. It can make sure that any
element e added to the support set of S/ is still an
independent set. Then we put the best position for these
elements and add the one with maximal gain.

Theorem 2 For nMkSfM problem, we can get the
approximation ratio of 1/3 through Algorithm 1, and
the complexity of the algorithm is O (|V| r (a +kb)).

Proof In fact, for the deterministic Algorithm 1, its
complexity is easy to obtain, so we will focus on the
derivation of the approximation ratio. Our analysis is
based on the idea of exchanging elements with their
positions between algorithm output solution and
optimal solution. Before showing the following proof,
we define several symbols.

In each step je[r], let ¢/ andi/ represent the best
element and position selected greedily in this step of
Algorithm 1, respectively, and let n/ € [k]\ {i/} be any
other position except the position i/. According to
Algorithm 1, $°=0, $=S", where S/ denotes the
solution output by Algorithm 1 when it reaches the j-th
step. Obviously, there is a relationship of
S/ =871+ (e/, i/). Next, we construct a sequence 0’

Algorithm 1 Deterministic algorithm for nMkSfM

Require: Non-monotone k-submodular function f : (k+ 1)V —
R, matroid (V, ) with bases 8 and rank r
Ensure: Vector S whose support set belongs to 8
1:8%«—@and j1;
2: while j<r do
3: Construct a set
V(S/):={ee V\S (S/H S/ Hulel e 7
4 (e ) < argmaxeeysiy, iepe £ (ST + (e, D)
50 SIS (e, i)
6: jej+1;
7: end while

8: return S

for j=0,1,...,r, such that 0°=0, O"=S. Then
make S(S/) and S(0OY) represent the support sets of S/
and O/, respectively, and let L/*! = S(07)\ S (/).

Now, we explain how to construct a series of vectors

O/ in Bfor j=0, 1, ..., r, satisfying
o’ >s{, ifj=0,1,...,r—1;
=8/, ifj=r
We use the following ways to exchange elements for
constructing the sequence:

el, ifel el’;
ol = )
any element in L/, otherwise.

Then we define

1

072 =077 =0, 0771 (o)),
0/ =071 + (¢, i),
With the sequence constructed above, we begin to

prove the approximation ratio.
It can be known from Algorithm 1,

FE)=f (S = fga(e, D),
Since ¢/ and i/ are greedily selected with the best
element and location in step j of Algorithm 1, then we
have

fsir(el, i) > foir (o, 077" (o).
Due to $/-! < 0/~3 then

Jsi1 @1, 07 @) 2 1y (0], 07N ()

By using the property of the pairwise monotonicity
of f and n/ # i/, we have

J i J ol
f. i, iYy+f 1, n')=0.

Therefore, applying this relationship to the right hand
of inequality (2), we get
£y @, 07 ) = f 0], 077 o))-
foj;% (e]’ l]) _foj,% (817 n])'
And using §/7! < 071 again, we can obtain
1@, 07 ) > f 0], 07 0))-

f oy (el i = fspa(el, nh).

Applying the condition that ¢/ and i/ are the best
once more, we get

1@, 07 ) > f o), 07 0))-

foy (el i = fsp(el, i),
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That is, the right side of the above inequality is
equivalent to
FOY=FO7 D)= F L y(el, i)~ fygmr(el, i),
After sorting out all the above inequalities, we can
get

2fsia(el, i) >

FOY=fO D=1 1@ ih=

2
FOITY=F (07~ f(O)+f (07 7)=
FO7H~f(0).

Thus,

2(f SH=f (N> F©O7H-f(0).
By summing the two sides of the above inequalion,
we get the following results:

FO-f8)= D (FOT)-F©O)<
j=1

J

2) (fF(SH—-f Sy =2f(S).

=1
Finally, we draw the following conclusion:

1
f(§) 3/ ). .

In the next subsection, we will design a randomized
algorithm in Algorithm 2. The complexity of this
randomized algorithm is O (|V| (alog é +kblog é) logr),
which is lower than that of the deterministic Algorithm
1 in this section, but it is possible to achieve the same
approximation ratio with probability at least 1-eg,
where & = max {g;, &}.

3.2 Randomized algorithm for nMkSfM

In order to reduce the complexity of the deterministic
algorithm for the non-monotone case, we adopt the
uniform random sampling, which is shown as

Algorithm 2. In this algorithm, we construct two sets

J

R{ and Ré by random sampling, and their sizes are r;

and ré respectively, where

i iy e [IVI=j+] r
rl—lRll—mln {mlog 8—1 , |V| ,

. . rj - ] +1 r .
J iy — i 1
}"2 = |R2| = min {mlog (8_2)’ |V(SJ)| .
There are two main differences between

deterministic Algorithm 1 and randomized Algorithm
2. Firstly, the randomized algorithm randomly selects

Algorithm 2 Randomized algorithm for nMkSfM

Require: Non-monotone k-submodular function f: (k+ =
Ry, matroid (V, ¥) with bases 8, rank r, and two failed
probabilities €1 and &

Ensure: Vector S with S(S) € 8
1: 80— @;
2:for j=1tordo

3: R{ « arandom subset uniformly chosen from V with
Vi-j+1
Mo (i) |V|};
r—j+1 " \er) '
4:  Construct V (8%) :={e € R)\S (S | S S/ Ufe} € 7}
by using the independence oracle;

size min{

S: Ré « a subset picked uniformly from V (S/), whose size

Pl .
is min { 177 g (i) V(s
r—j+1 &
6: (e i) argmaxeeRé,ielklf(Sj_l +(e, D);

70 ST S (e, i);
8: end for

9: return S

some elements from V to form R{, and reduces the
elements available for selection when constructing
independent sets by adding R{ as the set. Then when
constructing independent set V (S$/), the elements in it
are selected from R{\S(Sf‘l) instead of V\S(S/1).
That is, V($/)=f{ee R{ \SSH S Hulete 7.
Secondly, when V (S/) is not empty, some elements are
randomly selected from V ($/) to form Ré. The
appearance of Ré greatly reduces the number of
elements available for greedy selection and improves
the quality of selected elements. Based on the above
analysis, we can draw the following conclusions.
Lemma 3 We can get Pr(V(§/)+ @)
likewise, we can also obtain Pr (RéﬂLj * Q)

>1-¢g,
>l-&
forevery 0<j<r.

Proof First, for 0<j<r, if r{ =|R{|=|V|, there
must be an element e in V\S(S!) to make
S/ yufe}e F. Then Pr(V(S/)#@)=1. Then we
can assume that |R{ | <|V| for some j. In fact, in this

case, we have
Pr(V(S) =)=
[Pr (fe}US (™) ¢ )" =
[1=Pr({e}US (S e F)I".
When we construct V (S7), there are r{ )]
elements e that can be selected, and there are at least
r=G-1 the condition of

elements that meet
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{eyUS (S HeF, so

r=(j-1)
r-G-1 IVI=j+l

r—j+1

Pr({ejusSSHeF)>

Thus, we have

j
: r—j+1\1
Pr(Vi§h=2)<|[1l-———] <
Ve =) ( |V|—j+1)
—j+1 |V|-j+1
exp T J, Vi ] logi <eg.
VI-j+1 r—j+1 €1

Therefore, the probability of V (S/)# @ is at least
I-g.

The following part uses the similar way to prove that
the probability of Ré NL/#@ is at least 1-&. For
0<j<r,if Ré and V (S/) have the same size, and V (S7)
is not an empty set, obviously there is Ré NL/ # @, then
Pr [Ré NL/ +@]=1. Otherwise |Ré| <|V (S| for each
element in Ré If the probability of its occurrence in L/
1] > r-—] 1 , then we have

VSH ™ - j+1

isp=

i ; j 1)
Pr[RéﬂLJ=®]=(1—p)r§<[1—L] <
r
1

. j_
exp _rotl rl_ﬁ—llogi <&
r{—j+1"‘j+1 &2

In the following part, we will give the proof of
Theorem 3 based on Lemma 2, which shows that
Algorithm 2 does not fail with high probability.

Theorem 3 For nMkSfM, we can obtain a 1/3-

approximation solution from Algorithm 2 in

complexity of O (IVI (alog é +kblog é)log r) with the
probability at least 1 —¢&, where € = max {1, &2}.

Proof For all je[r], we will construct a sequence
0°=0, 0',...,0"=S based on a maximal optimal
solution Q. Denote the symbols e/, i/, L/, S/, O/,
S(87), and S(O’) as the same meanings as those in
deterministic case (see the proof of Theorem 2). If
V(S)) or Ré NL/ is empty, we consider that the
algorithm fails. (When V (§/) is an empty set, no more
elements can be selected so that the algorithm cannot
continue, so it is considered invalid. Under the random
algorithm, we want to adopt the same construction
mode as the deterministic algorithm, and when Ré NnL/
is empty, o cannot be constructed, then the algorithm is
considered invalid.) Suppose both V (S/) and R;NL/
are non-empty, we have the following definitions. We

specify that if e/ € Ré NL/, then o/ = ¢/, otherwise, o is
any element in R, NL/. And we let
.1 . . . .
0772 =07 - (o), 0771 (),
. .1 . .
0’ =0""2+(, V).
Based on the construction of the sequence O/ above

and just like the deterministic Algorithm 1, if
Algorithm 2 does not fail, we have O" = S", and can get

2(f(SH-f ST = (O~ f (0.
Thus,

37 (S)=f(0).
In Line 4 of Algorithm 2, we need to judge whether

S (ST Hule} is an independent set, and there are at

J
1

this step is at most

most r; elements, so the number of times required for

r

; ~|V|-j+1,
J: —10 —_—=
a;rl aj=1 r—j+1 g81

F— \V|—r+j
alog — E —,J<
€1 ‘A J

.
r 1
alV]|log — -
€1 ; J

N

alV|log 8—’”] logr.

Line 6 in Algorithm 2 needs to calculate the function
value of k-submodular function. There are ré elements
in total. Each element needs to be selected from k
positions, so the maximum number of times required
r .

for this step is kb ré. The same operation as the
=1

previous step yields

,
; r
kb > rl <kb|V|log—logr.
JZ_; ] g - log
Therefore, the maximum number of times Algorithm
2 runs is
aZr{ +kar‘2i < IVI(alogllogr+kblogL10gr .
" " &1 &2
j=1 j=1
||

4 Streaming Algorithm for Both mMkfSM
and nMkfSM

In some practical applications, the amount of relevant
data may be much larger than the memory capacity of
the computer. In this case, it will be very difficult to
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apply the above algorithm and analysis to solve this
problem. So we try to design an algorithm with higher
efficiency to process these large amounts of datall®l. In
the following part, we design a streaming Algorithm 3
to solve the problem of maximizing k-submodular
function under a matroid constraint. Under some
assumption with constant factor « € (0,1), we obtain a
«/2-approximation ratio for mMkfSM and a «/3-
approximation ratio for nMkfSM.

Assumption 1 For MkfSM and a given constant
a € (0, 1), there is a maximal optimization solution O
satisfies

fO)<1-a)f 0 ©)

where 9 < 0.

This assumption makes sure that there is a certain
amount of descend when any part of O is removing.

Then we design the streaming algorithm in
Algorithm 3, which is different from Algorithm 1. Let
V be the ground set with a pretend stream ordering and
these elements arrive one by one. Since only the
information of the current and before elements are
known, so the set V (S7) cannot be constructed. When
an element e arrives, in Line 3, we judge whether
S(S/~"YU{e} is an independent set. If yes, we find the
best position i for this element based on §/~! in Line 4,
then adding (e, i) into S/~ to form S/. If not, we will
discard this element, then §/ = §/~1.

Theorem 4  For mMkfSM
Algorithm 3
approximation solution with the query complexity of
O (|Vla + krb) and takes O (kr) memory.

Proof In the next proof process, we still use the
idea of changing points to prove the approximation

and based on

Assumption 1, returns a a/2-

Algorithm 3 Streaming algorithm for MkfSM

Require: V, k and k-submodular function f, matroid (V, ¥)
with the bases 8

Ensure: vector S with S(S) € 8

1:80 o, j1;
2:foreache€V do
3: if S(S"HU{e} € F then

4 i «— argmaXx;epx] f S+ (e, i));
5 SIS+ (e, i);

6 end if

7: jej+l

8: end for

9: return S

ratio. Before proof, let us make the following
explanation. Assume that ¢/ and i/ represent the j-th
element entering the algorithm and the position
selected in Algorithm 3, and S/ represents the renewed
solution when e/ arrives. If ¢/ does not meet the
condition for forming an independent set in the
algorithm, then S/ =S$/~!. According to Algorithm 3,
the support set S(S) must be a basis, i.e., it is a
maximal solution. So when |S(S)| = r (the rank of the
matroid), the elements not arriving cannot be added to
S. We might as well set / as the number of steps used
when S(S) reaches a basis, and finally the output
solution § = §’. Let O be an optimal solution satisfying
Assumption 1. Next, we will construct a sequence
0°=0,0', ..., 0 such that §' <0'. Our construction
method is divided into two cases:

(1) When e/ satisfies the independent set condition,
we construct it in the following way. If ¢/ € S(0/71),
then

0" usl, if 077 (ef) # i;
o/ - (ej, 0/ (ej)), otherwise.

Otherwise, i.e., ¢/ ¢ S(O/71), let

Bl—

0/~

Oj—% =01

0/ =071 + (e, il).
(2) When e/ does not satisfy the independent set
condition, we make

D=

072=0'=0"".

Next we give proof according to the different cases.
In Case (1), we can draw the conclusion of §/! < 0%
and S'<0' from the construction of the above
sequence. Applying these two conclusions and k-
submodularity, we have

fO™H-f0) =
FOT) = fO7D) = (F(0) - f(OT 1)) <
FOTH=f07 ) =
L
f 1@ 07N e <
gy, 07NN <

2

J iy =
fsj_%(e ) 1 )_
f(8H=f(8"h.

The first inequality above is based on the

monotonicity condition of the k-submodular function,
the second inequality above uses the partial order
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relationship between $/~' and 071, as well as the
orthant submodularity of k-submodular function, then
the third inequality above is obtained by the greedy
algorithm to choose the best position.

For Case (2), since e/ does not meet the condition of
independent set, so we have

FOH—f0)=fSH-fH=0.

Therefore, in both cases, we have

FOTH=fO)<f(SH-f (ST,
Based on the above analysis, sum both sides of the
inequalities above, we obtain

1 !
DUF O =F )< (F (8- (ST
=1 j=1

Thus, we finally get
fO-fO)<fESh @)

In this construction mode, we cannot get O' = §', so
Formula (4) cannot directly show the relationship
between f (0) and f (S). We need to further analyze it
through the following analysis based on Assumption 1.
Let us use O <0 to denote the set of elements not
selected into S'. And then O'=0US!'. Moreover, we
have O # O by the construction of the above sequences.
Thus by Assumption 1, we have

fO)<U-a)f (0) (5)
Moreover, from the definition of k-submodular
function, we have

f(O)=f©OuUS)<f©O)+f(Sh.
Inequality (5) is combined with above ineqatily to
obtain

FOH<A-a)f O)+f (8.
At this point, an upper bound of f(Q') is found.
Combining inequality (4), we have

f($)>3f . n

By replacing the monotonicity by pairwise
monotonicity, we can get the following corollary.

Corollary 1 For nMkfSM and based on
Assumption 1, Algorithm 3 returns a «a/3-
approximation solution with the query complexity of
O (|Vla + krb) and takes O(kr) memory.

Remark The approximation ratios of the streaming
algorithm designed in this paper are presented with a
constant factor @, which represents the decrease when

some elements in the optimal solution are removed. As
the decrease increases, the approximation ratios will be
better. Moreover, the memory complexity is nice.
However, the performance guarantee is close to 1/2 as
the best case for mMKkfSM and 1/3 for nMkfSM.

5 Conclusion

In this paper, we have solved the problem of
maximizing the k-submodular function under a matroid
constraint. At beginning, we design a deterministic
algorithm with approximation ratio of 1/3 for the non-
monotone k-submodular function. Later, we also
design a randomized algorithm to reduce the
complexity of this algorithm. Finally, we give a
streaming algorithm for both monotone and non-
monotone k-submodular functions. In addition, we plan
to improve the streaming algorithm depending on the
property of basis of a matroid.
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