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Relaxed Control Barrier Function Based Control for
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Abstract—The use of automatic safety-critical control for un-
crewed surface vessel (USV) survey, inspection and intervention
can provide a computationally lightweight controller which guar-
antees that a minimum safe standoff distance to a target of interest is
always maintained. We propose a trajectory tracking safety-critical
controller for the closest safe approach of an underactuated USV
with nonholonomic dynamic (acceleration) motion constraints to
a target. A backstepping-based control law is designed using a
relaxed control barrier function and an analytical convex optimiza-
tion method. The stability of the controller is proven. Simulations
of a USV approaching both stationary and moving targets are used
to demonstrate implementation of the method. The performance of
the proposed controller is compared with that of a nonlinear model
predictive control (MPC) controller in simulation. The simulation
results demonstrate that, while the tracking error of the proposed
controller is higher than that of an MPC controller, it requires lower
computational resources, suggesting it is a good candidate for use
on small USVs with low computational power.

Index Terms—Relaxed control barrier functions (CBFs),
trajectory tracking, uncrewed surface vessels (USVs),
underactuated.

I. INTRODUCTION

MANY survey [1], [2], [3], monitoring [4], [5], [6], and
interception [7], [8] applications require an uncrewed

surface vessel (USV) to approach a target (stationary or mov-
ing) as closely as possible, while still guaranteeing that some
minimum safe standoff distance is respected. Safety-critical
control using control barrier functions (CBFs) is a relatively
recent approach that permits an automatically controlled system
to fully utilize the safe operating conditions available, while
guaranteeing the stable avoidance of unsafe conditions [9], [10].
When desired, the use of a CBF-based safety-critical controller
can permit a system to operate at the boundary between safe
and unsafe, ensuring that the system remains on the safe-side
of that boundary. For applications that require a USV to per-
form the closest possible safe approach to an object of interest,
CBF-based safety-critical control techniques can be very useful.

A significant advantage of the use of CBFs is that they permit
the safety of a system to be incorporated in a flexible, modular,
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way because the safety objective can be solved separately from
the control objective, while at the same time they are reactive, so
that knowledge of the system’s high-level (deliberative) motion
plan is not required. Several recent works have explored the
use of CBF-based safety-critical control in the context of USV
collision avoidance. For example, [11] proposed the use of a
CBF for the International Regulations for the Prevention of
Collisions at Sea (COLREG)s-compliant trajectory tracking of
fully-actuated marine surface vessels. In [12], the use of a
“synergistic CBF” (which uses hybrid control) for underactu-
ated nonholonomic vessels with kinematic (velocity) motion
constraints was proposed. The direction in which the obstacle is
avoided is biased to overcome the problem of vanishing control
inputs during head-on collisions.The author in [13] proposed
an optimization-based reactive collision avoidance system that
used CBFs integrated into the control allocation system to ensure
that the actuator magnitude and rate limits are respected. In [14],
control Lyapunov functions (CLFs), CBFs, and quadratic pro-
gramming were employed for the maneuvering and dynamic
positioning of fully-actuated USVs. Integral control is used to
counteract disturbances (e.g., from currents) and the effects of
control allocation and actuator limitations are included as part of
a CLF-CBF based convex optimization problem. A relaxation
term is included in the CBF so that the safety and stabilization
objectives can be separately satisfied.

While all of the works cited above have made significant ad-
vances in the use of CBFs for the safety-critical control of USVs,
one might ask: “Is collision avoidance is the best application for
safety-critical control?” When a planned trajectory intersects an
unsafe operating region, a CBF-based safety-critical collision
avoidance control system will rapidly transition from the original
trajectory to steer the USV along the outside of the boundary
of the unsafe region until it is possible to rejoin the original
trajectory. The maneuvers generated when using CBFs generally
tend to bring the USV as close as possible to an obstacle.
Typically, CBFs are used to maximize the safe operating space
of a robot in a confined environment by permitting the robot to
operate as closely as possible to the boundary between the safe
and the unsafe spaces. However, obstacle avoidance does not
generally require a robot to move as closely as possible to an
obstacle, and sometimes it is likely disadvantageous to do so.
For example, having a USV traverse a straight line parallel to
the desired trajectory, but shifted away from the unsafe region,
would consume less energy and be less dangerous than forcing
it to follow a trajectory with a complex shape in order to move
along the very edge of the safe region. For these reasons, we
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suggest that the use of safety-critical control (including the
methods proposed in [11], [12], [13], and [14]) may be more
well-suited for applications requiring the closest safe approach
of a USV to an object of interest, such as survey, monitoring, and
interception. In such applications one would plan a trajectory
that passes through, or very close to the target, intentionally
activating the CBF to get as close as possible to the target, while
still maintaining a safe stand off distance. Here, we focus on the
close approach to a target by a USV using relaxed CBF-based
safety critical control.

The use of CBFs for safety critical control generally involves
solving an optimization problem to minimize the difference
between the control input required in the absence of an unsafe
condition and the control effort generated by a barrier func-
tion, the magnitude of which rapidly increases as the system
approaches the unsafe condition. This optimization problem
is usually solved numerically and must be done online and in
realtime using the approaches proposed in [11], [12], [13], and
[14]. In contrast, the safety-critical control approaches proposed
in the series of interrelated papers [15], [16], [17], [18] employ
relaxed CBFs (rCBFs) and an analytical solution for the opti-
mization problem described above. The main advantage of the
approach taken in these works is that the analytical solution is
fairly easy to implement and avoids the need to perform online
optimization. In [15], an rCBF, based on the CBF presented
in [19], was proposed to provide a collision avoidance control
assistance input for a human-controlled two-wheeled mobile
robot. The optimization problem is solved analytically when
there are multiple stationary obstacles in the operating space of
the robot. In a followup study, [16] extended the previous work
by introducing a time varying rCBF. To prove the stability of the
system, they introduce the notion of a graph space to contend
with the time dependent nature of the unsafe region around each
obstacle. As a motivating example, they explore the control of
a wheel chair with a human-assist control input for collision
avoidance. Since the human-assist control input depends on the
velocity of the moving obstacles and small speed errors could
lead to a collision when the system moves along the boundary
of the safe region, [17] build further on the approach in the
latter two works by introducing a high-gain observer to estimate
the velocities of obstacles. They also show that the rCBF is
input-to-state safe when obstacle velocity measurement errors
are treated as disturbances. Lastly, [18] modified the approach by
replacing the human input signal with an automatic trajectory
tracking control input and explore the safety-critical collision
avoidance control of a two-wheeled mobile robot in the presence
of stationary obstacles. The surge speed control input is taken
to always be the same as the trajectory tracking surge speed
control input and collision avoidance is achieved by only adding
the collision avoidance control input to the steering command.
In the representative simulations presented, the robot is able to
safely move along the boundary of the safe region, but the control
input exhibits a chattering-like behavior.

Here, we build upon the results of [15], [16], [17], and
[18], which are formulated for nonholonomic vehicles with
kinematic (velocity) motion constraints, by extending the meth-
ods to the safety critical control of USVs. The main novel

contributions of this article are: 1) extension of the approach to
underactuated USVs with nonholonomic dynamic (acceleration)
motion constraints; and 2) a modification to the rCBF proposed
in [15], which permits the safety critical control input to start
acting sooner and more gradually as the USV approaches the
boundary of the unsafe region.

The rest of this article is organized as follows. An explanation
of how the safe set of states can be defined for trajectory tracking
in the presence of moving targets, a mathematical definition of
the rCBFs, and the analytical solution for the optimal safety
critical control input are provided in Section II. In Section III
the equations of motion of the underactuated USV are presented
and the control problem is formally stated. The controller is
designed in Section IV, illustrative simulations of the controller
applied to a USV operating in the presence of both stationary and
moving targets are presented in Section V. Finally, Section VII
concludes this article.

II. MATHEMATICAL PRELIMINARIES

In general, CBFs can be defined for nonlinear systems, which
are affine in the control input, of the form

ẋ = f(x) + g(x)uc (1)

where x ∈ Rn is the state, the vector functions f : Rn → Rn

and g : Rn → Rn × Rm are locally Lipschitz, and uc ∈ Rm is
the control input. Here, we specifically consider the use of CBFs
for the situation in which x ∈ R2 represents the position of a
USV and uc ∈ R2 is a set of virtual control inputs.

Take the position of a moving target x0(t) to be a continuous
mappingx0 : R → R2 and assume that the velocity of the target
is smooth and continuous, i.e., ẋ0 ∈ C1. To ensure the safety of
the USV, let the minimum safe approach distance be a circle of
radius ‖x̃0‖min, where ‖ · ‖ represents the two-norm of a vector.
In safety critical control design, the strategy is to find a control
inputuc that renders a given set of safe system states (termed the
safe set) forward invariant along the solution trajectories of (1).
Here, the safe set consists of the points outside of this circle.
However, since the target is moving, the points in the safe region
around the target change in time as the target moves through the
operating space of the system and defining them as a fixed set
would be problematic [16]. Thus, for a moving target, the safe
region is time dependent and so cannot be formally considered to
be a set. To circumvent this problem [16] propose the notion of a
graph space for safety-critical control in the presence of moving
targets, where the graph space is defined as G ⊂ D × R, such
that (x(t), t) ∈ G for any x(t) ∈ C(t). With this definition G is a
fixed subset of Rn+1. Here, we instead formulate the safe region
in terms of the vector distance between the moving target and
the controlled system x̃0 := x− x0. With this formulation the
notion of a safe set X̃0 ⊂ R2 and an unsafe set X̃0u ⊂ R2\X̃0

apply, as they are fixed in time with respect to the moving target.
An important consequence of this is that a moving CBF defined
using X̃0 is an implicit, rather than an explicit, function of time.

A relaxed CBF will be used to design the safety-critical
controller. We modify the approach proposed in [16] so that
the barrier function and resulting virtual control input are based
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on the vector distance from the USV to the target x̃0 and on the
trajectory tracking error x̃ := x− xd, where xd is the desired
position to be tracked. The objective is to design the virtual
control input uc so that x̃0(t) ∈ X̃0 for all x̃0(0) ∈ X̃0 and all
t ≥ 0 when system (1) is operated in the presence of a moving
target.

A. Relaxed Control Barrier Functions

Definition 1 (Relaxed CBF): Consider the system (1) and
the safe set X̃0. A class C1 function B : D ×D → R, where
D ⊂ Rn, is said to be a relaxed control barrier function if the
following three conditions hold:

1) The function B(x̃, x̃0) ≥ 0 for all x̃0 ∈ X̃0.
2) The function B is proper, i.e., {x̃, x̃0 | B(x̃, x̃0) ≤ L} is

compact for any L ≥ 0.
3) For any continuous uc ∈ Rm, there exist nonnegative

constants α, β ≥ 0, so that

inf
uc∈Rm

Ḃ = inf
uc∈Rm

[
∂B

∂x̃
· ˙̃x+

∂B

∂x̃0
· ˙̃x0

]

< αB(x̃, x̃0) + β. (2)

Assumption 1: There exist a safe set X̃0 ⊂ D, a CBF
B(x̃, x̃0) for X̃0, and a stable trajectory tracking control input
ut. The initial position of the system is inside the safe set,
x̃0(0) ∈ X̃0.

B. Trajectory Tracking Safety-Critical Control

The trajectory tracking safety-critical control input is de-
signed by solving the optimization problem

min
uc

‖uc − ut‖2, (3a)

s.t. Ḃ − αB(x̃, x̃0)− β < 0. (3b)

Theorem 1: Consider system (1) under Assumption 1. Let

I :=

(
∂B

∂x̃
+
∂B

∂x̃0

)
· [f(x)+g(x)ut]− ∂B

∂x̃
· ẋd − ∂B

∂x̃0
· ẋ0

= LfB + LgB · ut − ∂B

∂x̃
· ẋd − ∂B

∂x̃0
· ẋ0 (4)

where the terms

LfB :=

(
∂B

∂x̃
+
∂B

∂x̃0

)
· f(x) (5)

and

LgB :=

(
∂B

∂x̃
+
∂B

∂x̃0

)
· g(x) (6)

are Lie derivatives, and let

J := αB(x̃, x̃0) + β. (7)

Then, the control input

uc =

⎧⎪⎨
⎪⎩
ut, I ≤ J

ut − (I − J)
LgB

T

‖LgB‖2 , I > J
(8)

is the solution of the optimal control Problem (3).
Proof 1: First, note that using (1) and (4) the time derivative

of B(x̃, x̃0) can be written as

Ḃ =
∂B

∂x̃
· ˙̃x+

∂B

∂x̃0
· ˙̃x0

=
∂B

∂x̃
· (ẋ− ẋd) +

∂B

∂x̃0
· (ẋ− ẋ0)

=

(
∂B

∂x̃
+
∂B

∂x̃0

)
· ẋ− ∂B

∂x̃
· ẋd − ∂B

∂x̃0
· ẋ0

=

(
∂B

∂x̃
+
∂B

∂x̃0

)
· [f(x) + g(x)uc]− ∂B

∂x̃
· ẋd− ∂B

∂x̃0
· ẋ0

= LfB + LgB · uc − ∂B

∂x̃
· ẋd − ∂B

∂x̃0
· ẋ0

= LfB+LgB · ut− ∂B

∂x̃
·ẋd− ∂B

∂x̃0
· ẋ0+LgB · (uc−ut)

= I + LgB · (uc − ut). (9)

Then, define the Lagrangian function of Problem (3) as

L(x̃, x̃0,uc, λ) := ‖uc − ut‖2 + λG(x̃, x̃0,uc) (10)

where

G(x̃, x̃0,uc) := Ḃ − αB(x̃, x̃0)− β (11)

and λ is a Lagrange multiplier.
The corresponding Karush–Kuhn–Tucker (KKT) conditions

are given by

∂L

∂uc
= 2(uc − ut)

T + λLgB = 0

λG(x̃, x̃0,uc) = 0. (12)

Consider the following two cases:
1) λ = 0: In this case the KKT conditions can be satisfied

by taking uc = ut. If this value of uc is chosen when
I ≤ J , it can be seen from (7) and (9) that the inequality
constraint (3b) is satisfied.
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Fig. 1. Three-DOF maneuvering coordinate system definitions.

2) G(x̃, x̃0,uc) = 0: In this case, using (9) in (11), together
with (7), gives

G(x̃, x̃0,uc) = Ḃ − αB(x̃, x̃0)− β

= I − J + LgB · (uc − ut)

= 0. (13)

Then, rearranging and solving for uc gives

uc = ut − (I − J)
LgB

T

‖LgB‖2 (14)

completing the proof. �
Remark 1: The control input given by (8) for I > J would

become unbounded if ‖LgB‖2 = 0. As noted in [16], it is not
possible for ‖LgB‖2 = 0 when I > J . This can be seen by in-
specting (7) and (9). If ‖LgB‖2 = 0, the solution of Problem (3)
with the constraint (3b) would give a control input such that
I < J , i.e., the solution would contradict the condition I > J .

III. PROBLEM FORMULATION

Assume that the origin of the body-fixed coordinate system
is located at the center of gravityG of the USV (Fig. 1) and that
the vehicle is moving through still water. In a 3-D configuration
space, the kinematic and dynamic equations of motion of the

USV can be written in a combined vector form as⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẋ

ẏ

ψ̇

u̇

v̇

ṙ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u cosψ − v sinψ

u sinψ + v cosψ

r

fx

fy

fψ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0

0 0

0 0

1

m11
0

0
ay
m33

0
aψ
m33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣τx
τψ

⎤
⎦ (15)

where ψ is the heading angle of the vehicle, x is the position
northward, y is the position eastward, u is the surge speed, v is
the sway speed, and r is the yaw rate [20].

Assume that the propellers can only generate a control force
along the surge direction and a moment about the yaw axis (using
differential thrust). Let τx be the total thrust force in the surge
direction and τψ be the thruster-produced moment about the yaw
axis. The inertial and added mass terms arem11, the USV mass
and added mass in the surge direction, m22, the USV mass and
added mass in the sway direction, m33, the mass moment of
inertia and added mass moment of inertia about the yaw axis,
m23, the added mass in the sway direction due to acceleration
about the yaw axis, and m32, the added mass moment of inertia
about the yaw axis due to acceleration along the sway axis.
From (15), it can be seen that the terms

aψ :=
m22m33

m22m33 −m23m32
and ay := −m23

m22
aψ (16)

interconnect the motion along the sway and yaw axes of the USV.
These terms arise when m23,m32 �= 0. The hydrodynamically
generated forces, which emanate from the effects of centripetal
acceleration, Coriolis acceleration, and the hydrodynamic drag

d := [dx dy dψ]
T (17)

are given by

fx =
1

m11

[
m22vr +

(
m23 +m32

2

)
r2 − dx

]
(18)

fy = aψ

[
f ′y −

m23

m22
f ′ψ

]
(19)

and

fψ = aψ

[
f ′ψ − m32

m33
f ′y

]
(20)

where

f ′y = − 1

m22
[m11ur + dy] (21)

and

f ′ψ = − 1

m33

[
(m22 −m11)uv +

(
m23 +m32

2

)
ur + dψ

]
.

(22)
The control objective is to simultaneously achieve stable closed
loop trajectory tracking with safety-critical control, where the
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controlled output of the system is the position of the USV in the
NED frame, x = [x y]T .

Let the pose and body-fixed velocity of the USV be given by
η := [x y ψ]T and v := [u v r]T , respectively.

Assumption 2: The full state of the USV, η and v, is available
for feedback control.

On the water, USV states are often measured using a combina-
tion of several sensors including, GPS/GNSS, magnetometers,
inertial measurement units, LiDAR, and RADAR. Measurement
data must be typically fused and refined using state estimation
techniques. For example, the sensor suite developed by [21]
includes LiDAR, radar, both stereo and 360◦ wide field cameras,
magnetometers, and a global positioning system (GPS). The
authors test both X-band radar and high definition Ka-band radar
and find that Ka-band systems work better on moving platforms.
LiDAR and the camera systems are used to detect objects at
close range (within 100 m), as radar does not work well at
short distances and because radar systems tend to have narrow
vertical fields of view ±10◦. In [22], automatically-generated
behaviors resulting from the interaction of multiple USVs, and
a manned vessel with USVs, are experimentally tested. On each
USV and on the manned vessel, the data measured from a GPS,
magnetometer, and IMU are fused to determine the USV state,
i.e., position, heading, and speed, using a Kalman filter-based
state estimator. The state information from each vehicle is broad-
cast over a wireless network so that the vehicles are mutually
aware of each other’s positions. A simultaneous localization and
mapping system, which fuses data from a 3-D LiDAR, an IMU,
and a GPS was presented in [23]. The system incorporates the
measurements from the various sensors using a factor graph
model and estimates the vehicle state using a Maximum a
posteriori approach. Lastly, a vision system was proposed for the
precise positioning of USVs during docking operations in [24].
The system uses a monocular camera with a special lens and
a set of lights mounted on the docking station to measure the
azimuth angle, heading angle, and relative distance between the
docking station and the USV. Centimeter-level homing accuracy
and a 0.1◦ angle measurement error are reported.

Assumption 3: The desired trajectory xd(t) is of differentia-
bility class C2, i.e., xd(t), ẋd(t), and ẍd(t) are smooth and
bounded.

A variety of trajectory planning approaches that take safety or
energy usage into account can be used to designxd(t). For exam-
ple, in [25] a lattice-based 5-D trajectory planner was proposed
to permit USVs to avoid collisions with other marine vessels
using maneuvers that adhere to the COLREGs. The planner
estimates the risk of a collision and reasons about contingency
maneuvers to counteract possible unpredictable behavior from
other vessels, while planning a dynamically feasible trajectory.
The computational efficiency of the planner is enhanced by
accounting for the distribution and concentration of other ma-
rine vessels to dynamically scale the control action primitives.
In [26], a wave-aware trajectory planner was proposed to permit
a USV to avoid collisions with other marine vessels while op-
portunistically traversing the wavefields that they generate, with
a focus on the minimum time traversal of a marine workspace.
The planner performs a search across a 4-D pose-time lattice to

generate a collision-free, minimum risk trajectory. A USV path
planning algorithm, which takes into account the changes in
marine environments resulting from tides, weather, and other
environmental restrictions was proposed in [27]. Techniques
are proposed for speeding up the A* search on the nodes
of visibility graphs so that a marine vehicle can dynamically
generate and update the traversal map within a given marine
area. A multiobjective optimization method was proposed for
real-time USV path planning in [28]. The requirements of col-
lision avoidance are formulated as a set of constraints, taking
the COLREGs into account. A hierarchical sorting rule is used
to prioritize the optimization objectives so that course/speed
changes are preferred over other objectives, such as path length
or smoothness. In [29], a two-stage trajectory planning scheme
was proposed for minimum-time ship maneuvers in close-range
encounters with other surface vessels. The first stage utilizes
a directed graph generated taking ocean currents into account.
The reachability, cost, and risk of collision are explored on the
graph using a wavefront search to find a discrete solution. In the
second stage, Bezier curves are used to generate a near-optimal,
smooth path using the discrete solution from the first stage.
COLREGs compliant collision avoidance for waterjet-propelled
USVs was examined in [30]. A hybrid A* planner with motion
primitive constraints is used to generate an initial reference
path. Obstacle avoidance is achieved using a local threat map
based on Apollonius curves and the recovery path planned using
the Reeds-Shepp curve. Path planning for USV formations was
investigated in [31], where an optimal global path is first planned
using a heuristic A* algorithm and an artificial potential field
method is then locally applied to plan a dynamically feasible
path which avoids obstacles. The Predicted Trajectory Approach
for USV global motion planning was proposed in [32]. The
method uses a combination of A* and Theta* planners to find a
global trajectory, taking USV motion constraints into account.
In [33], the Minimum Course Alteration (MCA) Method was
proposed for simultaneous collision avoidance with multiple
surface vessels and fixed obstacles. The approach uses an A*
planner to plan a global route, which is optimized by removing
unnecessary waypoints. MCA is applied locally to generate a
COLREGs-compliant collision-free path. For applications in-
volving the closest approach of a USV, the accurate detection,
classification, and tracking of a waterborne target is needed.

Assumption 4: The target’s position x0 and velocity ẋ0 are
known.

In real-world applications, the relative position and velocity of
the target must be determined in real-time using onboard sensors.
USV object detection and tracking sensor suites often include
RADAR, LiDAR, sonar, cameras, and automatic information
systems (AISs). For example, in [34], trajectory mapping and
clustering methods were combined to extract information with
high accuracy and low computational costs from AIS data.
Merge distance is used to measure the similarities between
different trajectories and multidimensional scaling is adopted to
construct a low-dimensional spatial expression of the similarities
between trajectories. An algorithm is proposed to improve the
density-based spatial clustering of trajectories with noise. A
stereovision-based methodology for tracking the position and
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orientation of marine surface vessels from a USV was proposed
in [35]. The approach combines a stereovision matching algo-
rithm, an Extended Kalman Filter-based predictive-corrective
method, and probabilistic models of the motion of the target
vessel and stereovision measurements. Both physical, onwater
experiments and simulations are used to demonstrate the efficacy
of the proposed method. In [36], a method was proposed for
detecting and tracking waterborne obstacles from a USV for
short-term obstacle avoidance. The data from a stereo camera
and IMU are used to generate a point cloud and fit a plane rep-
resenting the free surface. Outlying points are further processed
to detect obstacles, which are tracked using a histogram-like
depth model. A real-time, vision-based, system for detecting
high-speed USVs using deep learning techniques was proposed
in [37]. The system is shown to identify multiple types and
sizes of USVs on the water. To detect and track surface vessels
from a moving ship [38] propose the use of a convolutional
neural network-based data association method for fusing camera
and radar measurements. The method does not require a highly
accurate alignment and calibration of the camera and radar sys-
tems. In [39], Demperster–Shafer Evidence Theory was applied
to detect obstacles by fusing data from a LiDAR, radar, and
stereovision camera. Field trials demonstrate that the system
detects USVs better using the fused data than when using the
data from individual sensors.

The control design proceeds in two stages and is based on the
use of backstepping. In the first stage, a safety-critical controller
is designed for trajectory tracking at the kinematic level. In the
second stage, we determine the physical control inputs required
to generate the virtual control inputs, while also respecting the
USV’s dynamic (acceleration) constraints.

IV. CONTROL DESIGN

The underactuated system can apply both a surge force and
yaw moment, but cannot directly apply a force in the sway direc-
tion. However, as discussed in Section III, the kinetic equations
of the USVs motion in the sway and yaw directions are coupled
via the added mass terms m23 and m32. Using the approach
proposed in [40], we take advantage of this coupling to find
the yaw moment τψ required to generate a virtual control input
ṙc that relates the time derivative of the yaw rate to the sway
acceleration associated with the desired trajectory, such that the
commanded control inputs are dynamically feasible.

Here, we propose a control design that includes two back-
stepping stages, similar to that used for the trajectory tracking
of differential drive mobile robots with first order kinematic
constraints [41], in which the first stage involves designing a
kinematic tracking controller that satisfies velocity constraints
and the second stage concerns designing a tracking controller
incorporating the dynamics of the system. However, here, the
first stage involves designing a kinematic position tracking
controller and the nonholonomic second order (acceleration)
constraints of the system are taken into account during a second
stage of backstepping.

In the first stage, we use backstepping to derive a virtual
control law for kinematic position tracking. Then, we propose

a relaxed CBF and use the position tracking controller as a
basis for the design of a kinematic safety-critical controller. In
a second backstepping stage, a dynamic safety-critical tracking
controller is then designed taking the nonholonomic accelera-
tion constraints into account to generate the required physical
control inputs given the virtual control inputs from the kinematic
safety-critical controller. Lastly, since the control inputs include
second order time derivatives of the USV states and the target’s
position, the Dynamic Surface Control Method is used to com-
pute these derivatives, while simultaneously guaranteeing the
overall stability of the closed loop system.

A. Kinematic Trajectory Tracking Controller

The first stage in the design of the trajectory tracking con-
troller involves developing a stabilizing controller for the x- and
y-position tracking errors. Later, the surge speed ut and sway
speed vt required for satisfying the tracking requirements are
used as virtual control inputs to the second stage, in which the
dynamics of the system and its nonholonomic second order ac-
celeration constraint along the sway axis are taken into account.

Define the position error surfaces x̃ := x − xd and
ỹ := y − yd.

Theorem 2: Let xd = [xd yd]
T be a continuously differen-

tiable reference trajectory, and x̃ and ỹ be a pair of position error
surfaces, as defined above. If the virtual control inputs are taken
to be

ẋt = −kxx̃+ ẋd (23)

and

ẏt = −ky ỹ + ẏd (24)

where kx > 0 and ky > 0 are constants, then the closed loop
kinematic tracking control system is uniformly globally expo-
nentially stable.

Proof 2: Consider the candidate Lyapunov function

V1 =
1

2

(
x̃2 + ỹ2

)
. (25)

Taking the derivative of V1 gives

V̇1 = x̃ ˙̃x+ ỹ ˙̃y

= x̃ (ẋ− ẋd) + ỹ (ẏ − ẏd) . (26)

If we replace ẋ in (26) with the virtual control input

ẋc = −kxx̃+ ẋd (27)

and ẏ in (26) with the virtual control input

ẏc = −ky ỹ + ẏd (28)

where kx > 0 and ky > 0 are constants, we get

V̇1 = −kxx̃2 − ky ỹ
2 (29)

such that V̇1 < 0 for all x̃ �= 0 and ỹ �= 0.
From (25) and (29) it can be seen that

V̇1 ≤ −2μ1V1 (30)
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(a) (b)

Fig. 2. Effects of k on the variation of (a) the relaxed control barrier function B, and (b) the negative magnitude of its gradient −|∂B/∂x̃0|, as a function of the
normalized distance between the USV and target ‖x̃0‖/‖x̃0‖min. To focus on the variation of B with x̃0 only, we take x̃ = 0 and examine B(0, x̃0).

such that

V1 ≤ V10e
−2μ1(t−t0) ∀t ≥ t0 (31)

where V10 is the value of V1 at the initial time t = t0 and
μ1 = min{kx, ky}. Let x̃ := [x̃ ỹ]T . Using (25) gives

‖x̃‖ ≤
√

2V10e−2μ1(t−t0). (32)

Thus, the position tracking errors exponentially decrease as t
increases for times t > t0. Since this result holds for any t0
and V1 is radially unbounded, i.e., V1 → ∞ for any x̃, ỹ → ∞,
the controller renders the closed loop kinematic tracking system
uniformly globally exponentially stable. �

Finally, the velocity components in the body-fixed reference
frame corresponding to the virtual control inputs ẋt and ẏt are
determined using the transformation

ut = ẋt cosψ + ẏt sinψ,

vt = − ẋt sinψ + ẏt cosψ. (33)

B. Kinematic Safety-Critical Controller

We propose the use of a modified form of the relaxed control
barrier function proposed by [15]. Here, we take the relaxed
CBF to be

B(x̃, x̃0) =
1

2

⎧⎨
⎩

1[
‖x̃0‖1/k − ‖x̃0‖1/kmin

] + x̃T x̃

⎫⎬
⎭ (34)

where k can be selected to modify how agressively the safety
critical controller responds as the USV approaches the safety
“barrier” located at ‖x̃0‖ = ‖x̃0‖min. To see the effects of vary-
ing k, consider the gradient of B(x̃, x̃0) taken with respect to
x̃0

∂B

∂x̃0
= − x̃0‖x̃0‖(1−2k)/k

2k
[
‖x̃0‖1/k − ‖x̃0‖1/kmin

]2 . (35)

As shown in Fig. 2, as k increases the magnitudes of both
B(0, x̃0) and ∂B/∂x̃0 are larger for all x̃0 (we set x̃ = 0 in
B(x̃, x̃0) here to focus on the effects of the distance between
the USV and target). However, the magnitudes of both functions
increase more slowly as ‖x̃0‖ approaches ‖x̃0‖min. As a result,
when k is larger, the safety critical control input starts to act
sooner and more gradually as the USV approaches the boundary
between the safe and unsafe operating region. While the safety
critical control input is determined at the kinematic level, when it
changes impulsively the associated control forces and moments
required at the dynamic level (i.e., for τx and τψ) will be large.
Therefore, selecting higher values of k will help to reduce
situations in which the USV actuators become saturated as it
approaches the safe/unsafe boundary. Lastly, note that the rCBF
proposed in [15] is recovered when k = 1/2.

From the first two components of (15), it can be seen that the
kinematic equation of motion for the virtual control inputs uc
and vc is

[
ẋc
ẏc

]
=

[
cosψ − sinψ
sinψ cosψ

] [
uc
vc

]
. (36)

Thus, the virtual tracking control inputs are in the control affine
form of (1) with f(x) = 0 and

g(ψ) =

[
cosψ − sinψ
sinψ cosψ

]
. (37)

From (34), we have

∂B

∂x̃
= x̃. (38)

This latter expression can be used together with (4), (7), (34),
(35), and (37) in (8) to obtain the kinematic virtual control input
signal uc := [uc vc]

T .
Remark 2: For convex optimization problems in which the

KKT conditions are satisfied, the sensitivity of the optimum
control input uc to perturbations of the inequality constraint
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Ḃ − αB(x̃, x̃0)− β < 0 can be examined using the magnitude
of the Lagrange multiplier λ.

Consider the perturbed version of the original optimization
problem

min
uc

‖uc − ut‖2,

s.t.

Ḃ − αB(x̃, x̃0)− β < δβ (39)

where δβ is a perturbation of the constraint. When δβ > 0 the
constraint is loosened (relaxed) and when δβ < 0 the constraint
is tightened. Let u∗

c be the optimal solution for the unperturbed
problem and λ∗ be the optimal value of the Lagrange multiplier
for the unperturbed problem. As shown in [42], the optimal
solution to the perturbed problem uc is lower bounded as

uc ≥ u∗
c − λ∗δβ. (40)

Since the difference between the optimal solutions to the per-
turbed and unperturbed problems depends on the optimal value
of the Lagrange multiplier for the unperturbed problem, the
magnitude of λ∗ can be used to investigate the sensitivity of
the optimum control input uc to perturbations of the inequal-
ity constraint Ḃ − αB(x̃, x̃0)− β < 0. Specifically, when the
magnitude of λ∗ is large, small perturbations δβ cause large
changes in the value of the optimal control input uc, and when
the magnitude of λ∗ is small the changes in uc are more gradual.

The safety critical controller is activated when I > J . In this
case, the first of the two KKT Conditions in (12) can be solved
to obtain

λ∗ =
2(I − J)

‖LgB‖2 . (41)

From the second KKT condition in (12) we have

(I − J) = −LgB · (u∗
c − ut) (42)

so that

λ∗ = −2LgB · (u∗
c − ut)

‖LgB‖2 . (43)

Inserting this latter result into inequality (40) gives

uc ≥ u∗
c +

2LgB · (u∗
c − ut)

‖LgB‖2 δβ. (44)

Therefore, λ∗ varies as

λ∗ ∼ 1

‖LgB‖ (45)

where from (6), (35), and (38) we have

‖LgB‖ =

∥∥∥∥
(
∂B

∂x̃
+
∂B

∂x̃0

)
· g(ψ)

∥∥∥∥

=

∥∥∥∥
(
x̃+

∂B

∂x̃0

)
· g(ψ)

∥∥∥∥ . (46)

Consider the case when the system first approaches an target
from afar and the tracking error x̃ is small. For a given value

of g(ψ), ∂B/∂x̃0 dominates the value of ‖LgB‖. As shown in
Fig. 2, when k is small the value of |∂B/∂x̃0| remains small
until very close to the boundary of the safe set ‖x̃0‖ = ‖x̃0‖min.
Since λ∗ is inversely proportional to ‖LgB‖, the optimal control
input is more sensitive to perturbations in the constraint for lower
values of k, so that the control input varies rapidly near the
boundary of the safe set, resulting in reduced stability.

C. Dynamic Safety-Critical Tracking Control

To determine the physical control inputs τx and τψ that
generate the virtual control inputuc, we define the velocity error
surfaces ũ := u− uc, ṽ := v − vc and r̃ := r − rc. As will be
shown in this section, the time derivative of rc will be used as
a virtual control input that drives the sway acceleration error ˙̃v
to zero while preserving the sway-yaw coupling of the system’s
dynamics. This ensures that the resulting physical control inputs
τx and τψ produce a dynamically feasible motion, i.e., a motion
that satisfies the nonholonomic acceleration constraints of the
vehicle. The term rc is obtained by integrating the virtual control
input ṙc.

Theorem 3: Let xd = [xd yd]
T be a twice continuously

differentiable reference trajectory, and ũ, ṽ, and r̃ be a set of
velocity error surfaces, as defined above. If the virtual control
input ṙc and physical control inputs τx and τψ are taken to be

ṙc =
aψ
ay

[−kv ṽ − fy + v̇c] + fψ

τx = m11 [−kuũ− fx + u̇c]

τψ =
m33

aψ
[−kr r̃ − fψ + ṙc] (47)

where ku > 0, kv > 0 and kψ > 0 are constants, then the closed
loop dynamic tracking control system is uniformly globally
exponentially stable.

Proof 3: Consider the candidate Lyapunov function

V2 =
1

2

(
ũ2 + ṽ2 + r̃2

)
. (48)

Using (15) and the definitions of the velocity error surfaces, the
time derivative of V2 can be written as

V̇2 = ũ ˙̃u+ ṽ ˙̃v + r̃ ˙̃r

= ũ

(
fx +

1

m11
τx − u̇c

)
+ ṽ

(
fy + ay

τψ
m33

− v̇c

)

+ r̃

(
fψ +

aψ
m33

τψ − ṙc

)
. (49)

Note that the last two terms of (49) are coupled by the control
input τψ . Using (20), we can eliminate τψ in (19) to get

v̇ = fy + ay
τψ
m33

= fy +
ay
aψ

[ṙ − fψ] . (50)
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Replacing ṙ in (50) with the virtual control input ṙc (49) can be
rewritten as

V̇2 = ũ

(
fx +

1

m11
τx − u̇c

)
+ ṽ

(
fy +

ay
aψ

[ṙc − fψ]− v̇c

)

+ r̃

(
fψ +

aψ
m33

τψ − ṙc

)
. (51)

Using (47) in (51) gives

V̇2 = −kuũ2 − kv ṽ
2 − kψ r̃

2 (52)

such that V̇2 < 0 for all ũ �= 0, ṽ �= 0 and r̃ �= 0.
From (48) and (52), it can be seen that

V̇2 ≤ −2μ2V2 (53)

such that

V2 ≤ V20e
−2μ2(t−t0), ∀t ≥ t0 (54)

where V20 is the value of V2 at the initial time t = t0 and
μ2 = min{ku, kv, kψ}. Let ũ := [ũ ṽ r̃]T . Using (48) gives

‖ũ‖ ≤
√
2V20e−2μ2(t−t0). (55)

Thus, the velocity tracking errors exponentially decrease as t
increases for times t > t0. Since this result holds for any t0 and
V2 is radially unbounded, i.e., V2 → ∞ for any ũ, ṽ, r̃ → ∞,
the dynamic tracking controller renders the closed loop system
uniformly globally exponentially stable. �

Remark 3: From (49), (51), and (52), it can be seen that
selecting the virtual control input ṙc to be that given in (47) yields
˙̃v = −kv ṽ. Since the controller drives ṽ to zero, and hence also
drives the sway acceleration error ˙̃v to zero while preserving
the sway-yaw coupling of the system’s dynamics, the resulting
motion satisfies the nonholonomic acceleration constraints of
the vehicle.

The virtual control input ṙc and the control inputs τx and τψ
are determined using (31), which requires knowledge of the time
derivatives of uc and vc. Here, the computation of u̇c and v̇c is
simplified using the Dynamic Surface Control (DSC) Method.
This method was originally proposed in [43] and [44] as a means
to circumvent the explosion of complexity problem that arises
when using the traditional Backstepping Method in which a
large number of terms must be included in the computation of
the time derivatives of the virtual control inputs. With DSC the
time derivatives are essentially computed by implementing a set
of first order filters, which are shown to converge to the true
time derivatives using a Lyapunov stability approach. The DSC
Method was refined in [45] using singular perturbation theory to
show that the conservativeness required from the original DSC
approach can be relaxed via the selection of a suitably small filter
parameter and that the use of high control gains is not required
for achieving small steady-state tracking errors. In [46], the DSC
Method was used to design a controller for a fully-actuated
underwater vehicle with actuator magnitude constraints. The
results are compared to the use of a traditional backstepping
controller.

D. DSC-Based Safety-Critical Tracking Controller

Let ûc and v̂c be filtered estimates of uc and vc, respectively.
These estimates will be used to approximate u̇c and v̇c. Redefine
the velocity tracking error surfaces for the surge speed and sway
speed, respectively, as ũ := u− ûc and ṽ := v − v̂c, and define
the set of estimation errors as ũc := ûc − uc and ṽc := v̂c − vc.
Since we already have an exact expression for ṙc its estimate is
not needed, so define r̃ := r − rc, as before.

Now, take the virtual control input ṙc and physical control
inputs τx and τψ to be

ṙc =
aψ
ay

[
−kv (v − vc)− fy + ˙̂vc

]
+ fψ

τx = m11

[
−ku (u− uc)− fx + ˙̂uc

]

τψ =
m33

aψ
[−kr (r − rc)− fψ + ṙc] . (56)

Then, the closed loop error system for the dynamics of the system
is

˙̃u = − kuũ− kuũc

Td ˙̂uc = − ũc

˙̃v = − kv ṽ − kv ṽc

Td ˙̂vc = − ṽc

˙̃r = − kr r̃ (57)

where Td ∈ (0, 1) is the time coefficient of the filter and the
initial values of the estimates are taken to be ûc(0) = 0 and
v̂c(0) = 0. Note that the first and second equations in (57) are
interconnected, and the third and fourth equations in (57) are
interconnected. In each of the two interconnected systems, the
filter time constant Td is much shorter than the time constant of
the physical system, so that it acts like a small parameter. Thus,
the stability of each of the two interconnected systems can be
analyzed as a singular perturbation problem.

Theorem 4: Consider the dynamic portion of system (15),
which is given by (18)–(20) and assume that the terms fx, fy ,
and fψ in these equations are Lipschitz continuous. Assume
that the trajectory xd(t), its first derivative ẋd(t), the position
of the target x0(t), and its first derivative ẋ0(t), are smooth
and bounded. If the control inputs and virtual control input are
given by (47), then there exist suitably large control gains ku,
kv , and kr, and a suitably small filter parameter Td ∈ (0, 1) that
render the solution trajectories of the closed loop error tracking
dynamics (57) semiglobally uniformly ultimately bounded, in
the sense that V̇2 ≤ −ksV2 + δV , where V2 is a Lyapunov
function, ks ∈ R+ is a constant related to ku, kv and kr, and
δV ∈ R is a constant that is not necessarily small.
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TABLE I
COMPOSITION OF THE INSPECTION TRAJECTORY

Proof 4: The proof follows from [45, Th. 2]. �
To determine the physical control inputs τx and τψ , and the

virtual control input ṙc, ˙̂uc, and ˙̂vc are approximated from the
second and fourth subequations of (57) and substituted into (56).

V. ILLUSTRATIVE SIMULATIONS

We demonstrate an implementation of the safety-critical
trajectory-tracking controller by simulating the approach of
an underactuated, differential thrust driven, USV (the WAMV-
USV16, see Fig. 1) to both stationary and moving targets.
Imagine that we would like to have the USV briefly approach a
target for inspection, but that there is some minimum safe dis-
tance that must be respected. To accomplish our safe approach,
we plan a simple straight-line trajectory that crosses through
the unsafe space surrounding the target and rely on the reactive
safety-critical controller to instead move the USV along the
outside of the boundary of the unsafe set. Here, we focus on
a 50 m × 50 m operating space in a North-East-Down reference
frame. The origin of the reference frame is located at the center
of the operating space.

A. Simulation Cases

Three simulation scenarios are considered as follows.
1) A stationary target is located at the point (x0, y0) =

(0.5,−0.5) m. The desired trajectory of the USV xd(t)
crosses through the unsafe region of the target in order to
perform a 180◦ inspection of the target. This simulation
scenario is commonly used in the literature for the evalu-
ation of CBF-based controllers, see, e.g., [12], [14], [47],
and [48].

2) A moving target crosses the operating space with a con-
stant speed of u0 = 1.0 m/s along the line given by
x0(t) = 0 m and y0(t) = u0t− 25 m. Without the safety-
critical controller, the USV would collide with the target at
the point (x, y) = (0, 0) m. The simulation demonstrates
how a target can be inspected while in motion.
In both simulation Cases A and B the desired trajectory of
the USV is

xd(t) = u0t− 25 m

yd(t) = u0t− 25 m (58)

Fig. 3. Composition of the inspection trajectory. Each segment is labelled with
the number corresponding to the list of segments in Table I.

giving the USV a desired surge speed of ud =
√
2u0.

Thus, xd(t) diagonally crosses the operating space from
its southwest corner at time t = 0 s and reaches its north-
east corner at time t = 50 s.

3) A stationary target is located at the point (x0, y0) =
(0, 0) m. In order to demonstrate a 360◦ inspection of
the target, the desired trajectory xd(t) is designed to cross
the unsafe region around the target from two opposing
sides. The desired trajectory is continuous and composed
of three straight lines joined by four circular arcs, with
a radius of rt = 5 m each. The endpoints of the line
segments and centers of the circular arcs are presented
in Table I and shown in Fig. 3. The time dependence of
xd(t) is formulated so that the desired speed along the
trajectory is ‖ẋd(t)‖ =

√
2m/s. The continuous trajectory

was selected for ease of construction and so that our single
controller could be used in the simulations. In practice,
one would likely use a set of two parallel, straight-line
trajectories with the vehicle first crossing from one side,
stopping, turning around 180◦ in place, and then cross-
ing from the opposite side to complete the inspection.
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TABLE II
CONTROL PARAMETERS FOR SIMULATION CASES A) AND B)

Implementing such a system would require either some
sort of high level planner that switches between a set of
low level controllers, for example one controller for the
straight line paths and a second controller for rotating in
place, or the use of a low-level switching controller, e,g,
see [49].

B. Vehicle Properties

The inertial and added mass terms of the USV are taken to be
m11 = 189.0 kg, m22 = 1036.4 kg, m33 = 2411.1 kg-m2, and
m23 = m32 = −543.5 kg-m. Using these values in (16) gives
ay = 0.595 and aψ = 1.134.

Using a hydrodynamic model similar to the one developed
in [50], the drag of the USV is taken to be

d =

⎡
⎣ 50u+ 70u|u|

948.2 v + 385.4 r
385.4 v + 1926.9 r

⎤
⎦ . (59)

Note that the fore-aft asymmetry of the USV couples the drag
terms for the sway and yaw motion so that a yaw moment arises
from a sway motion, and a sway force arises from a yawing
motion because the submerged portion of the bow is curved
upwards (with the draft decreasing slightly towards the bow)
and the bow is finer than the stern.

The magnitude of the maximum thrust available from each
of the two propellers is taken to be 2250 N, giving a maximum
total thrust of |τx|max = 4500 N. This is high for the propulsion
systems typically used on 16 ft USVs, but achievable using cur-
rently available commercial electric outboards. It is assumed the
propellers can generate the same maximum magnitude of thrust
in both the forward and reverse directions. This assumption is an
idealization and would be most accurate for a propeller operating
in an open water test condition. Since the flow around the tran-
som affects the flow around the propeller, the exact thrust profile
will be speed- and orientation-dependent. As the main focus of
this work is the design of a controller, the development of a
more accurate hydrodynamic model of the propulsion system is
beyond its scope.

The centerline-to-centerline separation of the USV demihulls
is 2.0 m, so that the magnitude of the maximum yaw moment that
can be generated about G (see Fig. 1) is |τψ|max = 4500 N-m.

C. Controller Tuning and Control Parameters

The controller was manually tuned. The control parameters
used for all three simulation cases are shown in Table II.

The control parameters were tuned by hand using a trial and
error approach. The procedure implemented is as follows.

1) The tracking controller was first tuned with no safety con-
troller terms included. Straight-line and circular desired
trajectories were generated. The tracking controller was

tuned online by plotting the tracked trajectory superim-
posed on the desired trajectory, and revising the controller
parameters until almost no error between the desired and
tracked trajectories could be visually observed, apart from
initial transients. To start, all tracking controller gains were
set to 1.0. The simulations appeared to be most sensitive
to changes in the speed controller gains ku, kv , and kr,
so these terms were tuned first. The values were first
doubled or halved to see if the tracking errors decreased or
increased, and then the delta in the values of the controller
gains between simulations runs were either doubled or
halved to achieve the best qualitative performance. The
position tracking gains kx and ky were then similarly
tuned.

2) Next, the CBF safety controller terms were implemented
in the simulation. The radius of the safety “barrier” was set
to ‖x̃0‖min = 5.0 m. This number was selected because
it is near the length of the WAMV USV16 used in the
simulation model so that, relative to the size of the USV,
the resulting maneuver requires a tight turn around the
target. The time coefficient of the DSC filter was set
to Td = 0.01 s, as this is about an order of magnitude
smaller than the time constants of the physical system.
For example, a common sampling rate on USV platforms
is 4 Hz (see [50]), which corresponds to a 0.25-s sampling
period. During tuning it was found that the closed loop
system required larger control gains and was less stable
when smaller values of k were used. The system was
more robust to changes in the desired trajectory and the
motion of the target when a value of k = 5 was used, so
k was set to this value. During initial tests with the safety
controller implemented, α and β were both set to 1.0.
The value of α determines how aggressively the safety
controller reacts as the USV approaches the boundary
of the safe set. The value of α was tuned so that the
resulting safety maneuver was stable, but the trajectory
of the USV still hugged the boundary of the safe set. For
the simulation conditions tested, changes to the value of
β did not noticeably affect the closed loop behavior of the
system. Thus, this parameter was left at its initial value
of β = 1.0. The tracking controller gains kx, ky , ku, kv ,
and kr were then retuned slightly from their preliminary
values in the first step above to yield the best qualitative
performance.

D. Simulation Results

Case A: The results of the Case A simulations are presented
in Figs. 4–10. The desired and actual trajectories of the USV are
shown in Fig. 4. The USV follows the desired trajectory until
just before reaching the boundary of the unsafe set (red dashed
circle), it then turns sharply and transits along the boundary
until passing the target and rejoining xd. The section of the
USV trajectory between the two blue dots corresponds to the
locations at which the safety-critical controller is active, i.e.,
when I > J in (8). From Fig. 7, it can be seen that the safety-
critical controller is activated at about t = 20 s and remains ON
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Fig. 4. Case A: Desired xd and actual x trajectories of the USV as
it moves around a stationary target, which is indicated by the red dot at
x0 = (0.5,−0.5) m. The blue dots denote the points along x at which the
safety-critical controller is activated/deactivated. The boundary of the unsafe
set ‖x̃0‖min is designated by a red dashed circle.

Fig. 5. Case A: Distance between USV and target ‖x̃0‖ as a function of time.
The boundary of the unsafe set ‖x̃0‖min is indicated with a dashed line.

until about t = 30 s. As can be seen in Fig. 5, the USV “hugs”
the outer boundary of the unsafe set while the safety-critical
controller is active. By comparing Figs. 4, 5, and 8, it can be
seen that, even though the change in heading is larger when the
USV approaches the boundary of the safe set ‖x̃0‖ = ‖x̃min‖
than the change in heading is when it moves away from the
safe set (Fig. 4), the approach to the boundary is smoother, in
terms of the distance to the target ‖x̃0‖ versus time (see the
changes in the slope of ‖x̃0‖ just after 20 s just before 30 s in
Fig. 5). This is because the USV decelerates more slowly when it

Fig. 6. Case A: Tracking error.

Fig. 7. Case A: Dimensionless, binary switching signal for the safety-critical
controller. Signal has a value of 1 when I > J and the safety-critical controller
is active, otherwise its value is 0 and the control input is the same as that of the
trajectory tracking controller ut.

approaches the target than it accelerates after passing the target.
From looking at the surge force τx plotted in Fig. 8, it can be
seen that the magnitude of the reverse thrust occurring just after
20 s is smaller that the magnitude of the forward thrust occurring
just before 30 s.

The reason for this is that the trajectory tracking error grows
during the time the USV is constrained to move along the
boundary of the unsafe set, as shown in Fig. 6. When the tracking
controller is reactivated after passing the target, i.e., when I ≤ J
in (8), the large tracking errors result in large actuator efforts,
which cause the USV to turn rapidly. This can be seen in
Fig. 8, where the surge force and yaw moments generated by
the controller are plotted. When the safety-critical controller
is first activated, the controller commands reverse thrust and a
positive yaw moment to rapidly slow the USV and turn it to

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



VON ELLENRIEDER AND CAMURRI: RELAXED CBF BASED CONTROL FOR CLOSEST APPROACH BY UNDERACTUATED USVS 13

Fig. 8. Case A: Surge force τx and yaw moment τψ .

Fig. 9. Case A: Surge acceleration u̇, sway acceleration v̇, and yaw accelera-
tion ṙ.

Fig. 10. Case A: Surge u speed, sway v speed, and yaw r speed.

Fig. 11. Case B: Desired xd and actual x trajectories of the USV as it
approaches a moving target, whose trajectoryx0 intersects the desired trajectory
of the USV at time t = 25 s. The blue, red, and block dots enclosed by dashed
circles of corresponding colors plotted along x0 indicate the positions of the
target and unsafe set at times t = 20 s, t = 25 s, and t = 35 s, respectively. The
dots of corresponding color plotted along x represent the position of the USV
at the same times. The orientation and length of the arrows indicate the heading
angle and relative speed of the USV.

Fig. 12. Case B: Distance between USV and target ‖x̃0‖ as a function of time.
The boundary of the unsafe set ‖x̃0‖min is indicated with a dashed line.

starboard so that it can transit the boundary of the unsafe set.
When the trajectory tracking controller is reactivated, a large,
briefly saturated, yaw moment is produced.

Case B: The results of the Case B simulations are presented
in Figs. 11–17. The trajectory of the target, and the desired
and actual trajectories of the USV are shown in Fig. 11. The
USV follows the desired trajectory until just before reaching
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Fig. 13. Case B: Tracking error.

Fig. 14. Case B: Dimensionless, binary switching signal for the safety-critical
controller. Signal has a value of 1 when I > J and the safety-critical controller
is active, otherwise its value is 0 and the control input is the same as that of the
trajectory tracking controller ut.

the boundary of the unsafe set of the moving target at t = 20 s,
when, as can be seen in Fig. 14, the safety-critical controller
is activated. The USV then turns sharply and moves in parallel
with the target for about 11 m and then turns to port crossing
in front of the target, always remaining at the boundary of the
moving unsafe set (Fig. 12), until the safety-critical controller is
deactivated (at around t = 31 s, see Fig. 14). After this time the
tracking controller causes the USV to turn sharply to starboard
and back to the desired trajectory (Fig. 13).

In this simulation scenario the USV moves parallel to the
target before crossing in front of it. Because of this the USV
would have a clear view of the starboard, fore and port sides of
the target. By employing a high level trajectory planner to plan
multiple crossings of the target’s trajectory, slightly before and

Fig. 15. Case B: Surge force τx and yaw moment τψ .

Fig. 16. Case B: Surge acceleration u̇, sway acceleration v̇, and yaw acceler-
ation ṙ.

Fig. 17. Case B: Surge u speed, sway v speed, and yaw r speed.
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Fig. 18. Case C: Desired xd and actual x trajectories of the USV as it moves
around a stationary target, which is indicated by the red dot at x0 = (0, 0) m.
The boundary of the unsafe set ‖x̃0‖min is designated by a red dashed circle.

Fig. 19. Case C: Close up of the desired xd and actual x trajectories of the
USV shown in Fig. 18. The stationary target, which is indicated by the red dot at
x0 = (0, 0)m. The boundary of the unsafe set ‖x̃0‖min is designated by a red
dashed circle.

after the target’s anticipated position, it may be possible to build
a complete 360◦ view of the target.

Case C: The results of the Case C simulations are presented
in Figs. 18–25. This simulation scenario is selected to provide
an explicit demonstration of how one could use the controller to

Fig. 20. Case C: Distance between USV and target ‖x̃0‖ as a function of time.
The boundary of the unsafe set ‖x̃0‖min is indicated with a dashed line.

Fig. 21. Case C: Tracking error.

perform a 360◦ inspection of a stationary target. The straight-
line portions of this trajectory are effectively the same as the
trajectory used in the Case A simulations. As expected, the
tracking errors, switching signal, actuator forces, accelerations,
and body-fixed velocities for the corresponding portions of the
trajectories in the two simulation cases are the same.

VI. COMPARISON WITH MPC

We compare our proposed approach with a nonlinear Model
Predictive Control (MPC) implementation. In particular, we
used the MPC-CBF formulation defined by Zeng et al. [48],
which combines the theory of CBF and MPC in one formulation.
In their work, the authors showed two example applications: a
2-D double integrator, which is a linear system, and a competitive
car racing problem, which involves a highly nonlinear system. In
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Fig. 22. Case C: Dimensionless, binary switching signal for the safety-critical
controller. Signal has a value of 1 when I > J and the safety-critical controller
is active, otherwise its value is 0 and the control input is the same as that of the
trajectory tracking controller ut.

Fig. 23. Case C: Surge force τx and yaw moment τψ .

this second case, they used linear regression to compute a time-
invariant linear version of system starting from a precomputed
trajectory to be passed to the MPC. In contrast, we discretize the
continuous nonlinear system (15) using a timestep Ts = 0.2 s,
such that the state from (15) can be defined as

xk = x(t+ kTs) (60)

and formulate the full nonlinear MPC problem with an horizon
N = 10, as follows:

J�k (xk)= min
uk:k+N−1|k

N∑
n=0

q(xk+n|k,uk+n|k) (61a)

s.t. xk+n+1|k = f̂(xk+n|k)

+ ĝ(xk+n|k)uk+n|k, n = 0, . . ., N−1 (61b)

xk+n|k ∈ X , uk+n|k ∈ U , n = 0, . . ., N−1 (61c)

Fig. 24. Case C: Surge acceleration u̇, sway acceleration v̇, and yaw acceler-
ation ṙ.

Fig. 25. Case C: Surge u speed, sway v speed, and yaw r speed.

xk|k = xk (61d)

xk+N |k ∈ Xf (61e)

Δh(xk+n|k,uk+n|k) ≥ −γh(xk+n|k), n = 0, . . ., N−1
(61f)

where f̂(·), ĝ(·) are the discrete versions of the functions de-
scribing the full dynamic system defined in (15); the xa|b rep-
resents the state at step a as predicted from step b; and J�k is
the optimal cost at time k. In contrast to [48], the stage cost
and terminal cost are collapsed into q(xk,uk), as the terminal
goal at the end of the horizon is already part of the reference
trajectory and does not require a different weight than the rest
of the trajectory

q(xk,uk) = xTkQxk + uTkRuk. (62)
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Fig. 26. MPC Case A: Comparison between the desired trajectory xd in
dashed black, the actual trajectory xMPC computed by the nonlinear MPC in
grey, and the actual trajectory computed by the CBF controller in light blue (see
Fig. 4) of the USV as it moves around a stationary target. The target is indicated
by the red dot at x0 = (0.5,−0.5) m. The boundary of the unsafe set ‖x̃0‖min
is designated by a red dashed circle.

The weight parameters for (62) are

Q = diag(1000, 1000, 12.5, 14000, 0.01, 0.01) (63a)

R = 2.9× 10−4 · I2. (63b)

The system is subject to the state constraint X and the input
constraints U

X = {xk ∈ Rn : xmin ≤ xk ≤ xmax} (64a)

U = {uk ∈ Rm : umin ≤ uk ≤ umax} (64b)

with lower and upper bounds set to

xmax = [100, 100, 3π/4, 7, 7, 4]T , xmin

= [−100,−100,−π/4,−7,−7,−4]T (65a)

umax = [4500, 4500]T , umin = [−4500,−4500] (65b)

which satisfy the actuator magnitude constraints of the USV’s
thrusters (see Section V).

As in [48], we choose a quadratic barrier function for the
constraint (61f), with γ = 0.4 and

h(xk) = (xk − x0)
2 + (yk − y0)

2 − ‖x̃0‖2min (66a)

Δh(xk+n|k) = h(xk+n+1|k)− h(xk+n|k). (66b)

We execute the Case A and the Case B simulations using the
MPC-CBF formulation (61), which was implemented using the
Nonlinear MPC library in MATLAB.

Case A: The results of the simulations for Case A are shown
in Figs. 26–30. As shown in Fig. 26, the MPC tends to stay as

Fig. 27. MPC Case A: Distance between USV and target ‖x̃0‖ as a function
of time. The boundary of the unsafe set ‖x̃0‖min is indicated with a dashed line.

Fig. 28. MPC Case A: Tracking error.

Fig. 29. MPC Case A: Surge force τx and yaw moment τψ .
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Fig. 30. MPC Case A: Surge acceleration u̇, sway acceleration v̇, and yaw
acceleration ṙ.

Fig. 31. MPC Case A: Surge u speed, sway v speed, and yaw r speed.

close as possible to the unsafe boundary to minimize the tracking
error with the reference trajectory. This is reflected at the more
aggressive yaw moment applied at time 28.8 s to approach the
trajectory line at approx 31 s and the longer period spent on the
safety margin, as shown in Fig. 27.

The tracking error from Fig. 28 shows a maximum error equal
or below 5 m (equivalent the radius of the unsafe area). Even
though after 31 s the vessel is already on the trajectory line, the
error‖x̃‖ is nonzero and decays to 0.1 m in 22.6 s, slightly slower
than the proposed CBF controller. This is because the error it is
measured as the difference between the current position x and
the desired trajectory position xd, which lies on a straight line.
Therefore, the MPC controller tries to compensate for the time
previously lost while circumnavigating the unsafe area, but the
high weight on the desired forward velocity u (compared to the
one on the positions x, y) limits accelerations after the USV is
past the unsafe area (see Fig. 30), so as to keep a close tracking
of the desired value for u (see Fig. 31).

Fig. 32. MPC Case B: Comparison between the desired trajectory xd in
dashed black, the actual trajectory xMPC from the nonlinear MPC in grey, and
the actual trajectory computed by the CBF controller (light blue) of the USV.
The USV approaches a moving target, whose trajectoryx0 intersects the desired
trajectory of the USV at time t = 25 s, when both the USV and target would be
located at (x, y) = (0, 0) m without activation of the safety-critical controller.
The blue, red, and block dots enclosed by dashed circles of corresponding
colors plotted along x0 indicate the positions of the target and unsafe set at
times t = 20 s, t = 25 s, and t = 35 s, respectively. The dots of corresponding
color plotted along x represent the position of the USV at the same times. The
orientation and length of the arrows indicate the heading angle and relative speed
of the USV.

It is worth noting that with a lower weight on u, the MPC con-
troller would find solutions that stop before the unsafe boundary
(because initially the cost would be lower than turning), thereby
accumulating a position error that eventually makes the problem
unfeasible. Instead, a high cost on the velocity error forces the
controller to keep the USV moving, at the cost of making the
tracking error converge slower after the unsafe area is passed.

Case B: The simulation results for Case B using the MPC
are shown in Figs. 32–36. As for the static case, the strategy
adopted by the MPC to minimize the position error makes the
USV turn left as early as possible to stay closer to the desired
trajectory. This is visible in Fig. 32 at time 25 s (the red dot
and arrow), when the USV is at the boundary of the unsafe area
while moving North at the same time. The permanence on the
boundary to minimize the tracking error is also visible in Fig. 33
where the USV is at 5 m from the center of the target for more
than 10 s. This is made possible by the horizon of 2 s given to the
MPC, which can therefore predict the locations of the unsafe area
at the cost of higher computational complexity. In contrast, the
proposed CBF controller commands the USV to move eastwards
slowly together with the unsafe area and turn North only after
the unsafe area has completely moved past the USV. In this case,
the maximum error from the MPC is 7.62 m (see Fig. 34) which
is approximately 20% less compared to the CBF approach, at the
expense of a higher computational complexity for the MPC. This
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Fig. 33. MPC Case B: Distance between USV and target ‖x̃0‖ as a function
of time. The boundary of the unsafe set ‖x̃0‖min is indicated with a dashed line.

Fig. 34. MPC Case B: Tracking error.

Fig. 35. MPC Case B: Surge force τx and yaw moment τψ .

Fig. 36. MPC Case B: Surge acceleration u̇, sway acceleration v̇, and yaw
acceleration ṙ.

Fig. 37. MPC Case B: Surge u speed, sway v speed, and yaw r speed.

translates in a total execution time of 163 s for a 30 s simulated
experiment for the MPC, against an execution time of less than
1 s for the CBF controller. Both simulations were run on the
same customer grade laptop computer. As shown in Fig. 35, the
control actions are generally smooth, with only two peaks in the
yaw moment at time 20 s when the USV encounters the boundary
of the unsafe set for the first time, and at time 32 s when the target
has moved enough to let the USV recover the trajectory line (cf.
Fig. 33). This is also reflected by the accelerations in Fig. 36.
As mentioned previously for Case A, the high weight on the
desired surge speed makes the USV track u0 very closely up
to the first encounter with the unsafe boundary, after which it
increases up to 2.32 ms−1 at time 30 s when the USV is about
to cross the N = 0 position, and then slowly converges to u0 to
make up for desired positions ahead in time along the trajectory
(see Fig. 37).
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In summary, the MPC implementation shows the potential of
lower tracking error, especially in the moving target scenario, but
the higher computational complexity renders the MPC approach
unfeasible in case of low computational power requirements.

VII. CONCLUSION

In this article, we propose a trajectory tracking safety-critical
controller for the closest safe approach of an underactuated USV
with nonholonomic dynamic (acceleration) motion constraints
to a target of interest. In general, safety-critical control methods
require the online, realtime, computation of the control input that
satisfies an optimization problem. Here, the control law is based
on the use of a relaxed control barrier function and an analytical
solution to the optimization problem. The analytical solution is
fairly easy to implement and avoids the need to perform online
optimization. Further, we propose a modification to the relaxed
CBF in [15], which permits the safety critical control input to
start acting sooner and more gradually as the USV approaches
the boundary of an unsafe region. Simulation results show that
when a desired trajectory is intentionally planned so that it passes
through the unsafe set surrounding a stationary or moving target,
the USV will approach the target and move along the boundary of
the unsafe set, before passing the target and returning to follow
the parts of the desired trajectory outside of the unsafe area.
In the simulations, it is observed that the yaw moment actuator
effort generated when the USV resumes trajectory tracking after
passing the target is saturated. This occurs because the tracking
error builds as the USV moves along the boundary of the unsafe
set and can become quite large.

The Backstepping Method employed in this work leads to
a nonlinear proportional-derivative controller. Such controllers
can be robustified, as required for specific applications, by
adding nonlinear damping terms, or augmenting the the sys-
tem with an integral control term [51]. However, designing a
controller to handle a very large range of operating conditions
without retuning generally requires the use of robust control
techniques, such as higher order sliding mode control, or adap-
tive control. Since backstepping is typically used as the first
step in the design of such controllers, the present work opens
up the possibility of using the analytical, and computationally
lightweight, CBF-based approach proposed here in combination
with more advanced robust trajectory tracking controllers, as
well as with robust input-to-state safe CBF approaches [52],
[53], which can generally guarantee stability in a greater variety
of operating conditions.

Future work will explore how to reduce actuator saturation
when the safety-critical controller is deactivated, as well as how
to extend the proposed approach to handle model uncertainty,
exogenous disturbances, and multiple targets.
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