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Abstract—In this article, we develop an innovative series repre-
sentation for the sum of Rician non-zero boresight pointing error
random variates based on theκ − μ distribution, which is suitable
for multiple-input multiple-output (MIMO) transmission for the
first time. Then, using this new representation, we introduce a novel
closed-form probability density function (PDF) approximation for
the sum of Gamma-Gamma random variates with generalized
pointing errors and atmospheric attenuation of MIMO free-space
optical (FSO) communications. Statistical Kolmogorov-Smirnov
tests confirm the accuracy of this approximation over a wide range
of channel conditions. The significance of this approximation is
emphasized by deriving closed-form expressions for the ergodic
capacity, outage probability, and average bit error rate (BER) using
Meijer’s G-function. This article provides a comprehensive analysis
of the performance of MIMO FSO systems utilizing the equal gain
combining (EGC) diversity technique under various conditions,
such as different numbers of transmitter and receiver, turbulence
intensities, the effects of non-zero boresight pointing errors, and
path attenuation. The results show that using MIMO technology
with more transmitters and receivers significantly improves the
performance of FSO communication compared to other diversity
techniques, including single input single output (SISO), and mul-
tiple input single output (MISO) systems. Detailed evaluations of
the ergodic capacity, outage probability, and average BER perfor-
mance at high signal-to-noise ratios provide additional insights.
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Monte-Carlo simulation results demonstrate the accuracy of the
proposed approach.
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free-space optical (FSO) communications, Gamma-Gamma
turbulence, non-zero boresight pointing errors, Rician
distribution, atmospheric attenuation, equal gain combining,
Kolmogorov-Smirnov statistical tests.

I. INTRODUCTION

FUTURE wireless technologies that go beyond the capabil-
ities of 5th generation (5G) networks promise significant

advances. These next-generation networks will offer exceptional
data transfer rates, a wide range of broadband services, adaptable
bandwidth options, and versatile communication solutions for a
wide range of user needs. Wireless optical technologies critical
to meeting future communication networks’ data transmission
requirements include free-space optical (FSO) technology. FSO
offers several advantages, including cost efficiency, ease of de-
ployment, high bandwidth capacity, and improved security [1].
However, despite these merits, the widespread adoption of FSO
has been hampered by limitations in long-range applications.
These limitations are due to atmospheric turbulence, which
causes signal fading, attenuation due to factors such as fog, and
pointing errors during signal transmission [2].

There are a variety of statistical models to describe scintilla-
tion effects caused by turbulence in free-space optical commu-
nication. In particular, the Gamma-Gamma (G-G) distribution,
a branched stochastic scintillation model, has been shown to
agree very well with experimental observations under different
channel conditions [3]. The G-G distribution compares very
favorably with alternative models such as the Malaga-M (M),
Log-Normal (LN), and Fisher-Snedecor (F) distributions for
representing atmospheric turbulence in FSO communications.
In particular, the G-G model assumes that the signal prop-
agating over the wireless channels is subject to small-scale
and large-scale fluctuations, both of which are modeled by the
Gamma distribution. The ability of the G-G distribution model
to capture a wide range of turbulence (i.e., from weak to strong)
is due to its structure, which integrates two separate stochastic
variables embodying the small- and large-scale atmospheric.
This integration provides a refined and accurate representation of
the optical signal’s variability as it propagates through the atmo-
sphere [3]. In radio frequency (RF) wireless communications,
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user terminals with low mobility are subject to the simultaneous
effects of small-scale fading (multipath) and large-scale fading
(shadowing), resulting in what is known as composite fading.
Modeling multipath fading by the Nakagami-m distribution and
shadow fading by the Gamma distribution leads to the G-G
model for composite fading [4]. The G-G received power model
encompasses the K-distribution and the Gamma models (which
consider either the multipath component or the shadowing indi-
vidually) as special cases. It also approximates the widely-used
Nakagami-lognormal composite fading model. In addition, the
G-G model incorporates and generalizes several other turbulence
models, including the negative exponential (NE) distribution,
the generalized K distribution (KG) (also called the G-G fading
model [5]), the I −K and the Rice/Nakagami-m distributions.
It should also be emphasized that the G-G distribution does
not have an exact relationship with the Malaga-M distribution,
which means that G-G is an approximate case of the Malaga-M
distribution [4].

While the G-G channel model provides a simple analytical
approach for analyzing single input single output (SISO) wire-
less systems, its application to multiple input multiple output
(MIMO) systems becomes complex as the collective distribution
of the independent G-G variables must be determined.

In addition to fading caused by turbulence, the effectiveness of
FSO communications can be significantly affected by pointing
errors due to building sway. FSO systems, typically mounted on
the tops of tall buildings to maintain line of sight, are susceptible
to interference from various elements, such as atmospheric tur-
bulence and the swaying and vibration of buildings due to wind
and thermal effects. Pointing errors occur in the form of both
boresights (i.e., a static misalignment between the center of the
beam and the center of the detector) and jitter, which is a random
fluctuation in alignment. Although the installations of terrestrial
FSO systems are designed to minimize misalignment, significant
deviations can still occur due to the thermal expansion of the
building [6], [7]. It is mentioned in [8] that the thermal expansion
of buildings can lead to a boresight of up to 0.3 milliradians. In
satellite-to-ground and satellite-to-satellite communications, the
transmitter and receiver have a high relative velocity, and there
is mechanical noise due to satellite motion and gimbal friction
[6]. Therefore, it is difficult to realize perfect tracking, and jitter
and boresight can also occur as residual pointing errors. The
zero-boresight pointing error (ZBPE) model developed in [9]
is widely used in the literature [10], [11], [12], [13]. In this
model, the boresight component of pointing error is assumed
to be zero, and both horizontal and elevation displacements
are assumed to follow an independent, identically distributed
(i.i.d) zero-mean Gaussian distribution. As a result, the random
radial displacement at the receiver is Rayleigh distributed [6]. To
account for the difficulties caused by factors such as the width
of the optical beam, the size of the detector, the variance of the
jitter in different axes, and the existence of non-zero boresight
pointing errors (NZBPE), a more detailed and accurate model
for characterizing pointing errors has been introduced in the
literature [6]. The effect of NZBPE is studied in the literature
for terrestrial SISO FSO links [6], [14] and also for mixed radio
frequency/free-space optical (RF/FSO) relay systems in the
existing literature [15], [16]. The mixed communication system

using both RF and FSO technologies is proposed to utilize the
robustness of RF links and the high bandwidth of FSO links.
In addition, RF links offer low-cost communication capabilities
without line-of-sight, while FSO links offer low transmission
latency and extremely high transmission rates. Upadhya et al.
[15] show that the considered mixed RF/FSO system’s overall
performance strongly depends on the FSO link model’s param-
eters, especially the pointing error parameter. While in [16], the
authors investigate the effect of in-phase/quadrature-phase im-
balance on an asymmetric mixed RF/FSO two-way relay (TWR)
communication system with multiple co-channel interferers at
the relay node in the presence of atmospheric turbulence with
NZBPE on the FSO link.

In addition, atmospheric attenuation refers to the reduction in
the strength of electromagnetic wave energy as it passes through
the atmosphere. This phenomenon results in signal weakening
and attenuation in FSO system links through a combination of
absorption, scattering, and scintillation, all of which are transient
and dependent on the prevailing local environment [17]. In
addition, weather conditions, especially fog, smoke, and dust,
also result in scattering and attenuation. For example, in a dense
fog condition (defined by atmospheric visibility (V ) < 0.5 km),
the FSO link failure is high due to the scattering and absorption
of the propagating optical beam, which is not desirable by the
end users [18].

Techniques such as aperture averaging, adaptive optics, and
spatial diversity are invaluable for improving the robustness of
FSO communication systems. Implementing MIMO configura-
tions with multiple transmitters and receivers that ensure statis-
tically uncorrelated fading channels can significantly counteract
the impairments caused by scattering, turbulence, and misalign-
ment. The effectiveness of this approach has been confirmed in
theoretical models and practical experiments [19].

A. Related Work

There are numerous studies in the literature on the use of
MIMO technology to improve transmission quality and over-
come challenges such as atmospheric turbulence, misalignment
issues, and adverse weather conditions in FSO communications.
Specifically, the research described in [20] investigated different
modulation strategies for dual-receive aperture systems navi-
gating through G-G distributed atmospheric turbulence to over-
come turbulence-induced transmission degradation. In another
study [21], an intensity-modulation/direct detection (IM/DD)
approach with equal gain combining (EGC) and maximum ratio
combining (MRC) techniques was used in analyzing a MIMO
FSO communication system. This research focused on a channel
characterized by G-G turbulence and addressed the stability
issues at high signal-to-noise ratios (SNR) using a generalized
infinite power series. A further investigation of the relationship
between bit error rate (BER) and SNR for a MIMO FSO system
using repetitive and Alamouti coding in a distributed G-G tur-
bulence environment was documented in [22]. It is important to
note that these studies used an infinite power series expansion of
a Bessel function term to derive the probability density function
(PDF) approximation for the G-G turbulence channels [20], [21],
[22].
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Further elaborating in [23], the study has addressed the BER
of binary phase shift keyed (BPSK) modulation schemes for sin-
gle input multiple outputs (SIMO) FSO communication under a
negative exponential turbulence channel. This research provides
additional perspectives on how modulation techniques can serve
as countermeasures against the effects of channel impairments.
The benefits of using multiple receiver apertures together with
combination strategies such as selection combining (SC), EGC,
and MRC were highlighted. The results show that MRC per-
forms better than EGC and SC, especially in environments
affected by non-Gaussian noise and additive white Gaussian
noise (AWGN).

Moreover, the authors in [24] investigated the effectiveness
of M-ary PSK (MPSK) modulation within MIMO FSO com-
munications considering the Malaga-M atmospheric turbulence
channel. The results of this study show a significant decrease in
the average BER, which correlates with an increase in the num-
ber of transmit and receive apertures. It is essential to recognize
that the initial research on MIMO FSO systems did not consider
the effects of pointing errors or disparity due to atmospheric
attenuation [20], [21], [22], [23], [24]. Furthermore, in [25], the
synergistic influence of G-G distributed atmospheric turbulence
combined with attenuation factors such as drizzle, haze, and fog
on FSO communications with multiple receivers was investi-
gated, and it was found that increasing the number of receivers
led to a decrease in BER. Further progress in [25], [26] focused
on extending the study to MIMO FSO links, incorporating both
attenuation and G-G distributed turbulence to evaluate the BER
[25] and the outage probability (Pout) [26] of the systems. The
study in [27] integrated the effects of Gaussian-distributed ZBPE
(GZBPE) and NE-distributed turbulence-induced fading. This
study focused on the outage performance of a horizontal MIMO
FSO link using the intensity modulation and direct detection
(IM/DD) scheme. The results show that the reliability is signifi-
cantly improved by using EGC. Studies in [28] investigated the
influence of ZBPE and G-G turbulence on the efficiency of on-off
keying (OOK) modulated FSO systems with multiple receiver
apertures. In addition, log-normal fading channel models were
also considered [29]. It is noteworthy that the mathematical
representation of the MIMO FSO channel in the [23], [24], [25],
[26], [27], [28], [29] studies was limited to analyzing the effect of
diversity techniques on the SNR of the systems. Similarly, the
study in [30] investigated the performance of an FSO system
with a SIMO diversity scheme in a horizontal configuration
under the cumulative effects of attenuation, ZBPE modeled by
the Rayleigh distribution, and G-G turbulence. In addition, the
effectiveness of a SIMO FSO links with PSK modulation on
subcarriers was investigated in [31], considering the cumulative
effects of G-G distributed turbulence, attenuation, and Rayleigh
distributed pointing errors.

Given the challenges and computational limitations of de-
riving exact PDFs for FSO communications in optical MIMO
configurations, the search for approximate distribution mod-
els has been pursued. A first method was proposed in [32]
to approximate the PDF of the sum of independent and not
necessarily identically distributed (i.n.n.i.d) G-G random vari-
ables by another G-G distribution using a refined version of the

moment-matching technique. In this approach, the parameters
of the approximated G-G PDF were adjusted by minimizing the
numerical discrepancy between the estimated and actual PDFs.
The authors extended their work to include RF systems [33]
rather than focusing on wireless optical communications [32]. It
is worth noting that the closed-form PDF expressions for the sum
of G-G variates that efficiently approximated in [32] have been
widely utilized in both wireless optical [34] and RF systems
for analyzing either the common end-to-end communication
performance or evaluating the secrecy performance of diversity
receiver systems in terms of average secrecy capacity (ASC),
security outage probability (SOP), and the probability of strictly
positive secrecy capacity (SPSC) [35], [36].

However, these approximations were less precise for mini-
mal fading parameter values and the case of independent and
not identically distributed (i.n.d.) variables. Subsequently, the
researchers in [34] extended the method from [32] for MIMO
FSO communications by approximating the sum of i.i.d. G-G
turbulence in combination with Rayleigh-distributed ZBPE to
analyze both the BER and ergodic capacity (C) of MIMO FSO
links. However, it was found that a lower approximation accu-
racy was achieved, especially in scenarios with strong pointing
error effects. The authors in [37] also used moment matching to
develop an approximate α− μ PDF for the aggregate of i.i.d.
G-G variables. At the same time, an approximation for the sum
of Malaga-M variables with Rayleigh ZBPE was investigated
in [38] using an approximation with Fox’s H-function derived
from the moment-generating function (MGF) technique. The
accuracy of this model was found to be lower, especially for
smaller moment values. In another related research work [39], a
performance analysis of MIMO FSO links using the EGC tech-
nique was presented, assuming a combined lognormal-Rician
for atmospheric turbulence with Rayleigh ZBPE. An analyti-
cal approximation for the sum distribution of MIMO channels
was introduced using a series representation for identically
distributed lognormal-Rician variables. This approximation also
showed limited accuracy, particularly for a large number of
transmit and receive apertures or for small values of pointing
errors. Finally, several studies have investigated different as-
pects of diversity techniques for FSO systems, including EGC
reception for SIMO FSO over an independent and not nec-
essarily identically distributed channel fading modeled by the
mixture-Gamma (M-G) distribution [40] and spatial diversity for
mixed user-diversity RF and spatial diversity FSO cooperative
relaying systems [41]. The M-G distribution was chosen because
it can effectively approximate both the G-G and Málaga-M
distribution models and provides accurate modeling under weak
to strong turbulence conditions. Similar work investigating the
performance of mixed RF/FSO relay systems with different
diversity techniques can be found in [42] and [43].

A review of recent and relevant studies reveals several re-
search gaps for FSO communications in MIMO environments
that must be addressed. First, the analyses have either overlooked
the loss due to pointing errors or limited their scope to zero bore-
sight in MIMO FSO transmission systems. The non-zero bore-
sight pointing errors model extends the understanding of these
effects of misalignment on FSO transmission. It is important to
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mention here that the statistical analysis of NZBPE with gener-
alized Rician distribution remains unexplored due to the com-
plexity involved in analyzing such a model within the context of
a MIMO FSO environment. Secondly, signal attenuation in FSO
transmissions is usually considered deterministic and depends
on visibility conditions. For example, attenuation is lower in
clear skies, and signal power loss is greater in fog [1]. Similar
to the NZBPE loss, atmospheric attenuation was not included
in the MIMO FSO analyses. Our work considers a deterministic
atmospheric loss model to account for signal attenuation in
MIMO FSO transmissions [44]. Thirdly, the G-G distribution
has been the preferred model for atmospheric conditions ranging
from weak to strong turbulence. While the use of the G-G
distribution to describe atmospheric turbulence in SISO-FSO
transmission has been extensively studied [45], [46], its applica-
tion in a MIMO-FSO context introduces significant complexity.
This is due to the existence of the modified Bessel function of
the second kind, which complicates a precise statistical analysis
of MIMO-FSO systems.

B. Motivation and Contributions

MIMO FSO systems are renowned for their ability to coun-
teract turbulence-induced fading and enhance performance sig-
nificantly. However, as far as we know, very few works address
terrestrial MIMO FSO communication systems under realistic
channel conditions. Most existing systems overlook the impact
of non-zero boresight pointing errors and atmospheric loss,
which considerably degrade such communication systems’ per-
formance. Unlike many previous works that employ an unreal-
istic zero boresight pointing error model—suitable for SISO but
inadequate for MIMO FSO systems—our work pioneers a more
practical approach tailored for MIMO FSO transmission. This
represents a substantial advancement in the field. Even in the
aforementioned works that propose the structure of the pointing
error model suitable for MIMO transmissions, only the ZBPE
model with Rayleigh distribution [34] is considered, which only
takes the jitter loss into account. We propose a comprehensive
statistical model that includes both jitter and boresight effects,
using a sum of Rician-distributed variates to model the pointing
error losses across MIMO links. We have developed a novel
closed-form probability density function for our comprehensive
pointing error model using a series representation for the κ− μ
distribution. Then, we developed a new model that takes into
account the aggregate effects of the sum of G-G random variates,
generalized NZBPE, and atmospheric attenuation, providing a
holistic description of MIMO FSO transmission. Table I sum-
marizes the latest research results in this field.

Using multiple transmitters and receivers between the source
and the destination with a wide range of parameters, the main
contributions of this work can be briefly summarized as follows:

1) For the first time, to the best of the authors’ knowledge,
our study incorporates the joint impact of atmospheric
turbulence, generalized pointing errors, and attenuation
in MIMO FSO communication systems.

2) Using a novel series representation, we introduce a new
analytical approximation expression for the sum of the

random variates of Rician non-zero boresight pointing for
MIMO FSO transmission.

3) The accuracy of this approximation is then validated by
statistical tests, including the Kolmogorov-Smirnov (KS)
goodness of fit.

4) From this approximation, analytical expressions for the
PDF and the cumulative distribution function (CDF) of
the SNR are obtained using Meijer’s G-function.

5) Subsequently, we derive expressions for the ergodic ca-
pacity, outage probability, and the average BER for the
OOK modulation scheme of an FSO link utilizing the
EGC technique. All these expressions are presented in
terms of Meijer’s G function. In addition, the results of
the considered MIMO FSO system are compared with the
SISO [6] and [14], SIMO [47], and multiple inputs single
outputs (MISO) [48] systems.

6) In the high SNR region, these are expressed by simple
elementary functions that facilitate analysis of the effects
of the channel parameters. We also determine the coding
gain and diversity order from the asymptotic behavior.

7) To verify the accuracy of the newly proposed results, we
perform numerical and computational Monte-Carlo simu-
lations. It is noteworthy that a perfect agreement between
the analytical expressions and the simulation results can
be observed.

The remainder of this paper is structured accordingly: Sec-
tion II describes the system and channel models in focus.
Section III provides the closed-form approximations for the
PDF of the sum of G-G variates with NZBPE and atmospheric
attenuation. Section IV derives the key performance metrics for
the MIMO FSO systems, and Section V showcases numerical
simulations that corroborate the analytical findings. Section VI
offers concluding thoughts.

II. SYSTEM AND CHANNEL MODEL

We consider an FSO system with an intensity modulation and
direct detection technique equipped with M transmitters and N
receivers. In such systems, the OOK symbol x is transmitted
simultaneously by all transmitters within each transmission
interval. To ensure statistical independence and uncorrelated
fading, the transmitters and receivers are positioned at a distance
from each other that exceeds the coherence length, typically
by several centimeters, since the coherence length itself is of
the order of centimeters [49]. The EGC diversity technique is
utilized at the receivers, which is an easy-to-implement solution
while delivering a performance that is nearly equivalent to
optimal combining methods.

The resulting signal of the EGC receiver is then formulated
as follows

y = η
M∑
i=1

N∑
j=1

Iijx+
N∑

j=1

vj (1)

where η is the optical-to-electrical conversion coefficient, vj is
additive white Gaussian noise with zero means, and a variance of
σ2 = N0/2. Iij denotes the fading channel coefficient between
the ith (i = 1, 2, . . . , M ) transmitter and the jth (j =
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TABLE I
RELATED LITERATURE ON THE CHANNEL APPROXIMATION APPROACHES FOR THE DIVERSITY SYSTEMS
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1, 2, . . . , N ) receiver and is subject to the combined effects of
atmospheric loss, turbulence-induced irradiance fluctuation and
generalized pointing errors. From (1), the electrical SNR of the
combined signal is given by

γEGC =
η2E

[|x|2] (∑M
i=1

∑N
j=1 Iij

)2
Nσ2

=
γ0I

2

N
(2)

where γ0 = η2E[|x|2]/σ2 denotes the average SNR and I =∑M
i=1

∑N
j=1 Ii,j , whereE[.] represents the expected value. From

(2), it can be seen that I is the key parameter to evaluate the
performance metric of error probability of the MIMO FSO
system using the EGC diversity technique.

The irradiance I is considered as the product of the loss due to
atmosphere Ia, the scintillation due to atmospheric turbulence
It, and pointing errors Ip, i.e., I = IaItIp.

Conventionally, the atmospheric loss is modeled by Beers-
Lambert law is given as [44]

Ia = e−σz (3)

where σ denotes the weather-dependent attenuation coefficient,
and z is the FSO link distance between the transmitter and
receiver.

Moreover, it has been shown in [50] and [51] that the correla-
tion time of the misalignment caused by the swaying of buildings
is in the order of a few seconds, which is more significant
than that of atmospheric turbulence, which ranges from 10 to
100 milliseconds. Therefore, the atmospheric turbulence and
the misalignment can be considered independent, while Ia is
conventionally considered a constant [6].

To evaluate the behavior of the fading parameter It in different
turbulence scenarios, the Gamma-Gamma distribution model is
used in this study. The mathematical expression for the proba-
bility density function of It is defined as [3]

fIt

(
It
)
=

2(αβ)
α+β

2

Γ (α) Γ (β)

(
It
)(α+β)/2−1

Kα−β

(
2
√

αβIt
)
,

It ≥ 0 (4)

where α ≥ 0 and ß ≥ 0 are the shaping parameters that can be
directly associated with the strength of the atmospheric turbu-
lence, which is defined by the Rytov variance σ2

z . The Rytov
variance σ2

z = 1.23C2
nk

7/6z11/6 , k = 2π/λ is the optical wave
number, λ is the wavelength of propagation, and C2

n represents
the refractive index structure parameter, which is a quantitative
measure of optical turbulence [3]. Γ(.) is the Gamma function,
and Kv(·) is the modified Bessel function of the second kind
and order v.

Another performance-limiting factor in FSO communication
is the pointing errors caused by misalignment between the
transmitter and receiver. When a Gaussian beam propagates
through distance z from the transmitter to a circular detector with
aperture radius Ra and the instantaneous radial displacement
between the beam centroid and the detector center, r, the fraction
of the collected power at the receiver can be approximately
calculated as follows [6]

u (r) = Ip (r) ≈ A0 exp

(
− 2r2

w2
zeq

)
, r ≥ 0 (5)

where A0 = [erf(v)]2 is the fraction of the collected power at

r = 0, v =
√

R2
aπ

2w2
z

, is the ratio between the receiver’s aperture

radius Ra and the beam waist wz , and erf(x) = 2√
π

∫ x

0 e−t2dt
is the error function, while wz is the beam waist that can be ap-
proximated bywz = θz with θ denoting the transmit divergence
angle, and wzeq =

√
w

2
z

√
πerf(v)/2v exp(−v2) represents

the equivalent beam waist. At the receiver aperture plane, the
radial displacement vector can be expressed as r = [rx, ry]

T ,
where rx and ry , respectively, denote the displacements located
along the horizontal and elevation axes at the detector plane.
We consider non-zero boresight pointing errors in addition to
the random jitters and model rx and ry as non-zero mean
Gaussian distributed random variables, i.e., rx ∼ ℵ(μx, σ

2
x),

ry ∼ ℵ(μy, σ
2
y). Then, the radial displacement, r = |r| =√

r2x + r2y follows the Rician distribution with μ2
x + μ2

y �= 0,

σx = σy [6]. In terrestrial FSO systems, however, jitter is
mainly caused by turbulence and the swaying of buildings. Since
the turbulence cells occur randomly in the beam path and the
building can sway with equal probability in orthogonal and
horizontal directions to the beam path, we have the following:
σ2
x = σ2

y = σ2
s .

As a result, the PDF of radial displacement r with Rician
distribution can be defined as [6]

fr (r) =
r
σ2
s

exp

(
−(r2+s2)

2σ2
s

)
I0

(
rs
σ2
s

)
(6)

where s =
√
μ2
x + μ2

y is the boresight displacement, and Iv(.)

is the modified Bessel function of the first kind with order v.
From (5) and (6), the PDF of non-zero boresight pointing error
with Rician distribution can be expressed as

fIp (Ip) =
ζ2exp

(
−s2

2σ2
s

)
Aζ2

0

Iζ
2−1

p I0

⎛
⎝ s

σ2
s

√
−w2

zeqln
Ip
A0

2

⎞
⎠ ,

0 ≤ Ip ≤ A0 (7)

Here ζ = wzeq/2σs is the ratio between the equivalent
beamwidth and jitter standard deviation, providing a quantitative
assessment of the impact of pointing errors. When the boresight
error is zero, with s = 0, the pointing error model expressed in
(7) simplifies to the form presented in (5).

III. AN EFFICIENT APPROXIMATE DISTRIBUTION FOR THE SUM

OF GAMMA-GAMMA WITH NZBPE TO MODEL MIMO FSO
CHANNEL

In this section, we propose a new distribution approximation
for the sum of L Gamma-Gamma fading with generalized Rician
non-zero boresight pointing error random variables and atmo-
spheric loss. Let us consider L statistically independent I random
variables denoted by {Il}Ll = 1. Their summation is defined as

T = {Il}Ll=1 =

L∑
l=1

xlu (rl) (8)
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where xl and rl are the Gamma–Gamma and Rician random
variables, respectively. Note that (8) can be rewritten as

T =
∑L

l=1 xl

∑L
l=1 u(rl)

L + 1
L

L−1∑
i=1

L∑
j=i+1

(xi − xj)

× (u (ri)− u (rj))

(9)

For simplicity, it is assumed that the variables of the sum in
(9) are independent and identically distributed random variables.
Therefore, {x}Ll =1 and {u(rl)}Ll =1 are also i.i.d. According to
(9), the distribution of T can be approximated by the distribution
of the random variable T̄ , which is expressed as

T ≈ T̄ =

∑L
l=1 xl

∑L
l=1 u (rl)

L
(10)

with the approximation error ε given by

ε =
1

L

L−1∑
i=1

L∑
j=i+1

(xi − xj) (u (ri)− u (rj)) (11)

Note that the distribution in (11) can be regarded as the product
of two random variables, t1 and t2, i.e., T̄ = t1 t2 where t1 =∑L

l=1 xl and t2 = 1
L

∑L
l=1 u(rl).

It has been shown that the distribution of the sum of i.i.d.
Gamma-Gamma variates (kl = k,ml = m,Ωl = 1) can be
efficiently approximated by a G-G distribution with parameters
a, b, ω [33]. This distribution is defined as

ft1 (t1) =
2(ab)

(a+b)
2

Γ (a) Γ (b)ω
(a+b)

2

t
( a+b

2 )
1 Ka−b

(
2

√
ab

ω
t1

)
(12)

where a = Lk + (L− 1)−0.127−0.95k−0.0058m
1+0.00124k+0.98m , b = Lm,

ω = L [33].
Next, we will solve the distribution for random variables T̄ ,

by proposing a new approximate distribution for the sum of
variates of generalized non-zero boresight pointing errors for
MIMO FSO transmissions.

Note that the squared Rician distribution is a special case of
the κ− μ distribution with κ = r, μ = 1, Ω = 1 as shown
in [52]. Therefore, it is shown by [53] that the sum of L i.i.d.
κ − μ random variables with parameters κ = r, μ, Ω is
also a κ− μ random variable with parameters κ = r, Lμ, LΩ.
Then the PDF of the random variable, U =

∑L
l=1 u(rl) can be

approximated as

fU (r) ≈
L
(

s
σ2
s

)L+1
2

exp
(

−Ls2−r2

2σ2
s

)
uL−1

(
s2

2σ2
s

)L−1
2

L
L+1
2

IL−1

(
Lsr

σ2
s

)

(13)

The above formula can be rewritten as

fU (r) ≈
Q∑

q=0

(
s

2σ2
s

)q
exp

(
−Ls2−r2

2σ2
s

)
q!Γ (L+ q)

×
(

Ls

2σ2
s

)L+2q−1

rL+2q−1 +RQ (r)

≈
Q∑

q=0

2
(

s
2σ2

s

)q
exp

(
−Ls2

2σ2
s

)(
Ls
2σ2

s

)L+2q−1

q!Γ (L+ q)
H1,0

0,1

Fig. 1. The smallest truncated number Q that reaches the maximum error
ε = 10−5.

×
[

r

2σ2
s

∣∣∣∣ −
2L+ q − 1, 1

]
(14)

In (14), we have applied the series expansion result onto the
IL−1(.) [[54], Eq. (8.445)], and expressed the exp (.) in terms
of the Fox’s H function [[55], Eq. (2.5)]. The last equality in
(14) holds due to [[55], Eq. (2.4)]. The symbol RQ(r) in (14)
denotes the truncation error, and is expressed as

RQ (r)=

∞∑
q=Q+1

L
(

s
σ2
s

)L+1

exp
(

−Ls−r2

2σ2
s

)
q!Γ (L+ q)

(
Ls2

2σ2
s

)L+1
2

(
Lsr

σ2
s

)L+q

(r)L−1

(15)

Theorem 1: When the truncated number Q is large enough,
the truncation error RQ(r), is upped bounded by

RQ (r) <

(
Ls2

2σ2
s

)L+1

2πQ

⎛
⎝
(

Ls2

2σ2
s

)
exp (1)

(Q+ 1)

⎞
⎠

Q+1

(16)

Proof: See Appendix A.
Fig. 1 displays the minimum values of the truncation number

Q required to maintain a maximum error ε of 10−5 across
various scenarios. These values forQ are calculated based on the
truncation error RQ(r), and the upper bound presented in (16).
The graph shows that the exact and the upper limits ofQ increase
approximately linearly with the parameter s, converging closely
when s is small. Furthermore, it is determined that setting Q to
50 is adequate for ensuring the precision of the results across a
broad spectrum of channel conditions.

Now, by utilizing [[55], Theorem (4.1)] and the relationship
between Ip and u(r) of (5) and (7) respectively, the probability
distribution for the sum of random variables

∑L
l=1 u(rl) can be
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characterized as

ft2 (t2) ≈
∑Q

q=0

(
sL

2σ2
s

)L+2q+1

exp

(
−Ls

2σ2
s

)

q!Γ(L+q)

×
(

w2
dln

t2
A0

2σ2
s

)2L+q−1

exp

(
−w2

dln
t2
A0

2σ2
s

)

≈∑Q
q=0

(
sL

2σ2
s

)L+2q+1

exp

(
−Ls

2σ2
s

)
exp(ζ2)

q!Γ(L+q)

×ζ4L+2q−2
(

t2
A0

)
ln2L+q−1

(
t2
A0

)
(17)

As a result, the distribution of T̄ is derived through the
following

fT̄ (t) =
∫∞

t
IaA0

1
t ft1

(
t
t1

)
ft2 (t1) dt1

=
∫∞

t
IaA0

∑Q
q=0

(
sL

2σ2
s

)L+2q+1

exp

(
−Ls

2σ2
s

)
exp(ζ2)

q!Γ(L+q) ln2L+q−1
(

t
A0

)
×ζ4L+2q−2 2(ab)

a+b
2

Γ(a)Γ(b)Iaω
a+b
2

t
( a+b

2 )−1

1 Ka−b

(
2
√

ab
ωIa t1

)
dt1

=

∑Q
q=0 2(ab)

a+b
2

(
sL

2σ2
s

)L+2q+1

exp(ζ2) ζ2(2L+q−1)

q!Γ(a)Γ(b)Iaω
a+b
2 A022L+q−1Γ(L+q)

×
(

t
A0

) a+b
2 −1 ∫∞

1 t
a+b
2 −1ln2L+q−1 (t)Ka−b

(
2
√

abt
Iaω

)
dt.

(18)

The integration of (18) is solved by representing the Bessel
function Kv(x) through Meijer’s G-function as specified in
[[56], (14)]. By applying the identity given in [[56], (26)], we
can establish the following integration formula

f (t) =

∫ ∞

t
IaA0

1

y
t
a+b
2 −1exp

(
− abt

A0Iaω

)
ln2L+q−1

(
A0t

y

)
dt

(19)

Next, to address the above integration, we use the identity
provided in [[34], Eq. (79)] as∫∞

1 xv−1exp (−tx) lnm (x) dx

= Γ (m+ 1) t−vGm+2,0
m+1,m+2

(
t|1,...,1v,0,...,0

) (20)

Then, by using (20), we have the following

fT̄ (t) =

∑Q
q=0 2(ab)

a+b
2

(
sL

2σ2
s

)L+2q+1

Γ(L+2q+1
2 )

q!22L+q−1πΓ(a)Γ(b)ω
a+b
2 A0IaΓ(L+q)

×exp
(
ζ2
)
ζ4L+2q−2

(
ab

2A0Iaω

) a+b+3
2

t
L+2q+a+b+4

2 −1

×GL+2q+1,0
L+2q+1,2L+q+1

(
abLt

2A0Iaω

∣∣∣{1}Ll=1

{ a+b+3
2 },{0}Ll=1

) (21)

Additionally, by leveraging [[56], (26)] in conjunction with
[[54], Eq. (9.31.5)], we are able to obtain the cumulative density
function for the combined fading channel as

FT̄ (t) =

Q∑
q=0

2(ab)
a+b
2

(
sL
2σ2

s

)L+2q+1

Γ
(

L+2q+1
2

)
q!22L+q−1πΓ (a) Γ (b)ω

a+b
2 A0IaΓ (L+ q)

× exp
(
ζ2
)
ζ4L+2q−2

(
ab

2A0Iaω

) a+b+3
2

×GL+2q+1,1
L+2q+2,2L+q+2

Fig. 2. Comparison between the obtained analytical PDFs and the Monte-
Carlo simulations.

Fig. 3. Comparison between the analytical CDFs and the Monte-Carlo simu-
lations.

⎛
⎝ abLt

2A0Iaω

∣∣∣∣
1,{L+2q+a+b+6

2 }L

l=1

{L+2q+2a+2b+7
2 },{L+2q+a+b+4

2 }L

l=1
,0

⎞
⎠ (22)

Figs. 2 and 3 examine the precision of the proposed approxi-
mate probability and cumulative density functions by comparing
these analytical expressions against the statistical properties
derived from simulation data. These comparisons are conducted
for varied transmitter and receiver configurations, assuming
L = MN , and incorporating non-zero boresight pointing
error effects and turbulence conditions. The simulated PDFs
and CDFs, derived from 106 samples through the Monte-Carlo
simulation, serve as the benchmark. The analyses show that the
analytical results consistently align closely with the simulation
outcomes.

To validate the accuracy of the proposed approximation in
(21), the Kolmogorov-Smirnov goodness-of-fit statistical test is
applied. This test gauges the most significant absolute discrep-
ancy between the empirical cumulative distribution function of
the random variable T , denoted FT (.), and the approximated
FT̄ (.) in (22). Therefore, the KS test statistic is formulated as

S = max |FT (t)− FT̄ (t)| (23)
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Fig. 4. The KS goodness-of-fit tests with σS/Ra = 2, z = 3 km, and L= 3.

Fig. 5. The KS goodness-of-fit tests, with σS/ Ra= 2, z = 3 km, and L= 4.

According to the findings in [57], an approximation is deemed
acceptable at a significance level of (1 − α) if the KS statistic
S is smaller than a certain critical value Smax . Conversely, the
approximation is rejected at the same significance level if S >
Smax .

The critical value Smax is determined by Smax =√
− 1

2K ln(α2 ), where α represents the significance level and

K the sample size. Typically, these are set at α = 5% and
K = 106.

Figs. 4 and 5 illustrate the KS test statistics between the
distribution of S and the approximate distribution in (22) with a
5% significance level for various parameter configurations, such
as wz/Ra, C2

n, and L, assuming an i.i.d sum of variates. The
data presented are the average outcomes from 100 simulation
iterations, each iteration utilizing at least 106 samples of the
random variables. The threshold value Smax = 0.0136 is also
provided for reference. Analysis of these figures indicates that
the precision of the approximation is significantly influenced by
the ratio wz/Ra when σs/Ra is held constant. Yet, it shows
negligible sensitivity to the strength of turbulence.

IV. PERFORMANCE ANALYSIS FOR THE MIMO FSO SYSTEMS

This section focuses on analyzing the ergodic capacity, outage
probability, and average bit error rate of MIMO FSO systems
operating over Gamma-Gamma fading channels, where non-
zero boresight pointing errors and atmospheric attenuation are
considered, using the presented approximation model.

A. Ergodic Capacity Analysis

Under the assumption that the instantaneous channel informa-
tion is accurately known at the receiver end, the ergodic capacity
of the MIMO FSO systems, measured in bits/Hz/s, is determined
by the following expression [39]

C = E

[
log2

(
1 +

γ0t
2

N

)]
(24)

A closed-form expression for the ergodic capacity of MIMO
FSO communication systems can be obtained as

C = α1exp
(
ζ2
)
ζ4L+2q−2

(
abL

2A0Iaω

)−L+2q+a+b+4
2

×G1,L+2q+3
4L+4q+6,2L+4q+4

(
4γ0(A0I

aω)2

N(abL)2

∣∣∣B1

B2

) (25)

where A1 =

∑Q
q=0 2(ab)

a+b
2 ( sL

2σ2
s
)
L+2q+1

Γ(L+2q+1
2 )

q!22L+q−1π ln(2)Γ(a)Γ(b)ω
a+b
2 A0IaΓ(L+q)

,

B1 = 1, 1, { 3−L+2q
4 }Ll=1, {−2−L+2q−a−b

4 }, and B2

= 1, 0, {− 4+L+2q+a+b
4 }Ll=1.

Proof: See Appendix B.
At higher SNR values, the ergodic capacity reaches an asymp-

totic expression, which can be depicted by expanding Meijer’s
G-function using (46) from Appendix B. This expansion allows
for a simplified representation of ergodic capacity in terms of
basic elementary functions as

C̄ = A1exp
(
ζ2
)
ζ4L+2q−2

(
abL

2A0Iaω

)−L+2q+a+b+4
2

[6pt]×
L+2q+3∑

k=1

(
4γ0(A0I

aω)2

N(abL)2

)B1k−1

×
∏L+2q+3

i=1, i�=k Γ (B1k −B1i) Γ (1 +B2i −B1k)∏4L+4q+6
i=2 Γ (1 +B1i −B1k)

∏2L+4q+4
i=2 Γ (B1k −B2i)

(26)

where Buv represents the vth term of Bu.
Taking into account this fact and understanding that the

influence of pointing errors can be minimized when setting
A0 → 1 and ζ → ∞ [48], we subsequently derive the exact
and asymptotic expressions for ergodic capacity as depicted in
(27) and (28), respectively

Cnp = A2

(
ab

2Iaω

)− 2q+a+b+4
2

G1,2q+3
4q+6,4q+4

(
4γ0I

a2ω2

Na2b2

∣∣∣∣
B3

B4

)

(27)
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C̄np = A2

(
ab

2Iaω

)− 2q+a+b+4
2

2q+3∑
k=1

(
(Iaω)2

N(ab)2

)Ak−1

×
∏2q+3

i=1, i�=k Γ(A1k−A1i)Γ(1+B1i−A1k)∏4q+6
i=2 Γ(1+A1i−A1k)

∏4q+4
i=2 Γ(A1k−B1i)

(28)

Here, α2 =

∑Q
q=0 2(ab)

a+b
2 ( s

2σ2
s
)2q+1 Γ( 2q+1

2 )

q!2q−1π ln(2)Γ(a)Γ(b)A0Iaω
a+b
2 Γ(q)

, B3 =

{1, 1, 3+2q
4 , −2+2q−a−b

4 }, and B4 = {1, 0,− 4+2q+a+b
4 }.

B. Outage Probability

Outage probability is a crucial metric for evaluating perfor-
mance, defined as the probability that the system’s instantaneous
combined SNR, denoted by γEGC , falls below a predetermined
threshold γth . Mathematically, the outage probability can be
expressed as [39]

Pout = Pr (γEGC < γth) =

∫ √
Nγth
γo

0

fT̄ (t) dt (29)

The outage performance for MIMO FSO systems is as follows

Pout = α3exp
(
ζ2
)
ζ4L+2q−2

(
ab

2A0Iaω

) a+b+3
2

×GL+2q+1,1
L+2q+2,2L+q+2

⎛
⎝ abL

√
Nγth
γo

2A0Iaω

∣∣∣∣∣
B5

B6

⎞
⎠ (30)

In (30), α3 =

∑Q
q=0 2(ab)

a+b
2 ( sL

2σ2
s
)
L+2q+1

Γ(L+2q+1
2 )

q!22L+q−1πΓ(a)Γ(b)ω
a+b
2 A0IaΓ(L+q)

,

B5 = 1, {L+2q+a+b+6
2 }Ll=1, and B6 = {L+2q+2a+2b+7

2 },
{L+2q+a+b+4

2 }Ll=1, 0.
Proof: See Appendix C.
Furthermore, an asymptotic closed-form expression for the

outage probability is given by

P̄out = α3exp
(
ζ2
)
ζ4L+2q−2

(
ab

2A0Iaω

) a+b+3
2

×
L+2q+1∑

k=1

⎛
⎝abL

√
Nγth

γo

2A0Iaω

⎞
⎠

−B5k

×
∏L+2q

i=1, i�=k Γ (B5k −B5i) Γ (1 +B6i −B5k)∏2L+q+2
i=2 Γ (1 +B5i −B5k) Γ (B5k −B6i)

(31)

C. Average BER Performance

For a MIMO FSO system employing OOK modulation, the
average BER performance is given by [21]

Pb = E

[
1

2
erfc

(√
γ0t2

4N

)]
(32)

The closed-form expression for the average BER of MIMO
FSO communication systems can be obtained as

Pb = α4exp
(
ζ2
)
ζ4L+2q−2

(
abL

2A0Iaω

)−L+2q+a+b+4
2

×G1,L+2q+3
4L+4q+6,2L+4q+4

⎛
⎝ 4γ0(A0I

aω)2

(abL)2

∣∣∣∣∣
B7

B8

⎞
⎠ (33)

where α4 =

∑Q
q=0 2(ab)

a+b
2 ( sL

2σ2
s
)
L+2q+1

Γ(L+2q+1
2 )

q!22L+q+1π
3
2 ln(2)Γ(a)Γ(b)ω

a+b
2 A0IaΓ(L+q)

,

B7 = 1, {−L+2q−2a−2b+3
4 }, {−a+b+1

4 }Ll=1, and B8 =

1, 0.5, {−L+2q+a+b−4
4 }Ll=1.

Proof: See Appendix D.
Asymptotically, at high SNR, the average BER can be ex-

pressed as

P̄b = α4exp
(
ζ2
)
ζ4L+2q−2

(
abL

2A0Iaω

)−L+2q+a+b+4
2

×
L+2q+3∑

k=1

(
4γ0(A0I

aω)2

(abL)2

)−B7k

×
∏L+2q+3

i=1, i�=k Γ (B7k −B7i) Γ (1 +B8i −B8k)∏2L+q+2
i=2 Γ (1 +B8i −B8k)

∏2L+4q+4
i=2 Γ (B7k −B8i)

(34)

Additionally, utilizing P̄b ≈ (Gcγ0)
−Gd [[58], (1)], we can

easily share that the coding gain Gc is given as

Gc=
4(A0I

aω)2

(abL)2

(
α4exp

(
ζ2
)
ζ4L+2q−2

(
abL

2A0Iaω

)−L+2q+a+b+4
2

×
∏L+2q+3

i=1, i�=k Γ (B7k−B7i) Γ (1+B8i−B8k)∏2L+q+2
i=2 Γ (1+B8i−B8k)

∏2L+4q+4
i=2 Γ (B7k−B8i)

)− 1
B7k

(35)

Thus, the diversity order Gd is given as

Gd = min

{
L+ 2q − 2a− 2b+ 3

4
,
a+ b+ 1

4

}
(36)

V. NUMERICAL RESULTS AND DISCUSSION

This section shows a numerical analysis of the ergodic ca-
pacity, outage probability, and average bit error rate of MIMO
FSO systems. These systems are investigated under the influ-
ence of generalized atmospheric turbulence, non-zero pointing
errors, and atmospheric attenuation. The Monte-Carlo simula-
tions performed in MATLAB serve as a reference point for
all figures. We outline the Monte-Carlo simulation process as
follows: Using the specified channel parameters γ0, M , N , σ2

z ,
wz/Ra, σs/Ra, we synthesize 106 independent and identically
distributed Gamma-Gamma random variables with generalized
pointing errors. This study accounts for the attenuation effects
that occur in moderate haze. The simulations use the system
configuration parameters listed in Table II, consistent with most
existing FSO systems [7], [48].

Fig. 6 illustrates the ergodic capacity of MIMO FSO systems
based on analytical, asymptotic, and simulations evaluations as
functions of the average SNR, γ0, considering different numbers
of transmitters, receivers, and different values for the non-zero
boresight pointing error under conditions of moderate turbulence



SHAKIR et al.: NOVEL APPROXIMATE DISTRIBUTION OF THE GENERALIZED TURBULENCE CHANNELS FOR MIMO FSO COMMUNICATIONS 7302715

TABLE II
FSO SYSTEM CONFIGURATION PARAMETERS

Fig. 6. The ergodic capacity of MIMO FSO systems for different combinations
of M, N numbers, and pointing error values.

with C2
n =1.7× 10−14m−2/3. In this scenario, non-zero bore-

sight pointing errors are considered with normalized beamwidth
and jitter parameters of (wz/Ra=5,σs/Ra=1), and (wz/Ra=
10, σs/Ra= 2). The figure shows that the analytical expression
in (25) and the asymptotic expression in (26) agree very well
with the results of the Monte-Carlo simulation and thus confirm
the accuracy of the proposed approximation. Remarkably, the
derived analytical expression for the ergodic capacitance is very
accurate over the entire range of SNR and agrees with the
simulation results from low to high SNR values. As expected,
increasing the number of receivers N leads to a remarkable
enhancement in the ergodic capacity. For example, for (wz/Ra,
σs/Ra) = (10, 2) and γ0 of 70 dB, the ergodic capacity for
a configuration of (M,N) = (2, 2) transmitters and receivers
is 11.9 bits/Hz/s, which increases to 14.6 bits/Hz/s when the
number of receivers is increased to N = 4. This is an example
of how the MIMO approach can significantly mitigate the effects
of pointing errors.

Fig. 7 shows the ergodic capacity of MIMO FSO systems
in terms of average electrical SNR, γ0, for different numbers of
transmitters, receivers, and turbulence intensities when (wz/Ra,
σs/Ra)= (5, 1), as well as results representing scenarios without
pointing errors. The analysis of these curves shows a smaller
variance σ2

z , which leads to a higher ergodic capacity. For
example, for (M,N) = (2, 2) and γ0 = 70 dB, the ergodic

Fig. 7. The ergodic capacity of MIMO FSO systems for different turbulence
intensities and M, N numbers.

Fig. 8. The ergodic capacity versus SNR for different pointing error values
with C2

n = 1.7 × 10−14m−2/3.

capacity reaches 19.2 bits/Hz/s when σ2
z is 0.1, compared to

18.1 bits/Hz/s for σ2
z of 0.8. Additionally, the capacity increases

significantly with a more significant number of receivers N .
For example, for σ2

z of 0.8 and γ0 of 70 dB, the ergodic capacity
increases from 18.1 bits/Hz/s forN = 2 to 20.2 bits/Hz/s forN =
3. Again, the result confirms that both the analytical expression
in (25) and the asymptotic expression in (26) agree well with the
Monte-Carlo simulations in all tested scenarios, including those
without pointing errors, emphasizing the high accuracy of the
approximation.

Furthermore, we have considered the models used in [14]
and [48] to compare the results under moderate turbulence
conditions, as shown in Fig. 8. The results obtained for the
considered MIMO system are superior to those of the SISO
model [14] and the MISO model [48]. For example, for (wz/Ra,
σs/Ra) = (5, 1) and γ0 of 70 dB, the ergodic capacity for the
considered system with configuration (M,N) = (2, 2) is 15.9
bits/Hz/s, which decreases to 9.5 bits/Hz/s and 5.1 bits/Hz/s in
the case of MISO and SISO systems, respectively.

Fig. 9 shows the outage probability of MIMO FSO sys-
tems for different configurations of transmitters and receivers
considering the normalized jitter. The analytical expression in
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Fig. 9. The outage probability of MIMO FSO systems for different combina-
tions of M, N, and pointing error values.

Fig. 10. The average BER performance of MIMO FSO systems for different
combinations of M, N, and pointing errors under moderate turbulence.

(30) correlates exceptionally well with the simulation results
over the entire SNR range. As expected, the outage probability
performance improves significantly as the number of receivers
increases. For example, with a normalized beamwidth and jitter
of (wz/Ra, σs/Ra) = (10, 2) and an SNR of 30 dB, the outage
probability for a configuration of (M , N) = (2, 2) is 3×10−6,
which drops significantly to 1×10−10 for (M , N) = (2, 4).

Furthermore, the outage probability is 3×10−3 for (wz/Ra,
σs/Ra) = (5, 1) with (M , N) = (2, 2), compared to 6×10−5

for (M , N) = (2, 4) at the same SNR. The results show that an
increased normalized jitter has a negative effect on the outage
probability. This finding is consistent with the results in [7] and
[48].

Fig. 10 shows the average BER performance of MIMO FSO
systems with different transmitters, receivers, and pointing error
strength combinations. It is noticeable that the average BER
improves significantly with smaller values for the beamwidth
and jitter, especially with a higher number of M and N . For
example, with (wz/Ra, σs/Ra) = (5, 1) and γ0 of 30 dB for
(M, N) = (2, 4) the average BER is 5×10−7, as opposed to
5×10−2 for a system with (wz/Ra, σs/Ra) = (10, 2). The
analytical results agree well with the low to medium SNR range

Fig. 11. The average BER performance of MIMO FSO systems for different
combinations of M, N , and atmospheric turbulence.

Fig. 12. The average BER versus SNR for different turbulence intensities.

simulation results and provide a lower limit for higher SNRs.
The asymptotic BER performance shown in Fig. 10 confirms
the validity of the expressions in (33) and (34).

Fig. 11 focuses on the average BER performance of a MIMO
FSO system with (wz/Ra, σs/Ra) = (10, 2) with different
M, N configurations, and turbulence intensities. The analyt-
ical expressions again show remarkable agreement with the
simulation results over the entire SNR range for both moder-
ate and strong turbulence, emphasizing the precision of (33).
Furthermore, a significant decrease in average BER is observed
when the number of receivers increases. Predictably, the average
BER performance deteriorates under more severe turbulence.
For example, to achieve an average BER of 10−5 under strong
turbulence with C2

n = 8× 10−14m−2/3, almost 6 dB more
transmit power is required for an (M, N) configuration of (2,
2) than for moderate turbulence.

We have also considered the models used in [6] and [47] to
compare the results under different turbulence conditions with
(wz/Ra, σs/Ra) = (10, 2), as shown in Fig. 12. The results
obtained for the considered scenario (MIMO) with (M, N) =
(2, 2) are better than those of the SISO model used in [6] and
the SIMO model in [47] with (M, N) = (1, 2) under all channel
conditions. For example, to achieve an average BER of 10−4
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with moderate turbulence, almost 24 dB more transmit power
is required for the SIMO system [47] than for the considered
MIMO system. The analytical results consistently match the
simulated results in all scenarios examined. This confirms the
effectiveness of the proposed method in approximating the PDF
of the sum of Gamma-Gamma variates with non-zero boresight
pointing errors and atmospheric losses under different channel
conditions. This novel method is also promising for evaluating
performance in other widely recognized channel models, such as
negative exponential, -K, and I-K, commonly used in congested
urban wireless communication and satellite systems [59].

VI. CONCLUSION

In this paper, the performance of MIMO FSO systems using
the EGC scheme was investigated in the presence of the sum of
Gamma-Gamma turbulence with non-zero boresight pointing
errors and atmospheric attenuation. We have developed a novel
analytical PDF approximation for this channel model. The ac-
curacy of this approximation is substantiated by the KS test over
a wide range of channel conditions. Using the derived statistical
formulas, we have formulated closed-form expressions for the
ergodic capacity, the outage probability, and the average BER
performance. The analytical expression for the ergodic capacity
accurately reflects the Monte-Carlo simulations for all SNR val-
ues. The asymptotic ergodic capacity has illustrated the influence
of the system parameters. In addition, the outage probability and
average BER results in all SNR ranges prove to be very accurate
and serve as reliable lower bounds at high SNR values.

APPENDIX A

Equation (15) can be written as the following

RQ (r) =
∞∑
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To simplify further, (37) can then be represented as follows
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Now, by applying the Stirling asymptotic formula [54, Eq.
(8.327.2)], (38) can be rewritten as
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For further simplification, [39] can then be written as follows
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The first equality in (40) holds according to (41), which means
that u = n/( 1
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The Stirling asymptotic formula [[54], Eq. (8.327.2)] can be
used to derive the third and fifth inequalities, provided that Q is
large enough. In addition, the fourth inequality applies due to
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APPENDIX B

The ergodic capacity of the MIMO FSO systems can be
expressed as

C =
1

ln 2

∫ ∞

0

ln

(
1 +

γ0t
2

N

)
fT̄ (t) dt (43)

where the series representation of fT̄ (t) is shown in (21). In
order to evaluate the above integral, we can express the natural
logarithm in terms of Meijer’s G-function [[54], Eq. (8.4.6.5)]
as

ln (1 + x) = G1,2
2,2

(
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)
(44)

By incorporating (21) and (44) into (43), we have
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Then, applying the integral formula in [[60], Eq.
(07.34.21.0013.01)], we can derive a closed-form expression
for the ergodic capacity of MIMO FSO systems C as in (25).

Additionally, Meijer’s G function can be expressed, at a
very low value of its argument, in terms of basic elementary
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functions via utilizing Meijer’s G function expansion in [[61],
Theorem 1.4.2, Eq. (1.4.13)] and limx→0+ cFd [e; f ;x] = 1
(here cFd denotes the generalized hypergeometric function)
[62] as

lim
z→0+

Gm,n
p,q

(
z| a1, . . . , an, . . . , ap

b1, . . . , bn, . . . , bp

)
=
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×
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∏m

i=1 Γ (1 + bi − ak)∏p
i=n+1 Γ (1 + ai − ak)

∏q
i=m+1 Γ (ak − bi)

(46)

where, ak − ai �= 0,±1,±2, . . .; (k, i = 1, . . . , n; k �= i) and
ak − bi �= 1, 2, 3, . . .; (k = 1, . . . , n; i = 1, . . . ,m) [45].

APPENDIX C

To find the outage probability of the MIMO FSO systems, we
incorporate the PDF expression of (21) in (29) as

Pout =
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Then, by applying the integral formula in [[56], (26)], using
(2), and replacing γ with γth, we can derive a closed-form
expression for the outage probability of MIMO FSO systems
Pout as in (30).

APPENDIX D

The average BER of the MIMO FSO systems can be found
by representing the complementary error function, erfc(.) in
(32) [[54], Eq. (8.250.4)] using Meijer’s G-function [[63], Eq.
(8.4.14.2)] as
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By incorporating (48) into (32), we have the following
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Then, by substituting (21) into (49), we have the following
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Now, by applying the integration formula in [[60], Eq.
(07.34.21.0013.01)], we have a closed-form expression for the
average BER as in (33). In (33), the parameters α4, B7, and B8

are defined as the following
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