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Spatial Constellation Design for MIMO Visible
Light Communication Based on the Optimal

Geometric Shaping
Jia-Ning Guo and Jian Zhang

Abstract—As a wireless communication which combines illumi-
nation and communication, visible light communication (VLC) has
attracted great attention. In indoor VLC systems, multiple illumi-
nation devices are commonly employed, forming a natural multi-
input multi-output (MIMO) communication system. In this paper, a
spatial constellation design based on the optimal geometric shaping
is proposed for the MIMO-VLC system with the peak-power and
total average-power constraints. Firstly, we derive the optimal
geometric shaping region for the MIMO-VLC system under the
aforementioned power constraints. Subsequently, we intersect the
scaled integer lattice with the optimal geometric shaping region
and combine it with minimum-energy mapping to obtain a spatial
constellation. Simulation results for indoor MIMO-VLC systems
verify the superiority of our approach compared to conventional
methods.

Index Terms—Visible light communication (VLC), multi-input
multi-output (MIMO), constellation design, constellation shaping.

I. INTRODUCTION

V ISIBLE light communication (VLC), as an emerging wire-
less communication technology that integrates illumina-

tion and data transmission, has witnessed rapid advancements
in recent years [1], [2], [3]. VLC leverages the widespread
deployment of light emitting diodes (LEDs) as transmitters and
photodiodes (PDs) as receivers. Given the exponential growth
and extensive utilization of LEDs, VLC is considered a promis-
ing solution for indoor wireless communication scenarios in
the future [4], [5], [6]. The VLC system typically employs
intensity-modulation direct-detection (IM/DD) for its simplic-
ity. The transmitted signal is modulated onto the optical intensity
emitted by LEDs and subsequently recovered through direct
detection of the incoming light at PDs.

Additionally, in practical indoor environments, multiple
LEDs are simultaneously employed to enhance illumination
capabilities, thereby establishing the groundwork for poten-
tial integration of VLC with multi-input multi-output (MIMO)
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techniques. By leveraging MIMO techniques, VLC can be ef-
fectively utilized to achieve higher data rates and improved
energy efficiency. Therefore, it is necessary to conduct research
on MIMO-VLC to enhance the reliability and effectiveness of
indoor VLC systems.

The MIMO-VLC model and the MIMO in radio frequency
(RF) wireless communications channel model differ in two
aspects: 1) The signal of the VLC system must be nonnegative,
resulting in a disparity in signal space between the VLC system
and the RF communication system. 2) The power of the signal in
VLC is proportional to the intensity instead of its square in RF
domain. Due to the two differnces, the singular-value decompo-
sition (SVD) scheme used to transform MIMO-RF channels to
parallel channels is not directly applicable in MIMO-VLC [7].

In the context of traditional MIMO techniques, repetition
coding (RC) involves simultaneous transmission of identical
signals from all LEDs, resulting in improved error performance
in highly correlated channels [8]. In contrast, spatial multi-
plexing (SMP) is designed for independent signal transmission
from each LED and exhibits superior error performance in low
correlated channels [9]. Both schemes design transmitted signals
irrespective of channel state information (CSI), and cannot adapt
to the channel.

A novel constellation design is proposed in [10] for the
MIMO-VLC system, which aims to optimize symbol collab-
oration in order to minimize average optical power while
maintaining a fixed minimum Euclidean distance (MED). A
new superposed odd-order 32 quadrature amplitude modulation
(QAM) constellation design is introduced, where two LEDs
transmit a 4QAM and geometricly shaped square 8QAM re-
spectively [11]. Additionally, this design is extended to sup-
port higher-order QAM constellations of the form 2n [12].
These schemes exhibit excellent performance and primarily
focus on 2× 2 MIMO-VLC systems. Furthermore, the channel-
adaptive space-collaborative constellation (CASCC), as men-
tioned in [13], exhibits superior performance and broader
applicability compared to conventional MIMO-VLC schemes,
with its constraint condition being the average electronic power.
Typically, in practical indoor VLC systems, the optical power
transmitted from multiple LEDs installed at different positions
need to be constrained considering factors such as LED non-
linearity, limited dynamic range, and user requirements. In this
paper, motivated by the multidimensional constellation design
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Fig. 1. System model of the MIMO-VLC system.

for single-input single-output (SISO) VLC system based on the
optimal geometric shaping in [14] and the minimum-energy
mapping (MEM) presented in [15], we proposed a spatial con-
stellation design based on the optimal geometric shaping (OGS)
for the MIMO-VLC system under the peak-power and total
average-power (PTA) constraints. The main contributions of
our work can be summarized as follows: We mathematically
derive the expression for the optimal geometric shaping region
of the MIMO-VLC system under the PTA constraints, which is
determined by a single parameter ν. Subsequently, we intersect
the optimal geometric shaping region with the scaled integer
lattice to obtain the equivalent transmitted signal constellation,
which is then mapped to the transmitted signal constellation
using the minimum-energy mapping.

The remainder of this paper is organized as follows. The
channel model presented in Section II. In Section III, we
provide a comprehensive review of the theoretical basis to
facilitate the introduction of the proposed constellation design.
Subsequently, in Section IV, we propose a spatial constellation
design based on optimal geometric shaping. Furthermore, sim-
ulation results demonstrating the superior performance of our
scheme compared with conventional MIMO–VLC schemes are
presented in Section V. Finally, Section VI concludes this paper.

Notations: The operator E[·] represents the expectation, while
Pr{·} denotes the probability of an event. The sets R, N, and
Z refer to the real numbers, natural numbers, and integers
respectively. The operator ‖ · ‖p signifies the lp-norm of a vector,
and | · | indicates the cardinality of a given set. The operator
vol(·) is the volume of an Euclidean space.

II. CHANNEL MODEL

The channel considered in this paper, as illustrated in Fig. 1, is
annR × nT MIMO-VLC channel whose output can be modeled
by

y = Hx+ z, (1)

where the nT-dimensional real-valued vector x =
(x1, . . . , xnT

)� is the transmitted optical intensity signal,
which is selected with equal probability from a constellation
set denoted as X , and y = (y1, . . . , ynR

)� denotes the
nR-dimensional received signal; where the nR-dimensional
vector z = (z1, . . . , znR

)� represents the channel noise, which

is modeled as additive white Gaussian noise (AWGN) with a
zero mean and variance of σ2; where the channel gain matrix
H = [h1, . . . ,hnT

] is an nR × nT deterministic real-valued
matrix and hi is an nR-dimensional column vector that
represents the channel gains from the i-th transmitter to the nR
receivers. The element hij of the channel gain matrix H can be
calculated by the Lambertian model [4]:

hij =

{
gTSA(m+1)

2πD2
ij

cosm(φij) cosψij , 0 ≤ ψij ≤ ΨC

0, ψij > ΨC

(2)

where A represents the physical area of the PD, Dij denotes
the distance between the j-th LED and the i-th PD, m sig-
nifies the order of Lambertian radiation determined by the
half-power angle of the LED Φ1/2, which can be calculated
as m = − ln 2/ ln(cosΦ1/2). φij , ψij , TS , and g refer to the
incidence angle, irradiance angle, optical filter gain, and concen-
trator gain respectively. ΨC represents the field of view (FOV)
of the PD.

In scenarios where the MIMO channels have more receivers
than transmitters (i.e.,nR ≥ nT), the equivalent transmitted sig-
nal (defined in (6)) can be uniquely mapped onto the transmitted
signal. The constellation design procedures are the same with the
scenario where nT > nR except for the zonotope partition and
the minimum-energy mapping. Therefore, considering a more
complex and general case, in this paper, we mainly focus on the
MIMO channels with more transmitters than receivers. Without
loss of generality, we make the following assumptions:

nT > nR > 1, rank (H) = nR, (3)

Such a system arises when the transmitter is based on an existing
illumination system with many LEDs, while the receiver PDs are
procured at additional cost [15].

Two main constraints in the MIMO-VLC system is the peak-
power constraint and the total average-power constraint which
are attributed to the limited dynamic range of LED devices and
the need for dimming control or energy consumption. In this pa-
per, we normalize the peak-power constraint on the transmitted
signals as

x ∈ [0, 1]nT , (4)

and the total average-power constraint is

E [‖x‖1] ≤ α, (5)
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where the parameter α denotes the allowed total average power
of all LEDs together. Equation (4) and (5) constitute the PTA
constraints.

We denote the transmitted signal constellation by X ⊆ R
nT
+

due to the nonnegativity of optical signals, and the cardinality
of it can be represented byM ∈ N+. Therefore, the normalized
bit rate of the constellation X is β = logM2 . Then we define the
equivalent transmitted signal as

s = Hx, (6)

and the equivalent transmitted signal constellation is S.
Indoor VLC systems generally operate at a high signal-to-

noise ratio (SNR) regime [4]. With the perfect CSI at the receiver
in the high-SNR, the error performance is primarily determined
by the MED of the equivalent transmitted signal constellation
S, and the figure of merit can be expressed as

dmin = min
s1,s2∈S
s1 �=s2

‖s1 − s2‖2 = min
x1,x2∈X
x1 �=x2

‖Hx1 − Hx2‖2 . (7)

Therefore, the target of this paper is to design a size-M trans-
mitted signal constellation satisfies the PTA constraints while
maximizing dmin.

For the VLC system, the channel is regarded as time-invariant,
but it may change with the locations of transmitters and receivers
according to the Lambertian model in (2). In this paper, the
LEDs are assumed to be installed on the ceiling, so the CSI
changes with the locations of the PDs. When the user is moving,
the CSI can be estimated and fed back to the transmitters by
the receivers through the feedback channel in negligible time
without considerably affecting performance [13], [16]. The
constellation can be designed by leveraging the CSI, thereby
enabling adaptability to user mobility.

III. THEORETICAL BASIS

To facilitate a clear presentation of our proposed constellation
design, we illustrate some theoretical basis in this section.

A. Minimum-Energy Mapping and Zonotope Decomposition

From (3) and (6), we know the support set of the equivalent
transmitted signal is the graph mapped from the support set
of the transmitted signal by a rank deficient matrix. It means
that an equivalent transmitted signal may correspond to multiple
transmitted signals. Therefore, it is necessary to find a unique
mapping with minimum energy between the equivalent trans-
mitted signal and the transmitted signal.

The minimum-energy mapping is essentially a solution to the
following linear programming (LP) problem:

min 1�
nT

x

s.t. Hx = s

Lx ≤
[
1nT

0nT

]
(8)

where 1nT
denotes the nT-dimensional all ones column vector,

0nT
represents the nT-dimensional all zeros column vector, the

matrix

L =

[
InT

−InT

]
,

and InT
is the nT-dimensional identity matrix.

The LP problem has been solved in [15] and the minimum-
energy mapping can be summarized as follows.

The equivalent transmitted signal s takes value in the zonotope
Z(H), which is defined as

Z (H) �
{

nT∑
i=1

λihi : λ1, . . . , λnT
∈ [0, 1]

}
.

The MEM strategy partitions the zonotope into at most Np

parallelepipeds, where Np =
(
nT

nR

)
. Each parallelepiped Pi is

spanned by a nR-dimensional full-rank matrix HUi
, where

Pi �

⎧⎨
⎩

nR∑
j=1

λjhj : λ1, . . . , λnR
∈ [0, 1] , j ∈ Ui

⎫⎬
⎭ ,

and

HUi
� [hj : j ∈ Ui]

is a subset of nR linearly independent columns of the channel
matrix, and Ui is an index set.

Then we define U as the set of all choices of Ui:

U � {Ui : i = 1, . . . , Np}
= {U = {j1, . . . , jnR

} ⊆ {1, . . . , nT} :

hj1 , . . . ,hjnR
are linearly independent

}
.

While the complementary set of Ui is represented by

Uc
i � {1, . . . , nT} \ Ui.

The nR-dimensional coefficient vector is defined as:

γUi,j � H−1
Ui
hj ,Ui ∈ U, j ∈ Uc

i . (9)

The sum of γUi,j is

aUi,j � 1�
nR

γUi,j ,Ui ∈ U, j ∈ Uc
i . (10)

Then we let

gUi,j �
{
1, aUi,j > 1

0, otherwise
Ui ∈ U, j ∈ Uc

i , (11)

and the basic cost vector is given by

gUi
= (gUi,j : j ∈ Uc

i )
�. (12)

We define vUi
as the translation vector:

vUi
�
∑
j∈Uc

i

gUi,jhj ,Ui ∈ U. (13)

For a equivalent transmitted signal s within the parallelepiped
Pi spanned by HUi

, the corresponding transmitted signal x =
(x1, . . . , xnT

)� is given by

xj =

{
gUi,j , j ∈ Uc

i ,

qUi,j , j ∈ Ui,
(14)
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where the vector qUi
= (qUi,j : j ∈ Ui)

� is calculated by

qUi
� H−1

Ui
(s− vUi

) . (15)

Therefore, the minimum-energy mapping procedures from an
nR-dimensional equivalent transmitted signal s to an nT-
dimensional transmitted signal x can be summarized the two
steps
� Step 1: Identify the specific parallelepiped within the zono-

tope Z(H) to which the equivalent transmitted signal s
belongs. Refer to this parallelepiped as Pi, and denote its
corresponding full-rank matrix as HUi

.
� Step 2: Calculate the (nT − nR)-dimensional vector gUi

and the nR-dimensional vector qUi
, and map s to x by

(14).

B. Optimal Geometric Shaping for SISO-VLC

Constellation shaping technology is an important approach
to improve the performance of communication system [17],
[18]. The constellation shaping can be divided into probabilistic
shaping [19], [20], [21] and geometric shaping [14], [22], [23]. In
this paper, we focus on the geometric shaping, which obtains the
shaping gain by uniformly distributing the constellation points
in a specific subset of Euclidean space. Therefore, the crucial
aspect of the spatial constellation design is to determine the
optimal geometric shaping region of the MIMO-VLC system
under the PTA constraints.

Before determining the optimal geometric shaping region for
MIMO-VLC, we first introduce the optimal shaping region for
SISO-VLC as a theoretical basis. In [14], the optimal geometric
shaping region is provided for the SISO-VLC system under the
peak- and average-power constraints. According to [14], the
multidimensional optimal geometric shaping region refers to
the cost-optimal region that maximizes the volume while ensur-
ing uniformly distributed constellation bounded by the region
satisfying the power constraints. The cost of an n-dimensional
regionX , which can be approximated by a uniformly distributed
constellation with a sufficiently large cardinality within X [18],
[24], is defined as

fcost(X ) � 1

n× vol (X )

∫
X

n∑
i=1

xi dΩ, (16)

where x = (x1, . . . , xn)
� ∈ X, and X is the uniformly dis-

tributed constellation with sufficiently large cardinality bounded
by the region X .

The optimal geometric shaping region for the multidimen-
sional constellation of the SISO-VLC system, subject to the
peak- and average-power constraints, has been proposed as a
truncated cube determined by a single parameter t ∈ (0, nR].
The region ensures that the sum of all elements in the constella-
tion points x bounded by it satisfies

∑n
i=1 xi ≤ t. The volume

of an n-dimensional truncated cube is

Vn(t) =
1

n!

n∑
j=0

(
n

j

)
(−1)j(t− j)n1+(t− j), (17)

where the value of 1+(x) equals 1 if x � 0, and 0 otherwise.
The cost of the n-dimensional truncated cube can be calculated
by

Pn(t) =
1

n
(t

− 1

Vn(t)(n+ 1)!

n∑
j=0

(
n

j

)
(−1)j(t− j)n+11+(t− j)).

(18)

IV. CONSTELLATION DESIGN BASED ON OPTIMAL GEOMETRIC

SHAPING

In this section, we initially derive the optimal geometric shap-
ing region for the MIMO-VLC system, followed by proposing a
constellation design based on the obtained result combined with
the scaled integer lattice.

A. Optimal Geometric Shaping

For the MIMO-VLC with rank(H) = nR, we focus on the
nR-dimensional equivalent transmitted signal. The cost-optimal
region of the equivalent transmitted signal is the maximum
nR-dimensional volume over all closed regions S satisfying the
following constraints:

S ⊆ Z (H) ⊆ R
nR , (19a)

fcost(S) ≤ α. (19b)

Analog to (16), the cost metric fcost(S) is defined as

fcost(S) � 1

vol (S)
∫
S
‖fmin(s)‖1 dΩ, (20)

where fmin(s) can be obtained by the minimum-energy mapping
procedures in Section III-A, and s is uniformly distributed over
S .

From [15], we know that the zonotope can be partitioned
into at most Np parallelepipeds. Therefore the closed region
S satisfies (19) can also be partitioned into at most Np parts.

S =
⋃

i∈{1,...,Np}
Si, (21)

whereSi = S⋂Pi. Theorem 1 provides the cost-optimal region
for the MIMO-VLC system.

Theorem 1: The image of the cost-optimal region for the
MIMO-VLC under the PTA constraints is

Sopt =
⋃

i∈{1,...,Np}

⎧⎨
⎩Si ⊆ Pi : ∀s ∈ Si,

∑
j∈Ui

xj ≤ ti

⎫⎬
⎭ , (22)

where x = fmin(s) is obtained by the minimum-energy map-
ping and ti is a parameter which is given by:

ti =

⎧⎪⎨
⎪⎩
0, ν − Ni � 0

ν − Ni, 0 < ν − Ni < nR

nR, ν − Ni � nR

(23)
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where Ni = 1�gUi
represents the basic cost of Pi.

Proof: The volume of S is represented by

vol (S) =
∑

i∈{1,...,Np}
vol (Si) (24)

=
∑

i∈{1,...,Np}
Di × vol (Xi) , (25)

=
∑

i∈{1,...,Np}
Di × VnR

(ti) , (26)

where (26) follows from the zonotope decomposition and the
volume of the nR-dimensional cost-optimal region for SISO-
VLC,1 and Di can be calculated by

Di =| det (HUi
) | . (27)

It is known that the cost-optimal region maximizes the volume
while satisfying the constraints in (19). However, this problem
is challenging and can be transformed into its dual form, which
aims to minimize the cost of a given volume Vs to obtain
parameters of the cost-optimal region.

The cost of S is given by (20). Substituting (26) into (20), we
can conclude that

fcost(S) = 1

vol (S)
∫
S
‖fmin(s)‖1 dΩ, (28)

=
1

vol (S)
∑

i∈{1,...,Np}
Di

∫
Xi

⎛
⎝∑

j∈Ui

xj + Ni

⎞
⎠ dΩ′,

(29)

=
1

vol (S)
∑

i∈{1,...,Np}
DiVnR

(ti) (nRPnR
(ti) + Ni) ,

(30)

=
1

Vs

∑
i∈{1,...,Np}

DiVnR
(ti) (nRPnR

(ti) + Ni) ,

(31)

where (29) follows from the minimum-energy mapping, and (30)
is obtained by the cost of SISO-VLC in (16).

Then we let

Φn(t) = nVn(t)Pn(t) (32)

= tVn(t)− 1

(n+ 1)!

n∑
j=0

(
n

j

)
(−1)j(t− j)n+11+ (t−j),

(33)

whose derivative satisfies

Φ′
n(t) = tV ′

n(t) + Vn(t)

− 1

n!

n∑
j=0

(
n

j

)
(−1)j(t− j)n1+ (t− j) (34)

= tV ′
n(t). (35)

1It should be noted that the dimension of the spatial constellation is the rank
of the channel matrix rather than the number of channel uses.

where (33) and (35) follow from (18) and (17), respectively.
Therefore, the optimal problem is given by

min
∑

i∈{1,...,Np}
Di [VnR

(ti)Ni +ΦnR
(ti)]

s.t.
∑

i∈{1,...,Np}
DiVnR

(ti) = Vs, (36)

By the Lagrange condition, we can obtain

L(t, ν) =

⎛
⎝ ∑

i∈{1,...,Np}
Di [NiVnR

(ti) + ΦnR
(ti)]

⎞
⎠

− ν

⎛
⎝ ∑

i∈{1,...,Np}
DiVnR

(ti)− Vs

⎞
⎠ , (37)

where ν is the Lagrange multiplier, and t = (t1, . . . , tNp
) rep-

resents the optimization variable. The necessary condition for
extreme values is given by

Di

[
NiV

′
nR

(ti) + Φ′
nR

(ti)
]
= νDiV

′
nR

(ti) (38)

Then we replaceΦ′
nR

(ti) by (35), the parameter ti should satisfy

ti = ν − Ni. (39)

Due to ti ∈ (0, nR], the final condition ti should satisfy is
summarized as (23). �

As demonstrated in Theorem 1, the cost-optimal region of the
MIMO-VLC system under the PTA constraints is determined by
a single parameter ν. The parameter ti increases as the param-
eter ν increases within the range of ν ∈ [0, nT], in accordance
with (23). Additionally, due to the monotonicity of Vn(t) in
(17), the volume of the optimal geometric shaping region also
increases. Consequently, an increase in the parameter ν leads to
a corresponding increase in the volume of the optimal geometric
shaping region.

Moreover, the parameter ν can be accurately determined
through the bisection method using α due to the cost metric
fcost(S) exhibits a monotonic increase with respect to the
parameter ν, within the range of ν ∈ [0, nT]. The proof of
the monotonicity property is presented in Appendix A. The
optimization process can be mainly divided into the bisection
method and the calculation of fcost(S). The computational
complexity of the bisection method is O(log(nR)), and the
computational complexity of the calculation of fcost(S) by (30)
is O(Np · nR). Therefore, the computational complexity of the
optimization process is O(Np · nR log(nR)).

When the parameter ν → ∞, ti = nR for all index i ∈
{1, . . . , Np}. Therefore, the volume of Xi is

vol(Xi) = VnR
(nR) = 1,

and the volume of S is given by

vol(S) =
∑

i∈{1,...,Np}
Di vol(Xi) =

∑
i∈{1,...,Np}

Di, (40)
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Fig. 2. The distribution of illuminance in the 5 m×5 m×3 m room with three
LED arrays on the ceiling.

TABLE I
LED PARAMETERS

TABLE II
CONFIGURATION PARAMETERS

TABLE III
PD POSITIONS

where Di is provided in (27). Then we substitute vol(S) and
vol(Xi) into (30), we can conclude that

αth =
∑

i∈{1,...,Np}

Di∑
i∈{1,...,Np} Di

(nRPnR
(ti) + Ni) (41)

=
nR
2

+
∑

i∈{1,...,Np}

DiNi∑
i∈{1,...,Np} Di

, (42)

TABLE IV
SNR GAINS OF THE PROPOSED SCHEME COMPARED WITH THE TWO

CONTRAST SCHEMES

where αth is the threshold of the average-power constraint
parameter α, as proposed in [15]. When α ≥ αth, the average-
power constraint becomes inactive. In this paper, we establish
its validity by considering the optimal shaping parameter ap-
proaching positive infinity.

B. Constellation Design

As discussed in Section IV-A, the cost-optimal region for
the MIMO-VLC system is characterized by an nR-dimensional
zonotope comprising a maximum of Np pieces. Hence, the
primary challenge lies in arranging M uniformly distributed
equivalent transmitted signal constellation points within the
zonotope.

According to [25], a lattice refers to a regular array in Eu-
clidean space that exhibits geometric uniformity. In this paper,
we employ the scaled nR-dimensional integer lattice ZnR

to
obtain uniformly distributed equivalent transmitted signal con-
stellation points within the cost-optimal region, where

ZnR
= {(x1, x2, . . . , xnR

) : xi ∈ Z} , 1 � i � nR,

and Z is the set of all integers.
The initial scaling factor κin is chosen to ensure that the

intersection ofκinZnR
andSopt contains more thanM elements.

Subsequently, we incrementally increase the scaling factor κ
with a fixed step size until we determine the maximum scaling
factor κmax that satisfies the given conditions. The constellation
of equivalent transmitted signals refers to the size-M average-
power-minimized subset of the intersection κmaxZnR

∩ Sopt.
The constellation design is provided in Algorithm 1.

V. SIMULATION RESULT

In this section, we conduct simulations on an indoor MIMO-
VLC system to evaluate the performance of the proposed
constellation design and compare it with other conventional
MIMO–VLC schemes under different average-power con-
straints.

For the multi-LED VLC system, it is more general to assume
a square LED layout with four LED arrays on the ceiling.
However, for the sake of simplicity, in this paper, we consider a
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Fig. 3. Cost-optimal region and constellation points under the channel condition of H1.

Fig. 4. Cost-optimal region and constellation points under the channel condition of H2.

Fig. 5. BER curves of the three schemes under the channel condition of H1.



7302310 IEEE PHOTONICS JOURNAL, VOL. 16, NO. 4, AUGUST 2024

Fig. 6. BER curves of the three schemes under the channel condition of H2.

Algorithm 1: Constellation Design Based on the Optimal
Geometric Shaping.

1: Input: The average-power constraint parameter α, the
channel gain matrix H, the bit rate β.

2: Output: The transmitted signal constellation X.
3: M = 2β ; Np =

(
nT

nR

)
;

4: Partition the zonotope Z(H) into Np parallelepipes;
5: Employ Theorem 1 to ascertain the shaping parameter ν

based on the parameter α, and determine the
cost-optimal region Sopt;

6: Determine an initial scaling factor κin which satisfies

| κinZnR
∩ Sopt |> M ;

7: Select a proper step size δ;
8: κ = κin;
9: Loop

10: κ = κ+ δ;
11: Until | κZnR

∩ Sopt |< M
12: κmax = κ− δ;
13: End
14: Utilize minimum-energy mapping to map the points in

the set κmaxZnR
∩ Sopt onto the corresponding

transmitted signals;
15: The constellation X is obtained by selecting M points

that minimize the total average power.
16: End

2× 3MIMO-VLC system in a room measuring 5 m×5m×3m,
and a triangular LED layout with three LED arrays on the ceiling.
We should first prove the system we considered is practical in
terms of illumination.

According to International Organization for Standardization
(ISO), the illuminance of 300 to 1500 lx in required for offices
work [4]. From [4], we also know that the horizontal illuminance

at a point (x, y) is given by

Ehor = I(0) cosm(φij)/D
2
ij · cos(ψij), (43)

where I(0) denotes the center luminous intensity of an LED,
φij , ψij , and Dij are the parameters of Lambertian model in
(2). Then we provide the simulated illuminance of the 5 m ×5 m
×3m room with a triangular LED layout consisting of three LED
arrays on the ceiling in Fig. 2. The other simulated parameters
of LEDs are summarized in Table I. It is should be noted that
the height of user terminals in the simulation is 0.9 m, which is
the average height of PD1 and PD2 in Table III.

From Fig. 2, we can see that the illuminance of the room
with three LED arrays on the ceiling is 300 to 1200 lx, which
satisfies the standard of ISO. Therefore, this result shows that
the assumption of three LED arrays on the ceiling is practical in
terms of illumination.

The configuration parameters are listed in Table II. In our
simulations, the three LEDs are installed at fixed positions on
the ceiling, while the two PDs are randomly located within the
FOV, which reflects practical conditions. To provide different
zonotope decompositions, we select two representative channels
for simulation. The PD positions for these two channels are listed
in Table III.

The channel gain matrix is computed using (2) with the param-
eters specified in Table II and Table III. For the convenience of
subsequent presentation, the deterministic real-valued channel
gain matrix can be normalized without loss of generality by
dividing it with the maximum sum value of the rows in the
channel matrix. Consequently, the two resulting normalized
channel gain matrices are given by

H1 =

[
0.5984 0.2295 0.1721
0.3308 0.2053 0.3570

]
,

H2 =

[
0.2316 0.5440 0.2244
0.1314 0.4757 0.2634

]
.
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A. Cost-Optimal Region and Constellation Analysis

According to the previous findings, it is evident that the
cost-optimal region primarily relies on two key factors: the
channel gain matrix H and the average-power constraint pa-
rameter α. Hence, we present the cost-optimal region along
with corresponding constellation points for different channel
conditions and various average-power constraint parameters
when considering a bit rate of β = 5 bits per channel use (bpcu)
(resulting in a constellation cardinality of M = 2β = 32).

In Figs. 3 and 4, the solid red line surrounds the optimal
geometric shaping region Sopt, while the dashed line encloses
the zonotope Z(H), and the regions with different colors depict
the parallelograms Pi spanned by HUi

. Additionally, blue points
within Sopt are used to represent the equivalent transmitted
signal constellation points.

As observed from Figs. 3 and 4, the cost-optimal region, which
is associated with the parameter α can be decomposed into at
mostNp regions, and each region corresponds to a subset of the
parallelepiped Pi. Furthermore, it is evident that the proposed
scheme achieves uniform distribution of constellation points
within the cost-optimal region.

B. Error Performance

In this subsection, we compare the error performance of
the proposed OGS scheme with two traditional MIMO-VLC
schemes, the RC scheme and the SMP scheme.

The RC scheme involves the simultaneous transmission of
identical signals from all transmitters, as expressed by

x�
RC =

(
2αi

(M − 1)nT

)nT

, i ∈ {0, 1, . . . ,M − 1} . (44)

Optical signals transmitted from different LEDs in the RC
scheme are combined at the PD receiver through distinct chan-
nels, resulting in significant diversity gain.

The SMP scheme enables each LED to independently transmit
signals, thereby providing multiplexing gain. The signal is given
by

x�
SMP=

(
2αi1

(M1 − 1)nT
,

2αi2
(M2 − 1)nT

, . . . ,
2αinT

((MnT
− 1))nT

)
,

(45)

where for all k ∈ {1, . . . , nT}, ik is selected from the set
{0, 1, . . . ,Mk − 1}, and Mk represents the cardinality of the
constellation set for the k-th LED, subject to the constraint∑nT

k=1Mk =M .
To assess the error performance, we present the bit error

rate (BER) curves for the three schemes across diverse channel
conditions, average-power constraints, and bit rates. For scaling
invariance, the SNR is defined as the maximum received signal
power divided by the standard deviationσ of the noise [26], [27].
Mathematically, it can be expressed as follows:

SNR � 1

σ
. (46)

Figs. 5 and 6 provide the BER curves of the three schemes
when the channel gain matrix is H1 and H2 respecitvely. As

depicted in Figs. 5 and 6, the proposed scheme exhibits superior
error performance compared to the two contrast schemes while
also demonstrating adaptability across various optical channels.
Given the targeted BER of 10−5, the gain of the proposed scheme
compared with RC and SMP under different conditions is shown
in Table IV.

As depicted in Table IV, the gains of the proposed scheme
compared with other schemes under channel condition H1, are
observed to be larger than those under channel condition H2

when all other conditions remain constant. This discrepancy can
be attributed to the fact that the cost-optimal region is greater
under H1 than under H2.

VI. CONCLUSION

In this paper, we propose a geometrically-shaped constel-
lation design for MIMO-VLC systems under the peak-power
and total average-power constraints. The proposed scheme
combines the cost-optimal region with a scaled integer lattice
to achieve a spatial constellation design. Simulation results
demonstrate that the proposed constellation design outperforms
conventional methods in indoor MIMO-VLC scenarios. In con-
clusion, our proposed scheme represents a promising solu-
tion for the MIMO-VLC system under the aforementioned
constraints.

APPENDIX A
PROOF OF THE MONOTONICITY BETWEEN ν AND fcost(S)
In [14], another align for Pn(t) is given by

Pn(t) =
1

n
E [Z|Z ≤ t] , (47)

where Z =
∑n

i=1Xi, and X1, . . . , Xn are independent and
uniformly distributed random variables on the interval [0,1]. The
expressionE[Z|Z ≤ t] represents the conditional expectation of
Z given that Z ≤ t.

Combine (24), (30), and (32), we can obtain that

fcost(S) =
∑

i∈{1,...,Np} Di [NiVnR
(ti) + ΦnR

(ti)]∑
i∈{1,...,Np} DiVnR

(ti)
, (48)

whose derivative with respect to t is given by

f ′cost(S, t) =(∑
i∈{1,...,Np}(ti − nPnR

(ti))
)
·
(∑

i∈{1,...,Np} DiV
′
nR

(ti)
)

∑
i∈{1,...,Np} DiVnR

(ti)
,

(49)

which follows from (32) and (35).
The denominator of the derivative is positive due to the

definition of Di and Vn(t). From (47), we know that nPn(t) =
E[Z|Z ≤ t], thus nPn(t) < t and the first term in the numerator
is positive. As stated in [14], within the range of t ∈ [0, n], it is
known that Vn(t) strictly increases with respect to t. Therefore,
we have V ′

n(t) > 0 and the second term in the numerator is
positive for values of ti within [0, nR]. Consequently, it can be
concluded that the derivative of fcost(S) with respect to t is
positive within the range of ti ∈ [0, nR].



7302310 IEEE PHOTONICS JOURNAL, VOL. 16, NO. 4, AUGUST 2024

Furthermore, based on the aforementioned derivation, we
know that the range of ti lies within ti ∈ [0, nR]. From (23),
we know that the parameter ti is monotonically increasing
with the paremeter ν within the range of ti ∈ [0, nR], for all
i ∈ {1, . . . , Np}. Considering the definition of Ni and (12), it
is evident that the maximum value of Ni is (nT − nR). Thus,
the monotone interval of ν is given by ν ∈ [0, nT]. Combining
this conclusion with the above derivation, we can conclude
that fcost(S) exhibits a monotonic increase with respect to the
parameter ν, within the range of ν ∈ [0, nT].
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