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Abstract—Rat-race circuit devices are crucial components in
the design of THz-wave circuits. Although nonradiative dielectric
(NRD) waveguides having simple structures and extremely low loss
are promising platforms for THz-wave circuits, it may difficult
to realize conventional rat-race devices in NRD platform due to
the appearance of unwanted LSE01 mode in the output ports.
Therefore, optimal design of these devices is very essential for
THz-wave circuit applications. In this paper, we present topology
optimal design of THz NRD rat-race circuit based on function
expansion method and covariance matrix adaptation evolution
strategy (CMA-ES). The proposed method overcomes the difficulty
of appearing unwanted LSE01 mode in the output ports, thus
the optimized devices achieved the significant improvement in the
device performance in comparison with that of conventional NRD
rat-race devices. In addition to the NRD rat-race circuit, a 90◦

hybrid device is also designed in order to confirm the validity of the
proposed design approach. A thorough discussion of the fabrication
tolerance of proposed devices has also been conducted in detail.

Index Terms—Nonradiative dielectric (NRD) waveguide, rat-
race circuit, 90◦ hybrid device, topology optimization, function exp-
ansion method, covariance matrix adaptation evolution strategy
(CMA-ES), full-vectorial finite element method.

I. INTRODUCTION

THE rapid increase in the amount of data transmission rate
over the internet in recent years allows terahertz-wave

band [1] to be investigated actively and meet the demand for
high-speed, large-capacity optical communications. The THz
band has a wide range of applications in numerous scientific
and technological fields, such as communication, absorbers,
biotechnology, spectroscopy, imaging and sensing systems due
to its large bandwidth and high transmission rate [2], [3], [4],
[5], [6], [7], [8], [9]. However, transmission in this frequency
spectrum has some limitations and propagation loss has become
a great concern among them. Therefore, development of THz-
wave circuits with compact and low-loss waveguide devices
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Fig. 1. (a) Image of NRD guide device, and (b) nonradiative propagation
modes of the NRD guide.

is of the utmost significance. To meet this demand, various
waveguides have been developed in recent years, including rect-
angular waveguides [10], parallel plate waveguides (PPW) [11],
parallel plate dielectric waveguides (PPDW) [12], [13] and non-
radiative dielectric waveguides (NRD) [14], [15]. Among these
waveguides, NRD guides are drawing significant attention for
THz-wave integrated circuits due to their non-radiative nature
and lack of out-of-plane radiation thus experience extremely
low THz loss compared to the other waveguides [16], [17]. The
NRD guide has a simple structure consists of a dielectric material
sandwiched between two parallel metal plates with spacing less
than half wavelength (λ/2) and supports two orthogonal modes,
LSM and LSE as shown in Fig. 1.

Rat-race circuit devices serve as significant components of
THz-wave integrated circuit development owing to their strong
port isolation and broad bandwidth in power splitting distri-
bution [18]. Although these devices have been widely studied
for RF and microwave applications such as phase shifters,
mixers, energy harvesting, wireless systems, sensors and com-
parators [19], [20], [21], [22], [23], they have not been well
discussed for THz-wave range where typical microstrip-based
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rat-race circuits are difficult to fabricate due to their extreme
transmission loss. Thus, the NRD guide appears to be more
appropriate in terms of designing compact and low-loss THz
rat-race circuit devices, though conventional rat-race devices in
NRD platform may be difficult to realize due to the appearance
of unwanted LSE01 mode in the output ports. Therefore, to
overcome this difficulty it is imperative that these THz NRD
rat-race circuits be designed optimally using an efficient optimal
design technique.

In recent years, various kinds of optimal design techniques
have been intensively studied based on size optimization, shape
optimization, mosaic optimization and topology optimization
for the efficient design of high performance optical and photonic
devices [24], [25], [26], [27], [28], [29], [30], [31], [32]. Among
these optimization techniques, topology optimization method
has attracted a lot of attention because of its highest level of
design flexibility, which may produce arbitrary unique struc-
tures regardless of any geometric topology. Previously, function
expansion based topology optimization has been presented in the
literature, where different evolutionary approaches and gradient
method are usually used as the solution search methods [33],
[34], [35], [36]. The gradient approach with adjoint variable
method (AVM) may have a high search efficiency, but it fre-
quently tends to fall into a local optimum, thus, in order to get
the global optimum, a suitable initial solution is needed. On the
other hand, even if a global solution can be found by evolutionary
approaches, search efficiency is not necessarily high.

In this paper, we propose optimal design of THz NRD rat-race
circuit using function expansion based topology optimization
method, where covariance matrix adaptation evolution strategy
(CMA-ES) [37] is utilized as the solution search algorithm.
In CMA-ES, reliable and efficient solution search is possible
compared with gradient methods and evolutionary approaches
using a multivariate normal distribution. Here, conventional
NRD rat-race circuit and modified branch NRD rat-race with
triangle cut consideration and rectangle cut consideration are
initially studied, and it is demonstrated that the intended output
results can not be achieved. Then, using the proposed methodol-
ogy, NRD rat-race circuit is designed to show that the proposed
device can achieve the desired device performance by overcom-
ing the difficulty of appearing unwanted LSE01 mode in the
output ports. A 90◦ hybrid device is also designed in addition
to the NRD rat-race circuit to confirm the effectiveness of the
proposed design approach. Both the NRD rat-race and the 90◦

hybrid device are further designed for the broadband operation
by simply modifying the objective functions and considering
them for a range of frequencies within the aimed frequency
band. The recently established two-dimensional full-vectorial
finite element method (2D-FVFEM) for NRD guide devices is
employed here in the propagation analysis of the proposed THz
devices [38]. Finally, we demonstrate the fabrication tolerance of
the designed devices with regard to the impact of structural devi-
ation on the required phase angle and output power of the device.

II. DESIGN OF CONVENTIONAL NRD RAT-RACE CIRCUIT

The conventional rat-race circuit is a four-port reciprocal
hybrid device that contains a closed ring with a circumference

Fig. 2. An example of conventional rat-race circuit with power dividing
application.

Fig. 3. Conventional rat-race circuit in NRD platform, (a) design setup,
(b) propagation field.

of 3λ/2 as shown in Fig. 2, mostly used as power divider and
combiner [39]. In this paper, we consider the power dividing
application for example as seen in the figure, where equal
magnitude equal phase and equal magnitude opposite phase in
the output ports 3, 4 can be obtained with considering ports 1 and
2 as the input ports, respectively, while nonoperating input port
always remains isolated. In this research, we initially designed a
conventional NRD rat-race along with the modified branch NRD
rat-race and this section presents the results and discussion of
these designed devices.

A. Conventional NRD Rat-Race

We consider a design setup of conventional NRD rat-race
circuit as shown in Fig. 3(a). The design parameters are, spacing
between metal plates and width of the dielectric strip, a = b =
135μm, dielectric (polyethylene) permittivity εb = 2.3 and air
permittivity εa = 1. The computational domain is surrounded by
the perfectly matched layer (PML) with a thickness of 250μm.
LSM 01 mode is used in NRD as the guided mode incident to port
1 and operating frequency is considered 1 THz. The circumfer-
ence and waveguide width of the closed ring have been optimized
simultaneously and are set to, 9λg/2 and bc = 100μ m, respec-
tively. Here, λg = 731μm is the guided mode wavelength in the
closed ring with an effective index of, neff = 0.4099. Therefore,
the calculated ring dimension is set to, inner radius = 474μm
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Fig. 4. Frequency characteristics of the designed conventional NRD rat-race
circuit.

and outer radius = 574μm. Fig. 3(b) shows the propagation
field of the designed NRD rat-race device. In NRD branching
waveguide, LSM01 mode is often converted into LSE01 mode
or vice-versa. Therefore, in the figure it is seen that LSE01 mode
appears in the output ports of the device because of the presence
of waveguide branches, thus the desired transmission property
could not be obtained. The achieved transmission power (LSM01

mode) into the output ports, 3 and 4 at 1 THz are, 30.0% and
20.7%, respectively, whereas maximum of 17.3% LSE01 mode
appears in the output ports. The frequency characteristics of the
device around 1 THz are depicted in Fig. 4, where we can see
the transmittance at ports 3 and 4 stands far below the 3 dB line
with a reflection of −14 dB.

B. NRD Rat-Race With Modified Branch

The transmission power at the output ports can be improved
by modifying the branching waveguide of the conventional NRD
rat-race circuit. In this case, two distinct modified branches, one
with a rectangle cut and the other with a triangle cut have been
taken into consideration. Fig. 5(a) and (b) illustrate the designed
rat-race structures with triangle and rectangle cut considerations,
respectively. Here, the parameters of branching waveguide have
been optimized and are set to, g = h = 100μm is for triangle
cut consideration and g = h = 75μm is for rectangle cut con-
sideration. All the other design parameters are set to be same
as the previous design example. The propagation fields of the
designed modified branch NRD rat-race devices for triangle and
rectangle cuts of NRD branches are depicted in Fig. 6(a) and (b),
respectively. In the figure we can see that the propagation fields
are almost same in both the cases and the achieved transmission
power into the ports, 3 and 4 at 1 THz are, 32.8% and 25.4% for
triangle cut consideration and 35.2% and 24.5% for rectangle cut
consideration. The maximum LSE01 mode appears in the output
ports for triangle cut consideration is 25.8%, and 23.7% it is for
rectangle cut consideration. Although the transmission power
is slightly improved by (4-5)%, the LSE01 mode in the output
ports is partially degraded in both the cases and the transmission
improvement is insufficient for the practical application. The
frequency characteristics of the device with triangle cut branches

Fig. 5. Modified branch NRD rat-race structure, (a) with triangle cut consid-
eration and (b) with rectangle cut consideration.

Fig. 6. Propagation fields in the Modified branch NRD rat-race, (a) rat-race
with triangle cut and (b) rat-race with rectangle cut.

are shown in Fig. 7(a), whereas Fig. 7(b) shows the frequency
characteristics of the device with rectangle cut branches. In
accordance with the frequency characteristics, transmittance at
ports 3 and 4 still remains significantly below the 3 dB line,
despite a minor reduction in reflection of nearly 4 dB. Based
on these results, we can conclude that improving the branching
waveguide partially improves the performance of the rat-race
device, though the unwanted LSE01 mode still significantly
appears in the output ports. Therefore, the conventional rat-race
circuit may difficult to be realized in NRD platform, making the
optimal design for these devices crucial.

III. TOPOLOGY OPTIMAL DESIGN OF NRD RAT-RACE CIRCUIT

This section presents the topology optimal design method
of NRD rat-race devices in terms of structure representation,
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Fig. 7. Frequency characteristics of the designed Modified branch NRD rat-
race, (a) with triangle cut consideration and (b) with rectangle cut consideration.

Fig. 8. Problem setting of function expansion based topology optimal design.

optimization of design variables and the propagation analysis
during the optimization process.

A. Representation of Structure Using Function Expansion
Method

In this paper, the function expansion method is employed for
the device structure representation and we consider a problem
setting of function expansion based topology optimal design as
shown in Fig. 8. The structure in the design region is optimized
to achieve the desired transmission properties where function
expansion method can easily express the arbitrary optimal struc-
tural topology with a relatively small number of design variables.
Here, the relative permittivity distribution in the design region
can be represented as follows [35]:

ε(x, y) = εa + (εb − εa)H(w(x, y)) (1)

Fig. 9. Image of optimization process in CMA-ES.

where εa and εb are the relative permittivities of air and di-
electric, respectively, and H(ζ) is the Heaviside function used
to binarize the permittivity distribution. w(x, y) is the structure
determination function and can be represented using a Fourier
series as follows [35]:

w(x, y) =

Nd∑
i=1

cifi(x, y)

=

Nx−1∑
i=0

Ny−1∑
j=−Ny

(aij cos θij + bij sin θij)

θij =
2πi

Lx
x+

2πj

Ly
y (2)

where fi(x, y) are the basis functions used for structural repre-
sentation, ci are the design variables in this problem setting,
Nd is the number of design variables, and Lx, Ly are the
fundamental periods of Fourier series.

B. Optimization With CMA-ES

In this study, CMA-ES is employed for an efficient optimiza-
tion of the design variables due to its best convergence behavior
in the topology optimal design of NRD guide devices compared
to the other existed optimization methods [40]. CMA-ES is a
direct search method, where a population of new search points
is generated by sampling according to a multivariate normal dis-
tribution σN (m,C), and then the objective function is evaluated
accordingly. The optimization process of CMA-ES is depicted
in Fig. 9. Initially the paprameters such as, distribution mean
m, step size σ and covariance matrix C are to be set, and
random N individuals are generated according to σN (m,C)
as follows [41]:

N = 4 + 3 lnNd. (3)
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Next, each individual is weighted according to the evaluation
value of the objective function as follows [41]:

w′
i =

log(N/2)− log i∑μ
i=0 wi

wi = log(N/2)− log i (4)

where i = 1, 2, . . . , μ and μ = N/2, utilizing the higher half
of individuals to update the parameters. Then, the normal dis-
tribution parameters (m, σ,C) are updated using the following
equations [41] based on the information of past search points.

m = m + cmσ〈y〉w (5)

σ = σ × exp

(
cσ
dσ

( ||pσ||
E||N (0, I) || − 1

))
(6)

C =

⎛
⎝1 + c1δ (hσ)− c1 − cμ

μ∑
j=1

wj

⎞
⎠C

+ c1pcpT
c + cμ

λ∑
i=1

wiyi:NyTi:N (7)

where 〈y〉w =
∑μ

i=1 wiyi:N , and yi:N is the i-th individual
among the N individuals. The values of cm, hσ , E||N (0, I)||,
step size updating parameters, pσ, cσ, dσ , and covariance matrix
updating parameters, pc, c1, cμ are considered those given in
the literature [41]. Here, the step sizes in the search process
are correlated with a mean distribution of the objective function
around the search center, where the step sizes are contracted in
the directions of convexity while expanding in the other direc-
tions. The process is repeated until the global optimal solution
is obtained. In this paper, the initial step size and learning rate
are set to 0.5 and 1.0, respectively.

C. Propagation Analysis by 2D-FVFEM

The propagation in the given NRD devices during the opti-
mization process is efficiently analyzed by using 2D-FVFEM.
We consider a three-dimensional structure of the NRD guide
device as shown in Fig. 1(a), where the structure is uniform along
the z-direction and the light is propagated along the xy-plane.
Then, the functional of propagating behavior for the waveguide
analysis can be expressed as follows [38]:

F =

∫∫∫ [
(∇×H∗) ·

(
1

εr
∇×H

)
− k20H

∗ ·H
]
dV

−
∫∫ {

H∗ ·
(
in × 1

εr
∇×H

)}
dS

(8)

where H is a magnetic field vector, k0 is a free-space wavenum-
ber and εr is a relative permittivity distribution. Here, each
component of H can be expressed as follows [38]:

Hx = ψx(x, y) cos
(π
a
z
)

(9)

Hy = ψy(x, y) cos
(π
a
z
)

(10)

Hz = ψz(x, y) sin
(π
a
z
)

(11)

Fig. 10. Design setup of proposed THz NRD rat-race circuit.

Now, discretizing the computational region into edge/nodal hy-
brid triangular elements [42], [43], and substituting equations
(9), (10) and (11) into the functional (8), the final linear equation
of FEM can be derived as follows [38]:(

[K]− k20 [M ]
) {ψ} = [P ] {ψ} = {u} (12)

where [P ] is a FEM matrix, {ψ} is a discretized field and {u} is
an incidence condition. Finally, both the LSM mode in the input
port and LSE mode can be obtained by solving the final FEM
equation (12) derived from the full-vectorial expression (8).

IV. DESIGN EXAMPLES OF NRD HYBRID DEVICES

We design several THz NRD hybrid devices, including the
rat-race circuit and the 90◦ hybrid device to show the use-
fulness of our design approach and confirm the significance
of the proposed NRD devices over the conventional ones. In
the design of these devices, the number of design variables is,
Nd = Nx ×Ny × 2, and 400 iterations are considered during
the optimization process. THz NRD guide with polyethylene
(εb = 2.3) as the dielectric material is previously studied in [16]
and shows extremely low dielectric and conductor losses in the
frequency range around 1 THz. Therefore, polyethylene is used
in the design of these compact NRD hybrid devices where the
transmission loss is not significant.

A. NRD Rat-Race Circuit

First, we consider the design problem of NRD rat-race circuit
as shown in Fig. 10. Table I shows the output description and
the design parameters in this design setup. Here, l = dPML =
250μm and the other structural parameters of the device are
same as the parameters considered for conventional NRD rat-
race circuit in Section II. The design region size is set to beWx ×
Wy = 300 μm × 840 μm with a 300 μm port separation in the
input and output sides to realize a compact optimized device.
Lx and Ly should be greater than Wx and Wy , respectively,
and are adjusted to Lx = 1.2Wx and Ly = 1.2Wy to prevent
the unwanted periodicities in Fourier series. In order to prevent
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TABLE I
OUTPUT DESCRIPTION AND THE DESIGN PARAMETERS OF THE PROPOSED NRD

RAT-RACE CIRCUIT

Fig. 11. Convergence behavior in the optimal design of NRD rat-race circuit
for single frequency operation at 1 THz.

complex fine structures in optimal devices, it is preferable for
Nx and Ny to be smaller, and are set to Nx = 8 and Ny = 12
in this design problem. The objective function is adjusted to
propagate in-phase and 180◦ out-of-phase power into the output
ports 3 and 4 while considering port 1 and port 2 as the incident
ports, respectively, for a single frequency operation at 1 THz as
follows:

MinimizeC = C1 + C2

C1 =
∣∣∣2− |S31|2 − |S41|2 − |S32|2 − |S42|2

∣∣∣
+
∣∣∣Maxkl

(
|Skl|2

)
−Minkl

(
|Skl|2

)∣∣∣ (13)

C2 =
|Maxkl (θkl)−Minkl (θkl)|

180◦

θ31/41/32 = arg[S31/41/32], θ42 = arg[S42] + 180◦

where k = 3, 4 and l = 1, 2. The convergence behavior of the
objective function in this optimal design is shown in Fig. 11. As
we can see in the figure, 400 iterations of device optimization
are sufficient to reach the optimal solution. Fig. 12 shows the
propagation fields in the optimized structure where the optimal
device accomplishes the rat-race circuit function with almost
ideal transmission properties for both the incident ports 1 and
2. At output ports 3 and 4, the achieved in-phase transmission
power is 50.6% and 49.4% with phase angles of 146.8 and 147.2
degrees, respectively, whereas the 180◦ out-of-phase power is
49.4% and 48.9% with phase angles of 146.9 and−32.7 degrees,
respectively. The frequency characteristics of the optimized

Fig. 12. Optimized results of NRD rat-race at single frequency operation, (a)
optimized structure, (b) and (c) propagation fields when port 1 and port 2 are
the incident ports, respectively.

Fig. 13. Frequency characteristics of the designed NRD rat-race at single
frequency operation when port 1 is input, (a) normalized power, and (b) phase
angle.

device for incident ports 1 and 2, respectively, are shown in
Figs. 13 and 14. The figures demonstrate that the desired output
results at 1 THz are obtained with in-phase and 179.6◦ out-
of-phase characteristics. The obtained reflections for both the
incident ports 1 and 2 are lower than −20 dB. Furthermore, the
appearance of LSE01 mode at the output ports is greatly reduced
to far lower than −20 dB.

In order to realize the broad bandwidth characteristics of NRD
rat-race, we increase the design region size to be Wx ×Wy =
400 μm × 1040 μm with a 500 μm port separation in the input
and output sides. The values for Nx and Ny are respectively
adjusted to 8 and 8, while the remaining structural parameters
are left unchanged from the single frequency operation. The
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Fig. 14. Frequency characteristics of the designed NRD rat-race at single
frequency operation when port 2 is input, (a) normalized power, and (b) phase
angle.

objective function is modified to evaluate the device structure at
five distinct frequencies, 0.95, 0.975, 1.0, 1.025 and 1.05 THz,
and is given by

MinimizeC =

5∑
i=1

(C1 (fi) + C2 (fi))

C1 (fi) =
2∑

l=1

4∑
k=3

∣∣∣∣12 − |Skl (fi)|2
∣∣∣∣ (14)

C2 (fi) =
|Maxkl (θkl (fi))−Minkl (θkl (fi))|

180◦

θ31/41/32 = arg[S31/41/32], θ42 = arg[S42] + 180◦

(f1,2,3,4,5 = 0.95, 0.975, 1.0, 1.025, 1.05THz).

Fig. 15 shows the optimized structure and propagation fields
in the optimized NRD rat-race at broadband operation. In the
figure it is shown that the power at the output ports, 3 and 4
is almost equally splitted for both the incident ports, 1 and 2.
Furthermore, the optimized device achieved a broad bandwidth
of almost 100 GHz at the aimed frequency range with almost
constant in-phase and 180° out-of-phase characteristics as de-
picted in Figs. 16 and 17. Although the reflections at the incident
ports 1 and 2 are slightly increased from the single frequency
operation, yet they are considerably lower than −15 dB. Here,
the LSE01 mode at the output ports is around −20 dB.

Fig. 15. Optimized results of NRD rat-race at broadband operation, (a) opti-
mized structure, (b) and (c) propagation fields when port 1 and port 2 are the
incident ports, respectively.

Fig. 16. Frequency characteristics of the designed NRD rat-race at broadband
operation when port 1 is input, (a) normalized power, and (b) phase angle.

These results demonstrate that the proposed method solves the
difficulty of an undesired LSE 01 mode arising in the output ports
while realizing conventional NRD rat-race device in Section II
with a 108 μm reduction in device size, whereas the outer
circle ring diameter of the conventional device was 1148 μm.
Therefore, it is seen that realizing the proposed THz NRD
rat-race circuit significantly improves the device performance
in comparison with the conventional NRD rat-race devices.

B. NRD 90◦ Hybrid Device

In addition to the NRD rat-race, NRD 90◦ hybrid device also
has the practical applications in the design of THz-wave inte-
grated circuits and is usually used in signal splitting conditions
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Fig. 17. Frequency characteristics of the designed NRD rat-race at broadband
operation when port 2 is input, (a) normalized power, and (b) phase angle.

Fig. 18. Design setup of proposed THz NRD 90◦ hybrid device.

when undesired reflections might potentially cause circuit dam-
age [44], [45], [46]. Therefore, we consider a design problem of
the THz NRD 90◦ hybrid device as shown in Fig. 18. The output
description of the design problem is shown in Table II. With this
design setup, equal magnitude power with 90◦ phase difference
can be obtained at the output ports, 3 and 4 for both the incident
ports, 1 and 2 with a strong non-operating input port isolation.
Here, the design region size is again set toWx ×Wy = 300 μm
× 840 μm with a 300 μm port separation in the input and output
sides. One-four symmetric condition is applied in the design

TABLE II
OUTPUT DESCRIPTION OF THE PROPOSED NRD 90◦ HYBRID DEVICE

Fig. 19. Optimized results of NRD 90◦ hybrid device at single frequency
operation, (a) optimized structure, and (b) propagation field.

region along x and y-axis indicated by red line in the figure.
Since only one-fourth of the design region is optimized, Nx

and Ny are adjusted to 6 and 6, respectively. In this case, the
S-parameter of the 90◦ hybrid device is represented as follows:

⎡
⎢⎢⎣
b1
b2
b3
b4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

0 0 1√
2

ejθ√
2

0 0 ejθ√
2

1√
2

1√
2

ejθ√
2

0 0
ejθ√
2

1√
2

0 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎣
a1
a2
a3
a4

⎤
⎥⎥⎦ (15)

with

θ = ±π
2

where S31 = S42 and S41 = S32. Then, in order to obtain equal
magnitude with 90◦ phase difference in the output ports, the
objective function is simply modified as follows:

MinimizeC =

2∑
j=1

4∑
i=3

∣∣∣∣12 − |Sij |2
∣∣∣∣ (16)

The other design parameters are set to be same as the previ-
ous design examples. The output results of 90◦ hybrid device
presented in this paper are for incident port 1, and because of
the applied symmetric condition, the results are identical for
incident port 2 as well. Fig. 19 shows the optimized structure
and the propagation field of the designed NRD 90◦ hybrid device
at single frequency operation. The optimal structure achieved an
almost ideal transmission property propagated equally into the
output ports, 3 and 4 with 49.8% of power transmission, where
the phase angles are 7.2 and 96.3 degrees, respectively. As shown
in Fig. 20, the frequency characteristics of the optimized device
demonstrate the intended output characteristics at 1 THz with
89.1◦ of phase difference and a far lower reflection than−20 dB.
The obtained LSE01 mode at the output ports is far lower than
−20 dB.

For broadband operation of the device, we increase the de-
sign region size to be Wx ×Wy = 400 μm × 1040 μm with a
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Fig. 20. Frequency characteristics of the designed NRD 90◦ hybrid device at
single frequency operation, (a) normalized power, and (b) phase angle.

Fig. 21. Optimized results of NRD 90◦ hybrid device at broadband operation,
(a) optimized structure, and (b) propagation field.

500 μm port separation, as of the NRD rat-race circuit. All the
other design parameters are considered to be the same as those of
single frequency operation. The objective function is modified to
evaluate the device structure at three distinct frequencies, 0.975,
1.0 and 1.025 THz, as follows:

MinimizeC =

3∑
i=1

2∑
k=1

4∑
j=3

∣∣∣∣12 − |Sjk (fi)|2
∣∣∣∣ (17)

(f1,2,3 = 0.975, 1.0, 1.025THz).

The optimal structure and propagation field of the NRD 90◦

hybrid device at broadband operation are depicted in Fig. 21. The
optimized structure obtained a broad bandwidth of about 90 GHz
around the targeted frequency range with almost constant 90◦

Fig. 22. Frequency characteristics of the designed NRD 90◦ hybrid device at
broadband operation, (a) normalized power, and (b) phase angle.

phase difference, as shown from the frequency characteristics
of the device in Fig. 22. The obtained reflection at the targeted
frequency range is lower than −20 dB, though the reflection
at the lower and higher frequency sides is considerably around
−15 dB. Here, lower than −20 dB of LSE01 mode appears at
the output ports of the device.

V. FABRICATION TOLERANCE

So far, we have designed THz NRD hybrid devices, rat-race
circuit and 90◦ hybrid device at single frequency and broadband
operations. In this section, the fabrication tolerance of these pro-
posed devices is discussed in terms of structural deviation effect
on the output power and phase angles. Here, the topological
structure of the devices is considered to be expanded or shrunk,
and the image of the expansion and contraction of the structure is
shown in Fig. 23. Considering structure determination function
(2) discussed in Section III, the structure after the change can be
represented as follows:

w′(x, y) = w(x, y) + δ |∇w(x, y)| (18)

where ∇w(x, y) is the gradient vector of w(x, y), and the core
region shrinks when δ < 0 and expands when δ > 0. In this
case, we optimize the first design example of proposed NRD rat-
race again considering the fabrication tolerance in the objective
function. This device has a comparatively fine structure than the
other designed NRD hybrid devices. Here, Nx and Ny are set
to 8 and 8, respectively, while all the other design parameters
remain unchanged. The objective function is modified to take
into consider three different structures with structural deviations
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Fig. 23. Image of structural tolerance consideration of the optimized devices
(red indicates expansion, green indicates contraction and blue is the original
structure).

Fig. 24. Optimized results of NRD rat-race with fabrication tolerance consid-
eration, (a) optimized structure, (b) and (c) propagation fields when port 1 and
port 2 are the incident ports, respectively.

TABLE III
COMPARISON OF THE PROPOSED NRD RAT-RACE CIRCUIT WITH EXISTED

LITERATURE IN THE SIMILAR KIND OF WAVEGUIDE PLATFORMS

of +3, 0 and −3 μm, as follows:

MinimizeC =
3∑

i=1

(C1 (δi) + C2 (δi))

C1 (δi) =

2∑
l=1

4∑
k=3

∣∣∣∣12 − |Skl (δi)|2
∣∣∣∣ (19)

C2 (δi) =
|Maxkl (θkl (δi))−Minkl (θkl (δi))|

180◦

θ31/41/32 = arg[S31/41/32], θ42 = arg[S42] + 180◦

(δ1,2,3 = +3, 0,−3μm).

After optimization, a simplified structure with almost ideal
transmission properties is obtained compared to the device
designed without fabrication tolerance, as shown in Fig. 24.
The obtained transmission power for incident port 1 at the
output ports 3 and 4, is 49.7% and 49.2% with phase angles
of 108.1 and 107.8 degrees, respectively. For incident port 2,

Fig. 25. Effect of structural deviation (port 1 is input) on (a) transmitted power
into the output ports and (b) phase angle.

49.3% and 47.7% it is with phase angles of 109.7 and −70.4
degrees, respectively. The reflections for both the incident ports
1 and 2 are obtained lower than −20 dB. Figs. 25 and 26 show
the structural deviation effect on the transmitted output power
and phase angles within the deviation range of ±10 μm. In the
figures, it is shown that the output power at ports 3 and 4 is
nearly constant up to the ±4 μm of structural deviation and
it deviates if the structure is even more deviated for both the
incident ports, 1 and 2. Here, the structural shrink has a higher
output power deviation compared to the structural expansion.
The phase angles of output power for the incident port 1 almost
remain in-phase with the shrink in structure and considerably
deviated after 4 μm of structural expansion. For incident port 2,
the phase difference decreases with the structural shrink and
it increases with the expansion of the structure. The phase
difference decreases to 167.8◦ from the obtained 180.1◦ for
−4 μm of structural deviation, whereas it increases to 197.6◦

for the structural expansion of 4 μm. The reflections for both
the incident ports 1 and 2 increase with the structural deviation
and for ±4 μm of deviation reflections are around or lower than
−15dB. From the analysis, we can see that the targeted structural
tolerance with the desired output results is obtained and ±4 μm
structural deviation may be tolerable during the fabrication of
the devices considering the required phase angle, reflection and
output power. Figs. 27 and 28 show the I/O port width deviation
effect on the transmitted output power and phase angles within
the deviation range of±10 μm. As we can see, the output results
for both the incident ports 1 and 2 are almost consistent regard-
less of the port width deviation. Therefore, deviation in port
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Fig. 26. Effect of structural deviation (port 2 is input) on (a) transmitted power
into the output ports and (b) phase angle.

Fig. 27. Effect of port width (b) deviation (port 1 is input) on (a) transmitted
power into the output ports and (b) phase angle.

Fig. 28. Effect of port width (b) deviation (port 1 is input) on (a) transmitted
power into the output ports and (b) phase angle.

width within the considerable range may not have a significant
effect on the performance of the proposed devices. Table III
demonstrates a comparison of the proposed NRD rat-race circuit
with the existed literature in different similar kind of waveguide
platforms.

VI. CONCLUSION

In this paper, we proposed topology optimal design of THz
NRD rat-race circuit based on function expansion method and
CMA-ES. The difficulty in realizing conventional NRD rat-race
circuits because of appearing unwanted LSE01 mode in the
output ports has been studied at the beginning of the paper. Then,
the usefulness of our optimal design approach and the signifi-
cance of the proposed THz NRD devices over the conventional
ones are confirmed by designing several NRD hybrid devices,
rat-race circuit and 90◦ hybrid device. The proposed method
overcomes the difficulty of appearing unwanted LSE01 mode
in realizing conventional NRD rat-race devices with a reduced
device size by 108 μm. The proposed NRD devices achieved
the desired transmission properties at the both single frequency
and broadband operations, and a significant improvement in the
device performance of THz NRD rat-race circuit is confirmed in
comparison with the conventional NRD rat-race devices. Finally,
the fabrication tolerance of the proposed devices in terms of
structural deviation effect on the output power and phase angles
has been discussed in detail. In our future work, we will further
discuss the design of THz NRD rat-race circuit considering the
conductor loss and practical fabrication. Moreover, we would
like to investigate more different types of NRD devices for THz
applications and improve our design strategy.
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