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Direct Approaches for Representations of Various Algebraic
Domains via Closure Spaces
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ABSTRACT

In this paper, F-augmented closure spaces are generalized to F-closure spaces, and the concept of F-closed
sets are introduced. Properties of their ordered structures are investigated. Representations of various algebraic
domains such as algebraic lattices, algebraic L-domains, BF-domains via F-closure spaces are considered. As
applications of these methods, more direct approaches to representing various algebraic domains via classical
closure space are given, respectively. F-relations between F-closure spaces are defined and properties of them
are examined. It is also proved that the category of algebraic domains with Scott continuous maps is equivalent
to that of F-closure spaces with F-relations.
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1 Introduction

omain theory, developed from continuous lattices introduced by Scott” in the 1970s as a

denotational model for functional languages, is one of the important research fields of theoretical

computer science®. Mutual transformations and infiltrations of the mathematical structures of
orders and topologies are the basic features of domain theory. A closure system on a set is a family of
subsets which is closed under arbitrary intersections. An underlying set equipped with closure system is
called a closure space. Thus, closure spaces are generalized topological spaces. Many studies have shown that
closure spaces are closely related to domain theory and play a key role in various completions of ordered
structures (see Refs. [3-6]).

Representing ordered structures by families of sets is an interesting research topic in domain theory”. To
represent/characterize ordered structures, or domains, one can use a suitable and familiar family of their
structures ordered by the set-theoretic inclusion with some general way. Closure spaces were successfully
used in representing various lattices. For example, Birkhoff’s famous representation theorem for finite
distributive lattices® and Stone’s duality theorem for Boolean algebras”. Another fact is that the closed sets

of an algebraic closure space (called a topped algebraic intersection structure in Ref. [10]) ordered by set-
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theoretic inclusion is an algebraic lattice, and conversely, every algebraic lattice is isomorphic to the family
of all closed sets of an appropriate algebraic closure space ordered by set-theoretic inclusion"”. These facts
are well-known results in representation theory of ordered structures.

Recently, Li et al" generalized algebraic closure spaces to continuous closure spaces and gave
representations for continuous lattices. In Ref. [12], Guo and Li defined F-augmented closure spaces and
provided alternative representations of algebraic domains. In Ref. [13], Wu et al. provided a new approach
to represent algebraic domains and algebraic L-domains by algebraic closure spaces. In Ref. [14], Su and Li
generalized the representations of algebraic lattices by means of algebraic closure spaces to the fuzzy setting.
In Ref. [15], Yao and Li proposed the notion of BF-closure spaces and gave representations of BF-domains
by means of families of morphisms. In Ref. [16], Zhang et al. provided a representation for arithmetic
semilattices by closure spaces. Convex spaces are special algebraic closure spaces with empty set as a closed
set"”. Shen et al." gave representations for algebraic lattices by sober convex spaces. In Ref. [19], Yao and
Zhou gave representations for join-semilattices by sober convex spaces. The above work shows that closure
spaces played an important role in representing ordered structures and various domains. For more
discussion of representations for various domains via closure spaces, please refer to Refs. [20-22].

As mentioned, there are more than one method for representing algebraic domains in terms of closure
spaces. However, each of the above representations is based on closure spaces with additional conditions or
structures, such as algebraic closure spaces and F-augmented closure spaces. These representations mean
that algebraic domains were not directly generated from classical closure spaces. It is thus natural to ask if
there is a direct representation of algebraic domains by classical closure spaces. In order to solve this
problem, we introduce the concept of F-closure spaces, which is more general than F-augmented closure
spaces, and give representations for algebraic domains. It will be seen that classical closure spaces are special
F-closure spaces. Based on this fact, we naturally obtain direct methods for representing algebraic domains
via classical closure space. Moreover, being different from the method in Ref. [15], a set-theoretic method
without using morphisms to represent BF-domains is given with the notion of bifinite F-closure spaces,
which is the second innovation of this paper. Finally, we introduce the notion of F-relations between two F-
closure spaces which is different from the F-morphisms defined in Ref. [12]. Since the compositions of F-
relations are precisely the composition of binary relations, the proof of categorical results will be simplified
to some extent.

This paper is organized as follows: In Section 2, we recall some basic notions in domain theory and
closure spaces. In Section 3, we introduce the concepts of F-closure spaces and F-closed sets, discuss their
properties and then give the representation theorem for algebraic domains, algebraic lattices and algebraic
semilattices. In Section 4, we give set-theoretic representations for algebraic L-domains and BF-domains,
which are objects of two maximal cartesian closed full subcategories of algebraic domains respectively (see
Ref. [23]). In section 5, we give direct approaches to representing various algebraic domains via classical
closure space. In section 6, we give the concept of F-relations and discuss the relationship between F-
relations and Scott continuous maps. In Section 7, we establish an equivalence between the category of

algebraic domains with Scott continuous maps and that of F-closure spaces with F-relations.
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2 Preliminary

In this section, we recall some basic notions and results in lattice theory, domain theory and closure spaces.
For notions not explicitly defined herein, please refer to Refs. [2, 3, 10, 24].

For aset Uand X C U, we use £(U) to denote the power set of U, and #;;,(U) to denote the family of
all nonempty finite subsets of U. The symbol F Cg, X means that F is a finite subset of X.

Next, let us recall the notions of closure spaces which are taken from Refs. [3, 10].

A closure system is a family ‘6 of subsets of a set X that is closed under arbitrary intersections (including
empty intersection). The pair (X, €) is called a closure space and C € €6 is called a closed set of (X,6).

A closure operator on a set X isamap ¢ : P(X) — P(X) satisfying:

(1) forall A,Be P(X), ACB=c(A) C¢(B);

(2)forall Ae P(X), ACc(A);

(3)forall A € P(X), c(c(A)) =c(A).

Given a closure operator ¢ on X, the related closure system ‘6. on X is obtained by defining

G.={AcP(X)|A=c(A)).

Conversely, given a closure system ‘€ on X, the related closure operator c¢ is obtained by defining

VB € P(X), cx(B) =N{Ce 6 |BC C}.

It is well known that the closure operator induced by the €, is ¢, and the closure system induced by c¢
is € . That s,

cg. =¢; By = 6.

So there is a one-to-one correspondence between closure systems on X and closure operators on X. For a
closure space (X,6), BC X,weuse B todenote cg(B)=N{Ce€ 6 |BC C}.Clearly,

€ ={BeP(X)|B=B}={B|BCX}.

Noticing that c¢ defined above is a closure operator, we have Lemma 2.1.

Lemma2.1 Let (X,6) beaclosure space. Then forall A,B € P(X), we have

(1) AC B= A C B;

(2) AC A;

(3)A=A4.

Next, we recall some terminology and results of order and domain theory.

Let (L, <) be a poset. A principal ideal of L is a set of the form |x={y € L|y<x}.For ACL, we
write JA={yeL|3x€A y<x}and TA={yeL|3Ixc A, x<y}.Asubset A is a lower set (resp.,
an upper set) if A=A (resp., A =7TA). We say that z is a lower bound (resp., an upper bound) of A if
A Ctz (resp., A Clz). A subset B is said to be up-bounded if B has an upper bound. The supremum of A
is the least upper bound of A, denoted by \/ A or sup A. The infimum of A is the greatest lower bound of
A, denoted by AA or inf A.If A Clx C L, then we use \/, A to denote the supremum of A in sub-poset
(4 x,<), where the order inherits from L. A nonempty subset D of L is directed if every finite subset of D
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has an upper bound in D. A poset L is a directed complete partially ordered set (dcpo, for short) if every
directed subset of L has a supremum. A poset L is said to be pointed if L has a least element. A subset E of
the directed set D is cofinal, if for everyd € D, there exists e € E such that d <e.

Lemma 2.2 Let D be a directed subset of a poset P and D has a supremum sup D. If | Ji_; A; = D, then
there is some A; (1 <j < n) which is a cofinal subset of D, and supA; = supD.

Proof  Assume that for all i€ {1,2,...,n}, A; is not a cofinal subset of D. Then for every
i€ {1,2,...,n}, select d; € D such that there is no element in A; greater than d;. Since D is directed and
{d;|1<i<n} is finite, there is d€ D=J_,A; such that {d;|1<i<n} C|d. Hence, there is
je{L,2,...,n} such that d€ A; and d; < d, contradicting to the choice of d;. Thus, there is some
A; (1 <j < n) which is a cofinal subset of D. Clearly, supA; = supD. m

Recall that in a poset P, we say that x way-below y, written x < y, if for any directed set D having a
supremum with supD > y, there is some d € D such that x <d. If x < x, then x is called a compact
element of P. The set {x € P | x < x} is denoted by K(P). The set {y € P|x < y} will be denoted by 1x
and {y € P|y < x} denoted by |x. A poset P is said to be continuous (resp., algebraic) if for all x € P,
Jx is directed (resp., JxNK(P) is directed) and x=\/ |x (resp., x=\/({xNK(P))). If a dcpo P is
continuous (resp., algebraic), then P is called a continuous domain (resp., an algebraic domain). A
semilattice (resp., sup-semilattice) is a poset in which every pair of elements has an infimum (resp., a
supremum). A complete lattice is a poset in which every subset has a supremum (equivalently, has an
infimum). A subset B of of a poset P is called a basis of P if for all x € P, there is By C BN }x such that B,
is directed and sup B, = x. It is well known that a poset P is continuous if and only if (iff) it has a basis, and
that P is algebraic iff K(P) is a basis.

Let L and P be two dcpos, and let f: L — P be a map. If for every directed subset D C L,
f(VD) =V Af(D), then fis called a Scott continuous map. It is customary to denote the set of all Scott
continuous maps from L to Pby [L — P].

Lemma 2.3 Let P be a poset, A C P and s,t be two upper bounds of A. If the supremums \/;A and
VA existand \/,A <t,then \/,A=V,A.

Proof It follows from \/;A <t that \/,A is a upper bound of A in |t. Thus \/,A <V, A. By
V,;A <V,A <s,wehave \/,A isaupper boundof Ain |s.So \/,A < V,A.Thus \/,A=V,A. m

Lemma 2.4” Let Pbe a poset. Then forall x,y,u,z € P,

Dx<y=x<y;

QusxkKy<z=u<Kz;

(3)if x<y, y<<zand xVy exists, then xVy < z;

(4) if Phas a least element |, then 1 < x.

Definition 2.5>* (1) A poset P is called a cusl, if any finite up-bounded subset A of P has a supremum.

(2) A poset Pis called a bc-poset, if any up-bounded subset B of P has a supremum.

(3) A poset Pis called an sL-cusl, if for all p € P, |p isa sup-semilattice.

(4) A poset Pis called an L-cusl, if for all p € P, |p is a sup-semilattice with a bottom element.

(5) A continuous domain L is called acontinuous sL-domain (sL-domain, for short), if for all x € L, the
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set Jx is a sup-semilattice.

(6) A continuous domain L is called a continuous L-domain (L-domain, for short), if for all x € L, the
set |x is a complete lattice.

(7) If a be-poset L is also a continuous domain, then L is called a bc-domain. An algebraic bc-domain is
called a Scott domain.

It is well-known that a bc-domain is a pointed L-domain and that a pointed sL-domain is a pointed L-
domain. However, a pointed L-domain may not be a bc-domain. Clearly, a continuous domain L is a
pointed L-domain iff L is a pointed sL-domain.

Lemma 2.6 Let L bean L-domain and forall x € L and let L, be the least element of | x. Then L, is
a compact element.

Proof Itis obvious that L, is a minimal element. If D C L is directed and L, <\/ D =t, then by the
minimality of L, and 1, <¢, wehave 1, =_1,.Let de€ D. It follows from d <t that 1, =1,<d,
showing that 1, € K(L). O

Definition 2.7” Let L be a dcpo.

(1) An approximate identity for L is defined to be a directed set » C [L — L] satisfying supD = id; ,
where id; is the identity on L, and the symbol [L — L] stands for the set of all Scott continuous maps
from Lto L.

(2) A Scott continuous map 6 : L — L is said to be finitely separating if there exists a finite set M; such
that for each x € L, there exists m € M; satisfying 6(x) < m < x.

(3) If there is an approximate identity for L consisting of finitely separating maps, then L is called an FS-
domain.

(4) If L is an algebraic FS-domain, then L is called a BF-domain.

Lemma 2.8” Let L be a dcpo.

(1) If D C[L — L] is an approximate identity for L, then 9’ = {6°=808|8€ D} is also an
approximate identity.

(2) If §€[L— L] is finitely separating, then §(x) < x for all x € L. Thus an FS-domain is a
continuous domain.

Definition 2.9” Let Pbe a poset, k : P — P a monotone map. If k satisfies

(1) k(x) <x (Vxe€P);

(2) k(k(x)) =k(x) (Vxe€P),

then k is called a kernel operator.

Lemma 2.10”  For a dcpo L, the following statements are equivalent:

(1) L is a BF-domain;

(2) L is an algebraic domain and has an approximate identity consisting of maps with a finite range;

(3) L has an approximate identity consisting of kernel operators with a finite range.

3 F-closure Space and Algebraic Domain

In this section, we introduce the notion of F-closure spaces and F-closed sets, and then give representation
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theorems for algebraic domains and algebraic lattices in new approaches.

Definition 3.1" Let (X,6) be a closure space, 0 # ¥ C P5;,(X) U{0} . The triple (X,6,¥) is called
a finite-subset-selection augmented closure space (for short, F-augmented closure space) if, for any F € ¥
and B Cj, F, there exists F' € # suchthat BC F C F.

Definition 3.2 Let (X,6) be a closure space, 0 # ¥ C #;;,(X) U{0}. Then the triple (X,6,7) is
called an F-closure space.

An F-augmented closure space must be an F-closure space. But the following example shows that an F-
closure space may not be an F-augmented closure space.

Example 3.3 Let X=N={0,1,2,...} equipped with the order of numbers, 8 = {A CN||A=A}
and 7= {{5}}. Then (X,6,7) is an F-closure space. For K = {0} C, {5} = {0,1,...,5}, but there is
no F € ¥ such that K C F. This shows that an F-closure space may not be an F-augmented closure space.

Definition 3.4 Let (X,6,7) be an F-closure space, E C X. If for any K Cj, E, there always exists
F € ¥ such that K C F C E, then E is called an F-closed set of (X, 6,¥) . The collection of all F-closed sets
of (X,B,F) is denoted by €(X,6, 7).

Proposition 3.5 Let (X,B,¥) be an F-closure space. The following statements hold:

(1) Forall F € ¥, wehave F € €(X,6,7);

() If E€ €(X,6,7), BCp, E, then BC E;

(3)If {Ei}icr C (€(X,B,F),C) isdirected, then ;. E; € €(X,6,F);

(4) The poset (€(X,6,7),C) isadcpo.

Proof Itis routine to check by Definition 3.4. m

Proposition 3.6 Let (X,6,7) be an F-closure space, E C X. The the following statements are
equivalent:

(1) E€ ¢(X,6,7);

(2) The family A = {F | F € Fand F C E} is directed, and E = | JA;

(3) There exists family {F;};c; C  such that {F;};c; is directed and E = |, F;.

Proof (1)=(2): If E=0€ ¢(X,6,7), then 0c¥F and 0 =0. So A= {0} is directed and
E=UA.If E#0,then A#0.Let F,,F, € ¥ with F;CE and F, CE. Then F,UF, C, E. It follows
from E € €(X,6,7) that there exists F; € ¥ such that FUF, C F; CE. By Lemma 2.1, we have
F,F,CF; and F;€A. Thus A is directed. To prove E=JA, let x€ E. It follows from
E € €(X,8,7) that there exists F € ¥ such that {x} C F C E. Noticing that F C F C E, we have that
Fe A and x € |JA, showing that E C |JA. By Proposition 3.5 (2), we have | JA C E. Thus E = | A.

(2) = (3) : Trivial.

(3) = (1) : If B Cpiy E =i, F: . Noticing that {F;}; is directed and B is finite, we have that there
exists i € I such that B C F; C E, showing that E € €(X, 6, 7). o

The following result characterizes the way-below relation in (€(X,6€,¥),C)

Proposition 3.7 Let (X,6,#) be an F-closure space, E;,E, € (€(X,6,7),C). Then E; < E, if and
only if there exists F € ¥, such that E; C FC E,.

126 Fuzzy Information and Engineering | VOL 16 | NO 2 | June 2024 | 121-143



Fuzzy Information and Engineering ARTICLE

Proof = It follows from E, € €(X,6,#) and Proposition 3.5(3) that there exists directed family
{F;}icr such that E, = {J,.;F;, where {F;};c; C ¥. By E; < E,, there exists iy € I such that E; C F;, C
E,.

<= : For any directed family {E;};c; C €(X,6,¥), if E; C \/,;Ei = Ui, Ei , then by the assumption,
there exists F € # such that E; C F C E, . Therefore F C F C |, E; . Noticing that {E,},c; is directed and
F is a finite set, we know that there exists iy € I such that F C E;, . By Proposition 3.5(2), we have FC E; .
Since E, C F,we have E, C E,,, showing that F; < E;. 0

Corollary 3.8 Let (X,6,¥) be an F-closure space. Then E € (€(X,8,¥),C) is a compact element iff
there exists F € ¥ such that E = F. Thatis K(¢(X,86,¥),C)) = {F| F€ 7}.

Proof The proof follows directly from Proposition 3.7. m
Corollary 3.9  For an F-closure space (X,6,¥), {F | F € ¥} isabasis of ((&(X,8,7),C).

Proof The proof follows from Proposition 3.6. m
Theorem 3.10 Let (X,6,F) be an F-closure space. Then (&(X,6,¥),C) is an algebraic domain.
Proof The proof follows from Proposition 3.5(4) and Corollaries 3.8 and 3.9. m

Next, we consider the reverse case. Given an algebraic domain (L,<), let 7=
{F Cfin K(L) | F has a greatestelement ¢z} and 6, be the family of all lower sets of (K(L),<), that is
6, ={ACK(L)|A=]ANK(L)}.The family €, forms an Alexandrov topology on K(L).

Theorem 3.11 Let (L,<) be an algebraic domain. Then (K(L),6;,#1) is an F-closure space, and
C(K(L),Br,71) = {{xNK(L) | xe L}.

Proof Clearly, (K(L),6;) is a closure space and (K(L),6;,7) is an F-closure space. It is easy to see
that forall Fe 7, F =] czNK(L). Let E € Gy, it follows from Proposition 3.6 that there exists a directed
set DCK(L) such that E=J{/dNK(L)|de€ D}. Since L is an algebraic domain, we have
E=]VDNK(L), showing that €(K(L),6.,71) C {{xNK(L)|x€L}. Conversely, let xcL and
K CfinlxNK(L). Since L is an algebraic domain, we have that |xNK(L) is directed. Thus there exists
y € lxNK(L) such that KC |yNK(L). Set F={y} € 1. We have KC |yNK(L)=FC |xNK(L),
showing that |xNK(L) € €&(K(L),6,#1). Thus {JxNK(L)|x€ L} C €(K(L),B.,7). To sum up,
C(K(L),Br,71) = {{xNK(L) | x € L}. O

Given an algebraic domain L, we call (K(L),6;,71) the induced F-closure space corresponding to L.

Theorem 3.12  (Representation Theorem I: for algebraic domains) A dcpo (L,<) is an algebraic
domain iff there exists some F-closure space (X,6,¥) such that (L, <) = (€(X,6,7),CQ).

Proof <= :Follows directly from Theorem 3.10.

= : Let L be an algebraic domain, (K(L),€;,#;) the induced F-closure space. Define a map
f:(L,<) = (€(K(L),6L,71),C) such that Vx € L, we have f(x) = xNK(L). Since L is an algebraic
domain and €(K(L),6;,71) = {lxNK(L) |x€ L}, we have that f: (L,<) — (&K(L),6.,71),<) is
an order isomorphism, showing that (L, <) = (€(K(L),6.,%1),<). O

Next, in order to give representations for pointed algebraic domains, algebraic lattices and algebraic

semilattices, we add some appropriate conditions to F-closure spaces respectively.
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Theorem 3.13  (Representation Theorem II: for pointed algebraic domains) Let (L, <) be a dcpo. Then
L is a pointed algebraic domain iff there exists some F-closure space (X,6,7) with a least element
O € {F|Fe ¥} suchthat (L, <) = (€(X,6,7),C).

Proof < It follows directly from Proposition 3.5(4) and Theorem 3.10 that (€(X,6,¥),C) is an
algebraic domain with O being the least element in (€(X,6,7),C). It follows from (L,<)=
(€(X,6,7),C) that L is a pointed algebraic domain.

= : Given a pointed algebraic domain (L, <) with the least element L . Then the induced F-closure
space (K(L),6,,7.) satisfies that there is the least element { | } € {F | F € ¥}, as desired. O

Lemma 3.14 Let (L,<) be a continuous domain and let BC L be a basis. If (B,<) is a sup-
semilattice, then (L, <) is a sup-semilattice.

Proof Let (B,<) be a sup-semilattice. For any x,y € L, set D= {aVgb|ac [xNB,bec [yNB},
where aVpb denotes the supremum of a and b in (B,<). Clearly, D is directed and \/ D exists. It is
obvious that x,y <\ D. Let x,y <z. Then for all a € |[xNB and b€ [yNB, we have that a < z,
b < z. Since B is a basis, we have |zNB is directed. Thus there exists ¢t € |[zNB such that a,b <t.
Therefore a Vb < t. Noticing that aVzb € D, we have \/ D <\/(}zNB) = z. This shows that \/D is
the least upper bound of x and y, namely, xVV y = \/ D. Thus L is a sup-semilattice. m

Theorem 3.15 (Representation Theorem III: for algebraic lattices) Let (L, <) be a dcpo. Then L is an
algebraic lattice iff there exists some F-closure space (X,6,¥) satisfying that ({F|F € #},C) is a sup-
semilattice with a least element and that (L, <) = (€(X,6,7),C).

Proof <=: By Theorem 3.13, we have that (€(X,6,7),C) is a pointed algebraic domain. It follows
from Lemma 3.14 and Corollary 3.9 that dcpo (€(X,6,7),C) is a sup-semilattice. Thus (&(X,6,F),C)
is a complete lattice, hence an algebraic lattice.

= : Given an algebraic lattice (L, <) .By Lemma 2.4, we have that K(L) is a sup-semilattice with a least

element. It follows from

({F|Feqi},C)=({{anK(L)[a € K(L)},C) = (K(L),<),

that ({F | F € 7.}, C) is a sup-semilattice with a least element. O
Theorem 3.16 (Representation Theorem IV: for algebraic semilattices) Let (X, 6, #) be an F-closure
space. If (X,6,¥) satisfies

(*) Flml:’_‘ZEQj(Xa%;T)(VFbFZET)?

then (€(X,6,7),C) is an algebraic semilattice.

Conversely, if L is an algebraic semilattice, then the induced F-closure space (L,6r,7;) satisfies
condition ().

Proof  Firstly, we prove the first half of the theorem. It suffices to prove that (€(X,6,¥),C) is a
semilattice. Let E,E, € €(X,B,7). Then there exist directed families {F;}ic; and {Fy}je; such that
Uie; Fii = E; and UjelF_zj = E,, where {Fy;}ie; € and {Fy};c; C #. By completely distributive law, we
have
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EiNE, = (UierFyi) N (UjgFy) = Ugeo (Figm N Fag(2)),

where @ = {¢: {1,2} = IUJ| ¢(1) € I, $(2) € J} . By the directedness of {Fj;};c; and {F,}c;, we have
that {Fig1) N Fyg2) }geo is directed. It follows from condition (%) and Proposition 3.5(3) that
E\NE, € €(X,B,F).Thus, (€(X,6,7),C) isa semilattice.

Conversely, for an algebraic semilattice L, let F;, F, € ¥ . we have

FNF,=}cgN ey, NK(L) = ({cg Acg,) NK(L).

By Theorem 3.11, F,NF, € €(K(L),6,71), showing that (K(L),6;, ;) satisfies condition (). The

theorem is thus proved. m

4 Representation for Algebraic L-Domains and BF-Domains

In this section, we discuss representations for algebraic L-domains and BF-domains. We first give a useful
lemma.

Lemma4.1 Let (L,<) bea continuous domain and let B be a basis of L.

(1) If (B,<) isacusl, then (L,<) isabc-domain.

(2) If (B,<) isansL-cusl, then (L, <) is an sL-domain.

(3)If (B,<) isan L-cusl, then (L, <) is an L-domain.

Proof (1) Let (B,<) be a cusl. Since B has the least element L, obviously, L is the least element of L.
For any x,y,z € L satisfying x,y < z, we show that for all a€ {xNB and b€ [yNB, aVpb exists. By
x,y <z, we have a < z,b < z. Since B is a basis, there is ¢ € |[zNB such that a,b <c. That aVvgb
exists by that (B,<) is a cusl Similar to the proof of Lemma 3.14, we have that
xVy=\V{aVvgb|ac [xNB,bec |yNB} and L isa cusl. Noticing that L is a dcpo, we have that L is a bc-
domain.

(2) Let (B,<) beansL-cusl. Forany x,y,z € L,let x < z and y < z. Set
D={aVpblac|xNB,bec yNB,cc |zNB,a,bec |c},

where aV )b denote the supremum of a and bin |cNB. Let a; € [xNB,b; € [yNB,¢; € {zNB and
a;,b; € Lci(i=1,2). Then a;Vp) b1, a,Vem by €D. Since B is a basis, there exists a; € $xNB and
bs € {yN B such that a; <as,b; < b; (i =1,2). Clearly, we have {as,bs,c;,c,} C [zNB. So, there exists
¢; €zNB such that {a3,b3,c,6} Cle. It follows from a;<as,b; <b; that a;V b <
a3 Ve, b3(i=1,2). By Lemma 23 and {c,c} C lc;, we know that a; Vg b =a Vb and
ay Ve, ) by = a1 Veyp) by . Hence, a; Vg by < a3 V) bs and a, V() by < a3 V(g b3, this shows that D
is directed. Thus, \/D exists. It is obvious that x,y <\/D <z. Let t€ L with x,y <t<z. For any
acxNB,be yNB,ce zNB with a,b € |c, we have aV g beD and a,b € [tNB. Since B is a
basis, there exists ¢’ € [tNB such that a,b € |c'. Obviously, aVyp b€ D and aVepb<t. Since
¢, € {zNB, we know that there exists d € [zNB such that ¢, <d. By Lemma 2.3, we have
aVep b=aVypb=aVpb. Thus aV g b < t. By arbitrariness of aV.g b€ D, we have \/D <t,
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showing that xV,y =\/D.Hence, (L,<) is an sL-domain.

(3) Let x € L and a € [xNB. We use {, to denote the least element in |aM B. To prove ¢, is the least
elementin |x,let y € |x. Then there exists b € |y B C |[xNB.By a,b € | xN B, there exists c € |(xNB
such that a,b € |c, It is obvious that t, =t. =t, < y. Hence, t, < y, showing that ¢, is the least element
in Jx. By Part (2), we know that (L, <) is an L-domain. o

Theorem 4.2 (Representation Theorem V: for algebraic sL-domains) Let (X,6,7) be an F-closure
space. If ({F|F € ¥},C) is an sL-cusl, then (€(X,6,),C) is an algebraic sL-domain. Conversely, if
(K(L),<) is an algebraic sL-domain, then the induced F-closure space (K(L),6.,7.) satisfies that
({F|Fe ¥.},C) isansL-cusl.

Proof The first half of this theorem follows by Corollary 3.9 and Lemma 4.1(2). Next we prove the
second half of this theorem.

Let a € K(L) and x,y €lanK(L).If D C L is a directed set and xV,y < \/D = t. By Lemma 2.3, we
have xV,y=xV,y. It follows from x,y € K(L) and xV,y < \/ D that there exist d;,d, € D such that
x < d) and y < d,. By the directedness of D, there is d; € D such that d),d, < d;. By Lemma 2.3 and
d; <t, we have xV,4,y=xV,y. Notice that xV,y =xV,y. Therefore xV,y=xV4y < d;, showing
that xV,y €lanK(L). Thus xV,y is the supremum of x,y in JaNK(L), showing that aNK(L) isa

sup-semilattice and (K(L), <) is an sL-cusl. It follows from

({F|Fe7i},C) = ({{anK(L) |a € K(L)},C) = (K(L), ),

that ({F| F€ #.},C) isan sL-cusl. O

An L-domain is a special sL-domain. Based on representations for algebraic sL-domains, the following
theorem gives a representation for algebraic L-domains.

Theorem 4.3 (Representation Theorem VI: for algebraic L-domains) Let (X,6,#) be an F-closure
space. If ({F|Fe€ ¥},C) is an L-cusl, then (€(X,6,¥),C) is an algebraic L-domain. Conversely, if
(L,<) is an algebraic L-domain, then the induced F-closure space (K(L),6,7;) satisfies that
({F|Fe ¥.},C) isan L-cusl.

Proof The first half of this theorem follows by Corollary 3.9 and Lemma 4.1(3). The second half of this
theorem follows from Lemma 2.6 and the proof of Theorem 4.2. m

A bc-domain is a special L-domain. A Scott domains are precisely algebraic bc-domains. The following
theorem gives a representation for Scott domains.

Theorem 4.4 (Representation Theorem VII: for Scott domains) Let (X,6,7) be an F-closure space. If
({F|Fe¥},C) isacusl, then (€(X,6,7),C) isa Scott domain. Conversely, if (L,<) is a Scott domain,
then the induced F-closure space (K(L),6,,77) satisfies that ({F | F € #.},C) isa cusl.

Proof The first half of this theorem follows by Corollary 3.9 and Lemma 4.1(1).

To prove the second half of this theorem, let (L, <) be a Scott domain. Clearly, the least element of L is
also the least element of K(L). If a,b,c € K(L) with a < ¢ and b < ¢, then aV b exists. It follows from
a<a,b<b and Lemma 2.4 that aVb < aVb, showing that aVbec K(L) and aVgyb=aVb,
where a V)b denote the supremum of a,b in (K(L),<). Thus (K(L),<) is a cusl. It follows from
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({F|Fe¥},C) = (K(L),<) that ({F|Fe 7.},C) isacusl. O

To give representations of BF-domains, we need a concept of bifinite F-closure spaces.

Definition 4.5 A bifinite F-closure space is an F-closure space (X,6,¥) satisfying that for all K Cg,
X, there is a finite family Mg Cg, F such that

(BF1) P(K)NFC My;

(BF2) (VFEF) (< Mx,UGgCF) = (IMe Mx)(UGCMCF).

Remark 4.6 For a bifinite F-closure space (X,6€,¥), we have

(1) for the same K Cg, X, we may have more than one finite family of ¥ satisfying conditions (BF 1)
and (BF 2), however, we can use the axiom of choice for all K Cp, X to select a fixed one My Cp, F
satisfying conditions (BF 1) and (BF 2).

(2) forall K Cg, X, set G = 0, then by (BF 2) in Definition 4.5, we have that Mg # 0.

Theorem 4.7 If (X,6,¥) is a bifinite F-closure space, then (€(X,6,¥),C) is a BF-domain.

Proof Clearly, (€(X,6€,7),C) is an algebraic domain. To show that (€(X,6,7),C) is a BF-domain,
we divide the proof into several steps by Lemma 2.10.

Step 1. Set © = {K Cj, X | IF € Fs.t. FC K}. Then in set-theoretic inclusion order, O is clearly a
directed family.

For all K€ O, define &x:¢€(X,6,7) — €(X,6,7) such that for all Ec €(X,6,7), Jk(E)=
U{M | M € Mxand M C E}, where M is stated in Remark 4.6(2).

Step 2. Assert that for all K € D, Jdx is well defined and has finite range.

Let E € ¢(X,6,7). By the finiteness of Mg and Mg Cp, F, we have U{M|M e Mgand M C
E} Csin E. Tt follows from E € €(X,6,7) that there exists F € # such that (J{M|M € Mgand M C
E} CFCE. It follows from {M|M € Mgxand M C E} C My and (BF 2) that there is M* € My such
that U{M | M € Mxand M C E} C M* CFC E. By Lemma 2.1, we see that M* CE and M* is the
greatest element in {M|M € Myand M C E} equipped with set-theoretic inclusion order. Hence
Ox(E) = M* € €(X,6,7), showing that Jx is well defined. It follows from the finiteness of My and
M* € Mk that §k has finite range.

Step 3. Assert that for all K € D, §k is Scott continuous.

Obviously, Jx is order-preserving. Let {E:}ic; C (€(X,6,7),C) be a directed family and
E =V, Ei=U; Ei € €(X,6,7). By the proof of Step 2, there is M} € Mg and M} C E such that
Ox(E) = Mj. Since Mj Cpy U Ei=E, there exists jel such that MjCE;. So, &k(E)=
U{M | M € Mxand M C E;} D Mj = 8k (E). Therefore 6&x(E) C 0x(E;) C U;c; Ox(Ei) C Ox(E). Thus
Ox(Uics Ei) = Uic; Ok(E:) , showing that Jx is Scott continuous.

Step 4. Assert that {0k }kep is an approximate identity on (€(X,8,7),C).

To show {0x}kep is directed, let Ki,K, € © and K= K UK, UUJ(My, UMy,). Then K€ D and
My, UMy, CP(K)NFC M. Forall E € €(X,6€,7),we have that

Ox.(E)=U{M|Mée Mg, and M C E} CU{M|M € Mxand M C E} = 6x(E)(i=1,2),

showing that {Jx}xecp is directed.
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Let F€ ¥ and F C E € €(X,6,7). Then by (BF 1), there exists My Cg, F satisfying P(F) N7 C M.
It follows from Fe P(F)NFC My that FC|JU{M|M e Mrand M C E} = 8z(E). Noticing that
FeFC D, we have FC Vken Ok(E). By Proposition 3.6(2) and the arbitrariness F, we have
E={F|FeF,FCE} C VgcpOx(E). Obviously, \/xcp 0x(E) C E. Thus, \xcp 6x(E) = E. This shows
that \/xcp Ok = idex 6.9 -

Summing up Step 1 to Step 4, by Lemma 2.10, we have that (€(X,€,¥),C) is a BF-domain. O

Theorem 4.8 Let L be a BF-domain and let (K(L),6;,7;) be the induced F-closure space. Then
(K(L), B, ¥1) isa bifinite F-closure space.

Proof By Lemma 2.10, there is an approximate identity {J;};c; for L consisting of kernel operators with
finite range. For all i € I, we use Im (&;) to denote the range of ;. For any m € Im(J;), by Lemma 2.8
(2), we have that m = §;(m) < m and m is compact, showing that Im (8;) C K(L).

For H Cj, K(L) and H # 0, it follows from \/,.;8;(a) = a that there is i, € I such that a < §;,(a) for
all ae HC K(L). Clearly, 6, (a) <a and §;,(a) =a. For {3, | a € H} Cp, {9}ics, it follows from the
directedness of {J;}c; that there exists j € I such that §;, < §; forall a € H. Thus for all a € H, we have
that a > §j(a) > d,,(a) =a, and a = §j(a), showing that H CIm(J;). Set My =P(Im(J;))NFy. It
follows from H C Im(6;) that P(H) N ¥, C My, showing that My satisfies (BF 1). To show My satisfies
(BF 2),let Fe ¥ and ¢ C My satisfying |JG C F = |cpNK(L). Take M = {§;(cr)} C Im(5;). Clearly,
M € My . 1t follows from 8;(cr) < cr that M = |8i(cy) NK(L) C legNK(L) = F. For all g € |G, notice
that (UG CIm(6;), we have &(g) =g. It follows from (UG C F= lcpNK(L) that g<cp. Thus
g=0i(g) < 8i(cr), showing that UG C |&(ce) NK(L) =M. Thus, we obtain that JgCMCF,
showing that My satisfies (BF 2).

For HCg, K(L) and H=0, we have P(H)NF, =0. Let My =P(Im(5;)) N7y, for any iel.
Obviously, My Sy 71 and M, satisfies (BF 1). The checking of (BF 2) is similar to the caseof H# 0. O

Theorem 4.9 (Representation Theorem VIII: for BF-domains) A poset (L, <) is a BF-domain iff there
is a bifinite F-closure space (X,6,¥) such that (€(X,6,7),C) = (L,<).

Proof < :Follows from Theorem 4.7.

= :Let (L,<) be aBF-domain, (K(L),8.,7;) the induced F-closure space. It follows from Theorem
4.8 that (K(L), 6., #1) isa bifinite F-closure space and (€(K(L),6.,71),C) = (L,<).

5 Direct Approach to Representing Algebraic Domains

As can be seen from the previous sections, F-closure spaces and F-augmented closure spaces are triples,
which are different from the form of classical closure spaces. As is well known, a usual closure space is a pair
(X,8). In Ref. [13], Wu et al. used algebraic closure spaces rather than usual closure spaces to give
representations for algebraic domains. In this section, we discuss direct approaches to representing algebraic

domains by classical closure spaces.
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Definition 5.1 Let (X,€) be a closure space and E C X. If for any K Cg, E, there always exists
x € X such that K C X C E, then E is said to be FinSet-bounded. The collection of all FinSet-bounded sets
of (X,6) is denoted by &(X,6).

Remark 5.2 (1) Given a closure space (X,6), let #={x|x€ X}. It is easy to see &(X,6)=
(X, 6,7) . So, closure spaces can be seen as special F-closure spaces.

(2) In Ref. [13], the definition of FinSet-bounded sets is corresponding to the case of algebraic closure
spaces.

Theorem 5.3 (1) Let (X,6) be a closure space. Then (S(X,6),C) is an algebraic domain.

(2) Let (L,<) be an algebraic domain and let €, be the family of all lower sets of (K(L),<). Then
S(K(L),8,) ={IxNK(L) |x € K(L)}.

Proof (1) The proof follows directly from Theorem 3.10 and Remark 5.2.

(2) The proof is similar to the proof of Theorem 3.11. m

In the following, the closure space (K(L),6;) is called the induced closure space of (L, <).

Theorem 5.4 (Representation Theorem I: for algebraic domains) A dcpo (L,<) is an algebraic
domain iff there exists some closure space (X,6) such that (L, <) = (6(X,6),Q).

Proof The proof follows directly from Theorem 5.3. m

Definition 5.5 A non-empty family ‘€ of subsets of a set X is called a locally algebraic intersection
structure if

(L1) for every directed family {A; € € | i € I}, one has |J;c;A; € €;and

(L2) forevery C € 6 and non-empty family {A; € € | A; C C,j€ ]}, N Aj € 6.

Remark 5.6* (1) Let 6 be a locally algebraic intersection structure on a set X. Then the depo (6, Q)
is an algebraic L-domain.

(2) Let (L,<) be an algebraic L-domain. Then there is a locally algebraic intersection structure ‘€ such
that (€,C) = (L,<).

Proposition 5.7 Let (X,€) be a closure space. If ({¥|x € X},C) is an L-cusl, then &(X,6) isa
locally algebraic intersection structure.

Proof 1t follows from Proposition 3.5 that &(X,6) satisfies (L1). Next, we prove that &(X,6)
satisfies (L2). For any C € &(X,6) and non-empty family {A; € §(X,6) | A; C C,j € J}, we will show
that (;;A; € 6(X,6). Let Ky NjesAj- For i €], then K Cp, A;. So, there exists x; € X such that
KCx CA;. Since ({¥|x€X},C) is an L-cusl, the supremum of {k|k€K} in
({x|x* Cx,x€X},C) exists, denoted by \/{k|k€K}. For j€], then exists x;€X such that
K Cx; C A;. Therefore the supremum of {k|k€ K} in ({X¥|X Cx,x€X},C) exists, denoted by
\/7],{% | k € K}. Since {x;,x;} C C, there exists x; € X such that {x;,x;} C%; C C. It follows from Lemma
2.3 that \/xﬁ-{E |ke K} = VE{% | ke K} and foj{E |ke K} = \/xi{E | ke K}. This shows that
Vilk | k€K} = \/ij{E | ke K}. Thus Vg {k|k€K} Cx;CA;. By the arbitrariness of j, we have
KC Vi{k| ke K} CNgA;j. Thus N A € 6(X,6). O

Theorem 5.8 (Representation Theorem VI: for algebraic L-domains) Let (X,€) be a closure space. If
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({x|x€ X},Q) is an L-cusl, then (&(X,6),C) is an algebraic L-domain. Conversely, if (L,<) is an
algebraic L-domain, then the induced closure space (K(L),6;) satisfies that ({X |x € K(L)},C) is an L-
cusl.

Proof The proof follows directly from Theorem 4.3 and Remark 5.2. m

Definition 5.9"” A non-empty family € of subsets of a set X is called an algebraic intersection
structure if

(A1) for every directed family {A; € € | i € I}, one has [J;.;A; € € ;and

(A2) for every non-empty family {A; € € | j € J} , the intersection (;c;A; € 6.

Remark 5.10" (1) Let ‘6 be an algebraic intersection structure on a set X. Then the dcpo (6,C) isa
Scott domain.

(2) Let (L,<) be a Scott domain. Then there is an algebraic intersection structure ‘6 such that
(6,9) = (L,<).

Proposition 5.11 Let (X,6) be a closure space. If ({x|x € X},C) is a cusl, then &(X,6) is an
algebraic intersection structure.

Proof It suffices to prove that GS(X,€) satisfies (A2). For any non-empty family
{Aj]j €T} C6(X,6), we will show that ;c;A; € &(X,6). Let K Cgy iy 4; - Since ({X|x € X},C)
is a cusl, the supremum of {k|k¢c K} in ({X|x€ X},C) exists, denoted by \/{k |k € K}. Clearly,
KCV{k|keK}C NjesA;j > showing that (., A; € &(X,6). O

Theorem 5.12  (Representation Theorem VII: for Scott domains) Let (X,6) be a closure space. If
({x|x € X},Q) isacusl, then (6(X,6),C) is a Scott domain. Conversely, if (L, <) is a Scott domain,
then the induced closure space (K(L),6;) satisfies that ({x | x € K(L)},C) isa cusl.

Proof The proof follows directly from Theorem 4.4 and Remark 5.2. m

Definition 5.13" A non-empty family ‘6 of subsets of a set X is called a topped algebraic intersection
structure if

(T1) for every directed family {A; € € | i € I}, one has | J;.;A; € 6;

(T2) for every non-empty family {A; € € | j € J}, the intersection (;c;A; € € ;and

(T3) Xe%6.

Remark 5.14" (1) Let 6 be a topped algebraic intersection structure on a set X. Then the dcpo
(6,C) is an algebraic lattice.

(2) Let (L,<) be an algebraic lattice. Then there is a topped algebraic intersection structure € such that
(6,C) = (L,<).

Proposition 5.15 Let (X,€) be a closure space. If ({xX|x € X},C) is a sup-semilattice with a least
element, then G(X,6B) is a topped algebraic intersection structure.

Proof  Similar to the proof of Proposition 5.11, it follows that &(X,€) satisfies (T2). Next, it suffices to
prove that X € &(X,B). Since ({X|x € X},C) is a sup-semilattice, we see that the set {x |x € X} is
directed. It follows from X = |J{x | x € X} and Proposition 3.6 that X € &(X,6). O

Theorem 5.16 (Representation Theorem III: for algebraic lattices) Let (X,€) be a closure space. If
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({x|x€ X},Q) is a sup-semilattice with a least element, then (&(X,6),C) is an algebraic lattice.
Conversely, if (L,<) is an algebraic lattice, then the induced closure space (K(L),6.) satisfies that
({x | x € X}, Q) isa sup-semilattice with a least element.

Proof The proof follows directly from Theorem 3.15 and Remark 5.2. m

Theorem 5.17 (Representation Theorem VIII: for BF-domains) Let (X,€) be a closure space. If
(X,B) satisfies that for all K Cp, X, there is a finite set Mg Cj, X such that

(1) K C Mg;

(t2) (VxeX)(GC MgNX) = (Ime Mk)(GCm CX),
then (S(X,€),C) is a BF-domain.

Conversely, if (L,<) is a BF-domain, then the induced closure space (K(L),6;) satisfies that for all
K Cgn K(L) , there is a finite set Mg Cp, K(L) such that conditions (1) and (12) hold.

Proof Follows directly from Remark 5.2 and the proofs of Theorems 4.7 and 4.8. m

6 F-Relation and Scott Continuous Map

In order to investigate more relationship between F-closure spaces and algebraic domains, in this section,
we introduce F-relations between two F-closure spaces.

Definition 6.1 Let (X;,6;,77) and (X;,6,,7,) be two F-closure spaces. Then a binary relation
O C 77 X 75 is called an F-relation, if it satisfies

(1) forall F € 71, thereis G € F, such that FOG;

(2)forall F,F € 7, G,G' € 7,if FCF, G' C G,and FOG, then FOG';and

(3) forall FE€ 77, G,G, € 7, if FOG, and FOG,, then there is G5 € 7, such that G;UG, C G; and
FOG;.

Since closure spaces can be seen as special F-closure spaces, we give the following definition.

Definition 6.2 Let (X;,6;) and (X,,6;) be two closure spaces. Then the relation © C X; x X, is
called an approximable relation, if © satisfies the following conditions:

(1) for all x € X, thereis y € X, such that xOy;

(2)forall x,x' € X;, 5,y € X,,if x€x', y €y,and xOy, then ¥ Oy ;

(3) for all x € X, y1,y, € Xz, if xOy; and xOy,, then there is y; € X, such that {y;,»,} Cy; and
xOy;.

Proposition 6.3 Let O be an F-relation between F-closure spaces (X;,6;,7;) and (X,,6,,7) . Then
following statements are equivalent:

(1) FOG;

(2) There exists F' € #; such that F C F and F OG;

(3) There exists G' € 7, such that FOG' and G C G';

(4) There exists F € 7; and G’ € 7, suchthat F CF, GC G’ and FOG'.

Proof Follows directly from Lemma 2.1(1), (2) and Definition 6.1. i

Definition 6.4 Let (X,6,#) be an F-closure space and
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dixes = {(F,G) | F,GE7,GCF} CFx .

Then it is easy to check that Idx¢ # is an F-relation from (X,6,7) to itself. Id x4 ¢ is called the
identity F-relation on (X,6,¥).

Proposition 6.5 Let ® be an F-relation from (Xj,6;,7;) to (X,,6,,73) and E € €(X;,6,, 7).
Then the family © = {G | F € 7,F C E, G € ¥, and FOG} is directed.

Proof It is easy to see by Definition 3.4 and the condition (1) in Definition 6.1 that © # (. Let
X1,X, € D. Then there are F, € 7, and G; € ¥, such that F;,CE, F,0G; and X;=G; (i=1,2). It
follows from Definition 3.4 that there exists F; € #7; such that F,UF, C F; C E. It follows from the
condition (2) in Proposition 6.3 that F;0G; and F;0G, . By the condition (3) in Definition 6.1, there exists
G; €7, such that GiUG, C G; and F;0G;. By Lemma 2.1, we have X;UX, C G;, showing that
D={G|Fe#,FCE,Gec % and FOG} is directed. O

The following results shows that there is a one-to-one correspondence between the set of all Scott
continuous maps from €(X;,6,,7;) to €(X,,6,,7,) and that of all F-relations from (X;,6;,7;) to
(X5,6,,73) .

Theorem 6.6 (1) Let ©® be an F-relation from (Xi,6;,71) to (X;,6,,%3). Define a map
fo: €(X1,6,,71) — €(X,,6,,7) suchthatforall E € €(X;,6,,71),

fo(E) =\ J{G|Fe #,F CE,G € 7, and FOG}.

Then fg is a Scott continuous map.

(2) Let f: €(X;,61, 1) — €(X3,6,,%>) be a Scott continuous map. Define O C 77 X 7, such that

VF € #1,G € 75,FOG < G C f(F).

Then @y is an F-relation from (X;,6,,77) to (X2, 6,,%>).

(3) Let f:€(Xy,61,%1) — €(X2,6,,72) be a Scott continuous map, © be an F-relation from
(X1,61,%1) to (X5,6,,%>). Then @7, = © and fo, =1

Proof (1) Clearly, fo is order-preserving. To prove that fg is Scott continuous, by Proposition 3.5(3), it
suffices to prove that for any directed family {E;};c; C €(X;,6;,77), one has fo(U,c;Ei) = Uicifo(E) . In
fact,

fo( JE) =\ {G| Fe #,F C| JE;,G € 72 and FOG} =
icl icl
WG| Fe 7, FCE,G € 7, and FOG}

icl

(by directedness of {E; }ic;) =
Ufe(E).

i€l

(2) It follows from Definition 3.4 that ©y satisfies the condition (1) in Definition 6.1.
Let F,,F, €7, G,G, €7,.If FCF,, F,0G, and G, C G, then by the definition of Oy, we have
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G, C f(F) Cf(F,).By f(F,) € €(X,,6,,7,) and Proposition 3.5(2), we have G, C f(F,). Since G, C G,
we have G, C f(F,) . Thus F,0G,, showing that O satisfies the condition (2) in Definition 6.1.

Let FeF and G,G,€%,. If FOG, and FO/G,, then G UG, Cyy f(F). Tt follows from
f(F) € €(X,,6,,%,) that there exists G; € 7, such that G;UG, C G; C f(F). Thus G; C G; C f(F).
Therefore FOGs, showing that Oy satisfies the condition (3) in Definition 6.1.

To sum up, Oy is an F-relation from (X;,6,,77) to (X;,6,,7>).

(3) Let F € 71,G € 7. We have

(F,G) € 0y, G C fo(F) &
JF € 71,G € 7 suchthat GC G,F C Fand (F,G') € ©
(by Propositions 6.5, 6.3 and the finiteness of G € 7,) <
(F,G) € © (by Proposition 6.3).

Thus @f@ = 0.
Let E € €(X,,6,,71),

fo(E)=\J{G | F€ #1,G € 73, F C Eand FO,G} =
(G| FeF,Ge s, FCEandG Cf(F)} =
U{@ | Ge 7,and G C f(E)} (by Scott continuity) =
f(E) (by Proposition 3.6(2) and f(E) € €(X;,6,,%3)).

Thus fo, = f. m

Next, inspired by the ideals and methods in", we give another representation for BF-domains by F-
relations. First of all, we give a definition as follows.

Definition 6.7 An F-closure space (X,6,¥) is called a weak bifinite F-closure space if there exists a
directed family {0, },c; of F-relations on (X, B, F) satisfying the following conditions:

(FS 1) Uiel 0; = Id(X,%,‘F) 5

(FS2) Forall ©; (i € I), thereis M; Cpi, F such that for every F € 7, there exists M € M; satisfying

VG e 7, FO,G=GCMCF.

Theorem 6.8 For a weak bifinite F-closure space (X,6,¥), (€(X,6€,7),C) isa BF-domain.

Proof Clearly, (€(X,6,¥),C) is an algebraic domain. Next we prove that there is an approximate
identity for (€(X,€,7),C) consisting of finitely separating maps. Let {©;},c; be a directed family of F-
relations on (X, B, F) satistying the condition (FS 1) and (FS 2) in Definition 6.7. For all i € I, the map fo,
is a Scott continuous maps on (€(X,6,¥),C) by Theorem 6.6(1). Let ©;, 0y € {O;};c; and O; C By.
Notice that fo (E) = U{G|F,G€ 7 FC Eand FO,G} (icI) for all E€ &(X,6,7). Then we have
fo,(E) C fo,(E) for all E € €(X,86,¥), showing that the family {fe, }ic; is directed by the directedness of
{O;}ic;. Forall E € €(X,6,7), we have
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(\/f@,») (E) = \/(f&- (E))(by Lemmall — 2.5 in Ref. [2]) =

icl icl

U(f@,. (E)) (by Lemma3.5(3)) =

i€l
J({G|F.G € #,FC Eand FO,G}) =
icl
| {G|F,Ge#,FCEand (F,G) €| J6;} =
iel
| {G|F,Ge #,FC Eand (F,G) € ldxs.5} (by (FS1)) =
\{G|F,Ge#,FCEandGCF} =
U{lT7 | F € Fand F C E}(by Propositions 3.5(1) and 3.6(2)) =
E (by Proposition 3.6(2)).

This shows that \/;c;fe, = idex .7 -

Next we verify that for all i € I, fg, is finitely separating. By the condition (FS 2) in Definition 6.7, we
have a finite subfamily M; of ¥ such that for all F € F, there exists N € M; satisfying

VG e 7,FO,G=GCNCF.

For M € M; and E € €(X,6,7), set
Dy = {F|(Fe 7, FCE)and (VG € 7,FO,G = G C M C F}.

Then we have Uyen, Ou={F|FeFandFCE}. By by Proposition 3.6(2), family {F|Fe
Fand F C E} is directed. Since M; is finite, by Lemma 2.2, there exists M, € M; such that Dy, is a
cofinal subfamily of {F|F€ Fand FCE} and Dy, =U{F|FeFand FCE}. It follows from
Proposition 3.6(2) that |JDy, = E. Set M; ={M | M € M;}. For F,G € ¥ with FC Eand FO,G, by
finiteness of F, directedness of D), and that | J D, = E, we can find some F, € ¥ satisfying F, C E and,

VG € F,F®G = GC M, C F.
(hence Fy € Dy, ) such that F C R(F,). It follows from F C Fy and F®;G that F,®;G by Propositon 6.3.
Thus G C M, C F, and G C M, . Since
fo.(E)=|\J{G| F,G € #,F C Eand FO,G},

we have fo.(E) C My, C E and M, € M;. By finiteness of M; , we see that fp, is finitely separating,

To sum up, it is proved that (&(X,6,¥),C) is a BF-domain. O

Proposition 6.9 A bifinite F-closure space is a weak bifinite F-closure space.

Proof Let (X,%6,7) be a bifinite F-closure space. Then O = {K Cg, X | IF € Fsuch that F C K}
defined in the proof of Theorem 4.7 is a directed family. For all K € O, define a binary relation O on ¥
such that

VF,G € 7, (F,G) € O <= IM € Mg suchthat GC M C F,

where My is stated in Remark 4.6(2).
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To show the proposition, it suffices by Definition 6.7 to show that the family {Ox}xep is a directed
family of F-relations on (X, 6, ¥) satisfying (BF 1) and (BF 2) in Definition 6.7. To this end, we divide the
proof into several steps.

Step 1. Show that for all K € D, O is an F-relation.

It is a routine work to check O is an F-relation on (X,6,¥).

Step 2. It follows from Step 4 in the proof of Theorem 4.7 that ({Mxk}kep,C) is directed. Thus
{Ok}kep is directed.

Step 3. Check the condition (FS 1) in Definition 6.7 for {Ox }xeop -

Clearly, for all K € D, Ok C Id (x5 . Conversely, let F,G € . If (F,G) € ldix¢.#) , then GC F. By
the proof of Theorem 4.7, we have an approximate identity {dx}xep on €(X,€,7), where for all
E€€¢(X,8,7), 0x(E)=U{M|M € Mxand M C E}. Thus \/x.s0x(F) =F. Since F is a compact
element of (€(X,6,7),C), there exists J€ D such that &(F)=F. Thus G C §;(F). By Step 2 of
Theorem 4.7, there exists Mj € M; such that & (F) = M; C F. Hence, GC Mj; C F, showing that
(F,G) € 0 C Ukep Ok and Ugep Ok =Id(x %5 . This shows that {Og}kep satisfies the condition
(FS1).

Step 4. Check that {Ok}xcp satisfies the condition (FS 2) in Definition 6.7.

For all K € D, let Mk Cjiy ¥ be the one stated in Remark 4.6(2). Let F € #. By the proof of Theorem
4.7, there is an M* € Mg such that M* is the greatest element in {M | M € Mxand M C F}.If GEF
and (F,G) € O, then there is M € M such that G C M C F. Noticing that M* is the greatest element in
{M|M € Mgand M C F},wehave G C M* C F, showing that {Ox}xcp satisfies the condition (FS 2).

To sum up, (X, B,F) is a weak bifinite F-closure space. O

It is natural to ask that weak bifinite F-closure spaces are bifinite F-closure spaces? We leave this problem
as an open question to interested readers. However, as the following theorem shows, we can also give
representations for BF-domains by weak bifinite F-closure spaces.

Theorem 6.10 (Representation Theorem VIII: for BF-domains) A poset (L,<) is a BF-domain iff
there is a weak bifinite F-closure space (X,6,¥) such that (€(X,6,7),C) = (L,<).

Proof <= :Follows from Theorem 6.8.

= :Let (L,<) aBF-domain, (K(L),6;,7;) the induced F-closure space. By Theorem 3.12, it suffices
to show that (K(L),6,71) is a weak bifinite F-closure space. It follows from Theorem 4.8 that

(K(L),B.,#1) isa bifinite F-closure space, hence a weak bifinite F-closure space. O

7 Categorical Equivalence between Related Categories

In this section, we establish a categorical equivalence between the category of F-closure spaces and that of
algebraic domains. For some basic notions and results in category theory, please refer to Ref. [27].

Definition 7.1 Let (X;,6,,71), (X;,6,,72) and (X3,65,73) be three F-closure spaces, and let
O CF X F and Y C 7, X F; be two F-relations. Then the composition Yo ® C 7 x 73 of Y and O is
define by that for any F, € #1,F; € 73, (F;,F;) € Yo O iff there exists F, € 7, satisfying (F;,F,) € ©
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and (F,,F;) € Y.

Proposition 7.2 Let (X,6,,71), (X;,6,,%2) and (X;,%6;,73) be F-closure spaces, and let
OCF XF and YC F xF; be F-relations. Then the composition Yo ® is an F-relation from
(X1,61,71) to (X3,65,73) .

Proof  Since the composition of F-relation “o” is precisely the composition of binary relation, we have
that Yo O satisfies the condition (1) in Definition 6.1.

To check that Yo © satisfies the condition (2) in Definition 6.1, let F,, F, € #; and H,,H, € 73,

F,CF,,H, CH,and (F,H,) € Yo® =
3G € 7 such that F, C F,,H, C H,,F,0G and GYH, =

3G € 7, such that F,0G, GYH, (by Proposition 6.3) =
I(Fy, Hy) € Yo O.

This shows that Y o © satisfies the condition (2) in Definition 6.1.
To check that Yo ® satisfies the condition (3) in Definition 6.1, let F € 7, H;,H, € 73.

(F,H;) € Yo®and (F,H,) € Yo® =

3G,, G, € 7, such that FOG,, FOG,; G, YH,, G, YH, =
3G; € 75 such that G, UG, C G;,FOG;; G, YH;, G, YH,
(by O satisfying (3) in Definition 6.1) =
G;YH;,G;YH, and FOG; (by Proposition 6.3) =

3JH, € 75 such that H; UH, C H;, G;YH; and FOG;
(by Ysatisfying (3) in Definition 6.1) =

JH; € 73 such that H{UH, C H; and (F,H;) € Yo ©.

To sum up, Yo O is an F-relation from (X;,6,,7;) to (X3,6;,73) . o
Proposition 7.3 Let © be an F-relation from F-closure space (X;,6;,71) to (X,,6,,73) . Then

®o Id(thghgrl) = Id(Xz,‘@zj-'z) o®= @,

where the identity F-relation Id x, 4, #) is defined in Definition 6.4.
Proof Forall F € #1,G € F,,we have
(F,G) € ® <3G € 7, 5.t. FOG',G C G’ (by Proposition 6.3) <
3G € 75 5.t. FOG (G, G) € 1y, 6, 7) <
(F,G) € 1dx, 4,5, © ©.

This shows that Id(x, 4, ) © © = ©. Similarly, we have @ oldx, 4, #) = ©. O
By Propositions 7.2, 7.3, F-closure spaces as objects and F-relations as morphisms form a category,
denoted by F-CLS. Similarly, closure spaces as objects and approximable relations as morphisms can also
form a category, denoted by CLS. In this paper, we use AL-DOM to denote the category of algebraic

domains with Scott continuous maps.

For a category C, it is customary to denote the class of objects of C by ob(C) and denote the class of
morphisms of Cby Mor(C).
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Lemma 7.4 Let C,D be two categories. If there is a functor @ : ¢ — O such that
(1) @ is full, namely, for all A,B € ob(C), g€ Morp(DP(A),D(B)), there is f€ Morc(A,B) such that
o(f) = g;
(2) @ is faithful, namely, forall A,B € 0b(C), f,g € Morc(A,B),if f# g, then ®(f) # D(g);
(3) forall B € ob(D), thereis A € ob(C) such that ®(A) = B,
then C and O are equivalent.
Theorem 7.5 F-CLS is equivalent to AL-DOM.
Proof Define ¥: F-CLS— AL-DOM such that for all (X,6,¥) € ob(F-CLS), ¥Y((X,6,7)) =
(€(X,6,7),C) € ob( AL-DOM); for all ® € Mor (F-CLS), ¥(O) = fo € Mor (AL-DOM).
Give an F-closure space, for any E € €(X,6,¥) , we have
Y(Idxe.n)(E) =fayen (E) =
| {G|F,Ge #,FC Eand (F,G) € ldxe5} =
\{G|F,Ge#,FCEandGC F} =
\{F|Fes and FCE} =
E (byE € €(X, 8, F) and Proposition 3.6) =
ide(x.6.57) (E).

This shows that ¥(Id(x 7)) = idexe.7) -
For F-closure spaces (X, 6;,771), (X5,6,,72) and (X3,65,73),let ®© C 77 x 7, and Y C F, X 73 are
F-relations, we have
¥(Y) o ¥(O)(E) = fr(fo(E)) =
| {G| FC fo(E),F € %3,G € 73 and FYG} =
\{G| FL € 71,Fi CE,G, € 73,Fi0G,,F C G|,F € 73,G € 3 and FYG}
(by the definiton of fo(E), Proposition 6.5 and finiteness of members in 7,) =
| {G| F. € 71,Fi CE, G € 72,F10G,,G € 73 and G, YG}
(by F C G,, FYG, and Proposition 6.3) =
\{G|F € #1,Fi CE,Ge F5and (F,,G) € Yo O} (by Fi0G, and G, YG) =
froo(E) = ¥(Yo O)(E).

This shows that Y(Y) o ¥(©) = ¥(Y o 0), and thus ¥ is a functor.

To show that F-CLS is equivalent to AL-DOM, it suffices to check that ¥ satisfies the three conditions in
Lemma 7.4.

Let (X3,6;,%1) and (X;,6,,7>) be two F-closure spaces. It follows from Theorem 6.6(3) that ¥ is
faithful. Let f: €(X;,6,,71) — €(X,,6,,7>) be a Scott continuous map, by Theorem 6.6(3), there is
Oy € Mor (F-CLS) such that ¥(0y) = fo, = f, showing that ¥ is full. It follows from Theorem 3.12 that ¥
satisfies the condition (3) in Lemma 7.4. Thus, F-CLS is equivalent to AL-DOM. o

Similarly, we can also establish a categorical equivalence between CLS and AL-DOM, which builds a

direct bridge between classical closure spaces and algebraic domains. Following this ideal, the categorical
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equivalences between some special F-closure spaces and subclasses of algebraic domains can also be directly

obtained. We leave these details to the interested readers.

8 Conclusion

This paper generalized the notion of F-augmented closure spaces to that of F-closure spaces. The family of
all F-closed sets of F-closure spaces ordered by inclusion was used to form an algebraic domain and,
conversely, all the algebraic domains can be generated in this way. It was also shown that the collection of F-
closed sets is a tool of building bridges between some special F-closure spaces and subclasses of algebraic
domains. Being different from the method in Ref. [15], a skillful set-theoretic method without using
morphisms to represent BF-domains was given. We also constructed a categorical equivalence between the
category of F-closure spaces with F-relations and that of algebraic domains with Scott continuous maps.
Following this idea, we gave a representation of various algebraic domains in terms of classical closure
spaces and constructed a categorical equivalence between the category of closure spaces with approximable
relations and that of algebraic domains with Scott continuous maps, establishing a direct connection
between classical closure spaces and algebraic domains.

The work in this paper enriched the links between closure spaces and domain theory. In the future, we
will consider extending these links to fuzzy settings, that is to say, representing for fuzzy algebraic domains

via fuzzy closure spaces will be a future topic to work with.
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