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SUMMARY Analytical expression of transmission for the orbital an-
gular momentum (OAM) communication using loop antenna arrays and
paraboloids is derived to achieve a communication distance of 100 m. With
the field distribution of the single “transformed OAM mode” radiated by
a loop antenna, the collimated field by the transmitting paraboloid and its
diffracted field are analytically derived. Effects of frequencies, sizes of
paraboloids, and shifts of transmitting and receiving arrays from the fo-
cal planes are included. With the diffracted field distribution on the focal
plane of the receiving paraboloid, transmission between the transmitting
and receiving loop antennas is analytically estimated. It is shown that the
transmission between the antennas with different OAM modes is null, but
the transmission between the antennas with the same mode can be reduced.
To clarify the mechanism of the reduction, factors of the reduction are
quantitatively defined, and the explicit formulae are derived. Based on the
analytical results, numerical estimation for a communication distance of
100 m is demonstrated, where the frequency, the focal length, and the size
of the paraboloid are 150 GHz, 50 cm and 100 cm, respectively. Where
both arrays are located on each focal plane, the transmission for the signal
is more than −7.78 dB for eight kinds of OAM modes. The transmission is
the least for the highest-order mode. The transmission loss is shown to be
mitigated by optimizing the shifts of transmitting and receiving arrays from
their focal planes. The loss is made almost even by exploiting the tradeoff
of the improvement for the mode orders. The transmission is improved by
5.98 dB, to be more than −1.80 dB, by optimizing the shifts of the arrays.
key words: OAM wave, diffraction, eigenmode, paraboloid, numerical
calculation

1. Introduction

A variety of multiplexing methods have been investigated
to improve frequency usage efficiency, because frequency
bands are precious and finite resources. Whereas the effi-
ciency can be improved within the scope of the Shannon-
Hartley theorem, the methods have been exploited only by
sacrificing the exponentially increased power. While the
MIMO multiplexing communication scheme relaxes the se-
vere demand for the power, it requires complex signal pro-
cessing to obtain spatially independent channels. On the
other hand, the orbital angular momentum (OAM) commu-
nication method relaxes the complexity by exploiting the
spatial orthogonality of the electromagnetic fields [1]–[7].
An important feature of the OAM eigenmode is its spatial
distribution of exp( 𝑗𝑚𝜙) in the spherical or cylindrical co-
ordinate system, where 𝑚 denotes the index that is called
the phase mode number or the magnetic quantum number.
When different signal sequences are overlaid on n kinds of
OAM eigenmodes, n-channel spatial multiplexing becomes
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possible due to the spatial orthogonality of exp( 𝑗𝑚𝜙). Thus,
multiplexing in the same frequency band is enabled. In ad-
dition, the feature of the eigenmode transmission relaxes the
demands for the complexity of signal-processing. As the
OAM communication exploits the spatial distribution, the
direction of the receiver is strictly specified. Thus, the OAM
communication may be anticipated to provide a novel physi-
cal dimension of a multiplexing method for the fixed wireless
communication.

　 To obtain pure OAM single-modes, various schemes
have been proposed. In the frequency range of light, a spiral
phase plate or computer-generated holograms have been used
to realize the phase distribution of exp( 𝑗𝑚𝜙) [8]–[14], where
the plane wave is transformed into the OAM wave.

In the microwave frequency range, a uniform circular ar-
ray has often been used, where each antenna is stimulated for
the phase to be shifted by 2𝜋 divided by integers related with
the element number of the array [5], [7], [16]–[19]. Whereas
the phase distribution of the OAM wave results only at dis-
creet points physically, communication is enabled owing to
the sampling theorem. The number of the discreet points can
be increased by increasing the number of elements, where
feasible modes are also increased. As its element radiation
pattern may be arbitrary, flexible configurations of the array
can be exploited. Signals are artfully distributed with the
Butler Matrix. In addition, dual polarizations can be easily
exploited. Thus, the data rate is more than 100 Gbit/s for
a communication distance of 100 m, where 15 data streams
are exploited at 40 GHz [20].

On the other hand, a continuous field distribution of
exp( 𝑗𝑚𝜙) has been obtained with a circular travelling an-
tenna in the microwave frequency range, where a cylindri-
cal slot and a stimulation phase-shifted by 90 degrees are
exploited [21], [22]. In addition, an OAM communication
scheme using loop antennas and paraboloids has been pro-
posed, where the antenna radiates an almost single “trans-
formed OAM mode” directly by controlling the radius of the
loop antenna [23], [24]. The transformed mode is a linear
combination of +𝑚𝑡ℎ and −𝑚𝑡ℎ order OAM modes. This
mode may be understood as a state in which two kinds of
photons, one with an OAM of 𝑚ℏ and another with an OAM
of −𝑚ℏ, are entangled. In addition, its independent mode
can be radiated by rotating the port azimuth of the antenna
by 𝜋/(2𝑚), where the radiated field distribution is an inde-
pendent linear combination of ±𝑚𝑡ℎ order modes [25], [26].
Thus, the number of feasible modes is identical to that for
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the other OAM communication schemes. The mode unity is
further improved by a reflector plane and port-azimuth con-
trol [27], [28]. An array of concentric loop antenna elements
radiates plural single-mode waves concurrently, where each
wave propagates independently in favor of the spatial or-
thogonality. For a receiver, the antenna receives only the
mode. Thus, an ideal communication is enabled without
the troublesome signal-processing, if the diffraction can be
neglected for the collimated field.

Whereas the OAM communication has been shown to
be effective in the lower frequency bands for short-range
communication [23]–[28], higher frequency bands are desir-
able for long-range communication, such as 100 m in terms
of mitigating the diffraction effect. Whereas the diffraction
effect has been analyzed also for the uniform circular array
scheme [29], [30] to increase the distance, the effect is more
complex for the loop antenna scheme, because the received
field should be identical to the radiated field distribution for
𝜌 as well as 𝜙. This requirement may be said to be a harmful
influence of communication without the troublesome sig-
nal processing. Thus, to estimate the performance of this
scheme, a more-detailed investigation of the diffraction is
required. For long-range communication such as 100 m,
a large paraboloid and a high frequency would be required,
where a prohibitively long time is concerned for simulations.

Thus, the analytical expression of the diffraction of the
transformed OAM wave is investigated in this paper. In Sec-
tion 2, the field distribution is analytically derived for the col-
limation of the transformed OAM waves with a paraboloid.
With the obtained distribution, the diffracted field distri-
bution is analytically derived. In Section 3, the analytical
expression of the transmission between the transmitting and
receiving loop antennas is obtained. In addition, factors of
the transmission loss are investigated to clarify the mecha-
nism. With the obtained analytical expression, the field dis-
tributions and transmissions are numerically estimated for a
simple case in which the transmitting and receiving arrays
are on their focal planes in Section 4. In Section 5, improve-
ment of the transmission is investigated by optimizing the
shifts of the arrays away from their focal planes.

2. Collimation and diffraction of transformed OAM
wave

The 𝑚𝑡ℎ-order transformed OAM eigenmode radiated by the
loop antenna with the planar reflector is given by (1) and (2),
where the circumference of the antenna is adjusted to be the

integral multiple of the wavelength [23], [27].
The spherical coordinates are expressed by 𝑟 ′, 𝜃′ and 𝜙′,

and 𝑑 denotes the distance between the loop antenna and the
planar reflector. The assumed time convention is exp(− 𝑗𝜔𝑡).
The radiated power is normalized as follows, where 𝜂 and 𝑅
denote the wave impedance in free space and the radius of
the sphere for the integration, respectively:

Prad=
1
2𝜂

∫ 2𝜋

0
𝑑𝜙′

∫ 𝜋
2

0
𝑑𝜃′{𝑅2E(𝑚)

𝑖 · E(𝑚′ )∗
𝑖 } = 𝛿𝑚𝑚′ (3)

Where the center of the loop antenna is shifted by 𝑧0𝑡 along
the Z-axis, the far field 𝑬1 is estimated with the Fraunhofer
approximation as follows:

E1 = exp{− 𝑗 𝑘𝑧0𝑡 cos 𝜃′}E(𝑚)
𝑖 (4)

The far field, shown in (1) and (4), may be interpreted to
be radiated from the origin, because it is proportional to
𝑒 𝑗𝑘𝑟 ′/𝑟 ′. In this case, the dependence of the magnitude and
phase on 𝜃′ and 𝜙′ is given by the equations.

The collimated field of the OAM wave by the paraboloid
is analyzed as shown in Fig. 1. The focal point is located at
the origin, and the focal length is denoted by 𝑓 . To collimate
all the radiated power, the radius is selected to be 2 𝑓 .
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Fig. 1 Configuration of collimation with transmitting paraboloid

Where the collimated field on the focal plane (XY plane) is
expressed with a cylindrical coordinate (𝜌, 𝜙, 𝑧), the trans-
formation by the paraboloid is expressed as follows:

E(𝑚)
𝑖 =

(− 𝑗)𝑚−1
√

2𝜂
𝜋 sin (𝑘𝑑 cos 𝜃′)
A(𝑚)

𝑒 𝑗𝑘𝑟 ′

𝑟 ′


≈ 0

cot 𝜃′𝐽𝑚 (𝑚 sin 𝜃′) sin𝑚𝜙′
𝑑𝐽𝑚 (𝑥 )

𝑑𝑥 |𝑥=𝑚 sin 𝜃 ′ cos𝑚𝜙′

 𝑚 ≥ 0, 0 ≤ 𝜃′ ≤ 𝜋

2
(1)

A(𝑚) ≡

√∫ 𝜋
2

0

[
sin2 (𝑘𝑑 cos 𝜃′){cot2 𝜃′ (𝐽𝑚 (𝑚 sin 𝜃′))2 + ( 𝑑𝐽𝑚 (𝑚 sin 𝜃′)

𝑑𝑥
)2}

]
sin 𝜃′𝑑𝜃′ (2)
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𝜙′ = 𝜙 (5)

sin 𝜃′ =
𝜌√

𝜌2 +
(
𝑓 − 𝜌2

4 𝑓

)2
0 ≤ 𝜃′ ≤ 𝜋

2
(6)

The collimated field 𝑬ap has been given as follows [31],
[32], where the source is at the focal point:

Eap =


[
E𝑎𝑝 (𝜌, 𝜙, 0)

]
𝜌[

E𝑎𝑝 (𝜌, 𝜙, 0)
]
𝜙[

E𝑎𝑝 (𝜌, 𝜙, 0)
]
𝑧


= −

(√
𝜀

𝜇

P𝑡

2𝜋

)1/2
𝑒−2 𝑗𝑘 𝑓√
𝜌2 + 𝑓 2


G𝜃 (𝜃′, 𝜙′)1/2

G𝜙 (𝜃′, 𝜙′)1/2

0

 (7)

Whereas the loop antenna array is shifted along the Z-axis
in the case of (4), the source may be considered to be at the
focal point. Thus, the collimated fields 𝑬𝑎𝑝 of the OAM
wave can be estimated with (1), (4) and (7). The gains for
the cylindrical coordinate are estimated with (1), (4), (5),
and (6). Thus, the collimated field is given by (8).

The collimated field expands by the diffraction, and
the diffracted field 𝑬 (𝜌, 𝜙, 𝑧, 𝑚) is given by (9) [33], where
(𝜌, 𝜙, 𝑧) and (𝜌′, 𝜙′, 𝑧′) denote the coordinates of the obser-
vation point and the aperture points on the transmitting focal
plane for the cylindrical coordinate system, respectively.

The diffracted field on the receiving focal plane is ob-
tained by substituting (8) for the electric field of (9). In
addition, the integration for 𝜙′ can be analytically obtained,
as shown in (10). Thus, the diffracted field is given by the
integration only for 𝜌′, as shown in (11).∫ 2𝜋

0
exp (𝑖𝑘

√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2 )

𝑘
√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2

sin𝑚𝜙′𝑑𝜙′

= 𝑔(𝜌′, 𝜌, 𝑧) sin𝑚𝜙∫ 2𝜋
0

exp (𝑖𝑘
√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2 )

𝑘
√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2

cos𝑚𝜙′𝑑𝜙′

= 𝑔(𝜌′, 𝜌, 𝑧) cos𝑚𝜙

𝑔(𝜌′, 𝜌, 𝑧) ≡
∫ 2𝜋
0 cos𝑚𝜙′

× exp (𝑖𝑘
√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2 )

𝑘
√
𝜌2+𝜌′2−2𝜌𝜌′ cos (𝜙−𝜙′ )+𝑧2

𝑑𝜙′


(10)

E(𝜌, 𝜙, 𝑧, 𝑚) =
2 𝑗 𝑘2𝑒2 𝑗𝑘 𝑓√𝜂
(2𝜋)3/2𝐴(𝑚)

×

sin𝑚𝜙
∫ 2 𝑓
0 exp


− 𝑗𝑘𝑧0

(
𝑓 − 𝜌′2

4 𝑓

)
√
𝜌′2+

(
𝑓 − 𝜌′2

4 𝑓

)2

 𝑓1 (𝜌′)𝑔(𝜌′, 𝜌, 𝑧)𝑑𝜌′

cos𝑚𝜙
∫ 2 𝑓
0 exp


− 𝑗𝑘𝑧0

(
𝑓 − 𝜌′2

4 𝑓

)
√
𝜌′2+

(
𝑓 − 𝜌′2

4 𝑓

)2

 𝑓2 (𝜌′)𝑔(𝜌′, 𝜌, 𝑧)𝑑𝜌′

0


(11)

3. Transmission between loop antennas

The transmission is estimated for a communication distance
of 𝑧𝑐, where 𝑧𝑐 is defined as the distance between the focal
planes of the transmitting and receiving paraboloids. For
the receiver, the center of the loop antenna is shifted by 𝑧0𝑟
along the Z-axis, as shown in Fig. 2. The structures of both
the loop antenna array and the paraboloid are identical to
those for the transmitter.

f
zc+z0r zc

Loop antenna 
array

: Focal plane

Fig. 2 Configuration of receiver consisting of array and paraboloid

Eap (𝜌, 𝜙, 𝑚) = −
exp

(
2 𝑗 𝑘 𝑓

√
2𝜂
𝜋

)
𝐴(𝑚) exp


𝑗 𝑘𝑧0𝑟

(
𝑓 − 𝜌2

4 𝑓

)
𝑓 + 𝜌2

4 𝑓



𝑓1 (𝜌) sin𝑚𝜙
𝑓2 (𝜌) cos𝑚𝜙

0

 0 ≤ 𝜌 ≤ 2 𝑓 (8)

𝑓1 (𝜌) = sin


𝑘𝑑

(
𝑓 − 𝜌2

4 𝑓

)
𝑓 + 𝜌2

4 𝑓


𝑓 − 𝜌2

4 𝑓

𝜌
(
𝑓 + 𝜌2

4 𝑓

) 𝐽𝑚 ( 𝑚𝜌

𝑓 + 𝜌2
4 𝑓

)
, 𝑓2 (𝜌) = sin


𝑘𝑑

(
𝑓 − 𝜌2

4 𝑓

)
𝑓 + 𝜌2

4 𝑓


1

𝑓 + 𝜌2

4 𝑓

𝐽𝑚−1

( 𝑚𝜌

𝑓 + 𝜌2
4 𝑓

)
− 𝐽𝑚+1

( 𝑚𝜌

𝑓 + 𝜌2
4 𝑓

)
2

E(𝜌, 𝜙, 𝑧, 𝑚) = 𝑘2

𝑗2𝜋

∫ 2 𝑓

0

∫ 2𝜋

0


(Eap)𝜌′
(Eap)𝜙′

0


exp

[
𝑖𝑘
√
𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos (𝜙 − 𝜙′) + 𝑧2

]
𝑘
√
𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos (𝜙 − 𝜙′) + 𝑧2

𝜌′𝑑𝜌′𝑑𝜙′ (9)
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Considering the reciprocal behavior of the field and the
current on the antenna, the received field distribution 𝑬𝑟 on
the receiving focal plane is proportional to (8), except for the
phase caused by the shift of the array, as follows:

Er (𝜌, 𝜙, 𝑚) =
√

2𝜂
𝜋

1
𝐴(𝑚) ×

exp


𝑗 𝑘𝑧0𝑟

(
𝑓 − 𝜌2

4 𝑓

)
𝑓 + 𝜌2

4 𝑓



𝑓1 (𝜌) sin𝑚𝜙
𝑓2 (𝜌) cos𝑚𝜙

0

 0≤ 𝜌≤2 𝑓 (12)

The constant phase over the focal plane is neglected. In
a hypothetical case in which the positions for the transmitting
and receiving focal planes are coincident, the magnitude of
the transmission would be 0 dB for 𝑧0𝑟 to be 𝑧0𝑡 , which
implies that the arrays should be shifted toward the same
direction along the Z-axis.

As the field distribution on the receiving focal plane
is given by (11), the ratio 𝑇 total

𝑚′𝑚 for the transmitted and re-
ceived power is given by (13), where the OAM mode orders
of the transmitting and receiving antennas are 𝑚 and 𝑚′,
respectively.

The integration terms of the denominator are the to-
tal powers identical to the transmitting and receiving focal
planes, which are identical to the radiated power shown in
(3). Thus, the denominator of (13) is 1.

From (13), the differences of both the magnitude and
phase for 𝑬𝑟 and 𝑬 affect the transmission. The numerator
of (14) is proportional to the received power. Where the
phase distributions of 𝑬 and 𝑬𝑟 are identical, it becomes
the denominator. It should be noted that constant phase
difference does not affect the value of (14). Thus, the effect
of the phase distribution difference, 𝑇phase, can be estimated
as follows:

𝑇phase =�������
∫ 2𝜋
0

[∫ 2 𝑓
0 (E𝑟 (𝜌, 𝜙, 𝑚)∗ · E(𝜌, 𝜙, 𝑧𝑐, 𝑚))𝜌𝑑𝜌

]
𝑑𝜙∫ 2𝜋

0

[∫ 2 𝑓
0 |E𝑟 (𝜌, 𝜙, 𝑚)∗ · E(𝜌, 𝜙, 𝑧𝑐, 𝑚) |𝜌𝑑𝜌

]
𝑑𝜙

�������
2

(14)

The collection ratio by the receiving paraboloid, 𝑇𝑐, is given
by the power portion inside the radius of the paraboloid (2 𝑓 )
for the diffracted field as follows:

𝑇𝑐 =

∫ 2𝜋
0 [

∫ 2 𝑓
0 |E(𝜌, 𝜙, 𝑧𝑐) |2𝜌𝑑𝜌]𝑑𝜙∫ 2𝜋

0 [
∫ ∞
0 |E(𝜌, 𝜙, 𝑧𝑐) |2𝜌𝑑𝜌]𝑑𝜙

(15)

The residual loss of transmission, 𝑇mag, is assumed to be the
effect of the magnitude difference, as follows:

𝑇mag = 𝑇phase · 𝑇𝑐/𝑇 total (16)

By substituting (11) and (12) in (13)–(15), definite equations
are obtained, as shown in (17)–(19).

𝑇 total
𝑚𝑚′ =

𝑘4𝜋2

8𝜂
𝛿𝑚𝑚′ ×������

∫ 2 𝑓

0
exp


− 𝑗 𝑘𝑧0𝑟 ( 𝑓 − 𝜌2

4 𝑓 )

𝑓 + 𝜌2

4 𝑓

{ 𝑓1 (𝜌) 𝑓3 (𝜌)+ 𝑓2 (𝜌) 𝑓4 (𝜌)}𝜌𝑑𝜌

������
2

(17)
𝑇phase =����������
∫ 2 𝑓
0 exp

[
− 𝑗𝑘𝑧0𝑟 ( 𝑓 − 𝜌2

4 𝑓 )

𝑓 + 𝜌2
4 𝑓

]
{ 𝑓1 (𝜌) 𝑓3 (𝜌) + 𝑓2 (𝜌) 𝑓4 (𝜌)}𝜌𝑑𝜌

{
∫ 2 𝑓
0 | 𝑓1 (𝜌) 𝑓3 (𝜌) + 𝑓2 (𝜌) 𝑓4 (𝜌) |𝜌𝑑𝜌}2

����������
2

(18)

𝑇𝑐 =
𝑘4

8𝜋𝜂

∫ 2 𝑓

0

{
| 𝑓3 (𝜌) |2 + | 𝑓4 (𝜌) |2

}
𝜌𝑑𝜌 (19)

𝑓3 (𝜌)=
∫ 2 𝑓
0 exp


− 𝑗𝑘𝑧0𝑡

(
𝑓 − 𝜌′2

4 𝑓

)
𝑓 + 𝜌′2

4 𝑓

 𝑓1 (𝜌′)𝑔(𝜌′, 𝜌, 𝑧𝑐)𝜌′𝑑𝜌′

𝑓4 (𝜌)=
∫ 2 𝑓
0 exp


− 𝑗𝑘𝑧0𝑡

(
𝑓 − 𝜌′2

4 𝑓

)
𝑓 + 𝜌′2

4 𝑓

 𝑓2 (𝜌′)𝑔(𝜌′, 𝜌, 𝑧𝑐)𝜌′𝑑𝜌′


(20)

Kronecker delta is denoted by 𝛿𝑚𝑚′ . From (17), the
loop antennas of the other OAM modes receive no power,
because the field distribution along 𝜙 of each OAM mode
is maintained after the diffraction. The transmission loss
is caused by the different field distribution along 𝜌. Thus,
whereas interference waves are not generated, the signal
wave can be attenuated for an OAM communication scheme
using loop antennas. From (18), the effect of the phase

𝑇 total
𝑚′𝑚 =

���������
1

2𝜂

∫ 2𝜋
0

[∫ 2 𝑓
0 (E𝑟 (𝜌, 𝜙, 𝑚′)∗ · E(𝜌, 𝜙, 𝑧𝑐, 𝑚))𝜌𝑑𝜌

]
𝑑𝜙

1
2𝜂

√∫ 2𝜋
0

[∫ 2 𝑓
0 |E𝑟 (𝜌, 𝜙, 𝑚′) |2𝜌𝑑𝜌

]
𝑑𝜙 ·

∫ 2𝜋
0

[∫ ∞
0 |E(𝜌, 𝜙, 𝑧𝑐, 𝑚) |2𝜌𝑑𝜌

]
𝑑𝜙

���������
2

=

�������
∫ 2𝜋
0

[∫ 2 𝑓
0 (E𝑟 (𝜌, 𝜙, 𝑚)∗ · E(𝜌, 𝜙, 𝑧𝑐, 𝑚))𝜌𝑑𝜌

]
𝑑𝜙

2𝜂

�������
2

(13)



SAITOU et al.: ANALYSIS OF BEAMFORMING FOR OAM COMMUNICATION USING LOOP ANTENNA ARRAYS AND PARABOLOIDS
5

difference can be partly mitigated by controlling the value of
𝑧0𝑟 .

4. Numerical calculation for transmitting and receiving
arrays located on each focal plane

To estimate the proper values for the frequency and the fo-
cal length, simple configurations are numerically calculated
with Mathematica™, where the transmitting and receiving
arrays are located on each focal plane. To achieve a com-
munication distance of 100 m for OAM modes up to the 8𝑡ℎ
order, the values were selected to be 150 GHz and 50 cm,
respectively, after preliminary calculations. The radius of
the paraboloid is 2 𝑓 , as explained in Section 2.

As the diffraction effect is larger for higher-order modes,
the calculated field distributions for the 8𝑡ℎ-order OAM
mode are shown in Fig. 3 for a communication distance,
𝑧𝑐, of 100 m. Fig. 3 (a) shows the magnitudes of 𝜃′- and
𝜙′-polarized radiated fields and their accumulated power.
Fig. 3 (b) shows the magnitudes of collimated 𝜌- and 𝜙-
polarized fields and their accumulated power up to 𝜌.
Whereas the fields are dependent on sin𝑚𝜙 or cos𝑚𝜙, as
shown in (8), the dependence is removed. Thus, they cor-
respond to the magnitudes where sin𝑚𝜙 or cos𝑚𝜙 is ±1.
For arbitrary 𝜙, the magnitudes are obtained by multiply-
ing |sin𝑚𝜙|or |cos𝑚𝜙|. As the radius of the paraboloid is
100 cm (2 𝑓 ), the accumulated power becomes identical to
the radiated power at a 𝜌 of 100 cm. The phase distribu-
tion is not shown, because it is constant over 𝜌, as shown
in (8). Fig. 3(c) and (d) show the magnitudes and phases
of the diffracted fields on the receiving focal plane, respec-
tively. The positions of the maximum magnitudes move
about 20 cm outward by the diffraction, and the accumulated
power up to the radius of the receiving paraboloid becomes
slightly less than 1 W. Whereas the phase is constant at the
transmitting focal plane, the phases increase with 𝜌 by the
diffraction. From (8) and (12), the magnitude of the received
field distribution is identical to the collimated field shown in
Fig. 3 (b). In addition, as the receiving array is on its focal
plane, the phase distribution of the received field is constant.
Thus, the differences of the phase distributions for 𝑇phase are
identical to those shown in Fig. 3 (d).

Table 1 and Figure 4 show the transmission character-
istics explained in (13)–(16). To clarify the effect of the

Table 1 Transmission characteristics for 𝑚

𝑚 𝑇𝑐 (dB) 𝑇phase (dB) 𝑇mag (dB) 𝑇 total
𝑚𝑚 (dB)

1 −0.05 −0.89 −0.73 −1.66
2 −0.01 −1.05 −0.47 −1.54
3 −0.01 −1.44 −0.56 −2.01
4 −0.02 −1.96 −0.79 −2.76
5 −0.02 −2.57 −1.14 −3.74
6 −0.03 −3.24 −1.64 −4.91
7 −0.04 −3.94 −2.28 −6.26
8 −0.06 −4.62 −3.10 −7.78

0

0.2

0.4

0.6

0.8

1

0

5

10

15

20

25

0 15 30 45 60 75 90

P
ra

d
 (W

)

E
(V

/m
) 

θ' (deg)

Eθ'/sinmφ

Eφ'/cosmφ

prad

(a) Magnitude of radiated field

0

0.2

0.4

0.6

0.8

1

0

5

10

15

20

25

30

35

0 10 20 30 40 50 60 70 80 90 100

P
ra

d
 (W

)

m
a

g
(E

)
(V

/m
) 

ρ (cm)

Eρ/sinmφ

EΦ/cosmφ

prad

(b) Magnitude of collimated field at transmitting focal plane

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

5

10

15

20

25

30

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

P
ra

d
 (W

)

m
a

g
(E

)
(V

/m
) 

ρ (cm)

Eρ/sinmφ

EΦ/cosmφ

prad

(c) Magnitude of diffracted field at receiving focal plane

-180

-135

-90

-45

0

45

90

135

180

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

a
n

g
(E

) 
(d

e
g

)

Ρ (cm)

Eρ/sinmφ

Eφ/cosmφ

(d) Phase of diffracted field at receiving focal plane

Fig. 3 Calculated field distributions.
freq. = 150 GHz, 𝑓 = 50 cm, 𝑧𝑐 = 100 m, 𝑚= 8
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Fig. 4 Effect of 𝑚 on transmission characteristics
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mode order, the characteristics for the 1𝑠𝑡 to 8𝑡ℎ orders are
compared. The loss for 𝑇𝑐 is less than 0.1 dB, because the
radius of the receiving paraboloid is as large as 100 cm and
the frequency is as high as 150 GHz. 𝑇phase is the largest
factor to decrease the transmission. It is −4.62 dB for the
8𝑡ℎ order, which is explained by the phase difference shown
in Fig. 3 (d). 𝑇mag is −3.10 dB, which is explained by the
magnitude difference shown in Figs. 3 (b) and (c). The total
transmission, 𝑇 total

8,8 , is −7.78 dB. The overall tendency for
the modes is that both the total transmission and the factors
decrease with the orders. However, only the transmissions
for the 1𝑠𝑡 order are slightly reduced, especially for 𝑇mag, be-
cause the magnitudes of the fields change drastically during
the propagation. Indeed, whereas the magnitude of the field
is the maximum at 𝜌 of 0 on the transmitting focal plane,
it is null on the receiving focal plane, as shown in Fig. 5.
Nevertheless, the OAM mode is maintained, because the
difference is related to the distribution along 𝜌. The OAM
mode is totally determined by the distribution along 𝜙. Thus,
even where the signal is attenuated, the interference does not
appear, as already shown in (17).
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Fig. 5 Magnitudes of fields on transmitting and receiving focal planes
𝑚= 1, freq. = 150 GHz, 𝑓 = 50 cm, 𝑧𝑐 = 100 m

5. Improvement of transmission by optimizing shifts

For the simple configuration shown in Section 4, whereas the
power is almost wholly collected by the receiving paraboloid,
the received power ratio was only −7.8 dB for the 8𝑡ℎ order.
To improve transmission, we tried to reduce the largest fac-
tor of the phase distribution difference. It can be reduced
by controlling the shift of the receiving array, as explained
in Section 3. In this case, whereas the phase of the received
field, 𝑬𝑟 (𝜌, 𝜙, 𝑚), changes, the magnitude remains identi-
cal, as shown in (12). In addition, the field distribution on
the receiving focal plane, 𝑬 (𝜌, 𝜙, 𝑧, 𝑚), is identical. Thus,
both 𝑇𝑐 and 𝑇mag remain identical, and only 𝑇phase changes.
Fig. 6 shows the differences in the phases for 𝑬𝑟 (𝜌, 𝜙, 𝑚)
and 𝑬 (𝜌, 𝜙, 𝑧𝑐, 𝑚), where 𝑧0𝑟 is 0.005 𝑓 . The phase differ-
ences are almost constant when compared with those shown
in Fig. 3 (d). As a result, the calculated 𝑇phase is reduced to
−0.13 dB, where it is improved by 4.49 dB. 𝑇 total

8,8 becomes
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Fig. 6 Difference in phase for 𝑬 (𝜌, 𝜙, 𝑧, 𝑚) and 𝑬𝑟 (𝜌, 𝜙, 𝑚)
𝑚= 8, freq. =150 GHz, 𝑓 =50 cm, 𝑧𝑐 = 100 m, 𝑧0𝑟 = 0.005 𝑓

Table 2 Transmission characteristics for 𝑚
freq. = 150 GHz, 𝑓 = 50 cm, 𝑧𝑐 = 100 m, 𝑧0𝑟 = 0.005 𝑓

𝑚 𝑇𝑐 (dB) 𝑇phase (dB) 𝑇mag (dB) 𝑇 total
𝑚𝑚 (dB)

1 −0.05 −2.31 −0.73 −3.09
2 −0.01 −2.63 −0.47 −3.12
3 −0.01 −2.13 −0.56 −2.70
4 −0.02 −1.46 −0.79 −2.27
5 −0.02 −0.90 −1.14 −2.06
6 −0.03 −0.49 −1.64 −2.16
7 −0.04 −0.24 −2.28 −2.57
8 −0.06 −0.13 −3.10 −3.29

−3.29 dB, as shown in Table 2. This implies that phase dis-
tribution caused by the diffraction is almost compensated for
by the receiving array shift of 𝑧0𝑟 .

However, the phase distribution caused by the diffrac-
tion depends on the mode order, and the same phase com-
pensation by 𝑧0𝑟 overcancels the phase for the lower-order
modes. Table 2 also shows the 𝑇phase for the other orders.

Whereas 𝑇phase is improved remarkably for the 8 𝑡ℎ-
order mode compared with that in Table 1, it becomes worse
for the 1𝑠𝑡 -, 2𝑛𝑑-, and 3𝑟𝑑-order modes. The obtained total
transmissions are more even, and may be more convenient
for communication. However, where the transmissions for
the lower-order modes are more important, the value of 𝑧0𝑟
should be decreased.

Next, the improvement of 𝑇mag is examined. As the
difference in the magnitude distributions is mainly caused
by the outward shift of the maximum field position, a slight
focusing of the radiated field with the transmitting paraboloid
was examined. In this case, the focused beam expands less
by the diffraction, and the maximum field position on the
receiving focal plane, can be expected to be reduced. To
compare the obtained values of 𝑇mag with those in Table 1,
the receiving array is kept on the focal plane.

Fig. 7 shows the magnitudes of the diffracted fields on
the receiving focal plane for varied 𝑧0𝑡 . To compare the
distribution, the received field is also shown. Where the
magnitude of the diffracted field is identical to that of the
received field, 𝑇mag becomes 0 dB. The position of the peak
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is reduced when 𝑧0𝑟 changes from 0 to −0.01 𝑓 ; however,
it increases thereafter, and the distribution tends to broaden
remarkably. As a result, the tail of the distribution exceeds
the end of the receiving paraboloid, and the collection ratio
of 𝑇𝑐 increases, as shown in Table 3 and Fig. 8. In the
cases of −0.005 𝑓 and −0.015 𝑓 for 𝑧0𝑡 , the distribution is
similar to that of 𝑬𝑟 , and each 𝑇mag is reduced. Thus, 𝑇mag

can be reduced by reducing the difference of the magnitude
distribution. However, in the case of −0.015 𝑓 , the 𝑇phase

is much larger. Thus, the shift of −0.005 𝑓 is concluded to
be optimal for the 8𝑡ℎ-order mode. In this case, 𝑇mag is
improved by 2.75 dB, and 𝑇phase is additionally improved by
1.68 dB, which results in a 4.49 dB improvement to 𝑇 total

88 .

Table 3 Effect of 𝑧0𝑡 on transmission characteristics
freq. = 150 GHz, 𝑓 = 50 cm, 𝑧𝑐 = 100 m, 𝑧0𝑟 = 0.005 𝑓

𝑧0𝑡 / 𝑓 𝑇𝑐 (dB) 𝑇phase (dB) 𝑇mag (dB) 𝑇 total
88 (dB)

0 −0.06 −4.62 −3.10 −7.78
−0.005 0.00 −2.94 −0.35 −3.29
−0.01 0.00 −9.02 −0.51 −9.53
−0.015 −0.06 −26.56 −0.41 −27.02
−0.02 −0.92 −40.13 −3.08 −44.13
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The contribution of 𝑇phase has been shown to be im-
proved by controlling 𝑧0𝑟 , where 𝑧0𝑡 is null. However, the
improvement is complicated in the case of nonzero 𝑧0𝑡 , be-
cause the phase difference depends both on 𝑧0𝑡 and 𝑧0𝑟 as
well as the mode order. By iterating calculations, one of the
best characteristics was obtained for the eight kinds of orders,
as shown in Table 4. The values of 𝑧0𝑡 and 𝑧0𝑟 are −0.0025 𝑓
and 0.0025 𝑓 , respectively. The value of 𝑧0𝑡 is considerably
smaller than the optimum value for the 8𝑡ℎ-order mode to
improve the transmissions for the lower-order modes. The
worst transmission for the eight kinds of modes is −1.8 dB,
which is better by 5.98 dB than that shown in Table 1.

Table 4 Transmission characteristics for appropriate 𝑧0𝑡 and 𝑧0𝑟
freq. = 150 GHz, 𝑓 = 50 cm, 𝑧𝑐 = 100 m, 𝑚𝑡 = 8, 𝑧0𝑡 = 0.0025 𝑓 ,

𝑧0𝑟 = 0.0025 𝑓

𝑚 𝑇𝑐 (dB) 𝑇phase (dB) 𝑇mag (dB) 𝑇 total
𝑚𝑚 (dB)

1 −0.04 −1.22 −0.53 −1.80
2 −0.00 −1.11 −0.38 −1.50
3 −0.00 −0.70 −0.30 −1.01
4 −0.00 −0.32 −0.24 −0.56
5 −0.00 −0.11 −0.22 −0.34
6 −0.01 −0.10 −0.30 −0.41
7 −0.01 −0.26 −0.50 −0.77
8 −0.01 −0.57 −0.85 −1.44

6. Conclusion

An analytical expression of transmission for OAM commu-
nication using loop antenna arrays and paraboloids was de-
rived to achieve a communication distance of 100 m. With
the field distribution of the single “transformed OAM mode”
radiated by a loop antenna, the collimated field by the trans-
mitting paraboloid and its diffracted field were analytically
derived. The effects of frequencies, sizes of paraboloids,
and the shifts in transmitting and receiving arrays away from
their focal planes were included. With the diffracted field
distribution on the focal plane of the receiving paraboloid,
the transmission between the transmitting and receiving loop
antennas was analytically estimated. It was shown that the
transmission between antennas with different OAM modes
was null, but the transmission between antennas with the
same mode could be reduced. To clarify the mechanism of
the reduced transmission, the factors of the reduction were
quantitatively defined, and the explicit formulae were de-
rived. Based on the analytical results, numerical estimation
for a communication distance of 100 m was demonstrated,
where the frequency, the focal length, and the size of the
paraboloid were 150 GHz, 50 cm and 100 cm, respectively.
Where both arrays were located on each focal plane, the
transmission for the signal was more than −7.78 dB for eight
kinds of OAM modes, where the transmission was the least
for the highest order mode. The transmission loss was shown
to be reduced by optimizing the shifts of the transmitting and
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receiving arrays away from their focal planes. The loss was
made almost even by exploiting the tradeoff of the improve-
ment for the mode orders. The transmission was improved
by 5.98 dB, to more than −1.80 dB, by optimizing the shifts
of the arrays.
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[16] B. Thidé, H. Then, J. Sjoholm, K. Palmer, J, Bergman, T. D. Carozzi,
Ya. N. Istomin, “Utilization of Photon Orbital Angular Momentum
in the low-frequency radio domain,” Phys. Rev. Lett, 99, 087701,
2007.

[17] Q. Bai, A. Tennant and B. Allen, “Experimental circular phased
array for generating OAM radio beams,” elec. et, Vol. 50, No. 20, pp.
1414–1415, 2014.

[18] D. Lee H. Sasaki, H Fukumoto, Y. Yagi, T Kaho, H. Shiba, T.
Shimizu, “An experimental demonstration of 28 GHz band wireless
OAM-MIMO (Orbital Angular Momentum Multi-Input and Multi-
Output) multiplexing,” Proc. IEEE 87th Veh. Technol. Conf., pp.
1–5, 2018.

[19] Y. Yagi, H. Sasaki, T. Yamada, and D. Lee, “200 Gbit/s wireless
transmission using dual-polarized OAM-MIMO multiplexing on 28
GHz band,” Proc. IEEE GLOBECOM Workshop, pp. 1–4, 2019.

[20] D. Lee, H. Sasaki, Y. Yagi, H. Shiba, “Orbital Angular Momentum
Multiplexing Using Radio Wave and its Extension to Multishape
Radio,” J. Lightwave Tech. VOL. 41, NO. 7, 2023.

[21] S. Zheng, X. Hui, X. Jin, H. Chi, and X. Zhang, “Transmission
characteristics of a twisted radio wave based on circular traveling-
wave antenna,” IEEE Trans. Antenna Propag., vol. 63, no. 4, pp.
1530-1536, 2015.

[22] W. Zhang, S. Zheng, X. Hui, Y. Chen, X. Jin, H. Chi, X. Zhang,
“Four-OAM-mode antenna with traveling-wave ring-slot structure,”
IEEE Ant. & Wireless Propag. Lett., Vol. 16, pp. 194-197, 2017

[23] A. Saitou, R. Ishikawa, K. Honjo, “4-value multiplexing orbital-
angular-momentum communication scheme using loop-antenna ar-
rays,” APMC, Dec. 2016.

[24] H. Otsuka, R. Yamagishi, A. Saitou, R. Ishikawa, K. Honjo, “An-
alytical and Measured Estimation for 4-value Multiplexing OAM
Communication Using Loop Array Antennas,” European Microw.
Conf., Oct. 2017

[25] A. Saitou, H. Otsuka, Y. Yamagishi, R. Ishikawa, H. Suzuki, K.
Honjo, “Double Multiplicity Exploiting Orthogonal Polarizations
of OAM-Wave for OAM Communication with Loop Arrays,” Proc.
APMC, pp. 494-496, Nov. 2018

[26] H. Miyake, A. Saitou, H. Suzuki, R. Ishikawa, K. Honjo,” Im-
proved Performance for 8-Channel Multiplexing OAM Communi-
cation by Suppressing Interference,” Proc. 2020 Asia Pacific Mic.
Conf., pp.161-163, Dec.9, 2020.

[27] Y. Yamagishi, H. Otsuka, A. Saitou, R. Ishikawa, K. Honjo, ” Im-
provement of mode uniqueness for OAM communication using loop
array with reflector plane,” Proc. APMC, 2017.

[28] H. Otsuka, Y. Yamagishi, A. Saitou, H. Suzuki, R. Ishikawa, K.
Honjo,” High performance OAM communication exploiting port-
azimuth effect of loop antennas,” IEICE Trans. Commun. Vol. E102-
B, No12, pp. 2267-2275, Dec. 2019.

[29] T. Nguyen, R. Zenkyu, M. Hirabe, T. Maru, E. Sasaki, “A study
of Orbital angular momentum generated by parabolic reflector with
circular array feed,” Proc. ISAP, pp. 708-709, 2016

[30] S. Saito, Y. Yagi, D. Lee, F, Maehara, “Link distance and carrier fre-
quency dependence of propagation attenuation in OAM multiplexing
using parabolic antenna,” IEEE, PIMRC, Oct. 2023.

[31] C. A. Balanis, Antenna Theory 3rd ed., pp. 883–937, U. S., J. Wiley
& Sons, 1999.

[32] S. Silver, Microwae antenna theory and design, pp. 413-464,
McGraw-Hill, 2008.

[33] M. Born, E. Wolf, Principles of optics, 7th Expanded Ed., pp. 436-
443, Cambridge University Press, U. K., 2002.



SAITOU et al.: ANALYSIS OF BEAMFORMING FOR OAM COMMUNICATION USING LOOP ANTENNA ARRAYS AND PARABOLOIDS
9

Akira Saitou received his B.E. and M.E.
degrees in applied physics from the Univer-
sity of Tokyo in 1975 and 1977, respectively,
and his D.E. degree from the University of
Electro-Communications in 2008. From 1977
to 2002, he was employed at NEC Corpora-
tion to develop GaAs FETs and MMICs for
microwave and millimeter-wavecommunication.
From 2002-2009, he worked for YKC Corpora-
tion to develop microwave circuits and antennas.
In 2009, he joined the University of Electro-

Communications as a guest professor to develop wideband, dual-band, and
OAM antennas.

Kaito Uchida received the B.E. degree in
chemical engineering from the Gunma Univer-
sity, Kiryu, Japan in 2022 and is currently work-
ing toward the M.E. degree at the University of
Electro-communications, Tokyo, Japan.

Kanki Kitayama received the B.E. degree in
infomation and commuication engineering from
the University of Electro-commuications, Tokyo,
Japan in 2023 and is currently working toward
the M.E. degree at the University of Electro-
communications.

Ryo Ishikawa received the B.E., M.E.,
and D.E. degrees in electronic engineering from
Tohoku University, Sendai, Japan, in 1996,
1998, and 2001, respectively. In 2001, he
joined the Research Institute of Electrical Com-
munication, Tohoku University, Sendai, Japan.
In 2003, he joined the University of Electro-
Communications, Tokyo, Japan. His research
interest is the development of microwave com-
pound semiconductor devices and related tech-
niques. Dr. Ishikawa is a member of the Japan

Society of Applied Physics. He was the recipient of the 1999 Young Scien-
tist Award for the Presentation of an Excellent Paper of the Tohoku Chapter,
Japan Society of Applied Physics.

Kazuhiko Honjo received the B.E. de-
gree from the University of Electro-Communica-
tions, Tokyo, in 1974, and the M.E. and D.E. de-
grees in electronic engineering from the Tokyo
Institute of Technology, Tokyo, in 1976 and
1983, respectively. From 1976 to 2001, he
worked for NEC Corporation, Kawasaki, Japan.
In 2001, he joined the University of Electro-
Communications as a professor in the Informa-
tion and Communication Engineering Depart-
ment. He has been involved in research and de-

velopment of high-power/broadband/low-distortion microwave amplifiers,
MMICs, HBT device and processing technology, miniature broadband mi-
crowave antennas and FDTD electro-magnetic wave and device co-analysis.
Prof. Honjo received both the 1983 Microwave Prize and the 1988 Mi-
crowave Prize granted by the IEEE Microwave Theory and Techniques
Society. He also received the 1980 Young Engineer Award, and the 1999
Electronics Award both presented by the Institute of Electrical, Information
and Communication Engineers (IEICE), Japan. He is Life Fellow of IEEE.


