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Abstract — In this article, studies on the multimode excitation problem of waveguides and antennas, the balance/unbalance mech-
anism and the balanced feeding techniques in dipole antenna systems are first briefly historically reviewed. In this context, general-
ized odd-even mode theory is advanced to quantitatively and approximately describe the mutual coupling effect between a feed line
and an antenna. As is mathematically deduced and demonstrated, the modal parity mismatch between the feed line and the antenna
should ultimately dominate the unbalance phenomenon in antenna systems. Thus, an elegant, closed-form formula is derived to ap-
proximately calculate the “unbalance degree” of a straight dipole off-center fed by a symmetric twin-wire line. Design approaches
for the simplest, linear, 1-D multimode resonant antennas are introduced. Moreover, the “falling tone excitation” law gauged based
on prototype dipoles is revealed and used to develop a mode synthesis design approach for microstrip patch antennas (MPAs) and
2-D sectorial electric dipole antennas. Design examples with distinctive radiation performance are presented and discussed. Finally,
possible development trends of multimode resonant antennas are prospected.
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I. Introduction

Excitation of waveguides and antennas is the most funda-
mental and classical problem in electromagnetic science
and engineering. Studies on the concept of regularly shaped
hollow waveguide tubes and their propagation modes can be
dated back to 1897 [1]. Additionally, the basic behavior of
multiple propagation modes within regular dielectric wave-
guide has been studied since 1910 [2]. These pioneering
works laid the foundation for later waveguide and antenna
theory under multimode resonance [3], [4]. Before the 1950s,
because of the immaturity of electronic computers and lack
of powerful numerical algorithms, the multimode excitation
problems of certain regular waveguides and antennas were
analytically treated by directly solving the governing par-
tial differential equation (PDE) under specific boundary
conditions or solving the PDEs/integral equations (IEs)
with the aid of conformal mapping [5]. Alternatively, such
a complicated electromagnetic field problem can be trans-
formed into a circuit problem to be solved by using trans-

mission line theory [6], [7]. Classical transmission line the-
ory is dominated by the telegrapher’s equations, in which
only a single principal mode is assumed to be sufficiently
excited to propagate [7].

That is, the feed line mode is supposed to perfectly
match the antenna mode under the “single-mode transmis-
sion” condition; thus, the mode mismatch between them
can be neglected. Transmission line theory under the “single-
mode transmission, mode matching” premise may effect-
ively simplify the analysis of electromagnetic problems,
especially for antennas. When multiple propagation modes
have to be considered in a problem, very complicated “gen-
eralized telegrapher’s equations” could be alternatively em-
ployed [8], [9]: In this case, a set of coupled transmission
line equations could be derived to describe the mutual coup-
ling effect between the principal mode and the propagating
high-order modes.

Unfortunately, the premise of “single-mode transmis-
sion, mode matching” is only an ideal premise for simplify-
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ing and facilitating theoretical analysis of electromagnetic
problems. In practice, “multimode transmission, mode mis-
matching” should be the universally real condition. Typical-
ly, when a transmission line is connected to an antenna, the
mode mismatch between them may excite an “unbalanced
current” on the sheath of the transmission line as a result of
interactions to partially “cancel” the mode mismatch effect.
This current may yield undesired spurious cable radiation,
pattern distortion, and various kinds of unexpected radia-
tion performance degradations [10]. The coupling effect be-
tween a feed line and an antenna has been discussed in [10].
It can be analogously (but not equivalently) represented by
a complicated circuit composed of multiple coupled reso-
nant tanks. Thus, mathematical analytical treatment is un-
available [10] due to the complicated interconnected bound-
ary conditions. Therefore, in an intuitive qualitative man-
ner for practical applications, one of the main topics of [10]
was “suppression of unbalanced currents”: The operational
principle of quarter-wavelength sleeve chokes and detuning
stubs was systematically illustrated.

Apart from some special cases in which unbalanced
currents could be employed for beam manipulation [11], [12],
these currents should be suppressed in most situations. The
design, classification and assessment approaches for bal-
ancing devices (alternatively, balanced-to-unbalanced trans-
formers, or “baluns”) have been extensively studied and re-
mained an essentially important topic in microwave engi-
neering, antenna theory, and electromagnetic compatibility
[13]-[21]. In addition, a series of works have attempted to
approximately calculate the unbalanced currents and the
key parameters of balancing devices [22]-[28]. All of the
design and analysis approaches are still based on the classi-
cal “single-mode transmission, mode matching” premise.
Therefore, the unbalanced current is treated as a “parasitic
component” in the antenna system and estimated based on
experimental results [24] or approximate circuit models
[25]-[28]. In general, elegant closed-form formulas for re-
vealing the unbalance mechanism of an antenna system
have seldom been reported.

To yield a new approach to study the unbalanced cur-
rentin an antenna system and to design versatile multi-
mode resonant antennas, generalized odd-even mode theo-
ry (GO-EMT) [29] based on the “multimode transmission,
mode mismatching” premise must be advanced. Unlike the
complicated generalized telegrapher’s equations based on
classical transmission line and circuit theories [8], [9], the
advanced GO-EMT can express the mutual coupling effect
between a feed line and an antenna in a pure “field” fash-
ion. Accordingly, a novel mode synthesis design approach
for multimode resonant antennas can be systematically de-
veloped to yield distinctive, novel designs with different
performance parameters. Design examples of 1-D and 2-D
multimode resonant antennas will be introduced. Future
challenging opportunities and possible development trends
will be prospected and discussed. Some of the material in
this article has been borrowed from the author’s book [29]

and invited conference presentation [30].

II. Generalized Odd-Even Mode Theory and 1-D
Multimode Resonant Antennas

1. Generalized odd-even mode theory

In antenna theory, a feed line is generally modeled as a
lumped source and emulated by the Dirac delta function
8(F—7’) in the spectral domain, where 7’ generally denotes
the coordinate of the symmetric center of the antenna.
When the feed line is to be connected to an antenna, the im-
pulse function is expanded in terms of the eigenmode func-
tions of the antenna in the spectral domain [31], [32].

Note that the Dirac delta function is an even-symmetric
function. However, straight symmetric dipole antennas can
exhibit both odd and even symmetries, corresponding to
eigenmode sets of cosine and sine functions, respectively
[33]. Therefore, speculating that the lumped source func-
tion of the feed line could be classified into “even” and
“odd” types is reasonable: the even-symmetric Dirac delta
function 6(P—7’) and the odd-symmetric Dirac doublet
function &' (- 7).

As noted in [29], the surface current/field distributions
of an antenna under multimode even- and odd-symmetric
excitations can be represented by solving the Helmholtz’s
equation and the associated homogeneous boundary condi-
tions:

0G,
(V+E)G(P) = 6= F). aGo+b= =0 (la)

(V + )G, =5/~ F), aG,+b% =0 (Ib)

where Q indicates the finite volume occupied by the anten-
na, 0Q denotes the bounded surface of Q, and a and b are
arbitrary constants. For brevity and without loss of generali-
ty, only the 1-D antenna case is considered herein, and the 2-
D and 3-D cases can be elaborated in a similar way [29].
The resultant surface current/field distribution function is
readily named the “interior Green’s function”. According to
the spectral expansion in terms of eigenmode functions
[29]-[32], the interior Green’s function can be respectively
expanded and represented as the even- and odd-symmetric

parts: .
5 o e P e (7
G,(PrF)= —_ 2
G = ) =BT (22)
G()(?’ ?,) _ _w;g(?,)wno(?) (2b)

Lk, = k)l P

where (W}, {kr}, (¥o(P}, and 1k} denote the even-
and odd-symmetric eigenfunction and eigenvalue sets.

In this regard, the interior Green’s function expressed
in an eigenspectral expansion fashion can be distinguished
from the “Green’s function” in free space, open space or the
half-open space widely used in traditional electromagnetic
radiation and scattering problems [29]. This function should
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indicate the surface current/field distributions of an antenna.
Therefore, GO-EMT should be regarded as a creative ex-
pansion of classical, “interior”, guided-wave problems
[1]-[4] by considering the parities of both the feed line and
antenna.

According to (2), the feed line source functions are
projected into the eigenspectral domain of the antenna. The
excitation of each eigenmode can be determined by the pro-
jection amplitudes, i.e., the spectral coefficients. For a sym-
metric dipole fed at its symmetric center, the even-symmet-
ric source function can excite the eigenmodes with the same
parity, and similarly for the odd-symmetric source function
[29]. In particular, for an ideal, z-oriented, straight electric
dipole fed at its center (z = 0) by a symmetric twin-wire
line, only the cosine-dependent, even-symmetric modes can
be sufficiently excited, with all sine-dependent, odd-sym-
metric modes completely suppressed [29], [34]: In this case,
the twin-wire feed line (i.e., the source) can be emulated by
the Dirac delta function, with projections on all the cosine-
dependent modes at z = 0 of unity; thus, all even-symmet-
ric modes can be sufficiently excited. Naturally, the feed
line projections on all the odd-symmetric, sine-dependent
modes at z = 0 should always be zero, so these modes
would never be excited. This is exactly the “balanced situa-
tion” required in antenna engineering, and perfect mode
matching between the feed line and antenna may guarantee
this situation.

When the dipole is off-center fed at an arbitrary posi-
tion along one arm, the situation is quite different. As
shown in Figure 1(a), the feed position no longer coincides
with the symmetric center 7’ but has an off-center separa-
tion of &; thus, the source function may project onto both
even- and odd-symmetric eigenmode functions due to the
breaking of the modal parity. That is, an even-symmetric
source may partially excite the odd-symmetric eigenmodes
with nonzero spectral coefficients, and vice versa. Mathe-
matically, the interior Green’s functions under off-center
feeding can be alternatively represented by

Ge(?’?,"'g) = Gee’(?v?,+§)+Geo’(?7?’+§)

N Y PP W (P +EW (D) -
o (kﬁe_kz)”',l’nenz - (kﬁe_kZ)”wneuz
GoPF +6) = Gouo (7 + &)+ Goy (BT +£)
_ N Yo P () o U (7 +EW(F) (3b)

2,k WlP L 2= K)ol
As indicated in (3a) and (3b), both the even- and odd-
symmetric interior Green’s functions may include the cross-
coupling terms G,, and G,,, where the previous subscript
denotes the eigenmode parity, and the later subscript with a
prime denotes the source parity. In the center-fed case of
& = 0, the cross-coupling terms G,, and G, in (3a) and
(3b) vanish; thus, G, and G,, degenerate into G, and G,

in (2a) and (2b), respectively.
An off-center feeding configuration would clearly
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Figure 1 (a) General representation of an off-center-fed dipole; (b)
Straight electric dipole antenna off-center fed by a twin-wire line.

break the symmetry of an antenna system; thus, nonzero,
cross-coupling terms might be yielded in the interior Green’s
function. Such cross-coupling terms are the mathematical
expression of the “unbalanced component” in an antenna
system [29]. Thus, the mutual coupling effect [10] can be
quantitatively described by (3).

Using (2) and (3), the effect caused by the off-center
feeding can be calculated using the coefficients of even-
symmetric and odd-symmetric components; thus, the “un-
balance degree” of an antenna system can be possibly de-
fined and evaluated. Without loss of generality and for a
better understanding, the simplest electric dipole antenna
system in Figure 1(b) is considered herein: The ideal, z-
oriented, straight electric dipole with a length of 2L is off-
center fed at z=¢ (0 <& <L) by a symmetric twin-wire
line. In this case, the feed line is emulated by a Dirac delta
function, and it may partially excite the odd-symmetric,
sine-dependent eigenmodes. Thus, the interior Green’s
function of the dipole can be expressed as

G(Z? ‘f) = Gee’ (Z? ‘_f) + Goe’ (Z’ f)

w nm nm . nm._ . nm
odd COS —¢&COS — even SIN —¢& S1N —
_ 215" AT @
( nm )2 ( nm )2
n=1 — ) — k2 n=2 — ] = k2
2L 2L

The even-symmetric and odd-symmetric parts of (4)
can be truncated to maintain the first term for approxima-
tion. In this regard, the truncated interior Green’s function
can be approximately written as

T s
cos|=—&|cos —z

A
2L 3L smLfsmLz

Gz,6) ~ - +
(&) -e (2 -
2L L
= C, COS %z + €, SIN %z (®)]

Using (5), the ratio of the Fourier coefficients of the
approximate, single-term truncated even-symmetric and
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odd-symmetric series can be defined as the “unbalance de-
gree” of the dipole antenna system shown in Figure 1(b),
which can be expressed as

Coe . W
M(k,é‘:) = a =2sin Zf(f)z—_kz
L

When the antenna is center-fed (£ =0), the function
u(k,&) in (6) yields zero, which means that the antenna sys-
tem should be “balanced”. When the separation & is ap-
proaching one end of the dipole (¢ — L), the sine function
in (6) may approach unity, which implies “unbalance”. The
unbalance degree is also frequency-dependent, as illustrat-
ed in (6). In this manner, the mutual coupling effect be-
tween the feed line and antenna can be approximately de-
scribed by the closed-form expression of (6). Although the
primary expression of (6) is rough and approximate, it pro-
vides a quantitative tool to intuitively reflect the mathemati-
cal nature of and clearly reveal physical insights into the
“unbalance phenomenon” in the simplest antenna system.
The unbalance degree of other simple antenna systems can
also be deduced in a similar analytical way. The developed
analytical approach and approximate expression should be
beneficial for a better mathematical and physical under-
standing of complex antenna designs [31].

As discussed in [10], the unbalanced current should
flow along the outer surface of the feed line to cancel the
modal parity mismatch effect between the feed line and an-
tenna. Therefore, the unbalanced current should run orthog-
onal to the antenna current. Such “orthogonality” may be
mathematically explained by the orthogonality of the co-
sine and sine series in (4) and (5). The unbalanced current
owing to the partial excitation of odd-symmetric eigen-
modes (especially, and most importantly, the 2nd-order,
full-wavelength mode) may co-dominate the antenna sys-
tem radiation behavior with the normal balance antenna
currents, thus leading to a high cross-polarization level and
beam squint. As evidence, significant beam distortion and a
high cross-polarization level in principal-cut planes can be
observed when an off-center-fed configuration is employed
to design a wideband antenna [35]. The unpredicted radia-
tion performance degradations in an unbalanced, complex
antenna system [11], [14] can be generally termed “the hot-
cable effect” [36].

The orthogonality of the feed line and antenna cur-
rents illustrated by (4) and (5) is also compatible with the
generalized telegrapher’s equations in [8], [9]: The antenna
field/current corresponds to the “transverse” waveguide
field/current (expanding the cosine series), and the feed line
field/current corresponds to the “longitudinal” field/current
flowing along the center conductor (expanding the sine se-
ries) [9]. GO-EMT relies on the intrinsic parities of an an-
tenna and its feed line, i.e., the parities of the eigenmode
function family and the excitation, respectively. This theo-
ry can be deduced according to the “multimode transmis-
sion, mode mismatching” premise. This approach yields an

(6)

elegant but approximate closed-form formula of (6) to
quantitatively estimate the unbalance performance of an
off-center twin-wire line-fed electric dipole antenna system.
The idea of considering the parities of the “antenna” and
“feed” may be extended to estimate the “unbalance degree”
of other simple antenna systems, e.g., the coaxial-cable-fed
electric dipole and the probe-fed magnetic dipole. Thus, the
advanced GO-EMT should be logically self-consistent and
compatible with those classical antenna theories pioneered
by Schelkunoff [8], [9] and King [10]. The simplified, semi-
analytical GO-EMT model is still valid for other arbitrarily
complicated antenna systems with symmetry in at least one
dimension, e.g., an airplane [37], since it reflects the mathe-
matical nature based on the simplest expression of (6). Sev-
eral qualitative remarks and design guidelines have also
been presented in [29] according to GO-EMT, which can be
directly employed to instruct the feed schemes of multi-
mode resonant antennas and to develop a mode synthesis
antenna design approach. These remarks and design guide-
lines inspired the research and development of 1-D multi-
mode resonant antennas with the simplest, straight-line con-
figuration. Then, they motivated the quantitative semi-
analytical mode synthesis antenna design approach for 2-D
multimode resonant antennas presented in the next section.

2. 1-D multimode resonant antennas

Within the theoretical framework of GO-EMT, the multi-
mode resonance concept has been employed to design ele-
mentary antennas with the simplest configuration. Multi-
mode design approaches for the simplest, 1-D linear electric/
magnetic dipoles have been developed since 2015 [38]-
[68]. In the development of linear antennas under multimode
resonance, it was found that the length the multimode reso-
nant dipole should be approximately set to 1 wavelength [69]
so that the high-order modes can be simultaneously excited
with the fundamental mode.

A slotline antenna was the first type of dual-mode res-
onant antenna implemented [38]-[42]. As defined, “slot-
line” indicates that the length of a rectangular slot radiator
must be much larger than its width to guarantee a slim, lin-
ear, 1-D profile. Conceptually, for a center-fed slotline an-
tenna, the first three odd-order (1st, 3rd and 5th) modes can
be simultaneously excited and tuned to implement wide-
band or multiband operations. When the slotline antenna is
off-center fed, even-order modes can be partially excited to
yield gain frequency notch characteristics while maintain-
ing a continuous wide impedance bandwidth [40].

As illustrated in Figure 2(a), the high-order modes can
be perturbed downward from their fundamental counterpart
by incorporating slotline stubs near the respective surface
E-field distribution nodes [38], [39], [41]. Alternatively, the
fundamental mode can be tuned upward from its high-
order counterpart by loading a pair of short-circuited strips
near the surface E-field distribution nodes of the third-
order resonant mode [40]. Selective prototypes are given in
Figure 2(b). Table 1 compares the resultant impedance
bandwidths of the multimode resonant slotlines with the
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simplest, symmetrically fed configurations. As can be seen,
the impedance bandwidth can be remarkably enhanced to
over 30% by sufficiently exciting the intrinsic resonant
modes within a single slotline radiator, without introducing
external accessories or impedance matching networks. If
more degrees of freedom in design can be properly incorpo-
rated, then a wider bandwidth and more novel functionali-
ties can be implemented.

:;"": // '},'\\\ a >
f‘./ PN

: Coaxial cable or
E-field nodes for perturbation

E-field
amplitude

microstrip line

Resonant half-wavelength mode

— — Resonant 1.5-wavelength mode
— - — - Resonant 2.5-wavelength mode

Figure 2 Multimode resonant slotline antennas. (a) Conceptual illustra-
tion of multimode resonance; and (b) Fabricated prototypes.

Table 1 Impedance bandwidth comparisons of the simplest slotline an-
tennas under symmetric feeding

Ref. Number of resonant modes Impedance bandwidth
[38] 2 31.5%
[39] 2 32.7%
(40] 2 37.6%
[41] 3 33.2%

Since the multimode resonance concept for slotline an-
tennas was proposed in 2015, this type of antenna has been
further developed to yield versatile wideband and multi-
band antenna/circuit designs [43]-[53]. Since 2016, the
multimode resonance concept has been reported to be em-
ployed in the design of microwave switches [43], wideband
or multiband mobile terminal antennas [44]—[48], radio fre-
quency identification (RFID) antennas [49], etc. Other mul-
timode design approaches [50]-[53] have also been devel-
oped, such as the characteristic mode approach based on the
numerical method of moments (MoM) [50] and the mode
compression approach [51]-[53] with the aid of dielectric
loadings.

According to the complementary principle of electro-
magnetics, multimode resonant electric dipole antennas can
be designed and implemented. Electric dipoles [54] and
monopoles [55] under multimode resonance have been in-
vestigated. As illustrated in Figure 3(a), the high-order
dipole modes can be perturbed downward from their funda-
mental counterpart by incorporating stubs near their sur-

fZ
:
A Z

& ~—— Current node for

perturbation 3
__— :
—— Half-wavelength mode —— Quarter-wavelength mode
------ 1.5-wavelength mode ------ 0.75-wavelength mode

(b)

1Sl (dB)

=30 } - - Sim.
—— Mea.

30 35 40 45 50 55 60 65
Frequency (GHz)

©

Figure 3 Multimode resonant electric dipole and monopole antennas. (a)
Conceptual illustration of multimode resonance; (b) Fabricated prototypes;
and (c) Measured and simulated |S 11| of the printed monopole antenna.

face electric current distribution nodes, and the fundamen-
tal mode can be tuned upward by etching interdigital capac-
itors at the same positions [52]. The orthogonally loaded
stubs may make the dipole more bulky and not suitable for
compact designs [54].

For a more compact size, the loaded stubs can be
shortened by using lumped inductors [55]: Unlike the clas-
sical compact monopole design approach in which the
lumped element should be loaded along the main monopole
[56], the lumped elements for compact size design can be
alternatively loaded on the tuning stubs. In this manner, the
principal monopole is not truncated by the loaded lumped
element, and the stub length can be reduced by 65% to yield
a smaller size [55]. Figure 3(b) presents some of the fabri-
cated dipole and monopole antennas. As reported in [54],
[55], the dual-mode resonant electric dipole or monopole
under the simplest basic configuration can exhibit an
impedance bandwidth of over 40% [54], [55]. If a dielec-
tric substrate is loaded to yield a single-layer printed ver-
sion, then an impedance bandwidth of approximately 60%
can be realized [29], as illustrated in Figure 3(d).

Numerical investigations and designs of multimode
resonant electric dipoles have been developed since the
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“single radiator, multimode resonance” concept was ad-
vanced in 2017 [57]-[64]. In addition to the extensive MoM
investigations [57], the multimode electric dipole concept
has been employed to design ultrawideband antennas [58],
[59], wideband antennas for passive coherent location
(PCL) [60] and borehole radar [61] applications, multiband
antennas with filtering functionalities [62], [63], and com-
pact broadband mobile base station antenna arrays [64].
Therefore, the design approach for multimode resonant
electric dipole antennas has been widely used in various
kinds of wireless applications.

Inherently, multimode resonant 1-D slotline and elec-
tric dipole antennas are linearly polarized (LP) because of
their axial symmetry. A cross-dipole configuration can be
employed to generate circularly polarized (CP) radiation.
For CP operation, a center-symmetric, loop configuration is
a good candidate since a pair of odd- and even-symmetric
degenerate modes can be excited and utilized [29]. There-
fore, loop antennas [65]-[69] under a pair of even-mode
resonances have been developed to realize CP antennas. In
this case, a pair of orthogonal even modes can be simulta-
neously excited to yield a pseudo-travelling-wave current
distribution [29], which is quite similar to that of the Kraus
helix [70].

In this manner, a circular or square loop antenna un-
der a pair of even-mode resonances may generate bidirec-
tional CP radiation, which corresponds to the Poincaré
sphere for partially polarized field representations [71]: As
illustrated in Figure 4(a), the antenna radiates pure right-
handed CP (RHCP) and right-handed elliptically polarized
(RHEP) waves at the north pole and in the northern hemi-
sphere, respectively, while it radiates pure left-handed CP
(LHCP) and left-handed elliptically polarized (LHEP)
waves at the south pole and in the southern hemisphere. In
the equatorial plane, the antenna radiates LP waves [29]. In-
terchangeably, bidirectional CP radiation corresponding to
an inverse Poincaré sphere can also be implemented by
modifying the phase quadrature leading/lagging condition
of the even modes. Thus, the simplest, bidirectional CP
loop antennas under a pair of even-mode resonances can be
reasonably named a ‘“Poincaré sphere source antenna” [29].
Figure 4(b) illustrates the current distributions of each even
mode, and Figure 4(c) plots the bidirectional balanced-fed
[66], bidirectional unbalanced-fed [67], and unidirectional
multiloop [68] prototypes.

Based on the operation principle of Poincaré sphere
source antennas, more novel dual CP antennas have been
developed in recent years. By using the combination of an
even-mode resonant loop and an inverted-L. monopole,
dual-band, dual circular polarization characteristics can be
implemented [72]. The hybrid loop-slot mode [29] can be
utilized to implement a dual CP antenna system with high
port isolation for full duplex communications, with the aid
of a compact interdigital band stop filter [73]. The loop
under even-mode resonance can be periodically loaded
onto a microstrip patch antenna (MPA) to yield dual CP,
high-gain, unidirectional antennas [74]. Wideband [75], dual-

North pole (RHCP)
| RHCP LHCP
‘ N
,‘,,\\ /,7\\ e /,——-\\
LP(H) LP(V) LPL /\LJI)LPLP( _/,Y\JLP
LHCP RHCP

South pole (LHCP)
poincaré sphere

Bidirectional CP
radiation patterns

(@)

————— Electrical wall (PEC)
- Magnetic wall (PMC)

I
x-polarized even mode

(b)

y-polarized even mode

10

-10
=20
=30
. —40
=30
< —20
-10
0 > 0 >
10 SIS0 150 10 SIS0 150
— RHCP, Mea. - - LHCP, Mea. — RHCP, Mea. - - LHCP, Mea.
— RHCP, Sim. - - LHCP, Sim. =~ — RHCP, Sim. - - LHCP, Sim.

(d)

(dB)
(=)

mp

Figure 4 Poincaré sphere source antennas. (a) Illustration of the Poincaré
sphere for the partially polarized field representation; (b) Conceptual de-
signs; (c) Fabricated prototypes; and (d) Bidirectional CP radiation charac-
teristics indicated by shadows.

band [76], [77] and miniaturized [78] Poincaré sphere
source antennas have been developed. Compared to other
types of CP antennas, the Poincaré sphere source antennas
in the basic form can always exhibit a front-to-back ratio
(FBR) as high as 25 to 40 dB [66]-[69], [74]-[78] even
under unbalanced feeding, as illustrated in Figure 4(d).

The practical implementation and development of the
simplest, linear, 1-D multimode resonant antennas have
successfully validated the correctness and effectiveness of
GO-EMT. For the linear 1-D antennas with the simplest,
basic configurations, there is only one degree of freedom in
design for manipulation, i.e., the length (slotline and elec-
tric dipole or monopole) or the circumference (loop). To in-
vent more innovative multimode resonant antennas, planar
2-D configurations with more degrees of freedom in design
should be employed. This yields a mode synthesis antenna
design approach for the simplest 2-D multimode resonant
antennas.
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III. Mode Synthesis Antenna Design Approach and
2-D Multimode Resonant Antennas

1. Mode synthesis antenna design approach

The concept of “mode synthesis” is inspired by GO-EMT
and boosted by the studies on 1-D and 2-D quasi-isotropic
antennas. It has been analytically revealed that a U-shaped,
quarter-wavelength dipole may exhibit null-free, quasi-
isotropic radiation characteristics [79]. In practice, such a
U-shaped dipole is hard to sufficiently excite because most
of the electric currents flowing on each arm may cancel
each other out, thus yielding an extremely low radiation ef-
ficiency, so this dipole is only meaningful as an initial pro-
totype for theoretical analysis. To easily excite a U-shaped
dipole, the vertical portion with the feed port can be aligned
along the z-axis, with both horizontal arms rotated to a cer-
tain angle relative to the z-axis. Thus the 1-D, U-shaped
dipole evolves into a 2-D circular sector magnetic dipole
with flare angle @ and both radii R short-circuited: This
yields a 2-D resonant magnetic current cavity such that
magnetic currents can be alternatively excited to generate
quasi-isotropic radiation [80], rather than boost the mutual-
ly canceling currents on each arms [79]. The design pro-
cess of quasi-isotropic, circular sector magnetic dipole an-
tennas bridges 1-D linear antennas (U-shaped dipole) with
2-D planar antennas. It also reveals the basic excitation
laws of the circular sector magnetic current cavity with two
degrees of freedom in design, i.e., the flare angle @ and the
radius R, under the constraint of the circumferential length
L [80], which yields the concept of “mode synthesis”.

Motivated by the evolution process in [80], MPAs
under multimode resonances can be designed by mapping a
prototype magnetic dipole to a circular sector microstrip
radiator. In this manner, the 1-D, symmetric prototype mag-
netic dipole fit to the circumference may naturally yield
2-D, circular sector MPAs with different flare angles and
radii, as illustrated in Figure 5(a). The modal parity of the
MPA is determined by the boundary conditions of the pro-
totype magnetic dipole. The resonant frequency of the first
usable mode can be estimated either by the circumference
length L or by the eigenvalue y, (v =nn/a,n=1,2,...) of
the circular sector patch [81], [82]. Thus, the prototype
magnetic dipole can be employed to gauge the order of the
excited mode and estimate the radius of the patch. When
the difference between radii calculated by (7a) and (7b) is
less than 0.14 (4 denotes the center wavelength), the corre-
sponding resonant mode can be readily determined to be
excited [81], [82].

=2, n=12,... (7a)

=XVIA nm

R , v=—, n=12,... (7b)
21 a

Mathematically, the “mode gauge relation” illustrated
by (7a) and (7b) can be explained by the analytical princi-

>

o

—»— Prototype magnetic dipole
O Short-/Open-circuited
Pacman-shaped patch
e Coaxial probe feed

(b)

Figure 5 Mode synthesis antenna design approach. (a) Evolution from a 1-
D prototype dipole to 2-D circular sector MPAs under the mode gauge re-
lation; and (b) Natural Pacman resonator: a water lily (Nymphaea L.) pad
(photographed in Xuanwu Lake, Nanjing, China).

ple of estimating the eigenvalues of an arbitrary closed,
convex membrane or planar cavity according to the length
of its caustic [83]: The circumference serves as the caustic
of the circular sector radiator under whispering gallery
mode resonance (i.e., TM, ; modes, with the latter radial in-
dex fixed to unity) such that the circumference L can be set
to integer multiples of the one-half wavelength and em-
ployed to gauge the order of the usable resonant mode.

In the classical applied mathematical literature [84],
[85], the yielded circular sector shape is usually called a
“Pacman”. For a Pacman-shaped MPA, its eigenmodes can
be analytically expressed by the Fourier-Bessel series [82].
The Pacman-shaped resonator can also be evolved into res-
onators of other shapes owing to its general eigenfunction
family dominated by the Fourier-Bessel series [85], [86].
Pacman-shaped resonators can be naturally found in many
wild plants, as intuitively illustrated by the water lily
(Nymphaea L.) pad in Figure 5(b); the leaf floating on or
immersed in water can be modeled as a Pacman membrane
with a free circumference (i.e., the Neumann boundary con-
dition), and its forced vibration can be mathematically de-
picted by the eigenmode family in the Fourier-Bessel form
[81]-[86]. To some extent, the Pacman-shaped MPAs can
be speculated to be one of the simplest, naturally shaped
MPAs with two degrees of freedom in design (i.e., flare an-
gle @ and radius R). They can be analytically designed by
using the mode synthesis design approach [29], [30], [34],
[81], [82].

2. 2-D multimode resonant antennas

The mode synthesis antenna design approach has been em-
ployed to design and implement Pacman-shaped MPAs and
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sectorial electric dipole antennas. As gauged based on the
mode synthesis tables and charts [29], [30], [81], [82], the
“falling tone excitation” law can be observed: A 1.0-wave-
length prototype dipole may be gauged to excite the funda-
mental mode of the radiator, a 1.5-wavelength prototype
dipole may be gauged to excite the 2nd-order mode, a 2.0-
wavelength prototype dipole may be gauged to excite the
3rd-order mode, and so on. For LP Pacman-shaped MPAs,
high-order modes having similar parity to the first gauge
mode will be accordingly excited, perturbed and utilized.
Design examples are introduced in the following.

When a 1.5-wavelength magnetic dipole with both
ends open-circuited is employed to gauge the usable mode
of a Pacman-shaped MPA, the high-gain MPA design
shown in Figure 6(a) is yielded [81]. Unlike conventional
rectangular/circular MPAs resonating at the fundamental
mode, the high-gain Pacman-shaped MPA operates at its
2nd-order and 4th-order modes, with the fundamental mode
automatically and fully suppressed. The antenna under pure
high-order mode resonances is implemented by the intrin-
sic symmetry properties of the radiator and the boundary
conditions of the prototype dipole: In this resultant Pacman-
shaped MPA, all even-order modes are even-symmetric,
and they can be directly excited by a coaxial probe placed
at its angular bisector, with all odd-order, odd-symmetric
modes automatically suppressed. Alternatively, a horizon-
tal coupled aperture parallel to the angular bisector etched
on the ground plane may be employed to excite the odd-
order modes instead. Since pure high-order modes are ex-
cited, the antenna operates with a larger effective aperture
than its fundamental-mode-resonant counterparts, thus lead-
ing to a high gain of up to 10.7 dBi [81].

A full-wavelength magnetic dipole with both ends
short-circuited is employed to yield a MPA with a widened
beamwidth under dual, odd-order mode resonances [82],
[87]-[89], with fabricated prototypes shown in Figure 6(b).
In this case, the fundamental mode and its 3rd-order coun-
terpart can be simultaneously tuned and utilized to yield a
broadened E-plane beamwidth of up to 120° [82], [87],
which is much wider than the typical value of 60° for con-
ventional MPAs on an air substrate. Alternatively, the radi-
ally symmetric TMy; and TM,, mode-resonant, circumfer-
entially short-circuited circular sector patch antenna may
also exhibit a widened beamwidth: The prototype magnetic
dipole should be gauged in the radial direction (i.e., the
caustic [83] orthogonal to the circumference), and the ex-
cited TM,; and TMy, modes should be analogous to the
“bouncing ball” modes in [83]. In this case, the E-plane
beamwidth can be widened to 128° [88], [89].

An asymmetric, circumferentially set prototype dipole
may yield Pacman-shaped MPAs with one radius open-
circuited and the other short-circuited. As a result, the order
of the resonant modes should be reduced by one-half from
nn/a(n=1,2,3,...) to nn/2a(n =1,3,5,...), and the length
of the prototype dipole should be set as an odd-number
multiple of the one-quarter wavelength [90]. Thus, Pacman-
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(d)

Figure 6 Pacman-shaped MPAs implemented through the mode synthesis
design approach. (a) High-gain antenna with a gain up to 10.7 dBi;
(b) Wide-beamwidth antennas with a half-power beamwidth of 120°;
(c) Tilted-beam CP antenna with a miniaturized patch and a tilted CP an-
gle of 6=25°; and (d) Null frequency scanning antennas with a scanning
range of 6 = —65° — (+15°).

shaped MPAs having a tilted CP beam with a reduced patch
size are yielded. By incorporating a longer, 1.25-wavelength
prototype dipole, a higher gain and a larger CP tilt angle
can be attained. Figure 6(c) plots some fabricated proto-
types.

The preceding Pacman-shaped MPAs [81], [82], [87]-
[90] are synthesized and designed based on prototype mag-
netic dipoles no longer than 1.5 times the wavelength.
When the length is fitted along the circumference and in-
creased to 2.0 times the wavelength, the resultant MPAs
may resonate at their 3rd-order mode. In this case, the 1st-,
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3rd- and Sth-order modes can be simultaneously tuned and
manipulated to yield frequency-dispersive, null frequency
scanning antennas (NFAs) [91], [92]. As the frequency is
varied, the radiation null can be continuously scanned from
a positive elevation angle to negative elevation angle with-
out a scanning blind zone. Thus, the NSAs in [91], [92]
should possess a negative frequency scanning slope and a
flare-angle-dependent frequency scanning sensitivity. By
gauging with an asymmetric, 1.75-wavelength prototype
dipole in the radial direction and exciting multiple radially
symmetric TMy, (x=1,2,3) modes, NSAs with a positive
frequency scanning slope can be designed and implement-
ed instead. Unlike the circumferentially resonant cases in
[91], [92], the radiation null may exhibit a “double-slope’
frequency scanning characteristic: It exhibits high/low sen-
sitivity in the low-/high-frequency band and a negative/
positive elevation angular range, respectively [93]. Some of
the fabricated NSAs are illustrated in Figure 6(d).

Without loss of generality, selected Pacman-shaped
MPAs are compared with their respective counterparts
[94]-[103]. As tabulated in Tables 2, 3 and 4, the wideband
Pacman-shaped MPAs can exhibit a wideband performance
superior or comparable to that of their counterparts with the

s

[104]. Thus, TE circumferentially resonant sectorial dipoles
can be designed using the mode synthesis charts/tables [81],
[82] in the same way. Similar to the 1-D electric and mag-
netic dipole antennas, the sectorial electric dipole under
dual TE mode resonances can exhibit a wider operational
bandwidth than its magnetic counterpart. Figure 7 illus-
trates some fabricated prototypes of sectorial dipoles under
multiple-mode resonance. As validated in the sub-6 GHz
mobile communication band, a dual-mode resonant sectori-
al electric dipole can exhibit an available bandwidth of over
50% in the simplest, basic form [104].

Table 2 Comparisons of high-gain antennas (N.A. = not available)

[81] 8 14.5% 107 1.032,2 % 0.054
[94] 9 1.8% IL7 | 1.182,%%0.022,
[95] 6 2.6% 110 ]0.382,%x0.034,
[96] 27 12.0% 8.6 445252 % 0.1,
(971 N.A. 29.6% 7.6 1.822,% x0.124,

Table 3 Comparisons of wide-beamwidth antennas

fewest design parameters. More comprehensive compari- -
R X Ref Number of design | Impedance Be: Jdth Si
sons have been given in [81], [89], [93]. ef. parameters bandwiddh | BEAMWi ize
The mode synthesis design approach for multimode
y gn app _ [82] 8 25.0% 120° | 0.152,2 x0.0432,
resonant MPAs can be extended to the design of 2-D elec-
. . . . . . G 2
tric current sheets, i.e., sectorial electric dipoles [29], in a [89] 8 174% 128 0.312,”x0.034,
complementary manner. Correspondingly, the Pacman- [98] 16 13.4% 126° 3.512,2x 0.7,
shaped patch may be.symme.trically evolved into the two [99] 11 3.0% 107° 0.041,> X 0.071,
arms of the sectorial dipole with ground plane removal, and
. [100] 13 34.8% 101° 0,81/1g2><0.4/1g
the operational mode may change from TM to TE modes
Table 4 Comparisons of null frequency scanning antennas (S.A. = specified angle)
Ref. Number of design parameters Impedance bandwidth External feed accessories Scanning range Size
[91] 10 24.0% N 6 =35°to —60° 0.572,% X 0.04,
[93] 8 34.3% N 6=-90° to 45° 0.231,2x0.05,
[101] 4 12.0% Y S.A. 0.761,2 % 0.032,
[102] 10 4.0% Y S.A. 1.922,2%0.24,
[103] 10 32.9% N 6 =-38° to 40° 6.424% X 0.042,

Figure 7 Prototypes of Pacman-shaped sectorial electric dipoles under
multiple TE mode resonances.

When three resonant modes are excited and perturbed,
the sectorial electric dipole may exhibit an octave radiation
bandwidth [105]. More importantly, the sectorial electric

dipole can be employed to design dual-polarized antennas
with port isolation as high as 35 dB owing to its superb po-
larization purity [104]. When a corner reflector is properly
incorporated in front of a sectorial electric dipole under
triple-mode resonance, the radiation dispersion can be finely
tuned. In this sense, a backfire dipole antenna with nearly
equal E-/H-planes and an inverse taper pattern can be im-
plemented [106]: The antenna exhibits a stable, symmetric
beam in the low- and moderate-frequency bands, and it ex-
hibits an inverse taper pattern in the high-frequency band.
Such characteristics are beneficial for compensation of edge
illumination in a parabolic antenna system.
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Selective sectorial electric dipole antennas are com-
pared with their respective counterparts [107]-[110]. As
tabulated in Table 5, the wideband sectorial dipole anten-
nas can exhibit a performance superior or comparable to
that of their counterparts with the fewest design parameters.
More comprehensive comparisons have been presented in
[104]-[106].

Table 5 Comparisons of wideband electrical dipole antennas

Ref. | Resonant modes desg:ll?:re;n?:ters Impedance bandwidth
[104] 2 9 70.4%
[105] 3 13 733%
[107] 1 11 45.6%
[108] 1 17 45.0%
[109] 2 13 51.4%
[110] 3 31 52.7%

More recently, the mode synthesis design approach for
2-D, multimode resonant elementary antennas has also been
extended to the design of directive antennas by incorporat-
ing one or more parasitic element(s). The sectorial electric
dipole can be combined with either a 1-D linear dipole [111]
or a 2-D sectorial dipole [112] to yield wideband Yagi-Uda
antennas. Compared to the traditional Yagi-Uda antenna
composed of 1-D, linear dipoles under single half-wave-
length mode resonance, the multimode resonant Yagi-Uda
antenna using a hybrid 1-D and 2-D dipole configuration
may exhibit comparable or superior performance [111]. As
illustrated in Figure 8(a), the size and angle of the director
can be initially estimated by the mode synthesis approach
and the multisource model [112] in an analytical manner.
As a result, the antenna gain can be enhanced by 2 dB. The
director is tightly coupled to the principal dipole at a small
separation of 0.024 times the wavelength, which simultane-
ously yields a wide band and a compact size [112].

Similar to the 2-D sectorial electric Yagi-Uda antenna,
MPAs with enhanced backfire/endfire gains can also be de-
signed and implemented in a semi-analytical manner: As
the initial design step, the mode synthesis chart can be em-
ployed to determine the first usable resonant mode, as well
as the following usable counterparts under the gauged pro-
totype dipole. Then, the multiple-point source model is em-
ployed to calculate the shape and position of the director(s)
or reflector [113]-[115]. In this way, the basic configura-
tion and the initial values of the key parameters can be basi-
cally set and analytically determined. Further numerical
simulations may be carried out to tune and optimize the an-
tenna performance as desired.

As a typical application, low-profile vehicular anten-
nas under multiple high-order mode resonances can be im-
plemented. Although only one director is incorporated into
the dual-mode resonant principal dipole, the resultant back-
fire gain of triple-element designs can be enhanced to 4.2
dBi [113], at the cost of a high first sidelobe level of -5 dB.

(b)

Figure 8 Prototypes of directive multimode resonant antennas. (a) Yagi-
Uda antenna using 2-D sectorial electric dipoles; and (b) Low-profile
MPAs with enhanced backfire gain for vehicular applications.

Triple-mode resonance designs can be employed to sup-
press the first sidelobe level while maintaining the en-
hanced backfire or endfire gain [114], [115]: A circumfer-
entially short-circuited, magnetic dipole with a radius of an
odd-number multiple of the one-quarter wavelength can be
incorporated into the triple-mode resonant principal MPA
as a reflector. In this way, the backfire or endfire gains can
be enhanced to 7.3 dBi (air substrate) and 4.1 dBi (Teflon
substrate), respectively, without incorporating additional di-
rectors, and the first sidelobe level can be reduced to —15
dB and -9 dB, respectively.

The preceding paragraphs have comprehensively intro-
duced the mode synthesis antenna design approach for the
simplest 2-D multimode resonant antennas, i.e., the Pacman-
shaped MPAs and the sectorial electric dipole antennas. As
can be seen, the mode synthesis antenna approach is based
on analytical theory. Antenna designers can use it to rapid-
ly confirm the operational modes, quickly determine the ba-
sic configuration, and approximately estimate the initial
values of the key antenna parameters. The mode synthesis
process may be beneficial for clearly revealing the ultimate
operation mechanism to antenna designers before they fur-
ther perform a numerical simulation and optimization pro-
cess. It provides powerful tools [29], [81], [82], [88]-[91]
(mode synthesis charts and tables, multisource model, etc.)
to antenna designers for a better understanding of and phys-
ical insights into multimode resonant antennas. In the mode
synthesis antenna design approach, the “prototype dipole”
analogously (not equivalently) serves as the “prototype
low-pass filter” in the microwave filter synthesis approach,
which can be employed to steer and manipulate the usable
modes according to the parity of the eigenmodes.

Table 6 systematically compares the simplest, multi-
mode resonant, Pacman-shaped antennas. As can be seen,
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the mode synthesis design approach can yield high-gain,
wide-beamwidth, CP, dual-polarized, and null frequency
scanning antennas for wideband operations. For Pacman-
shaped MPAs, the inherent low profile much less than 0.1
times the wavelength can be maintained [81], [82], [88]-[91].
Furthermore, the yielded antennas can be simply imple-
mented on either an air substrate or printed circuit boards.
Thus, the mode synthesis design approach has been validat-
ed to be independent of the material of the antenna sub-
strate [29]. The mode synthesis antenna design approach is
also well compatible with numerical design approaches:
Numerical simulations can be purposefully performed
based on the analytical, mode-synthesized results, with few-
er endeavors and less overhead for numerically yielding the
initial configuration. Hence, it can be concluded that the mode
synthesis antenna design approach should be regarded as a
semi-analytical approach with generality and robustness.

Table 6 Comparisons of the simplest, multimode resonant, 2-D Pacman-
shaped antennas

Ref. resNoizrrlzi;(())(fies g:ﬁziigfg Merit

[81] 2 14.5% High gain

[82] 2 25.0% Wide beamwidth

[90] 2 35.8% | Tilted CP and miniaturized patch
[91] 3 24.0% Null frequency scanning
[104] 2 53.3% Dual-polarized

[105] 3 73.3% Octave bandwidth

IV. Discussion and Prospects

GO-EMT has been mathematically advanced to reveal the
unbalance mechanism in antenna systems, and it has been
employed to lay a foundation for the mode synthesis anten-
na design approach for multimode resonant antennas [29].
More recent developments and possible trends will be dis-
cussed and prospected in this section.

More recently, preliminary experimental studies on de-
scribing the performance of an unbalanced antenna system
under multimode resonance have been performed [116],
[117]: For an unbalanced coaxial cable, a new parameter
called the “suppression rate of the unbalanced sheath cur-
rent” may be defined [116]. In addition, the spurious radia-
tions of the sheath current may be approximately estimated
by the superposition of the multiple resonant high-order
dipole modes excited in the feed line [117]. More rigorous
analyses of unbalanced currents are still awaiting further in-
vestigation.

In addition to analysis and suppression of unbalanced
currents, they can be transformed to provide a positive con-
tribution to the antenna system. When the unbalanced cur-
rents are transformed, the antenna should operate in a “self-
balanced” state [12], [118], [119]: For a Pacman-shaped
magnetic dipole antenna, an additional stub can be incorpo-
rated into the angular bisector on the bottom layer. In this

way, the unbalanced currents on the bottom layer may be
forced to flow on the stub, rather than excite the sheath of
the feed line. Thus, the transformed electric currents and the
magnetic current sheet on the aperture will superpose to
yield a heart-shaped, broadened beam with a controllable
beamwidth, and the antenna is automatically balanced with-
out incorporating an external balun [12], [118]. This in-
spired the conceptual design of a “self-balanced magnetic
dipole antenna” (SBMDA). In terms of the operational prin-
ciple, the SBMDA can be reasonably treated as a “general-
ized complementary dipole antenna” under multimode reso-
nance [29]: The transformed electric dipole and its co-
polarized, magnetic counterpart should co-dominate the
unidirectional, heart-shaped radiation pattern similar to
those of conventional complementary dipole antennas.

As theoretically formulated, the “unbalance degree’
can be employed to tune the front-to-back ratio (FBR) of an
SBMDA [118]: To attain the desired unbalance degree for
high FBR (>30 dB) design, the shape of the stub can be ac-
cordingly modified. Similarly, the design approach can be
extended to dual-band antennas [119]: A dual-mode reso-
nant magnetic dipole can be stacked on an SBMDA, thus
yielding a triple-mode resonant, dual-band, less frequency
dispersive antenna with broadened E-plane patterns and a
stable boresight gain of approximately 4 dBi in both bands.
Selective SBMDA prototypes are shown in Figure 9(a)—(c).

s

Figure 9 Prototypes of self-balanced magnetic dipole antennas. (a) Basic
configuration; (b) Improved version with a high front-to-back ratio of over
30 dB; and (c) Stacked dual-band design with a broadened E-plane pattern
and a less dispersive gain frequency response.

The relevant works on unbalanced current evaluation
[116], [117] and SBMDAs [12], [118], [119] well validate
that the unbalanced currents in an antenna system might not
be simply treated as only “negative components”. If the un-
balanced currents could be clearly identified and accurately
estimated by GO-EMT [29], then they might be flexibly
steered and reasonably utilized. Thus, it is earnestly expect-
ed that unbalanced currents can possibly serve as “new de-
grees of freedom in design” to yield more innovative ele-
mentary antennas and antenna systems in the future. More
theoretical studies and engineering developments within the
GO-EMT framework are still being explored.

For a theoretical framework with generality, the GO-
EMT framework should be able to be flexibly extended to
and be consistent with the frameworks of other antenna
types such that a more universal unified framework is yield-
ed, as illustrated in Figure 10. Recently, some endeavors
have been made to extend the GO-EMT framework to
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leaky-wave antennas by revealing the evolutionary relation-
ship between multimode resonant annular sector MPAs and
straight leaky-wave microstrip antennas [120]. The evolu-
tion between multimode antennas and leaky-wave antennas
mathematically originates from the characteristic equation
of the annular sector MPA: For an annular sector MPA with
flare angle «, the inner radius (p = @) short-circuited and
the outer radius (p =b) open-circuited, its characteristic
equation can be readily expressed by (8a) [121].

Jy(ka) _ N,(kya) b

nim
_ Cy=2 v="F 12 @®
Jka) Nikyay T @V @ " (8a)

J%(x) _ N%(x)
J,(x)  Ni(x)

Electrical size—o0

Electrical size—0

Multi-mode resonant

Electrically antennas

small
antennas

Leaky-wave
antennas

Generalized odd-even mode theory

Figure 10 Generalized framework for multimode resonant antennas,
leaky-wave antennas, and electrically small antennas.

Let the inner and outer radii simultaneously approach
infinity [122] such that the annular sector evolves into a
straight line and the flare angle @ — 2n. Thus, (8a) may
evolve into its limit case of (8b). The evolution process is
illustrated in Figure 11(a). Solving (8a) and (8b), their
eigenspectra are plotted in Figure 11(b). Intuitively, the fi-
nite case of (8a) (y =3, v = 6/5) may exhibit an oscillating
eigenspectrum with discrete roots, while the limit case of
(8b) may exhibit a nonoscillating, continuous eigenspec-
trum without discrete roots. A continuous spectrum should
indicate the properties of nonresonant, leaky-wave anten-
nas [123]. Thus, it can be evidently and mathematically
concluded that the annular sector MPA could be evolved
from a truncated, bent straight leaky-wave microstrip anten-
na [120].

In this sense, the mode synthesis antenna design ap-
proach can be employed to tune the resonant modes of the
truncated leaky-wave antenna: The length of the prototype
magnetic dipole can be employed to “truncate” the straight
microstrip line and then “bend” it to the suitable angle a ac-
cording to the mode gauge relation (7). Thus, the mathe-
matical essence of and physical insights from the mode syn-
thesis antenna design approach can be intuitively reflected
in (7), (8) and Figure 11(b). As a result, the yielded multi-
mode resonant annular sector MPA may naturally inherit
the properties of a leaky-wave microstrip antenna to some
extent: It may exhibit enhanced backfire or endfire gain in
the direction parallel to the ground plane. Therefore, the de-
sign approach can be employed to implement low-profile
antennas with a low elevation coverage ability. A fabricat-
ed prototype is shown in Figure 11(c). The work in [120]
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Figure 11 Evolution between a multimode resonant antenna and a leaky-
wave antenna. (a) Conceptual illustration; (b) Spectrum of the characteris-
tic equations; and (c) Prototype of a multimode resonant annual sector an-
tenna evolved from a truncated, bent leaky-wave microstrip antenna.

paves a possible way to unify multimode resonant antennas
and leaky-wave antennas. In the future, it would be a chal-
lenging but interesting task to disclose more crucial rela-
tionships between novel multimode antennas and leaky-
wave antennas in a mathematical fashion with clear physi-
cal insights [120].

On the other hand, GO-EMT is also expected to be de-
veloped to be consistent with electrically small antennas.
As has been investigated in [90], an asymmetric prototype
dipole may yield a miniaturized patch size. The radius of a
Pacman-shaped MPA can be naturally reduced to 0.18
times the wavelength, which is approaching the upper
bound of “electrically small” of 0.159 times the wave-
length [36], [124]. According to the mode synthesis table in
[90] and [125], it has been validated that the radius can be
reduced to less than 0.159 times the wavelength at the cost
of single-mode resonant, narrowband operation [125]. Nev-
ertheless, the spurious radiations from the unbalanced cur-
rents on the feed cable have not been fully suppressed by
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using conventional balancing devices [125]. Once the un-
balanced current can be fully suppressed, the mutual cou-
pling effects (not only between the feed line and antenna
but also between antenna elements) can be mitigated. As
evidence, an annular sector patch antenna (port 1) has been
co-located with a fully balanced sectorial dipole (port 2) to
yield a dual-polarized probe antenna system that has been
validated to exhibit a wide band, a superb high port isola-
tion of over 50 dB [126], a low cross-polarization level and
an effectively radiated, high boresight gain of up to 10.5
dBi, as plotted in Figure 12(a) to (d). Hence, for multimode
resonant antennas, especially for electrically small anten-
nas, balanced feeding always remains the most critical,
tough problem [125], [126]. High performance balancing
devices for electrically small antennas are desired, and it is
expected that they could be developed within the GO-EMT
theoretical framework in the future.

Moreover, PDE-based GO-EMT deduced in the con-
text of “interior (waveguide) problems”, modal expansion
approaches based on IEs and numerical techniques (i.e.,
MoM) have been intensively developed since the 1970s,
such as the singularity expansion method (SEM) [127], the
eigenmode expansion method (EEM) [128], the theory of
characteristic modes (TCM) [129]-[132], and the theory of
resonant modes (TRM) [133]. Attempts to unify the SEM,
EEM, TCM and TRM have been made in [133], [134] in
the context of the “exterior (scattering/radiation) problem”.
It is also expected that PDE-based GO-EMT could be uni-
fied with the IE-based numerical modal expansion ap-
proaches to yield novel antenna design approaches with
generality and robustness in the future.

The theoretical framework of GO-EMT and the mode
synthesis antenna design approach have been systematical-
ly discussed and prospected. Ideally, similar to how mathe-
maticians are curious as to how to “hear the shape of a
drum” by using the eigenvalues (tones) and eigenfunctions
(modes) [135], antenna designers hope to be able to predict
the antenna shape in advance before initiating the numeri-
cal simulation and optimization process. With the aid of the
mode synthesis antenna design approach, although antenna
engineers can hardly “hear” the shape of an antenna, they
can naturally design the simplest multimode resonant an-
tennas [29]. In this sense, antenna engineers can tune and
orchestrate multiple “tones” and “modes” as desired in a
composer’s fashion to invent a series of elegant Pacman-
shaped antennas with distinctive performance. Thus, GO-
EMT reflects the symmetry, elegance and beauty of the
mathematical nature, and the mode synthesis antenna de-
sign approach inspired by GO-EMT physically visualizes
the multimode resonant electromagnetic fields.

V. Conclusion

On the basis of a more generalized, “multimode transmis-
sion, mode mismatching” premise, the author sought to de-
duce a simplified, semi-analytical theory by using spectral
expansions of the odd- and even-symmetric eigenmode
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Figure 12 Measured and simulated results of a dual-polarized, balanced
probe antenna system. (a) Schematic diagram of the antenna system; (b)
Reflection coefficients and port isolations; (c) Normalized radiation pat-
terns at port 1 and port 2 at 2.4 GHz; and (d) Gain and radiation efficiency
at port 1.

functions, namely, “generalized odd-even mode theory
(GO-EMT)”, to mathematically describe the mutual cou-
pling effect between an antenna and a feed line. An approx-
imate expression of the “unbalance degree” of the simplest,
off-center-fed dipole antenna system has been derived. In
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the context of the “interior problem”, GO-EMT should be a
creative extension of classical waveguide theory [1]-[4], [31]
with emphasis on modal parity mismatch. It provides clear
physical understandings and qualitative design guidelines
to antenna designers and inspires and motivates a semi-
analytical mode synthesis antenna design approach for mul-
timode resonant antennas. Under the guidance of GO-EMT,
the multimode resonance mechanism can be intuitively un-
derstood, and simple closed-form formulas can be readily
formulated to yield distinctive multimode resonant anten-
nas. It is expected that GO-EMT could open a way for falsi-
fying the 80-year old conclusion that “The discussion of
coupled transmission lines and antennas has been nonmath-
ematical because a complete analytical treatment of the dif-
ficult coupling problems is unavailable” [10], [29] in the
future.

The newly developed GO-EMT is an approximate, de-
ductive and extensible theory. It is compatible and consis-
tent with the traditional antenna and transmission line theo-
ries [8]-[10]. However, it needs to be improved in both sci-
entific and technical aspects. Scientifically, on the one
hand, more mathematically rigorous formulations for accu-
rately calculating the unbalance degree need to be deduced
so that the theory could be extended to be mature and com-
plete. On the other hand, motivated by the work revealing
the evolution between multimode resonant and leaky-wave
antennas [120], it would be an essentially fundamental, al-
beit extremely challenging, task to establish a unified theo-
retical framework for electrically small, multimode reso-
nant and leaky-wave antennas. Technically, many possible
works to suppress or utilize the unbalanced currents in com-
plicated antenna systems could be performed, some of
which may include (but are not limited to) the following: 1)
Applications of unbalanced currents: In a complex antenna
system, unbalanced currents can possibly be employed as
more new degrees of freedom in design, according to the
modal parity matching state between the antenna and feed
line. ii) Development of novel balancing devices (i.e.,
baluns): To compensate for the modal parity mismatch be-
tween the feed line and antenna in a “field” fashion, new
balancing device configurations as simple as possible can
be implemented based on GO-EMT and the semi-analytical
design approach with the aid of numerical simulations.

The GO-EMT-inspired, semi-analytical mode synthesis
antenna design approach can provide the necessary mathe-
matical understanding of and intuitive physical insights
into multimode resonant antennas. It is compatible with
other wideband antenna design approaches based on numer-
ical techniques [50], [131], [133], [136]. Although it is in-
dependent of the antenna substrate material, it is compati-
ble with advanced materials and fabrication technologies,
which may inspire more innovative multimode resonant
antennas and antenna systems in the future.
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