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Abstract—For a class of the industrial cyber-physical
system, i.e., multi-phase batch processes with small time-
delays and asynchronous switching, this study devel-
ops a two-dimensional iterative learning hybrid robust
predictive control method. Compared with the previous
Lyapunov-Krasovsky function-based method, stability con-
ditions given by the Lyapunov-Razumikhin function-based
method is less conservative intensive in dealing with small
time-delays. Not only that, compared to the traditional it-
erative learning method, the rolling-optimized gains of the
control law make it possible for the designed controller to
have fewer learning cycles, and the control performance
is even better. Meanwhile, the minimum and the maximum
dwelling times are obtained in conjunction with the expo-
nential stability analysis of the system. Since the obtained
dwelling times, an advanced switching signal is provided
to avoid asynchronous switching situations. The simulation
results for the injection molding process are finally utilized
to illustrate the effectiveness and feasibility of the devel-
oped approach.

Index Terms—Asynchronous switching, iterative
learning control, model predictive control, multi-phase
batch process, small time-delay, industrial cyber-physical
system.
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I. INTRODUCTION

DUE to its high value-added and small-scale features, batch
processes have quickly risen in prominence as one of the

primary manufacturing processes. Rapidly, pertinent theories
and control technologies were developed [1], [2], [3], [4], [5],
[6]. However, both the early iterative learning control (ILC)
methods [7], [8], [9] and the one-dimensional model predictive
control methods [10], [11], [12] have inherent limitations that
make it difficult to improve control performance. For batch
processes with two-dimensional (2D) characteristics, existing
ILC methods have difficulty coping with the non-repetitive
disturbances and require a lengthy learning cycle, while the
one-dimensional model predictive control methods lack batch
direction optimization and have poor control accuracy. Conse-
quently, the iterative learning model predictive control [13], [14],
[15] methods, combining the advantages of both ILC and model
predictive control methods, have been investigated, which fully
take into account the 2D characteristics and can effectively cope
with the effects of uncertainties and disturbances. In references
[13], [14], [15], the real-time feedback had been incorporated
into the ILC design, which reduces to some extent the problem
of lengthy learning cycles and improves the tracking perfor-
mance from the initial cycles. Regrettably, these methods are
an offline solution method, i.e., the control law gain is fixed
for each batch. The fixed control law gain cannot effectively
respond to the real-time dynamic characteristics of the system.
As a result, the learning cycle cannot be significantly shortened
even if the real-time feedback information of the system is
considered.

Notably, in actual production, multi-phase batch processes
(MPBP) are much more common. Due to the late start of related
studies for MPBP, the research results are not significant. In
2008, a 2D iterative learning model predictive control strategy
was discussed in [16] for MPBP. The study of [17] develops an
iterative learning model predictive control approach with a 2D
convergence index. In addition, other investigations on MPBP
are either found in [18], [19], [20] as well. Nevertheless, the
investigations in [16], [17], [18], [19], [20] for MPBP focus
on the synchronous switching way, that is, system states and
controllers are switched simultaneously. In fact, this is unlikely.
Owing to the system’s recognition speed, the latency in signal
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transmission, and other variables, the system states and con-
trollers stay synchronous when switching occurs. This issue is
further exemplified in some studies with asynchronous switch-
ing. A class of robust model predictive schemes that depend on
the model-dependent average dwell time technique are discussed
in [21]. Similar studies can be found in [22] and [23]. Unfortu-
nately, the methods [21], [22], [23] do not sufficiently consider
the system’s 2D characteristics. Because the optimization in the
batch direction is missing, the control accuracy doesn’t get better
as the operating cycles increase. Hence, Wang et al. [24] put
forward a 2D-ILC method for MPBP, which effectively utilizes
batch information and improves control accuracy. However, the
gains of the control law and switching parameters obtained in
an offline way are fixed. Because of this, the controller requires
enough operating cycles to stably track the setpoint. Not only
that, with the operation of the system, the fixed switching param-
eters will make the error between the actual switching time and
the solved switching time larger, leading to a bigger fluctuation
of the system during switching. Therefore, it is worthwhile to
study deeply how to reduce the learning cycles and suppress the
large fluctuations during switching.

Additionally, time-delays are also one of the issues that need
to be considered in MPBP. In previous investigations [21], [25],
[26], [27], [28], the treatment of time-delays usually utilizes
the upper and lower bound information of time-delays to re-
design the Lyapunov-Krasovsky function (LKF). The controller
designed in this way will inevitably be more conservative. Never-
theless, the conservatism brought by the LKF method is accept-
able in large time-delayed systems. After all, it can significantly
reduce the computational effort. In small time-delayed systems,
the disadvantage of LKF becomes obvious, where it is neither
possible to circumvent the problem of large conservatism nor to
effectively reduce the computational effort. Consequently, the
approaches to the Lyapunov-Razumikhin function (LRF) [28],
[29], [30] were noted. In the LRF method, the dimensionality of
V-function is directly related to the size of the time-delays. The
smaller time-delays, the smaller dimensionality of the designed
function, and the lower the conservativeness. Therefore, the
LRF method based on the dimensional expansion way is more
advantageous compared to the LKF method. Regretfully, few
studies based on LRF have been reported for MPBP with small
time-delays.

Synthesizing the preceding exposition, a 2D iterative learning
hybrid robust predictive control (ILHRPC) method is developed
for MPBP with small time-delays and asynchronous switching.
First, a multi-delay model is utilized to describe MPBP. On
the basis of the model above, by using the state deviation and
output error, a novel 2D Roesser comprehensive feedback error
switching model is constructed. Then, based on the switching
model, an ILHRPC law is designed. Second, by solving the
stability conditions in the form of the linear matrix inequality
(LMI), which are given by the terminal constraints set and the
exponential stability analysis, the real-time gains of the control
law, minimum dwelling time (Min-DT) for the match case, and
maximum dwelling time (Max-DT) for the mismatch case, are
solved. Based on the dwelling times, the advanced signal is given
to avoid the asynchronous switching situations when switching

occurs. In the end, the developed approach is effective and
feasible through a simulation study.

The main advantages of this method include: 1) When switch-
ing occurs, the system’s fluctuations are effectively suppressed
via online optimization of the switching coefficients to dynamic
adjustment of the switching time. 2) The gains of the con-
trol law solved online by rolling optimization resultful reduce
the learning cycles of the controller and enhance the control
performance. 3) For MPBP with small time-delays, stability
conditions based on the LRF method are less conservative and
less computationally intensive to solve than the LKF method.

Notations: F and κ denote time index and batch indexes.
x(F , κ) ∈ Rnp

x ,y(F , κ) ∈ Rnp
y ,u(F , κ) ∈ Rnp

u andω(F , κ) ∈
Rnp

ω denote the state, output, input, and disturbances, respec-
tively. np

x, n
p
y, n

p
u and np

ω are the suitable dimension at the p-th
phase. � : Z+ × Z+ → {1, 2, . . . , p, . . . , P} stands a switching
signal. Ip is a constant matrix with appropriate dimension. Mp

S

denotes the Min-RT and Mp
U denotes the Max-RT. dM stands

time delays.

II. PROBLEM FORMULATION

The MPBP below with uncertainties, disturbances, and time
delays is:⎧⎪⎪⎨

⎪⎪⎩

x(F + 1, κ) =
∑0

G=−dM
A�

G(F , κ)x(F + G, κ)
+B�(F , κ)u(F , κ)
+ ω�(F , κ)
y(F , κ) = C�x(F , κ)

(1)

Considering situations where system states mismatch con-
trollers when switching occurs, a system switching model with
the match and mismatch cases can be represented as⎧⎨

⎩
xp(F + 1, κ) =

∑0
G=−dM

Ap
g(F , κ)xp(F + G, κ)

+Bp(F , κ)up(F , κ) + ωp(F , κ)
yp(F , κ = Cpxp(F , κ)

(a)

⎧⎨
⎩
xp(F + 1, κ) =

∑0
G=−dM

Ap
g(F , κ)xp(F + G, κ)

+Bp(F , κ)up−1(F , κ) + ωp(F , κ)
yp(F , κ) = Cpxp(F , κ)

(b)

(2)
where Ap

g(F , κ) and Bp(F , κ) denote respectively state and
input uncertainty matrixes, which satisfying Ap

g(F , κ) = Ap
g +

Δp
a(F , κ), Bp(F , κ) = Bp +Δp

b(F , κ),Δp
a(F , κ) = Np

Δp(F , κ)Hp
b and Δp

b(F , κ) = NpΔp(F , κ)Hp
b . {Ap

g, B
p}

are the state and input constant matrices. {Np, Hp
a , H

p
b } are

the real constant matrixes with appropriate dimensions.
Δ(t, k) denotes the uncertainty matrix, which satisfies
Δp(F , κ)TΔp(F , κ) ≤ Ip. ω(F , κ) denotes unknow external
disturbance.

Furthermore, the switching condition of the system states of
adjacent phases can be described as

� =

{
�+ 1 if ∂p+1(x(F , κ)) < 0
� others

(3)

where ∂p+1(x(F , κ)) is a switching case. Meanwhile, the
switching time T̄ p satisfy:

F̄p = min
{
t > F̄p−1|∂p(x(F,K)) < 0

}
, T̄0

= 0 (4)



LI et al.: ITERATIVE LEARNING HYBRID ROBUST PREDICTIVE CONTROL FOR MULTI-PHASE BATCH PROCESSES 347

Fig. 1. Operating process of the system with asynchronous switching
situations.

Moreover, (F̄p, κk) and �(F̄p, κk) are the time interval and
the switching point. Then, for the overall operation time, the
switching sequence are:

∑
=

〈
(F̄1S , κ1), �(F̄1S , κ1), (F̄2U , κ1) ,

�(F̄2U , κ1)(F̄2S , κ1), �(F̄2S , κ1),

. . . , (F̄pS , κ1), �(F̄pS , κ1), (F̄1S , κ2),

�(F̄1S , κ2), . . . , (F̄pS , κ2),

�(F̄pS , κ2) . . . (F̄1S , κk), �(F̄1S , κk), . . . ,

(F̄pS , κk), �(F̄pS , κk)
〉

(5)

where (F̄pS , κk) and (F̄pU , κk) stand dwelling times at discrete
F time in the κ batch under the match and the mismatch cases,
respectively. �(F̄pS , κk) and �(F̄pU , κk) are state and controller
switching points. The switching signal satisfies F̄pS − F̄pU ≥
Mp

S , F̄pU − F̄ (p−1)U ≤ Mp
U . Moreover, the relationship of the

adjacent phase can be described as

xp(Fp−1, κ) = 𝓪
pxp−1(Fp−1, κ) (6)

where 𝓪p is state-transition matrix. 𝓪p is usually obtained from
the relationship between the two phases in practice. If the dimen-
sion of adjacent phase states is the same, then 𝓪p is equivalent
to IP .

Remark 1: Within the batch processes, a batch is usually
divided into multiple phases because of the different production
purposes and the different mechanisms of system operation.
In addition, the system is influenced by some factors when
switching between phases, and asynchronous switching situ-
ations may occur. The asynchronous switching situation can
be considered a delay in information between the computing
component and the physical hardware used for control. When a
certain condition is satisfied, the system will transition to the
next phase and the computing component gives a switching
signal immediately. Since the inherent complexity and external
disturbance of MPBP, the switching signal cannot be trans-
mitted to the physical hardware for control without delay. For
that reason, if the system state meets switching conditions, it
is vital to precisely predict the time required (Min-DT) and
the signal delay time (Max-DT), which can effectively avoid
asynchronous switching situations. From Fig. 1, the operating
process of the system with asynchronous switching situations is
given.

III. CONTROLLER DESIGN

A. 2D Roesser Comprehensive Feedback Error Model

In this part, a 2D Roesser comprehensive feedback error
model is designed, which includes state deviation along the batch
direction and output error along the time direction. It can provide
sufficient information for the designed controller.

First, we need to define the output error as follows.

ep(F , κ) = yp(F , κ)− ypr (7)

where ypr represents set values.
Then, the following control law is defined:{

u(F , κ) = u(F , κ− 1) + r(F , κ)
u(F , 0) = 0

(8)

Second, we define the incremental function along the batch
direction as Δf(F , κ) = f(F , κ)− f(F , κ− 1), where f may
denote states, output, or disturbance. Hence, the state deviation
and output error are:⎧⎪⎪⎨
⎪⎪⎩

Δxp(F + 1, κ) =
∑0

G=−dM
AG(F , κ)Δxp(F , κ)

+Bpi(F , κ)rp(F , κ)) + ω̄p(F , κ);

Δxp(F + 1, κ) =
∑0

G=−dM
AG(F , κ)Δxp(F , κ)

+Bpi(F , κ)rp−1(F , κ)) + ω̄p(F , κ)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ep(F + 1, κ) = ep(F + 1, κ− 1) + CΔx(F + 1, κ)
= ep(F + 1, κ− 1) + C(

∑0
G=−dM

AG(F , κ)Δxp(F , κ)
+Bpi(F , κ)rp(F , κ)) + ω̄pS(F , κ))
ep(F + 1, κ) = ep(F + 1, κ− 1) + CΔx(F + 1, κ)
= ep(F + 1, κ− 1) + C(

∑0
G=−dM

Ag(F , κ)Δxp(F , κ)
+Bpi(F , κ)rp−1(F , κ)) + ω̄pU (F , κ))

(9)

where ω̄pS(F , κ) = (Δp
a(F , κ)−Δp

a(F , κ− 1))xp(F , κ−
1) + (Δp

b(F , κ) −Δp
b(F , κ− 1))up(F , κ− 1) +

Δωp(F , κ), ω̄pU (F , κ) = (Δp
a(F , κ)−Δp

a F , κ−
1))xp(F , κ− 1) + (Δp

b(F , κ)−Δp
b(F , κ− 1))up−1(F , κ−

1) + Δωp(F , κ). Since ω̄pS(F , κ) and ω̄pU (F , κ) are unknown
bounded disturbances, we consider their ranges to be the same,
i.e., ω̄pS(F , κ) = ω̄pU (F , κ) = ω̄p(F , κ).

On the basis of (9), a 2D Roesser comprehensive feedback
error model is:⎧⎪⎪⎨
⎪⎪⎩

x̄p(F + 1, κ) = Āp
0(F , κ)x̄p(F , κ) +

∑−1
G=−dM ,b̄=−bM

Āp
G(F , κ)x̄p(F + G, κ+ b̄)

+ B̄p(F , κ)rp(F , κ) +Dω̄p(F , κ)
Δyp(F , κ) = C̄px̄p(F , κ)

(a)

⎧⎪⎪⎨
⎪⎪⎩

x̄p(F + 1, κ) = Āp
0(F , κ)x̄p(F , κ) +

∑0
G=−dM ,b̄=−bM

Āp
G(F , κ)x̄p(F + G, κ+ b̄)

+ B̄p(F , κ)rp−1(F , κ) +Dω̄p(F , κ)
Δyp(F , κ) = C̄px̄p(F , κ)

(b)

(10)

where Āp
0(F , κ) = Āp

0 + N̄pΔp(F , κ)H̄p
a , Ā

p
g(F , κ) = Āp

g +

N̄pΔp

(F , κ)H̄p
a B̄p(F , κ) = B̄p + N̄pΔp(F , κ)H̄p

b , Ā0,q =[
Ap 0
CAp I

]
, Āp

G =

[
Ap

G 0
CpAp

G 0

]
, B̄p =

[
Bp

CpB̄p

]
, D =
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[
Ip

Cp

]
, N̄p =

[
Np

CpNp

]
,
H̄p

a =
[
Hp

a 0
]
,

H̄p
b =

[
Hp

b 0
]
,
x̄p(F + 1, κ) =[

Δxp(F + 1, κ)
ep(F + 1, κ)

]
=

[
x̄h(F + 1, κ)
x̄v(F , κ+ 1)

]
, x̄p(F , κ) =[

Δxp(F , κ)
ep(F + 1, κ− 1)

]
=

[
x̄h(F , κ)
x̄v(F , κ)

]
, x̄p(F + G, κ+ b̄) =[

x̄h(F + G, κ)
x̄v(F , κ+ b̄)

]
=

[
Δxp(F + G, κ)

ep(F + 1, κ− 1 + b̄)

]
,
G ∈ Z[−dM ,0],
b̄ ∈ Z[−bM ,0].

B. Design of ILHRPC Law

From (6), the relationship between the state of the adjacent
phase below can be described.

[
Δxp+1(F̄p

k , κ)
ep+1(F̄p

k , κ)

]

=

[
𝓪
pΔxp(F̄p

k , κ)
Cp
𝓪
p(Δxp(F̄p

k , κ) + xp(F̄p
k − 1,κ))− ypr

]

=

[
𝓪
p

Cp
𝓪
p

] [
I 0

] [Δxp(F̄p
k , κ)

ep(F̄p
k , κ)

]

+

[
0

Cp
𝓪
pxp(F̄p

k , κ− 1)− ypr

]
(11)

Then, x̄p+1(F̄p
k , κ) = 𝓪̄

px̄p(F̄p
k , κ) +♠p can be obtained,

where 𝓪̄p =

[
𝓪
p

Cp
𝓪
p

]
,♠p =

[
0

Cp
𝓪
pxp(F̄p

k , κ− 1)− yρr

]
, and

F̄p
k = F̄p

k−1. Based on (8b), considering the time and batch
directions information, the ILHRPC law is designed.

rp(F + ζ|F , κ+ k|κ)

= F p

[
Δxp(F + ζ|F , κ+ k|κ)

ep(F + 1 + ζ|F , κ− 1 + k|κ)
]

= F px̄p(F + ζ|F , κ+ k|κ);
rp−1(F + ζ|F , κ+ k|κ)

= F p−1

[
Δxp−1(F + ζ|F , κ+ k|κ)

ep−1(F + 1 + ζ|F , κ− 1 + k|κ)
]

= F p−1x̄p−1(F + ζ|F , κ+ k|κ)
= F p−1(𝓪̄p−1)

−1
x̄p(κ+ ζ|κ, κ+ k|κ) (12)

where F p and F p−1 are the control law gains at the p-th phase
and (p-1)-th phase, respectively. ζ and k represent prediction
steps in time and batch directions, respectively.

Based on (10) and (12), a closed loop 2D Roesser compre-
hensive feedback error model can be obtained below.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x̄p(F + 1, κ) = Āp
G(F , κ)x̄p(F , κ) +

∑0
G=−dM ,b̄=−bM

Āp
G(F , κ)x̄p(F + G, κ+ b̄)

+ B̄p(F , κ)F px̄p(F , κ) +Dω̄p(F , κ)
Δyp(F , κ) = C̄px̄p(F , κ)

zp(F , κ)
Δ
= ep(F , κ) = Epx̄p(F , κ)

(a)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x̄p(F + 1, κ) = Āp
G(F , κ)x̄p(F , κ) +

∑0
G=−dM ,b̄=−bM

Āp
G(F , κ)x̄p(F + G, κ+ b̄)

+ B̄p(F , κ)F p−1(𝓪̄p−1)
−1
x̄p(F , κ) +Dω̄p(F , κ)

Δyp(F , κ) = C̄px̄p(F , κ)

zp(F , κ)
Δ
= ep(F , κ) = Epx̄p(F , κ)

(b)

(13)

Afterward, the following robust model predictive control
(RMPC) finite optimal cost function is given and the RMPC
optimization problem is described.

min
rp(F+ζ|F,κ+k|κ),G,b̄≥0

max Jp
∞ (F , κ)

[Āp
G (F,κ)B̄p(F,κ)ω̄(F,κ)]

Jp
∞(F , κ) =

N−1∑
l=0

N−1∑
m=0

× [
x̄pT(F + ζ|F , κ+ k|κ)Qpx̄p(F + ζ|F , κ+ k|κ)

+ rp
T

(F + ζ|F , κ+ k|κ)Rprp(F + ζ|F , κ+ k|κ)
− τ ω̄pT(F + ζ|F , κ+ k|κ)
ω̄p(F + ζ|F , κ+ k|κ)] + VT (x̄

p(F +N |F , κ+N |κ))
(14)

s.t.

x̄p(F + ζ, κ+ k) ∈ Ωt, r ∈ R̄ := {r||rk| ≤ rk,max}, ω̄ ∈ W

:= {ω̄|ω̄Tω̄ ≤ η2}.

Where Qp and Rp denote the state weighting matrix and
tracking weighting matrix, respectively. τ is a positive scalar
and VT (x̄

p(F +N |F , κ+N |κ)) is a terminal cost. η denotes a
known constant and rk is the k element of the predictive control
law.

Remark 2: In the previous iterative learning model predictive
control method for MPBP, to reduce the computational cost,
the gains of the control law is calculated offline. Therefore,
the optimization problem becomes less feasible. To this end,
these studies optimize the controller by using historical control
input information to partially enhance the control performance
of the system. However, this means that the controller neces-
sarily requires a lengthy learning cycle. Hence, based on the
(8) and (12), we have up(F , κ) = up(F , κ− 1) + F px̄p(F , κ),
up−1(F , κ) = up−1(F , κ− 1) + F p−1(𝓪̄p−1)

−1
x̄p(F , κ).

We use an online solution for rolling optimization of the
decision variables F p and F p−1, while combining historical
control input information u(t, k − 1) to resultful enhance the
control performance and reduce learning cycles of the controller.

C. Main Results

The stability conditions are provided, which is relying on
the robust positively invariant (RPI) set and terminal constraint
set. By solving these conditions, we can obtain the gains of the
ILHRPC law.



LI et al.: ITERATIVE LEARNING HYBRID ROBUST PREDICTIVE CONTROL FOR MULTI-PHASE BATCH PROCESSES 349

RPI:
Definition 1: Typically, we denote Ω ⊆ X as a RPI set and

rp(F , κ) as the iterative predictive control law. The RPI set
is expressed as x̄p(F + G, κ+ b̄) ∈ Ω. For the 2D switching
system (13), Ω is

Ω =
{
x|V (x̄p(F + G, κ+ b̄)) ≤ ξ

}
(15)

The iterative predictive control law is:

rp(F , κ) = F px̄p(F , κ) (16)

Moreover, the LRF is defined as

VS(x̄
p(F , κ))

= x̄pT(F , κ)P px̄p(F , κ) = x̄pT(F , κ)P phx̄p(F , κ)

+ x̄pT(F , κ)P pvx̄p(F , κ),

VU (x̄
p(F , κ)) = x̄pT(F , κ)P p−1x̄p(F , κ)

= x̄pT(F , κ)P (p−1)hx̄p(F , κ)

+ x̄pT(F , κ)P (p−1)vx̄p(F , κ),

P p = diag[P ph, P pv],P p−1 = diag[P (p−1)h, P (p−1)v],

where S and U is the match and mismatch cases, respectively.
Lemma 1: The Ω is a RPI set, if a positive scalar λ ∈ R(0,1)

exists, such that

1
ξ
V#(x̄

p(F + 1, κ))− 1 − λ

ξ
V̄#(x̄

p(F , κ))

≤ λ

η2
ω̄pT(F , κ)ω̄p(F , κ) (17)

where V̄#(x̄
p(F , κ)) = maxG∈Z{−dM,0},b̄∈Z{−bM,0}{V#(x̄

p(F +

G, κ+ b̄)), r(F , κ) ∈ R̄, ω̄p(F , κ) ∈ W . # may denote S or U.
Lemma 2: [31]: There are ε > 0 and Δpi(F , κ)Δpi(F , κ)

≤ Ip, providing matrixes Np, Δp(F , κ), Hp, and symmetric E,
such that

E + ε−1NNT + εHpT

Hp < 0 (18)

holds, if

E +NpΔp(F , κ)Hp +HpT

Δp(F , κ)TNpT < 0 (19)

Theorem 1: The 2D switching system (13) is stable
and the Ω is a RPI set, if a matrix Y p ∈ Rnp

u×(np
x+np

y),
Y p−1 ∈ Rnp−1

u ×(np−1
x +np−1

y ) matrix Xp = diag[Xph, Xpv],
Gp = diag[Gph, Gpv] > 0 and a positive scalar λ ∈ R(0,1)

exist, such that the below LMI conditions hold.⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏
0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · ·∏dM ,bM

∗ ∗ ∗ ∗
0 · · · 0 − λ

η2 I
p ∗ ∗ ∗

¯̃Ap
0 · · · ¯̃Ap

−dM
D

−Xp + ε1N̄
p
q N̄

pT
q

+ ε2N̄
p
q N̄

pT
q

∗ ∗
H̄p

aG
p· · · H̄p

aG
p 0 0 −ε1 ∗

H̄p
b Y

p· · · H̄p
b Y

p 0 0 0 −ε1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0
(20)

Equation (21) shown at the bottom of the next page.[
Z ∗
Y p Gp +GpT −Xp

]
≥ 0, Zkk ≤ r2

k,max, k ∈ Z[0,M ]

(22)

where
∏

−G,−b̄ = −γG,b̄(λ − 1)(Gp +GpT −Xp),
∏̃

−G,−b̄ =

−γG,b̄(λ − 1)(Gp−1 +G(p−1)T −Xp−1),G ∈ Z[−dM ,0], b̄ ∈
Z[−bM ,0],

¯̃Ap
j = Āp

jG
p + B̄pY p, j ∈ Z[−dM ,0], P

p =

ξ(Xp)−1, F p = Y p(Gp)−1, ¯̃Ap−1
j = Āp−1

j Gp−1 +

B̄p−1Y p−1, j ∈ Z[−dM ,0], P
p−1 = ξ(Xp−1)

−1
,
 =

Y p−1(𝓪̄p−1)
−1
, then Ω is an RPI set. 0and∗ stand the matrix of

order 0 of the appropriate dimensions and the transposition of
the corresponding position, respectively.

Proof: Under the match case, the dilation lemma in [32] is
adopted, and (23) can be obtained.

−GpT(Xp)−1Gp ≤ Xp −Gp −GpT (23)

Then, (20) is equivalent to⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ̄0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · · φ̄dM ,bM ∗ ∗ ∗ ∗
0 · · · 0 − λ

η2 I
p ∗ ∗ ∗

¯̃Ap
0 · · · ¯̃Ap

−dM
D

−Xp + ε1N̄
p
q N̄

pT
q

+ ε2N̄
p
q N̄

pT
q

∗ ∗
H̄p

aG
p· · · H̄p

aG
p 0 0 −ε1 ∗

H̄p
b Y

p· · · H̄p
b Y

p 0 0 0 −ε2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0
(24)

where φ̄−G,−b̄ = −γG,b̄(λ − 1)(GpT(Xp)−1Gp). By multiply-
ing diag[G−pT, G−pT, . . . , G−pT, Ip, Ip, Ip, Ip] and its trans-
pose from both sides of (24), (25) can be obtained.⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · ·φdM ,bM ∗ ∗ ∗ ∗
0 · · · 0 − λ

η2 I
p ∗ ∗ ∗

Āp
0 · · · Āp

−dM
D

−Xp + ε1N̄
p
q N̄

pT
q

+ ε2N̄
p
q N̄

pT
q

∗ ∗
H̄p

a · · · H̄p
a 0 0 −ε1 ∗

H̄p
bF

p· · · H̄p
bF

p 0 0 0 −ε2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0

(25)
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where φ−G,−b̄ = −γG,b̄(λ − 1)(Xp)−1, Āp
j = Āp

j + B̄pF p, j ∈
Z[−dM ,0]. By utilizing Schur complement in [33] and Lemma 2,
the following inequality can be obtained.⎡
⎢⎢⎢⎢⎢⎣

φ0,0 ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗
0 · · · φdM ,bM ∗ ∗
0 · · · 0 − λ

η2 I
p ∗

Āp
0(F , κ) · · · Āp

−dM
(F , κ) D −Xp

⎤
⎥⎥⎥⎥⎥⎦
≤ 0 (26)

where Āp
j (F , κ) = Āp

j (F , κ) + B̄p(F , κ)F p, j ∈ Z[−dM ,0].
Further, by utilizing Schur complement lemma, (26) is
equivalent to⎡

⎢⎢⎢⎣
φ0,0 ∗ ∗ ∗

...
. . . ∗ ∗

0 · · · φdM ,bM ∗
0 · · · 0 − λ

η2 I
p

⎤
⎥⎥⎥⎦+Υ(Xp)−1ΥT ≤ 0 (27)

where Υ = [Ãp
0(F , κ), Ãp

1(F , κ), . . . Ãp
−dM

(F , κ), D]. Next,
by multiplying both left and right sides simultaneously by Φ,
we have

Φ

⎡
⎢⎢⎢⎣
φ0,0 ∗ ∗ ∗

...
. . . ∗ ∗

0 · · ·φdM ,bM ∗
0 · · · 0 − λ

η2 I
p

⎤
⎥⎥⎥⎦ΦT +ΦΥ(Xp)−1ΥTΦT ≤ 0

(28)
where Φ = [x̄pT(F , κ), x̄pT(F − 1, κ− 1), . . . , x̄pT(F −
dM , κ− bM ), ω̄pT(F , κ)].

Let (Xp)−1 = P p/ξ, (28) can be equivalent to

(1/ξ)V (x̄p(F + 1, κ))− (λ/η2)ω̄pT(F , κ)ω̄p(F , κ)

≤ ((1 − λ)/ξ)

⎛
⎝ 0∑

G=−dM ,b̄=bM

γG,b̄V̄ (x̄p(F , κ))

⎞
⎠ (29)

Considering
∑0

G=−dM ,b̄=bM
γG,b̄ = 1,

∑0
G=−dM ,b̄=bM

γG,b̄V̄
(x̄p(F + G, κ+ b̄))≤ V̄ (x̄p(F , κ)) can be easily obtained. Ob-
viously, (17) can be obtained. Like the match case, the proof
of the mismatch case is omitted. Moreover, (22) is utilized to
guarantee the input constraint. According to Definition 1, we
have

||rp(F , κ)|| = ||FP x̄p(F , κ)|| = x̄pT(F , κ)F pTF px̄p(F , κ)

= x̄pT(F , κ)(Y p(Gp)−1)
T
Y p(Gp)−1x̄p(F , κ)

= x̄pT(F , κ)(Y p(Gp)−1)
T
(Xp)−1XpY p(Gp)−1x̄p(F , κ)

≤ (GpT)−1
Y pTXpY p(Gp)−1 ≤ −Y pT(Xp −GpT −Gp)Y p

≤ (rp)2
max (30)

Clearly, (22) is got by utilizing Schur complement lemma.
Proof 1 is completed.

Terminal constraint set:
Definition 2: For the terminal constraint setΩV , there are two

necessary conditions. First, it is an RPI set. Second,ϑ1, ϑ2 ∈ κ∞,
positive definite functionV (x̄p(F + ζ|F , κ+ k|κ)) existed and
satisfied

ϑ1(||x̄p(F + ζ, κ+ k)||) ≤ V (x̄p(F + ζ, κ+ k)

≤ ϑ2(||x̄p(F + ζ, κ+ k||) (31)

V (x̄p(F + 1 + ζ, κ+ k))− ςp#V (x̄p(F + ζ, κ+ k))

= V h
S (x̄p(F + 1 + ζ, κ+ k))− ςp#1V h

S (x̄p(F + ζ, κ+ k))

+ V v
S (x̄

p(F + ζ, κ+ k))− ςp#2V v
S (x̄

p(F + ζ, κ+ k))

≤ −x̄pT(F + ζ, κ+ k)Qpx̄p(F + ζ, κ+ k)− rp
T

(F + ζ, κ+ k)

Rprp(F + ζ, κ+ k) + τ ω̄pT(F + ζ, κ+ k)ω̄p(F + ζ, κ+ k)
(32)

where ςp# = max {ςp#1, ςp#2} denote the system decay coef-
ficient, # ∈ {S,U}.

Theorem 2: Considering (14), if Theorem 1 is true, the below
inequalities are feasible

⎡
⎢⎢⎢⎢⎣

Λp ∗ ∗ ∗ ∗
Cp −ε1 ∗ ∗ ∗
Qp 0 −ε2 ∗ ∗

QpGp 0 0 −ξQp ∗
RpY p 0 0 0 −ξRp

⎤
⎥⎥⎥⎥⎦ ≤ 0 (33)

⎡
⎢⎢⎢⎢⎣

Λp−1 ∗ ∗ ∗ ∗
Cp−1 −ε1 ∗ ∗ ∗
Qp−1 0 −ε2 ∗ ∗

Qp−1Gp−1 0 0 −ξQp−1 ∗
Rp−1
 0 0 0 −ξRp−1

⎤
⎥⎥⎥⎥⎦ ≤ 0 (34)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏̃
0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · · ∏̃

dM ,bM
∗ ∗ ∗ ∗

0 · · · 0 − λ
η2 I

p−1 ∗ ∗ ∗
¯̃Ap

0 · · · ¯̃Ap
−dM

D
−Xp−1 + ε1N̄

p−1
q N̄

(p−1)T
q

+ ε2N̄
p−1
q N̄

(p−1)T
q

∗ ∗
H̄p

aG
p−1 · · · H̄p

aG
p−1 0 0 −ε1 ∗

H̄p
b
 · · · H̄p

b
 0 0 0 −ε2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0

(21)
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[
1 x̄pT(F + G, κ+ b̄)

x̄p(F + G, κ+ b̄) Xp

]
≥ 0,

G ∈ Z[−dM ,0],
b̄ ∈ Z[−bM ,0]

(35)

where

Λp =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

�∏
0,0 ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗
0 · · ·

�∏
dM ,bM

∗ ∗
0 · · · 0 −τξIp ∗
¯̃Ap

0 · · · ¯̃Ap
−dM

D
−Xp + ε1N̄

p
q N̄

pT
q

+ ε2N̄
p
q N̄

pT
q

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Λp−1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

∏̂
0,0 ∗ ∗ ∗
...

. . . ∗ ∗
0 · · · ∏̂

dM ,bM
∗

0 · · · 0 −τξIp−1

¯̃Ap−1
0 · · · ¯̃Ap−1

−dM
D

∗
∗
∗
∗

−Xp−1 + ε1N̄
p−1
q N̄

(p−1)T
q + ε2N̄

p−1
q N̄

(p−1)T
q

⎤
⎥⎥⎥⎥⎦ ,

�∏
−G,−b̄

= −ςpSγG,b̄(G
p +GpT −Xp),

∏̂
−G,−b̄

= −ςpUγG,b̄(G
p−1 +G(p−1)T −Xp−1),

G ∈ Z[−dM ,0], b̄ ∈ Z[−bM ,0],

Cp = [H̄p
aG

p, . . . , H̄p
aG

p, 0, 0],

Qp = [H̄p
b Y

p, . . . , H̄p
b Y

p, 0, 0, 0],

Cp−1 = [H̄p
aG

p−1, . . . , H̄p
aG

p−1, 0, 0],

Qp−1 = [H̄p
b
, . . . , H̄p

a
, 0, 0, 0],

¯̃Ap
j = Āp

jG
p + B̄pY p, j ∈ Z[−dM ,0],

P p = ξ(Xp)−1, F p = Y p(Gp)−1,

¯̃Ap−1
j = Āp

jG
p−1 + B̄pY p−1, j ∈ Z[−dM ,0],

P p−1 = ξ(Xp−1)
−1
,
 = F p−1(𝓪̄p−1)

−1
,

then ΩV is a terminal constraint set.
Proof: First, by solving the characteristic value, we can easily

obtain.

ρ̄min||x̄p(F + ζ, κ+ k)||2 ≤ V (x̄p(F + ζ, κ+ k)

≤ ρ̄max||x̄p(F + ζ, κ+ k||2 (36)

where ρ̄min := min{ρmin(P )}, ρ̄max := min{ρmax(P )}.
ρmin(·) and ρmax(·) respectively is the maximal and minimal
eigenvalues.

Under the match case, for (33), by multiply-
ing both left and right sides by diag[G−pT, G−pT

, . . . , G−pT, Ip, Ip, Ip, Ip, Ip, Ip], we obtained

⎡
⎢⎢⎢⎢⎢⎢⎣

Λ−
p ∗ ∗ ∗ ∗

C−
p −ε1 ∗ ∗ ∗

Q
−
p 0 −ε2 ∗ ∗

Qp 0 0 −ξQp ∗
RpF p 0 0 0 −ξRp

⎤
⎥⎥⎥⎥⎥⎥⎦
≤ 0 (37)

where

Λ−
p =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∐
0,0 ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗
0 · · ·∐dM ,bM

∗ ∗
0 · · · 0 −τξIp ∗
Āp

0 · · · Āp
dM

D
−Xp + ε1N̄

p
q N̄

pT
q

+ ε2N̄
p
q N̄

pT
q

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

C−
p = [H̄p

a , . . . , H̄
p
a , 0, 0],Q

−
p = [H̄p

b , . . . , H̄
p
b , 0, 0, 0],∐

dM ,bM
= −ςpSγG,b̄(Xp)−1. And the below inequality is

obtained by utilizing Schur complement and Lemma 2.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∐
0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · · ∐

dM ,bM
∗ ∗ ∗ ∗

0 · · · 0 −τξIp ∗ ∗ ∗
Āp

0(F , κ)· · · Āp
−dM

(F , κ) D −Xp ∗ ∗
Qp · · · 0 0 0 −ξQp ∗

RpF p · · · 0 0 0 0 −ξRp

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≤ 0

(38)
where Āp

j (F , κ) = Āp
j (F , κ) + B̄p(F , κ)F p, j ∈ Z[−dM ,0].

Then, (38) can be rewritten as

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∐
−

0,0 ∗ ∗ ∗ ∗ ∗ ∗
...

. . . ∗ ∗ ∗ ∗ ∗
0 · · · ∐

−
dM ,bM ∗ ∗ ∗ ∗

0 · · · 0 −τIp ∗ ∗ ∗
Āp

0(F , κ)· · · Āp
−dM

(F , κ) D −Xp

ξ ∗ ∗
Qp · · · 0 0 0 −Qp ∗

RpF p · · · 0 0 0 0 −Rp

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0 (39)

where
∐
−
dM ,bM = −ςpSγG,b̄ξ(Xp)−1. Further, let (Xp)−1 =

P p/ξ, (39) is transformed by Schur complement (40) shown
at the bottom of the next page, where � = Qp + F pTRpF p −
ςpSγ0,0P

p. By utilizing Schur complement and multiplying both
left and right sides by [x̄pT(F + ζ, κ+ k), x̄pT(F − 1 + ζ, κ−
1 + k), . . . , x̄pT(F − dM + l, κ− bM + k), ω̄pT(F + ζ, κ+
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k)]T, (39) can be easily obtained.

⎛
⎝

∑0
G=−dM ,b̄=−bM

Āp
g(F , κ)x̄p(F + G + ζ, κ+ b̄+ k)

+B̄p(F , κ)rp(F + ζ, κ+ k)
+Dω̄p(F + ζ, κ+ k)

⎞
⎠

T

P p

⎛
⎝

∑0
G=−dM ,b̄=−bM

Āp
g(F , κ)x̄p(F + g, κ+ b̄)

+B̄p(F , κ)rp(F + ζ, κ+ k)
+Dω̄p(F + ζ, κ+ k)

⎞
⎠

+x̄pT(F+ζ, κ+k)Qpx̄p(F+ζ, κ+k) + x̄pT(F+ζ, κ+ k)

F pTRpF px̄p(F + ζ, κ+ k)− ςpS
∑0

G=−dM ,b̄=−bM
×γg,b̄x̄

pT(F + G + ζ, κ+ b̄+ k)P p

x̄p(F + G + ζ, κ+ b̄+ k)−τ ω̄pT(F + ζ, κ+ k)ω̄p(F + ζ, κ+ k)≤0
(41)

Because of
∑0

G=−dM ,b̄=bM
γG,b̄ = 1, it has∑0

G=−dM ,b̄=bM
γG,b̄ V̄ (x̄p(F + ζ|F , κ+ k|κ)) ≤ V̄ (x̄p(F +

ζ|F , κ+ G|κ)).
Therefore, the following equation can be established under

the match case.

V (x̄p(F + 1 + G|F , κ+ b̄|κ))− ςpSV (x̄p(F + G|F , κ+ b̄|κ))
= V h

S (x̄p(F + 1 + G|F , κ+ b̄|κ))
− ςpS1V h

S (x̄p(F + G|F , κ+ b̄|κ))
+ V v

S (x̄
p(F + G|F , κ+1+b̄|κ))

− ςpS2V v
S (x̄

p(F + G|F , κ+ b̄|κ))
≤ −x̄pT(F + G|F , κ+ b̄|κ)Qpx̄p(F + G|F , κ+ b̄|κ)
− rp

T

(F + G|F , κ+ b̄|κ)Rprp(F + G|F , κ+ b̄|κ)
+ τ ω̄pT(F + G|F , κ+ b̄|κ)ω̄p(F + G|F , κ+ b̄|κ) (42)

where ςpS = max {ςpS1, ςpS2} denote the system decay coef-
ficient under the match case.

Like the match case, under the mismatch case, (44) can be
clearly obtained.

V (x̄p(F + 1 + G|F , κ+ b̄|κ))− ςpUV (x̄p(F + G|F , κ+ b̄|κ))
= V h

U (x̄p(F + 1 + G|F , κ+ b̄|κ))
− ςpU1V h

U (x̄p(F + G|F , κ+ b̄|κ))
+ V v

U (x̄
p(F + G|F , κ+1+b̄|κ))

− ςpU2V v
S (x̄

p(F + G|F , κ+ b̄|κ))
≤ −x̄pT(F + G|F , κ+ b̄|κ)Qpx̄p(F + G|F , κ+ b̄|κ)

− rp
T

(F + G|F , κ+ b̄|κ)Rprp(F + G|F , κ+ b̄|κ)

+τ ω̄pT(F + G|F , κ+ b̄|κ)ω̄p(F + G|F , κ+ b̄|κ) (43)

where ςpU = max {ςpU1, ςpU2} denotes the system decay coef-
ficient under the mismatch case. Therefore, (32) is satisfied.

Considering the RPI properties, the terminal constraint set
ΩV , i.e., x̄p(F + G, κ+ b̄) ∈ ΩV ,G ∈ Z[−dM ,0], b̄ ∈ Z[−bM ,0],
meets the below condition.

V (x̄p(F , κ)) ≤ ξ (44)

yet

x̄pT(F + G, κ+ b̄)P px̄p(F + G, κ+ b̄) ≤ ξ (45)

Let Xp = ξ(P p)−1, we can easily obtain (35).
To this end, Theorem 2 is proved.
Remark 3: As is obvious, the dimensionality of LMI ob-

tained by LRF-based methods is influenced by the time delay.
The larger the time delay, the larger the dimensionality of the
stability condition in the form of LMI, which in turn leads to
an increase in the computational effort and conservativeness
of the LMI condition. In other words, the smaller the time
delay, the LMI conditions will be less computationally inten-
sive and less conservative. In contrast, the LKF method is a
redesign of the Lyapunov function using information on the
upper and lower bounds of the time delay. The conservativeness
and computational effort are derived from a large number of
unknown matrices present in the Lyapunov function, and the
dimensionality of LMI is independent of the time delay ranges.
Generally, for small-delay batch processes, the computational
effort of the LRF-based method is significantly lower than the
LKF-based method.

Stability analysis: The system’s exponential stability analysis
is provided, the Max-RT and Min-RT are solved.

Theorem 3: The 2D system (13) is exponentially stable, when
the Lyapunov functionV p

#(x̄
p(F , κ)), the Max-DT and the Min-

DT meet the following conditions.⎧⎨
⎩
V p
S (x̄

p(F , κ)) ≤ μS
pV

p−1
S (x̄p(F , κ))

V p
S (x̄

p(F , κ)) ≤ μS
pV

p
U (x̄

p(F , κ))

V p
U (x̄

p(F , κ)) ≤ μU
p V

p−1
S (x̄p(F , κ))

(46)

Mp
S ≥ − lnμS

p

ln ςSp
,Mp

U ≤ − lnμU
p

ln ςUp
(47)

where μS
ρ > 1, 0 < μU

ρ < 1.
Proof: Under the match case, based on (42), we can obtain

the below equation.

V (x̄p(F + 1 + G|F , κ+ b̄|κ))− ςpSV (x̄p(F + G|F , κ+ b̄|κ))
≤ −x̄pT(F + G|F , κ+ b̄|κ)Qpx̄p(F + G|F , κ+ b̄|κ)

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

� ∗ ∗ ∗ ∗ ∗
0 −γ−1,−1ς

pSP p ∗ ∗ ∗ ∗
...

...
. . . ∗ ∗ ∗

0 0 · · · −γ−dM ,−b̄M ςpSP p ∗ ∗
0 0 · · · 0 −τIp ∗

Āp
0(F , κ) Āp

−1(F , κ) · · · Āp
−dM

(F , κ) D −(P p)−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
≤ 0 (40)
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− rp
T

(F + GF , κ+ b̄|κ)Rprp(F + G|F , κ+ b̄|κ)
+ τ ω̄pT(F + G|F , κ+ b̄|κ)ω̄p(F + G|F , κ+ b̄|κ) ≤ 0

(48)

Based on (48), we have

V (x̄p(F + 1 + ζ|F , κ+ k)) ≤ ςpSV (x̄p(F + ζ|F , κ+ k))
(49)

By accumulating both sides of (49) from ζ, k = 0 to ∞, (50)
can be easily obtained.

∑
F+κ=ζ+k+1

V (x̄p(F , κ)) < ςpS
∑

F+κ=ζ+k

V (x̄p(F , κ)) (50)

According to the switching sequence (5), we define λ̄
pS
k =

FpS

k̄
+ κk̄ and λ̄

pU

k̄
= FpU

k̄
+ κk̄, where λ̄

pS
k and λ̄

pU

k̄
represent

the total number of rolls within batches under the match and
mismatch cases, and κ̄ = 1, 2, . . . κ. V p

(F̄pS ,Kk)
(x̄p(F , κ)) and

V p

�(F̄pU ,kk)
(x̄p(F , κ) represent the Lyapunov function of phase p

with the match and mismatch cases. NpS
Γ (d,O) and F̄pS(d,O)

are the switching numbers and the total running time of all
batches, respectively. For any F + κ = O ≥ d, in an interval
time [d,O], we have

∑
F+κ=O

V p

(F̄pS ,κk)
(x̄p(F , κ)) <

(
ςpS

)O−�
pS
k

∑
F+κ=λ̄pS

k

× V p

(F̄pS ,κk)
(x̄p(F , κ)) (51)

Considering conditions (46), at the switching point, (52)
holds. ∑

F+κ=λ̄pU
k

V p
�(F̄pS ,κk)

(x̄p(F , κ)) < μpU
∑

F+κ=λ̄pU
k

× V p

�(F̄pU ,κk)
(x̄p(F , κ)) (52)

Then, combine (51) and (52), we have

∑
F+κ=O

V p

(F̄pS ,kk)
(x̄p(F + κ)) < (ςpS)

O−�
pS
k

×
∑

F+κ=λ̄pS
k

V p

(F̄pS ,kk)
(x̄p(F , κ))

≤ μpS(ςpS)
O−λ̄pS

k
∑

F,κ=λ̄pS
k

V p
�(F̄pU ,kk)

(x̄p(F , κ))

≤(ςpS)
O−λ̄pS

k μpS(ςpU )
λ̄pS

k −λ̄pU
k

∑
F+κ=�

pU
k

V p
�(F̄pU ,kk)

(x̄p(F , κ))

≤ (ςpS)
O−λ̄pS

k μpS(ςpU )
λ̄pS

k −λ̄pU
k μpU

×
∑

F+κ=λ̄pU
k

V p

�(F̄pU ,kk)
(x̄p(F , κ))

...

≤
p∏

p=1

(μpS)
Np

0 +

(
F̄p

S(d,O)/Mρ
S

)
×

p∏
p=1

(ςpS)
F̄pS(d,O)

×
p∏

p=1

(ςpU )
NU

0 +

(
F̄ρ

U (d,O)/Mρ
U

)

×
p∏

p=1

(ςpS)
F̄pU (d,O) ×

∑
F+κ=d

V p

�(F̄2U ,kk)
(x̄p(F , κ))= exp

⎛
⎝ p∑

p=1

NS
0 lnμpS +

p∑
p=1

NU
0 lnμpU

⎞
⎠

×
p∏

p=1

((μpS)
1/Mp

S (ςpS))F̄
ρS(d,O)

×
p∏

p=1

((μpU )
1/Mp

U (ςpU ))F̄
pU (d,O)

×
∑

T+K=d

vp

�(F̄2U ,kk)
(x̄p(F , κ)) (53)

From (47), and considering 0 < ςpS < 1, ςpU > 1, μpS > 1,
0 < μpU < 1, it has{

Mp
S ln ςpS + lnμpS ≤ 0

Mp
U ln ςpU + lnμpU ≤ 0

(54)

yet⎧⎪⎪⎨
⎪⎪⎩

(μpS)
1/Mρ

S (ςpS) = exp
([

1/Mρ
S
lnμpS + ln ςpS

])

(μpU )
1/Mρ

U (ςpU ) = exp
([

1/Mρ
U
lnμpU + ln ςpU

])
(55)

Let Γ = max((μpS)
1/Mp

S (ςpS), (μpU )
1/Mp

U (ςpU )), υ= exp
(
∑p

p=1 N
S
0 lnμpS +

∑p
p=1 N

U
0 lnμpU ), we have

∑
F+κ=O

V p
�(F̄pS ,kk)

(x̄p(F , κ)) ≤ υΓO−d

×
∑

F+κ=d

V p

�(F̄pU ,kk)
(x̄p(F , κ)) (56)

Therefore,V p
�(F̄pS ,Kk)

(x̄p(F , κ)) is convergent with marginal
Γ if the switching signals satisfy (47). Proof 3 is completed.

D. ILHRPC Algorithm Steps

Step 1: The complete system state x̄p(F + G, κ+ b̄), G ∈
Z[−dM ,−1], b̄ ∈ Z[−bM ,−1] is obtained.

Step 2: In any batch F at the time κ, the below optimization
problem is:

minξ,Y p,Y p−1,Gp,Zp,Xp,λ ξ
subject to (20), (21), (22), (33), (34) and (35)

(57)

The ILHRPC law under the match case rp(F , κ) = F p

x̄p(F , κ) and mismatch cases rp−1(F , κ) = F p−1x̄p−1(F , κ)
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can be obtained, and then the control inputs under match
case up(F , κ) = up(F , κ− 1) + rp(F , κ) and mismatch case
up−1(F , κ) = up−1(F , κ− 1) + F p−1(𝓪̄p−1)

−1
x̄p(F , κ) are

obtained. Next, by utilizing the control input, system (2) is
updated. Meanwhile, the Max-DT and Min-DT are obtained by
(47) in real time.

Step 3: To determine if the system state switching condition
γp+1(x(F , κ)) is satisfied, and if so, the system state will
move to the next phase, otherwise return to step 2. Mean-
while, if t≤(Min-DT)-(Max-DT) is met, the advanced signal
is immediately given (i.e., ensuring the state and controller
switching occurs simultaneously.), otherwise, return to step
2.

Step 4: The system into the next phase, repeat step 1.

IV. SIMULATION STUDY

A. Simulation Study

In this section, we take the case of the injection molding pro-
cess mentioned in [24] as an example. In the injection molding
process case study of this article, the switching control from the
injection phase to the pressure holding phase is used to verify the
effectiveness and feasibility of the developed method. According
to [24], the injection phases’ model is:⎧⎪⎪⎨
⎪⎪⎩

IV(F + 1, κ) = 0.9291IV(F , κ) + 8.687VO(F , κ)
+ (0.03191IV(F−1, κ)−5.617VO(F−1, κ))

NP(F + 1, κ)= NP(F , κ) + 0.1054IV(F , κ)
(0.004IV(F , κ) + 1)

(58)
where IV(F , κ), VO(F , κ) and NP(F , κ) are the injection
velocity, valve opening, and nozzle pressure, respectively.

And the pressure holding phase is:

NP(F + 1, κ) = 1.317NP(F , κ) + 171.8V O(F , κ)

− (0.3259NP(F − 1, κ) + 156.8VO(F − 1, κ)) (59)

Define

x1(F , κ) = [IV(F , κ)0.03191IV(F − 1, κ)

− 5.617VO(F − 1, κ)

NP(F , κ)],u1(F , κ) = VO(F , κ), y1(F , κ) = IV(F , κ),

x2(F , κ) = [NP(F , κ)(0.3259NP(F − 1, κ)

+ 156.8VO(F − 1,κ))],

u2(F , κ) = VO(F , κ), y2(F , κ) = NP(F , κ).

we have

x1(F + 1, κ) =

⎡
⎣x

11(F + 1, κ)
x12(F + 1, κ)
x13(F + 1, κ)

⎤
⎦

=

⎡
⎣ y1(F + 1, κ)

0.3191y1(F , κ)− 5.617u1(F , κ)
y2(F + 1, κ)

⎤
⎦

=

⎡
⎣ 0.9291 1 0

0.03191 0 0
0.1054 0 1

⎤
⎦

×
⎡
⎣ y1(F , κ)

0.3191y1(F − 1, κ)− 5.617u1(F − 1, κ)
y2(F , κ)

⎤
⎦

+

⎡
⎣ 8.687
−5.617

0

⎤
⎦u1(F , κ) (60)

x2(F + 1, κ) =

[
x21(F + 1, κ)
x22(F + 1, κ)

]

=

[
y2(F + 1, κ)

0.3259y2(F , κ)− 156.8u2(F , κ)

]

=

[
1.317 1

−0.3259 0

]

×
[

y2(F , κ)
0.3259y2(F − 1, κ)− 156.8u2(F − 1, κ)

]

+

[
171.8
−156.8

]
u2(F , κ) (61)

Then, the state space model of injection phase is⎧⎨
⎩
x1(F + 1, κ) = A1(F , κ)x1(F , κ)
+B1(F , κ)u1(F , κ)+ω(F , κ)
y1(F , κ) = C1x1(F , κ)

(62)

where 1 denotes the system running in the injection phase.
Furthermore, under the time-delay situation, (55) can be

transformed into the below form.⎧⎨
⎩
x1(F + 1, κ) =

∑0
G=−2 A

1
G(F , κ)x1(F + G, κ)

+B1(F , κ)u1(F , κ) + ω1(F , κ)
y1(F , κ) = C1x1(F , κ)

(63)

where A1
g(F , κ) = A1

g +N 1Δ1(F , κ)H1
a, B

1(F , κ) = B1 +

N 1Δ1(F , κ)H1
b ,

A1
0 =

⎡
⎣ 0.9291 1 0

0.03191 0 0
0.1054 0 1

⎤
⎦ , A1

−1 =

⎡
⎣0.1 0.1 0

0.2 0.1 0
0.2 0 0.1

⎤
⎦ ,

A1
−2 =

⎡
⎣0.1 0.1 0

0.2 0.1 0
0.2 0 0.1

⎤
⎦ ,

B1 =

⎡
⎣ 8.687
−5.617

0

⎤
⎦ , N 1 =

⎡
⎣0.1 0 0

0 0.1 0
0 0 0

⎤
⎦ ,

H1
a =

⎡
⎣0.104 0 0

0.5 0 0
0 0 0

⎤
⎦ ,

H1
b = 0.005×B1,

C1 =
[
1 0 0

]
,

ω1(F , κ)=[Δ1(F , κ)Δ2(F , κ)Δ3(F , κ)]
T
,Δi(F , κ)∈ [−1, 1],

i = 1, 2, 3, 4, 5.
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TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON

Similarly, the model for pressure holding phase is
⎧⎨
⎩
x2(F + 1, κ) = A2(F , κ)x2(F , κ)
+B2(F , κ)u2(F , κ) + ω(F , κ)
y2(F , κ) = C2x2(F , κ)

(64)

where 2 denotes the system running in the pressure holding
phase. Considering the time-delay, (65) can be obtained.

⎧⎨
⎩
x2(F + 1, κ) =

∑0
G=−2 A

2
G(F , κ)x2(F + G, κ)

+B2(F , κ)u2(F , κ) + ω2(F , κ)
y2(F , κ) = C2x2(F , κ)

(65)

where A2
G(F , κ) = A2

G +N 2Δ2(F , κ)H2
a, B

2(F , κ) = B2 +
N 2Δ2

(F , κ)H2
b A2

0 =

[
1.317 1

−0.3259 0

]
, A2

−1 =

[
0.1 0.1
0.2 0

]
, A2

−2 =[
0.1 0.1
0.2 0

]
B2 =

[
171.8
−156.8

]
,

N 2 =

[
1 0
0 1

]
, H2

a =

[
0.0104 0
−0.0304 0

]
,

H2
b = 0.005×B2,
C1 = [1 0],

ω2(t, k) =

[Δ4(F , κ)Δ5(F , κ)]
T
.

In addition, when

the switching occurs, the state of two adjacent phases satisfied.

∂1(x(F , κ)) = 350 − [
0 0 1

]
x1(F , κ) < 0 (66)

Then, the set values are y1
r = 40 (mm/s) in the 1st phase and

y2
r = 300 (bar) in the 2nd phase.

Finally, a dynamic tracking indicator (DTI) is defined to
describe the tracking performance. And the integral of absolute
error (IAE) is defined to describe the overall tracking perfor-
mance.

DTI =

⎧⎨
⎩

√
(eT1)TeT10 ≤ t < T1√

(eT2)TeT2T1 ≤ t ≤ T1 + T2

(67)

IAE =

∫ Tk

0
|e(F , κ)|d(F , κ) (68)

B. Simulation Results

To demonstrate the lower computational effort of the devel-
oped method compared to the LKF methods [17], [27], the fol-
lowing comparison of the computational complexity is provided.

Fig. 2. Outputs of [24].

Fig. 3. Outputs of the developed method.

In Table I, we can see that the developed method has a lower
computational complexity and shorter computational time than
other LKF-based methods.

Remark 4: Currently, this work is only suitable for small time
delay systems. Since the LRF method is based on a dimensional
expansion approach, as the time delay increases, the dimension-
ality of the LMI conditions will subsequently become larger,
which makes solving the LMI conditions extremely difficult, or
even unsolvable.

Then, the uncertainties and unknow disturbances are con-
sidered in the simulation case. It is acceptable to compare the
output, tracking error, and control input between the developed
2D-ILHRPC approach and the conventional 2D-ILC method
[24] in the simulation study.

We repeatedly experimented with the trial-and-error method
and finally chose the state weighting matrixes and tracking
weighting matrix are selected as Q1

1 = diag [10 8 4 1],
Q2

1 = diag[10 2.5 9], R1 = 0.1, and R2 = 0.1. In addition,
in the simulation results, we use an operation cycle to represent
a batch.

Figs. 2 and 3 show the tracking effect of the output for the
developed method and [24], respectively. The set values of the
injection and pressure holding phases are 40 mm/s and 300
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Fig. 4. DTI curves of the [24].

Fig. 5. DTI curves of the developed method.

bar, respectively. Fig. 2 clearly shows the tracking effect of
[24] for the previous 20 batches, in which the 3rd batch and
the 5th batch have large tracking errors, and the system is not
able to track the set values consistently until the 10th batch.
The developed method, which considers both time information
and batch information, is able to track the set values stably in
the fifth batch. In contrast, the developed method has fewer
learning cycles. This means that the equipment is able to produce
more high-quality products in less time. In addition, the system
switches from the injection to the pressure holding phases when
pressure value reaches 350 (bar) according to (66). However, the
holding phases’ set value is 300 (bar), so a spike occurs during
switching.

Figs. 4 and 5 show the DTI of the developed method and
[24], respectively. Obviously, the developed method has much
better tracking performance before the 5th batch. Meanwhile,
the DTI of two methods at the switching point is exhibited. In
comparison, the DTI of the developed method is about 14.9%
lower than [24] at the switching point, which is smoother and
more stable during the switching process.

In addition, according to Table II, before the 5th batch, the
average DTI of the developed method is significantly lower than
[24]. After the 10th batch, i.e., entering the steady state, the
average DTI of the developed method is about 30% lower than

TABLE II
AVERAGE DTI OF TWO METHODS

Fig. 6. IAE of the developed method and [24].

Fig. 7. Control inputs of the [24].

[24]. The lower the DTI means the higher productivity and lower
scrap rates.

Fig. 6 is the IAE of the developed method and [24]. The
developed method achieves a steady state in shorter batches.
Especially, after the 8th batch (two methods can operate stably),
the IAE of the developed method is still smaller than [24]. This
indicates the developed method has a better overall tracking
performance.

Figs. 7 and 8 display the control input of the developed method
and [24], respectively. By comparison, it is easy to see that
the control input’s fluctuation with the developed method is
smaller than [24] in both the injection and holding phases. When
switching occurs, due to the change in control objectives, the
control input has fluctuated, but the developed method has still
a smaller fluctuation than [24]. That’s friendly to the actuator,
because a smaller fluctuation of the control input means less
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Fig. 8. Control inputs of the developed method.

actuator action. The life of the actuator can be made to last
longer, and the cost of the equipment can be cut.

Remark 5: In the injection molding process, the injection and
the pressure holding phases are the two most critical parts. In
the injection phase, the injection speed is the key factor that
affects the production efficiency. In the pressure-holding phase,
the stable pressure ensures the product’s quality. If the injection
speed does not reach the set values, the production efficiency will
be seriously reduced. If the cavity pressure is not sufficient, the
product quality will also be severely compromised and become
scrap.

V. CONCLUSION

A 2D ILHRPC approach is developed for MPBP with small
time-delays and asynchronous switching. First, by using the state
deviation and output error, a novel 2D Roesser comprehensive
feedback error switching model is constructed, which is utilized
to design an ILHRPC law. Second, combining the stability
conditions, which are given by the terminal constraints set,
and the exponential stability analysis, the real-time gains of the
control law, Min-DT, and the Max-DT, are solved. Based on
the dwelling times, the advanced signal is given to ensure the
system’s stability when switching occurs. The simulation results
finally display that the developed approach is effective and
feasible. Due to the increasing complexity of modern production
processes, the operational burden on actuators is also increasing,
which leads to inevitable actuator fault problems. In the future,
we will further investigate MPBP with actuator fault.
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