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Abstract — A new structural-electromagnetic coupling (SEC) analysis based on quadratic elements is proposed to
solve the mismatch problem between structural elements and electromagnetic grids of the electrostatically controlled
deployable membrane antenna (ECDMA). Firstly, the ECDMA reflector surface is meshed and redefined by a series
of quadratic elements. Without grid transformation, the calculating formulas for the far-field pattern of ECDMA are
derived by the physical-optics method. Then the structural deformation of ECDMA is analyzed and the far-field pattern
calculating formulas including deformation errors are developed. Simulation and experiment results show that the
quadratic elements are effective and efficient in SEC analysis of the ECDMA, moreover, the electromagnetic grid size
demand and the grid discretization error are reduced greatly.
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I. Introduction

With the rapid development of space science and
technology, space reflector antennas have been widely used
in aerospace, communication, remote sensing, and radio
astronomy [1]—[3]. There are growing trends to be large
diameter, lightweight, and high accuracy of antennas,
therefore, the design requirements of space reflector an-
tennas become more demanding. The structural health
monitoring and modal updating for space-borned antennas
on orbit are also necessary [4]-[6]. As a kind of space-
borned reflector antenna, the electrostatically controlled
deployable membrane antenna (ECDMA) has been one of
the most potential space structures for the 21st Century
due to its advantages: the large aperture and light
weight are guaranteed by its deployable structure and
membrane material, high surface precision is ensured by

electrostatic forces active control [7]-[9]. It should be no-
ticed that the membrane surface will cause large defor-
mation under external loads, in particular, temperature
loads in space. On the one hand, large deformation will
change electrostatic forces, on the other hand, it will af-
fect the far-field pattern of the ECDMA. The structural-
electromagnetic coupling (SEC) analysis for ECDMA is
of great significance to understand the overall antenna
performance.

At present, the SEC method has been widely ap-
plied to the reflector antenna design, and one of the
biggest challenges is the structural elements and electro-
magnetic grids mismatch problem. In general, the size of
structural elements is much larger than that of electro-
magnetic grids, because in traditional electromagnetic
analysis the size of the grids should be less than to A/8
(X is the wavelength) [10]. The errors of reflector antenna
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obtained by structural analysis cannot be directly intro-
duced into the electromagnetic analysis. There are two
traditional solutions to this problem: 1) a new reflector
surface is fitted from the structural elements then the
electromagnetic grids can mesh on the new surface, how-
ever, the structure errors cannot be accurately reflected
in the electromagnetic analysis; 2) the electromagnetic
grids are meshed on the structural elements directly, in
this method the structural elements are usually plane
and the grid discretization errors will be introduced espe-
cially in the high-frequency analysis. To solve this prob-
lem, Li et al [11], [12] proposed a grid conversion
method by selecting Gauss integration points inside each
structural element instead of refining the structural ele-
ments, the displacement of internal calculating points is
obtained by the finite element linear shape functions in-
terpolation. This method improved the electromagnetic
analysis, however, the internal calculating points are on
the planer structural element which has no benefit in re-
ducing grid discretization errors. Noticing the problem,
Lian et al. [13] came up with a mesh refinement method
of structural elements to produce electromagnetic grids
by constructing a quadratic surface over each element.
The quadratic surface was constructed through element
vertices’ coordinates and normal vectors, which were
constructed through linear combination of the adjacent
elements’ normal vectors. In addition, Zhang et al. [14]
proposed an approximation radiation integral method for
distorted reflector antennas using decomposition orthogo-
nal basis functions. The proposed method can benefit the
repeated calculations for a given reflector in shaped re-
flector design and the integrated optimization design.
Based on the concept of structural-electromagnetic field
coupling, Zhang et al. [14] developed an approximation
method to analyze the radiation pattern for distorted re-
flector. In this method, the integration point deforma-
tion is obtained by a local interpolation scheme which
utilized the same function as that in the structural anal-
ysis for the radiation calculation, however, the triangu-
lar element is still not conducive to reducing the grid dis-
cretization errors. Moreover, Liu et al. [15] and Gu et al.
[16] have studied the electrostatic field and membrane
displacement field coupling problems in the ECDMA,
however, the electromagnetic field is not involved.

In general, the theoretical research on structural-
electromagnetic field coupling problem of reflector antenna
has been relatively mature, however, there is a lack of re-
search on how to use the same grid for structural analy-
sis and electromagnetic analysis without introducing dis-
crete errors. To solve this problem, we proposed a SEC
analysis method for reflector antenna based on the
quadratic finite elements. In Section II, the method of
electromagnetic analysis using six-node triangular ele-
ments is expounded theoretically. The SEC relationship
between the electrostatic field, membrane structural dis-
placement field, and the electromagnetic field is ana-
lyzed in Section III. The effectiveness and correction of
this method are verified by simulation and experiment in

Section IV.

II. The Physical-Optics Method by
Quadratic Elements

Unlike traditional reflector antennas, the ECDMA is
a more complex coupling system. In this section, the
electromagnetic field analysis of the ECDMA is devel-
oped. The physical-optics (PO) method provides a very
accurate solution for predicting the far-field pattern of
the reflector antennas in the main beam region and out
to several side lobes, therefore, we derive formulas based
on the PO method. The PO formulation can be con-
structed using the steps described in reference [17]. The
final can be expressed as (see Figure 1),

e—Jkr

T(6,4) = // J(r")e* " 48 @)
S

J(r') = 2n x H' (3)

where j = v/—1, k = 2x/\, \ is the wavelength, n =120,
r is the distance between the far-field point and the ori-
gin of coordinates, T is the unit dyad, ## the dyad of the
far-field point directional unit vector 7, S is the reflec-
tor surface of the ECDMA, 7’ is the position vector of
reflector surface point, moreover, the unit outward nor-
mal vector of the surface at this point is n, J(r’) is the
physical-optics current at the reflector surface, H? is the
incoming magnetic field vector. The reflector surface and
far-field both are defined in the global coordinate system
(z,y, 2z), the feed source is defined in the local coordinate
system (x,ys, 25), T is the far-field point directional vec-
tor, r° is the reflector surface point directional vector in
coordinates (zs,ys, 2s), s is the feed directional vector in
the coordinate system (z,y,z). It can be seen from Fig-
ure 1, when r® = 0, the ECDMA is an axis-symmetrical
reflector antenna.

Electrode surface

Source

Figure 1 The schematic diagram of the ECDMA in coordinate sys-
tems.

As long as the feed information and the reflector
shape are given, we can obtain the far-field pattern of the
reflector antenna through (1)—(3). In practical terms, the



The Establishment and Analysis of the Structural-ElectromagnetiC Coupling Model of the Electrostatically... 481

reflector surface has system errors and random errors,
making a not ideal parabolic. The surface should be
meshed by plane triangular elements, then the electro-
magnetic field analysis is based on the mesh, such as
refining the mesh or selecting Gauss integration points
inside each element traditionally. However, they cannot
reduce the grid discretization errors radically. For the
problem, we mesh the reflector surface by a series of six-
node triangular elements and each of them can be ex-
pressed by a quadratic surface equation. Taking the i-th
element for example (see Figure 2), the coordinate value
z; of zaxis direction of point in the #th element can be
expressed as

2 = ajo + an® + aigy + a3y + aiux® + a;sy® (4)

where z and y are the coordinate value of z- and y-axis
direction of point, respectively, a;o — a;5 are unknown co-
efficients. Because this element is part of a paraboloid,
therefore, it is a quadratic surface element. We know
that each element has 6 nodes, substituting their coordi-
nates into (4) respectively, the unknown coefficients can
be obtained by solving simultaneous equations.

3 3

Coordinate
5 transformation

Figure 2 A six-node triangular element in global and local coordi-
nate systems.

In order to avoid solving simultaneous equations, we
can take advantage of the shape functions of the finite el-
ement method to acquire the location coordinates of ev-
ery point (such as P in Figure 2) in this element directly:

6
= Nyr'y (5)
j=1

where r/;; is the global coordinates of the jth node in
the #th six-node triangular element, N;; is the shape
functions corresponding to the element which can be ob-
tained as

N LuLi—1), j=1,23
i ALimLin, 7 =4,5,6, m=1,2,3, n=2,3,1

(6)

in which, L;; = T ( =1,2,3) are the area coordinates
of triangular, they can be obtained easily in the element
local coordinates. Substituting (5) and (6) into (2) and (3),
we can rewrite the PO formulation based on six-node tri-
angular surface integrals as follows:

T(0.¢)=> // J(r")ehr" T S, (7)
i=1 S,
J(r'y) =2n; x H' (8)

where NUM is the total number of six-node triangular el-
ements, S; represents the i-th element surface, n; is the
normal unit vector of the S; which can be developed as

N;
™ 9)

n; =

6
N,; = E ” ! ij)
Jj=1

6
T

! ! 14 !
E ({ N'iji-r'ijn N'ijor'ijn N'ijzr'ijs } )

j=1

(10)

11
or Oy 0z (11)

N = {6N,-j ONy; ONy; }T
where IN; is the normal vector of the S;, N’;;-r’;; repre-
sents the multiplication of elements in matrices IN’;; and
r’;;, the subscript 1, 2, 3 of matrix represent the value of
each element in the matrix, respectively, IN’;; is the nor-
mal vector of the jth node in the i th six-node triangu-
lar element. The detailed derivations of (9)—(11) can be
found in [18]. Integration (7) is performed on the reflec-
tor surface S, it can be expressed in terms of the project-
ed circular region o (dotted circle in Figure 1) with the
help of the surface Jacobian transformation Jg, then the
surface integral is converted to the plane integral:

NUM
T(0,¢) = Z // N7 I doy (12)
where Jg, can be expressed as

in which, IN; is the normal vector of the S; which can be
obtained by (7). The square root of IN; means the con-
version coefficient from surface integral to plane integral.
It can be noted that, although integration in (12) is per-
formed over a planar aperture, the current is still de-
fined on the curved reflector surface. Equation (12) is the
radiation integral for the PO formulation based on the
six-node triangular elements. There are two numerical in-
tegration methods to solve (12): 1) refining the six-node
triangular elements with plane triangular grids; 2) select-
ing Gauss integration points inside each six-node triangu-
lar element. The second approach is preferred in this pa-
per.

III. The SEC Analysis of ECDMA
Figure 3 shows the SEC relationship of the ECD-
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MA. Tt is known that the membrane can be deformed by
electrostatic forces meanwhile the electrostatic field
strength will change by membrane deformation which is
a nonlinear and coupling problem. We can get the cou-
pling model of the electrostatic field and membrane
structure displacement field from our previous work [16]:
( Kuu(“a‘ﬂ) Kuga(uv‘»@) ){ u }:{ f } (14)
K¢u(u,<p) sz(u,gp) ') q
in which, Ky, and K, are the mechanical and electro-
static stiffness matrix respectively, K, and K., are
the coupled stiffness matrix, u and ¢ are displacement
and potential, respectively, f and g are the mechanical
forces and electric charges, respectively.

Distorted
Electrode surface Membrane surface

/ / Undistorted

AT
u Membrane surface

Source

Figure 3 The schematic diagram of SEC relationship in ECDMA.

Solving (14), we can get the ECDMA surface node
displacements u which will affect the far-field pattern of
the reflector antenna. Some assumptions are made here:
1) the electromagnetic field does not effect the mem-
brane surface; 2) for small-amplitude, smoothly-varying
errors, the surface normal n will not deviate substantial-
ly from that of an undistorted reflector [19]. Then radia-
tion integral for the PO formulation of distorted mem-
brane surface is given by

NUM A
TO,d,u,p) = Z [/J(,’Jio)ejkr 0P
i=1

% [ejkuiz(coses—&-cose)]JSi dai (15)

where J(r/;0)el*”"0" is the PO-current term for the
undistorted reflector, w;, is the zaxis components of
node displacements in the #th six-node triangular ele-
ment, 0, is the direction of the feed pattern which is in-
dependent of displacement. The integrand in (15) is a
function of both the amplitude and shape of the pertur-
bation function wu;,.

The perturbation can be expressed by the six-node
triangular element shape functions as,

6
Ujz = ZNijuijz (16)
j=1

where wu;;, is the known zaxis displacement of the j-th
node in the ¢th element, N;; is the shape function in (6).
It is necessary to note that both the ECDMA surface
shape and deformation are defined by the same shape
functions, making the six-node triangular element a
quadratic element. Using a Taylor series, the bracketed
exponential from (15) can be expanded as
ejk:uiz (cos 0 5+cos 0)

~ 1+ jku;, (cos B, + cos ) — k*u?_(cos B, +cos 9)2/2
6
=1+ jk (cos s + cos0) > Nijuij.

Jj=1

6 2
— k?/2(cos 0, —Fcos&)2 (Z Nijuijz) (17)
j=1

Substituting (16) and (17) into (15), we can divide
the radiation integral of the distorted reflector into three
parts:

NUM
T(0,6.u,0) = > (To(0,6) + ATi (0, O)uss-

i=1
+ ATQ (03 ¢)u1jzuzmz)

NUM

Ty(6, ¢) = J(r"0)e 0" g do;  (19)

(18)

NUM

ATy (0,¢) = Z // J(r'io)ejkr'io"; - jk (cos @5 + cos 0)
i=1
6

o

. Z (NU)J& dO’i

Jj=1

(20)
NUM A

810,00 =Y [[ 360 (h2p2)
i=1 P
6
. (COS Qg =+ cos 0)2 Z (ijNlm)JSl dO’i
7,m=1
(21)

where Ty (60, ¢), AT1(6,¢) and ATs(6, ¢) are independent
of the membrane surface deformation, w and ¢ are dis-
placement and potential, respectively, J(r'io)ej’”"i“'ﬁ is
the PO-current term for the undistorted reflector, Jg, is
the surface Jacobian transformation, u;;, and ws,. are
the nodal displacement. To avoid repeated calculation,
we can store the radiation integral for the undistorted re-
flector Tp(0,¢) and the integration AT;(6,¢) and
AT5(0,¢). In this way, when we need to calculate the
far-field pattern of the distorted reflector antenna, the
results can be derived by multiplying ATi(6,¢) and
AT, (0, ¢) with the deformation errors w;j,. Finally, we
can divide the radiation integral of distorted reflector
based on the SEC model as follows:
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E(07 (7257 u? 90)

e—]kr

_ IA_AA
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NUM
: (Z (To(0,¢) +AT1(0, ¢)uij- +AT(0, ¢)Uz’jzuimz)>
i—1

(22)

IV. Simulations and Experiments

The radiation integral for the PO formulation based
on the six-node triangular element is also applicable to
the general reflector antenna. To verify the correctness
and validity of this method, a classical simulation exam-
ple is given first, and then this method is applied to the
ECDMA SEC analysis.

1) Simulation example 1

The axis-symmetrical reflector antenna is used as a
simulation example with focal length f = 100\ and diam-
eter D = 100\. An analytical feed pattern of the cos?6-
type is used with ¢ = 8. This gives an edge taper of —9
dB. The working frequency is set to be 2 GHz. In finite
element analysis, the size of the structure element is of-
ten larger than the electromagnetic grids, and this phe-
nomenon is more obvious with the increase of the anten-
na frequency. Here the reflector surface is meshed by the
plane triangular elements with the size of A\ (referenced
method) and the six-node curved triangular element with
the size of 10\ (proposed method), respectively. The de-
formation functions in [19] are adopted to describe the el-
ement nodal zdirection displacement. The distorted
functions are as follows:

uz(p',¢") = 0.05\sin (27r(5€

/2
u.(p,¢') = 0.05) cos (107‘( (5'(()))\)2> (24)

u.(p',¢') = 0.05X cos(5¢) (25)

where the variables p’ and ¢’ designate the polar coordi-
nate components in the projected aperture plane of the
reflector.

The distortions in (23)—(25) have been shown in the
upper left corner of the Figures 4(b)—(c), respectively. It
can be seen from the figures that the three deformations
are periodic functions. Figures 4(a)—(d) show the far-field
patterns for the undistorted reflector and distorted reflec-
tor of three deformation functions, respectively. Each fig-
ure has the patterns in plane for the referenced method
(dashed line) and the proposed method (solid line). As
can be seen from these images, for the cases of undistort-
ed, deformation (23) and deformation (25), the proposed
method results agree well with the results of the refer-
enced method. For the case of deformation (24), there
are non-negligible errors in side lobes between the pro-
posed method and referenced method. The reason for

this result is that the size of the six-node curved triangu-
lar element is larger than the period of deformation (24).

50
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Figure 4 The far-field pattern of the reflector antenna of different
cases.
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Table 1 lists the max directivity for each pattern. It is
concluded that the proposed method results show very
good agreement of the referenced method with a maxi-
mum error of 0.46%.

Table 1 Maximum directivity for each case

Cases | Undistorted | Deform. (23) | Deform. (24) | Deform. (25)
Referenced | 48.99 dB 48.22 dB 48.24 dB 48.15 dB
Proposed | 48.86 dB 48.09 dB 48.29 dB 47.93 dB

Error 0.27% 0.27% 0.10% 0.46%

Table 2 lists the computation time for each case. It
shows that the proposed method improves the computa-
tional efficiency by 96% compared with the referenced
method.

Table 2 Time comparison for each pattern

Patterns | Undistorted | Deform. (23) | Deform. (24) | Deform. (25)
Referenced 12.80 s 12.87 s 12.85 s 13.14 s
Proposed 0.51 s 0.51s 0.51s 0.49 s
Efficiency 96.0% 96.0% 96.0% 96.3%

2) Simulation example 2

In Section V.1, the deformation functions are adopt-
ed to describe the element nodal zdirection displace-
ment instead of using the mechanical simulation to ob-
tain the displacement. In this section, an ECDMA mod-
el with a diameter of 5 m and a focal length of 10 m are
used to the structural-electromagnetic co-simulation. The
membrane surface material properties are provided in

Table 3.

Table 3 The membrane surface material properties

Young’s Modulus 2.17 GPa
Poisson’s Ratio 0.34
Thickness 0.025 mm
Density 1432 kg/m?

The electrodes configuration is demonstrated in Fig-
ure 5 which consist of 9 independent electrode voltage
channels and the initial distance between membrane sur-
face and electrodes is set as 30 mm. For the sake of sim-
plicity, the membrane surface boundary is set as 0 V and
the membrane initial stress is 0.01 MPa, meanwhile, the
boundary of the membrane surface is fixed.

The operating electromagnetic frequency of antenna
is set as 5 GHz. An analytical feed pattern of the cos?6-
type is used with ¢ = 8. Here the membrane surface is
meshed by the plane triangular (PT) elements with the
size of A and the six-node curved triangular (CT) ele-
ments (quadratic elements) with the size of 10\ as shown
in Figures 6(a) and (b), respectively. It can be seen from
the Figure 6 that in order to reduce the discrete errors of
plane approximation to paraboloid, the plane elements
need to be divided very closely.

Figure 5 The electrodes configuration.

(a) Plane triangular element

(b) Quadratic elements

Figure 6 The membrane surface mesh.

When the voltages of each channel on the electrode
surface is different, the membrane surface will have dif-
ferent deformations. Here we give three cases of elec-
trode voltages as shown in Table 4. Then the membrane
surface deformations and far-field patterns of the ECD-
MA can be obtained by the PT elements and the CT ele-
ments, respectively.

Table 4 Maximum directivity for each case

Channels 1 2 3 4 5 6 7 8 9

Case 1l (kV) | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10

Case 2 (kV) | 10 6 6 6 6 10 | 10 | 10 | 10

Case 3 (kV) 6 6 6 10 | 10 | 10 | 10 6 6
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Figures 7(a), (b) and (c) show the far-field patterns  Table5 Maximum directivity for each case

for ECDMA of three cases, respectively. Each figure has
the patterns in ¢ = 0° plane (E plane) and ¢ = 90° plane Cases Case 1 Case 2 Case 3
(H plane) for the referenced method (PT elements) and Referenced 4451 dB 4430 dB 4430 dB
the proposed method (CT elements). As can be seen Proposed 4441 dB 44.21dB 4421 dB
from these figures, the proposed method results agree Error 0.22% 0.20% 0.20%
well with the results of the referenced method.

4 Table 6 Time comparison for each case

20| A o g %—ﬁ-plane Cases Case 1 Case 2 Case 3

-H-plane
351 % — CT-E-plane Referenced 124.1 s 1376 s 1414 s
30t CT-H-plane Proposed 8.2s 6.7 s 78 s
Efficiency improvement 93.4% 95.1% 94.5%
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Figure 7 The far-field patterns of the ECDMA with three cases of
electrode voltages.

Table 5 lists the max directivity for each pattern. It
is concluded that the proposed method results show very
good agreement of the referenced method with a maxi-
mum error of 0.22%. Table 6 lists the computation time
for each case. It shows that the proposed method im-
proves the computational efficiency by about 93.4% com-

pared with the referenced method.

3) Experiment and results

An ECDMA prototype has been mounted and
placed in the laboratory with a focal length of f =4 m
and diameter of D = 1.5 m. An analytical feed pattern of
the cos?6-type is used as ¢ = 8. The working frequency is
set to be 20 GHz.

There are random errors and system errors in the
process of making the ECDMA prototype, therefore, the
deviation of the membrane surface to the designed shape
is very irregular and cannot be expressed by periodic
functions. In that case, the membrane shape is estab-
lished with the photogrammetry data instead of the ide-
al design data here. The targets on the ECDMA are
shown in Figure 8 and the 3D coordinates of all targets
are obtained by the V-STARS industrial photogramme-
try system. Then the errors distribution of the ECDMA
can be obtained by calculating the errors between the
measuring points and the ideal paraboloid. Here we
mainly consider the error in the Z-axis direction and the
deformation errors can be defined as

Tty

af

where (x;,y;, z;) is the 3D coordinates of targets, f is the
focal length of the ideal paraboloid.

Figure 8 The ECDMA prototype with photogrammetry targets.

Figure 9(a) is the distribution of the ECDMA mem-
brane surface initial errors, it can be seen that the shape
of the reflector surface is prominent in the middle and
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x1073

(a) Initial errors distribution
x1073
1.5

1.0

0.5

“10-10
(b) Adjusted errors distribution

Figure 9 Deformation errors of the ECDMA.

depressed in the surrounding with an amplitude about.
To improve the precision of the ECDMA surface we need
to adjust the electrode voltages or membrane boundary,
here the optimized results are given directly. The adjust-
ed errors distribution are shown in Figure 9(b) and the
errors amplitude becomes to be about. Substituting the
initial and adjusted errors into (22), respectively, we can
get the initial and adjusted far-field pattern of the ECD-
MA as shown in Figure 10. From the results we can
know that the initial errors can seriously reduce the max
directivity and raise the side lobe levels, here the max di-
rectivity reduces from 43.98 dB to 38.32 dB. In addition,

45
—— Ideal
—-—-- Initial
40 1 Adjusted
g
351
2
=
8 30F i
a iy
25t ik 4
Lo
i iif [
20 L L i 17 A A L
-5 4 -3 2 2 3 4 5

Figure 10 The far-field directivity pattern of ECDMA before and
after the adjustment.

the errors can also cause the far-field pattern to be asym-
metry. After the adjustment, it is obvious that the max
directivity has been improved from 38.32 dB to 42.76
dB.

V. Conclusions

In this study, the calculating formulas for the far-
field pattern of the ECDMA are derived based on the
quadratic elements. The structural analysis and electro-
magnetic calculation can share the same grid and avoid
discrete errors, therefore, it can improve the calculation
efficiency while ensuring the modeling accuracy. The
method proposed in this paper is especially suitable for
the high-frequency electromagnetic field analysis and
structural-electromagnetic optimization design. Moreover,
the proposed method is suitable for the small amplitude,
smoothly vary errors and can be used in the electrode
voltages optimization for the ECMA design of which the
radiation performance varies with the structural design
variables under exterior forces such as gravity, wind and
temperature gradient.
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