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   Abstract — This work focuses on the driving strategy
optimization  problem  of  a  scenario  in  which  two  trains
come from two branches under virtual coupling, aiming at
going through the junction area efficiently. A distance-dis-
crete optimal control model is constructed. The optimiza-
tion objective is  to maximize the trip time during which
the two  trains  operate  in  coupled  state.  The  line  condi-
tions, dynamic properties of the trains and the safety pro-
tection constraints  are  considered.  The  nonlinear  con-
straints are  converted  into  linear  constraints  with  piece-
wise affine  function  and  logical  variables,  and  the  pro-
posed problem is converted into mixed integer linear pro-
gramming (MILP) problem which can be solved by exist-
ing  solvers  such  as  Cplex.  Four  simulation  experiments
are  conducted  to  verify  the  effectiveness  of  MILP.  The
dynamic  programming  (DP)  algorithm  is  used  as  the
benchmark  algorithm  in  the  case  study.  Compared  with
DP algorithm in small state space, MILP has better per-
formance  since  it  shortens  the  coupling  time.  Moreover,
the  improvement  of  line  capacity  of  virtual  coupling  is
35.42% compared with the fixed blocking system.

   Key words — Virtual  coupling, Junction  area,

Mixed integer linear programming (MILP).

 I. Introduction
The demand for capacity of the railway is increas-

ing rapidly  in  recent  years,  leading to  the  near-satura-
tion of  the  existing  network.  Consequently,  the  infra-
structure managers have being challenged to expand the
capacity of the existing networks [1]. However, the im-
provement of  the infrastructures  meets  with high diffi-
culties due to the expensive costs. Therefore, the explor-
ation  of  the  next  generation  signalling,  such  as  virtual

coupling, attracts more attentions from the scholars.
Virtual  coupling  is  a  revolutionary  innovation  in

railways because the physical connections between suc-
cessive trains are removed and vehicle-to-vehicle (V2V)
communication technology is implemented to realize the
cooperative  operation  of  multiple  trains  running  in  a
small  headway.  In  this  article,  the  virtual  coupling  is
based  on  the  European  Train  Control  System  Level  3
(ETCS-3) plus an additional V2V communication layer
in which  trains  exchange  information  about  their  kin-
ematic parameters  (i.e.,  speed,  position,  and  accelera-
tion). Five  operational  states  (i.e.,  the  ETCS-3  Run-
ning, Coupling,  Coupled  running,  Unintentional  de-
coupling, and  Intentional  decoupling)  and  their  trans-
itions for virtual coupling are defined in article [2]. The
coupling  process  (i.e.,  the  transition  among  ETCS-3
Running,  Coupling,  and  Coupled  running)  for  the  two
trains  in  the junction area is  focused on in this  paper.
The main contributions are summarized as follows.

1) This article proposes a discrete model with dis-
tance as  independent  variable  for  train  trajectory  op-
timization in junction area. The line conditions (includ-
ing running resistance and speed limits) and train char-
acteristics  are  considered  in  the  model.  Moreover,  the
safety constraints caused by the switch are emphasized
in this article.

2) Mixed  integer  linear  programming  (MILP)  al-
gorithm is  used to solve the proposed model.  Dynamic
programming  (DP)  is  used  as  a  benchmark  approach.
DP and MILP are used in the virtual coupling control
firstly.  Compared  with  DP  algorithm  for  small  state
space,  the  driving  strategies  solved  by  MILP  shorten 
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the coupling time.
3) The capacity improvement rate of virtual coup-

ling signaling concept is discussed compared with fixed
blocking  signaling  concept.  The  results  show  that  the
average capacity improving rate is 35.42%.

The rest of the article is organized as follows. A lit-
erature  review  is  presented  in  Section  II.  A  specific
problem description is developed in Section III. A coup-
ling  model  is  described  in  Section  IV.  Some  cases  are
conducted to show the effectiveness of the proposed ap-
proach in Section V. Conclusions are presented in Sec-
tion VI.

 II. Literature Review
In earlier studies, the idea of virtually coupled train

formations  (VCTF)  using  independent  train  modules
was discussed [3].  A prototype of  the virtually coupled
train (VCT) system was designed. The system included
dispatching, control, communication, etc. The function-
ality was demonstrated through simulations [4].

In  recent  years,  virtual  coupling  technology  has
made  a  series  of  progress  with  the  promotion  of  the
Shift2Rail project. In the virtual coupling control area,
the capacity improvement via virtual coupling was dis-
cussed  by  giving  a  detailed  virtual  coupling  process,
which  included  various  operational  states  and  their
transitions [2].  A multi-agent-system-based coordinated
control  model  was  proposed  which  could  achieve  real-
time dynamic  adjustment  and  ensure  both  the  opera-
tion efficiency and safety in the high-speed railway [5].
Then, based  on  the  control  system,  an  intelligent  dis-
patching system  was  proposed  to  improve  the  trans-
portation  capacity  in  railway  stations  [6]. The  decent-
ralized model predictive control (MPC) framework was
applied to the leading and following trains in a convoy
running.  The  simulation  results  demonstrated  better
performance and benefits of this new concept compared
with  the  moving  block  system  [7].  Besides,  a  cruising
control  approach  for  VCT  on  the  basis  of  MPC  was
proposed [8]. A coasting control strategy was developed
to  improve  the  output  of  the  MPC controller  [9].  The
coupling,  keeping,  and  separation  of  virtual  coupling
were focused on. The position error correction was fur-
ther considered aiming at reducing the gap control per-
turbations, and a robust gap controller was proposed [10].
Full  supervision  plus  virtual  coupling  operating  mode
was developed  within  the  European  Rail  Traffic  Man-
agement  system.  The  impact  on  communication  links
caused  by  time-varying  delays  was  considered,  and  a
coupling controller based on numerical analysis method-
ology was designed to account for this problem [11]. A
method for the calculation of speed limit curve based on

relative braking distance was put forward to ensure the
following train keeping a safe distance from the leading
train [12]. An analytic optimal control method for VCT
was proposed as well as an algorithm based on Pontry-
agin’s  maximum  principle  was  developed  to  solve  the
optimal control problem [13]. A controller based on gen-
eralized  predictive  control  (GPC)  and  mixed  artificial
potential  field  (APF)  was  used  to  perform cooperative
control  and  prevent  collision  of  the  virtual  coupling
train [14]. Similar study can be found in [15]–[18].

Previous studies are based on the straight line. The
coupling process for the two trains in the junction area
is focused on in this paper.

 III. Problem Description
In this article, the optimization of coupling process

for  train  control  in  the  junction  area  is  studied.  The
whole coupling process is shown in Fig.1.

sAini sBini
sP

sBend

In the ETCS-3 Running state, train A and train B
are  on  different  branch  lines,  respectively,  which  is
shown in Fig.1, where V2I is a vehicle-to-infrastructure
communication  technology.  and  are  the  initial
positions of train A and train B.  represents the posi-
tion  of  switch,  and  the  terminal  position  of  train B is
denoted as . The coupling process of the two trains
begins  when  train A goes  through  the  switch  firstly.
Then, train B catches up with train A and couples with
train A.  The time-position curves of the two trains for
the coupling process is shown in Fig.2.
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T
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In Fig.2,  is the total time spent in turning the
switch (i.e., the trip time consumed by train A to pass
the switch plus the transition time of the switch) to the
right position for train B.  The moving authority (MA)
of train B is updated when the switch turns to the right
position and is  locked.  is  the  total  running time for
the  two  trains.  In  the  ETCS-3  Running  state,  the
switch is  not in the right position,  the end of  MA un-
der  virtual  coupling  ( )  is  on  the  switch,  and  the
velocity at the  is zero. In the Coupling state, the
switch is in the right position, the  represents the
tail  of  train A plus  safety  margin  ( ), and  the  velo-
city at the  is . In the Coupled running state,
the  relative  distance  between  the  two  trains  is  the
length of train A and , which is set to compensate for
the  impact  of  other  unknown  factors  including  the
measurement error of train position and irregular track
friction force [19].

On the premise of pre-calculating the speed profile
of train A, the aim of this article is to figure out the op-
timal driving strategy for train B which minimizing the
coupling  time  and  maximizing  the  coupling  efficiency.
Because  of  the  fixed  total  running  time,  the  coupling
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time will  be decreased if  the coupled time grows. Con-
sidering  the  complexity  of  the  model,  the  objective  of
the model is to maximize coupled time.

 IV. Model Formulation

s

In order to simplify the consideration of additional
resistance,  train  position  is  chosen  as  independent
variable referring to previous works [20]–[22]. The con-
straints for this problem include basic resistance,  addi-
tional  resistance,  speed  limit,  boundary  conditions,
maximum traction, and safety protection constraints.

NIn this section, the route of train B is split into 
intervals to get a discrete-space model according to dif-
ferent gradients  and the  radius  of  the  curve.  The  con-
trol regime of train B in each interval is uniform accel-
eration which  can simplify  the  problem.  Instead  of  us-
ing the velocity as the state, the kinetic energy is used
for linearization.

The time that two trains in the coupled state is re-
garded as optimization objective, which is formulated as

follows:
 

max obj =
N∑

k=1

tcoupled(k) (1)

tcoupled(k) kwhere  represents  the coupled time in th in-
terval. The detailed calculation equation is shown in the
end of this section.

In this article, a mass-point model is used like pre-
vious  work  in  the  train  optimal  control  area  [23].  The
position  of  the  mass-point  represents  the  front  of  the
train. The motion of train B is described by the follow-
ing equation:
 

EB(k + 1)− EB(k) = mBaB(k)lk,

k = 1, 2, . . . , N (2)

EB(k) B
k EB(k + 1)

B k

(k + 1) lk k

mB

mBaB(k)

where  is  the  kinetic  energy  of  train  entering
the th interval and  is the kinetic energy of
train  leaving  the th  interval  and  entering  the

th  interval;  denotes  the  length  of  the th in-
terval; the mass of train B is denoted as ; the calcu-
lation formula of  is as follows:
 

mBaB(k) = FB(k) +RB
b (E

B(k)) +RB
k ,

k = 1, 2, . . . , N (3)

FB(k) k

RB
b (E

B(k)) RB
k

B k

RB
b (E

B(k))

where  denotes the control force in the th inter-
val;  and  represent the  running  resist-
ance and additional resistance of train  in the th in-
terval respectively.  can be calculated as the
following equation:
 

RB
b (E

B(k)) = mBcB1 + 2cB2 E
B(k),

k = 1, 2, . . . , N (4)

cB1 cB2
B RB

k

where  and  are related on the dynamic properties
of train ;  is developed as follows: 
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Fig. 1. Coupling process.
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Fig. 2. The  time-position  curves  of  the  two  trains  for  the

coupling process.
 

1004 Chinese Journal of Electronics 2023



RB
k = mBg × sinφk +RB(rk),

k = 1, 2, . . . , N (5)

k φk

g rk
k

k RB(rk)

where the gradient in the th interval is denoted as 
and  represents  the  gravitational  acceleration;  rep-
resents  the  curve  radius  in  the th  interval;  the  curve
resistance in the th interval is denoted by , and
it can be constructed as
 

RB(rk) =


6.30mB

rk−55
, rk ≥ 300 (m)

4.91mB

rk−30
, rk < 300 (m)

,

k = 1, 2, ..., N (6)

Referring  to  trapezoidal  integration  rule  [24],  the
time equation can be described as
 

tB(k+1) = tB(k)+
1

2

 1√
2EB(k)

mB

+
1√

2EB(k + 1)

mB

 lk,

k = 1, 2, . . . , N
(7)

tB(k) B kwhere  is the time when train  enters the th in-
terval.

FB
max(E

B(k))

FB
min

The  traction  or  braking  force  is  restricted  by  the
maximum  traction  force  and  maximum
braking force . The constraint can be calculated as
follows.
 

FB
min ≤ FB(k) ≤ FB

max(E
B(k)),

k = 1, 2, . . . , N (8)

FB
min

FB
max(E

B(k))

where  is  considered  as  a  constant  in  this  article.
Maximum traction force  is  relative to the
kinetic  energy.  The  equation  of  the  maximum traction
force is shown as
 

FB
max(E

B(k))

=


cBa , EB(k)≤Ec

cB3 +cB4

√
2EB(k)

mB
+cB5

2EB(k)

mB
, otherwise

,

k = 1, 2, . . . , N (9)

cBa cB3 cB4 cB5 Ecwhere , , , ,  and  depend on train  charac-
teristic.

Besides,  speed limit is  also a significant constraint
for train operation. Speed limit can be described as
 

ϵ ≤ EB(k) ≤ Ek, k = 1, 2, . . . , N + 1 (10)

Ek

k ϵ

where  represents  the  limited  kinetic  energy  in  the
th interval;  is a small positive number.

T

There  are  also  some  boundary  conditions.  In  this
paper, the initial kinetic energy of train B is fixed. The
running time  is determined by train A.

  

1: EB(1) = EB
ini

2: EB(N + 1) = EB
end

3: tB(1) = 0

4: tB(N + 1) = T

5: sB1 = 0

6: sBN+1 = L

(11)

EB
ini

EB
end

tB(1) tB(N + 1)

sB1
sBN+1

T

L

where  denotes the initial kinetic energy of train B;
 denotes the terminal kinetic energy of train B and

is  the  same  as  the  kinetic  energy  of  train A since  the
two trains are in coupled state when they come to the
journey’s end;  and  represent the initial
time and the terminal time for train B respectively; 
and  represent the initial position and the termin-
al  position  for  train B respectively;  is  the  running
time;  is the length of the line.

The movement of train B can be divided into two
situations,  i.e.,  train B is  allowed  to  go  through  the
switch and cannot go through the switch. The first situ-
ation happens  when train A has  not  gone  through the
switch  or  the  state  of  the  switch  is  improper.  In  this
situation,  train B needs  to  stop  before  it  reaches  the
switch. The second situation happens when train A has
gone through the switch and the state of the switch is
proper. In this situation, the two trains must keep relat-
ive braking distance. The protection mechanisms of the
two situations can be described as
  

1: tB(k) ≤ TP ↔ δ1,1(k) = 1

2: EB
max,k +M(1− δ1,1(k)) ≥ EB(k)

3: sk ≤ sAtB(k)−LA−sm−rbs(k)+Mδ1,1(k)

where k = 1, 2, . . . , N + 1

(12)

tB(k) TP

EB
max,k

k

sP LA

sm rbs(k)
δ1,1(k)

rbs(k)

where  represents the current time;  represents
the time that the MA of train B changes;  repres-
ents the maximum kinetic energy in which the train B
applies  the  brake using the  maximum braking force  at
the beginning position of the th interval, just in time
to  stop  at  the  switch;  is  the  switch  position;  is
the  length  of  train  A;  is  the  small  margin; 
represents the relative braking distance;  is a bin-
ary variable. The calculation of  is as follows:
 

rbs(k) =

 EB(k) ≤ EA
tB(k)

(EA
tB(k)

−EB(k))

FB
min

EB(k) > EA
tB(k)

(13)

EA
tB(k)

tB(k)

where  represents the kinetic energy of train A at
the current time .

The  judgement  condition  for  Coupled  running  is
described as follows:
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1: EA
tB(k) − ηe ≤ EB(k) ↔ δ1,2(k) = 1

2: EB(k) ≤ EA
tB(k) ↔ δ1,3(k) = 1

3: δ1,6(k) = δ1,2(k)δ1,3(k)

4: sAtB(k)−LA−sm−sths ≤ sk ↔ δ1,4(k) = 1

5: sk ≤ sAtB(k)−LA−sm ↔ δ1,5(k) = 1

6: δ1,7(k) = δ1,4(k)δ1,5(k)

7: δ(k) = δ1,6(k)δ1,7(k)

where k = 1, 2, . . . , N + 1

(14)

δ(k) = 1

k

δ(k) = 0

Eths

sths
δ1,i(k) i = 2, 3, . . . , 7

where  represents that train A and train B are
in  coupled  state  when train B enters  the th  interval,
otherwise, .  The  first  three  constraints  1–3  is
the kinetic energy range for Coupled running. The next
three constraints 4–6 is  the position range for Coupled
running.  is the  kinetic  energy  threshold  for  unin-
tentional  decoupling  [2];  is  the  distance  threshold
for  unintentional  decoupling  [2].  ( )
is a binary variable.

δ(k) ∈ {0, 1}
tcoupled(k) tcoupled(k)

The  logical  variable  is  introduced  to
calculate , the detailed calculation of 
is as follows:
 

tcoupled(k − 1) = δ(k − 1)δ(k)(t(k)− t(k − 1)),

k = 2, 3, . . . , N + 1 (15)

(k − 1)

(k − 1)

The equation (15)  shows  that  the  judgement  con-
dition  for  the  coupled  state  in  the th  interval.
The  judgement  condition  is  that  the  two  trains  enter
and leave the th interval in coupled state.

Now, a discrete model has been established. There
are  still  some  nonlinear  constraints.  Therefore,  logical
variable  and  piecewise  affine  (PWA)  are  imported  for
non-linear conditions (e.g.,  equations (7) and (9)).  The
principle of PWA approximation is shown in Fig.3. The
black solid line is  the original  function,  the red-dashed
line  is  the  PWA approximation.  The  linearized  results
for (7)  and  (9)  are  shown  in  Appendix  A.  The  linear-
ized  results  for  (15)  shown  in  Appendix  B.  Then,  the
linearized  model  can  be  solved  by  the  existing  solvers
(e.g., Cplex).

 V. Case Study
In  this  section,  some  numerical  experiments  in

which train A and train B are on the different branch
lines are  conducted.  DP  algorithm  is  used  as  bench-
mark  algorithm since  it  is  an  effective  method  for  the
multi-decision problem [25]. Matlab 2018 is used to im-
plement DP algorithm. MILP method is compared with
DP algorithm,  the  implementation  of  MILP method  is
based on Matlab 2018 + Yalmip + Cplex 12.8. To sim-
plify the consideration, the motion of train A is an uni-
form motion whose motion sequence has been pre-calcu-

lated. The motion sequence of train B is calculated by
DP and MILP. Besides, it is assumed that train A and
train  B  have  the  same  braking  characteristic  and  the
same mass.

N

The parameters of the line and trains are shown in
Table  1.  To  simplify  the  discussion,  the  distance  is
equally  divided  into  intervals.  The  parameters  of
PWA are  shown in Table  2.  Four cases  are  conducted
in the case study.
  

Table 1. Parameters of line and trains

Property Symbol Value
The total length of the interval (m) − 28000

Switch position (m) sP 5000

The time for switch move (s) tP 10
Gradient r −1

Train mass (kg) m 1× 105

Resistance coefficient 1 cB1 0.02
Resistance coefficient 2 cB2 4.42× 105

Train length (m) LA, LB 200
Interval length (m) lk 350
Safety margin (m) sm 500

Maximum energy (J) Emax 4000
Minimum energy (J) ϵ 0.1

Maximum braking deceleration (N) FB
min 1× 105

Kinetic energy threshold (J) Eths 6

Distance threshold (m) sths 10
Velocity step for DP (m) − 0.05

Time step for DP (small state space) − 0.05
Time step for DP (large state space) − 0.025

Distance step for DP − 350
 
 

sAini sBini
vAini

vBini

1)  In  the  first  case,  the  impact  of  different  initial
velocities of train B is discussed. The velocity, position,
and time are considered as the state of train B. The ac-
celeration  and  deceleration  are  defined  as  action.  The
coupled  time  is  defined  as  reward.  The  results  of  DP
and  MILP with  the  same  initial  position  and  different
initial velocities are shown Table 3. The initial position
of  train A is ,  the  initial  position  of  train B is ,
the initial velocity of train A is , the initial velocity
of train B is . MILP has better performance since it
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Fig. 3. The PWA approximation of the nonlinear function.
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has shorter coupling time. The coupling time solved by
MILP  reduced  by  3.99%  compare  with  DP  in  small
state space. The reason for this phenomenon is that the
time  state  and  velocity  state  are  continuous  in  MILP,
whereas, the states are discrete in DP. The solution of

TP

DP with more refined state is closer to MILP (i.e., the
time  step  is  0.025  s  in  large  state  space,  whereas,  the
time step is 0.05 s in small state space). Although there
are numerical differences between the two methods, the
same trends are existed in both methods. The coupling
time decreases firstly and then flattens out,  because of
the turning process of the switch and passing sequences
of  the  trains  (i.e.,  train A passes  the  switch  firstly,
then, the switch is turned into the proper state, train B
passes the switch secondly). When the  is fixed, the
higher  the  initial  velocity  brings  the  longer  decelerate
distance  to  prevent  train B from  triggering  the  safety
protection mechanism. The effect of the initial velocity
is offset by deceleration, which is shown in Fig.4.

  
Table 3. The coupling time solved by DP with different state spaces and MILP under different initial conditions

sAini = 3000 m sBini = 0 m vAini = 60 m/s
Initial conditions

( , , )
Coupling time

MILP DP (small state space) DP (large state space)
vBini = 50 m/s 341.53 s 358.45 s 340.98 s

vBini = 55 m/s 341.55 s 358.45 s 340.98 s

vBini = 60 m/s 338.65 s 352.60 s 340.93 s

vBini = 65 m/s 336.70 s 352.60 s 335.15 s

vBini = 70 m/s 336.29 s 352.60 s 335.15 s

vBini = 75 m/s 336.10 s 352.60 s 335.15 s

vBini = 80 m/s 336.26 s 346.80 s 335.13 s

vBini = 85 m/s 335.17 s 341.00 s 329.33 s
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Fig. 4. The velocity-distance curve of train B with fixed ini-

tial velocities solved by MILP.
 

Tp

2) In  the  second  case,  the  impact  of  different  ini-
tial  positions  of  train B is discussed.  Only  MILP  al-
gorithm is discussed in this case due to the better per-
formance of MILP. According to the results in Table 4,
the initial velocities of the two trains are fixed. The ini-
tial position of train A is closer to the switch. The de-
tailed  velocity-distance  curve  of  train B is  shown  in
Fig.5.  With the decrease of  the distance between train
A and the switch, train A goes through the switch earli-
er,  therefore,  is  smaller,  and  then  train B do  not

need to  prevent  triggering  the  safety  protection  mech-
anism by deceleration.
  
Table 4. The coupling time solved by MILP under fixed

initial velocities and different initial positions

vAini, v
B
ini

Initial velocity
Coupling time

sAini = 3000

sBini = 0

Initial position
 m,

 m
sAini = 3500

sBini = 0

Initial position
 m,

 m
sAini = 4000

sBini = 0

Initial position
 m,

 m
vAini = 60

vBini = 50

 m/s,
 m/s

341.53 s 368.17 s 412.12 s

vAini = 60

vBini = 55

 m/s,
 m/s

341.55 s 344.85 s 383.05 s

vAini = 60

vBini = 60

 m/s,
 m/s

338.65 s 345.04 s 359.75 s

 
 

vAini = 60 m/s,
vBini = 60 m/s, sAini = 3000 m, sBini = 0 m

EoAvc TP

3) In  the  third  case,  the  effectiveness  of  the  con-
straints  is  tested,  and  a  velocity  protection  surface  is
calculated by (12). The velocity-distance curve of train
B under  certain  initial  condition  (i.e., 

) and the corres-
pond velocity protection surface is shown in Fig.6. The
velocity  protection  surface  is  divided  into  two  parts.
The first part is corresponding to situation one. In this
situation,  train B must  stop  before  it  reaches  the
switch.  The red solid  line  is  the  before .  The

   
Table 2. The Parameters of PWA

Segment n αn βn E (J)

1 −0.0141 1.0246 0–71.5
2 −1.6134× 10−5 0.0249 71.5–850
3 −2.9479× 10−6 0.0136 850–2000
4 −1.1622× 10−5 0.0009 2000–4000
5 0 0.7472 0–180
6 −0.0003 0.7919 180–660
7 −7.9153× 10−5 0.6435 660–4000
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EoAvc TP

TP

sm TP

second  part  is  corresponding  to  situation  two.  In  this
situation, the two trains keep relative braking distance.
The black dash line is the  after . The velocity-
distance curve of train B satisfies the protection mech-
anism (i.e., equation (12)). The separation between the
two trains is shown in Fig.7. The black solid line is .
It is shown that the separation decreases and is gradu-
ally stable at the preset  after .

TP

TP

TP

TP

4) In the fourth case, the improvement of the line
capacity in  the  junction  area  is  discussed  by  calculat-
ing  the  reciprocal  of  the  headway  on  the  switch.  The
improvement rates  of  line  capacity  with  virtual  coup-
ling  compared  with  fixed  block  are  shown  in Fig.8.
There are four classes for comprehensive discussion. The
four classes include different initial velocities and differ-
ent initial positions. In each class, different initial velo-
citiesis  are  set  for  train B to  discuss  the  improvement
rate. In each condition, virtual coupling has better per-
formance  than  fixed  block.  The  results  show  that  the
average  capacity  improving  rate  of  the  four  classes  is
35.42%.  The  average  improvement  rates  in  the  four
classes  are  shown  in Table.  5.  It  has  been  calculated
that  the  essentially  difference  in  four  classes  of  initial
conditions  is  since  it  is  the  switching  point  for  the
two protections.  The different  corresponding to the
four classes are shown in Table. 5. A larger value of 
brings  greater  improvement.  The  possible  reason  for
this phenomenon is that the different speed limits with
the two signal concepts. If  is larger, the relative dis-
tance between train A and train B is shorter since train
B have more time to shorten the relative distance, and
hence,  virtual  coupling  has  better  performance  in  this
situation.  The  velocity-distance  curve  of  train B is
shown  in Fig.9 with  different  signaling  concepts.  The
reason  that  the  line  capacity  is  improved  is  that  the
higher average velocity in virtual coupling.
 
 

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Velocity (m/s)

Im
pr

ov
em

en
t r

at
e

20 30 40 50 60 70 80

vA
ini=60 m/s, vB

ini=20-80 m/s, sA
ini=2000 m, sB

ini=0 m
vA

ini=55 m/s, vB
ini=20-80 m/s, sA

ini=3000 m, sB
ini=0 m

vA
ini=60 m/s, vB

ini=20-80 m/s, sA
ini=3000 m, sB

ini=0 m
vA

ini=60 m/s, vB
ini=20-80 m/s, sA

ini=4000 m, sB
ini=0 m

 
Fig. 8. The  improvement  rate  of  line  capacity  with  virtual

coupling  compared  with  fixed  block  under  different
initial condition.

 

 VI. Conclusions
In this article, a coupling linear model is construc-

ted for the two trains in the junction area. Serval cases
with different initial conditions are conducted to verify
the effectiveness  of  the  proposed  model.  MILP  ap-
proach  is  compared  with  DP  algorithm  in  the  case
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Fig. 5. The velocity-distance curve of train B with different

initial positions solved by MILP.
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Fig. 6. The  velocity  protection  surface  of  train B and  the

velocity-distance  curve  of  train B solved  by  MILP
under fixed situation.
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study. The results solved by MILP has better perform-
ance  since  it  has  shorter  coupling  time  compared  with
DP algorithm in small state space. Meanwhile, with the
increase  of  the  train B’s  initial  velocity,  the  coupling
time decreases firstly and then levels off.  Besides, with
the increase of the relative initial distance between the
two  trains,  it  takes  longer  time  for  train B to  couple
with train A.  Moreover, compared with other signaling
concepts,  the  line  capacity  is  significantly  improved
with virtual coupling.

 Appendix A

g(k) = 1/(2
√

2EB(k)/mB)The  nonlinear  item  of  (7)  is .  The

linearization for nonlinear (7) is as follows:
 

tB(k + 1) = tB(k) + (g(k) + g(k + 1))lk,

k = 1, 2, ..., N + 1 (A-1)
 

g(k) =[α1 α2 α3 α4]× [z1(k) z2(k) z3(k) z4(k)]
T

+ [δ1(k) δ2(k)−δ5(k) δ3(k)−δ6(k) δ4(k)−δ7(k)]

× [β1 β2 β3 β4]
T−α2z5(k)−α3z6(k)−α4z7(k),

 

EB(k) ≤ Ei ↔ δi(k) = 1,

δj+4(k) = δj(k)δj+1(k),

zi(k) = δi(k)E(k),

zj+4(k) = δ1(k)zj+1(k),

i = 1, 2, 3, 4, j = 1, 2, 3, k = 1, 2, . . . , N + 1 (A-2)

δi ∈ {0, 1} δj ∈ {0, 1}where  and  are binary variable.

The linearization for nonlinear (9) is as follows:
 

FB
max(k) =[−α7 α6 − α7 α5 − α6 + α7]

× [z8(k) z9(k) z10(k)]
T

+ [−β7 β6 − β7 β5 − β6 + β7]

× [δ8(k) δ9(k) δ10(k)]
T

+ α7E
B(k) + β7,

 

EB(k) ≤ Ei ↔ δi+3(k) = 1,

δ10(k) = δ8(k)δ9(k),

zj(k) = δj(k)E
B(k),

i = 5, 6, j = 8, 9, 10, k = 1, 2, . . . , N + 1 (A-3)

δi ∈ {0, 1} δj ∈ {0, 1}where  and  are binary variable.

 Appendix B

The linearization for nonlinear (15) is as follows:
 

δ11(k − 1) = δ(k)δ(k − 1),

zB11(k) = tB(k)δ11(k − 1),

zB12(k) = tB(k − 1)δ11(k − 1),

tcouple(k − 1) = zB11(k)− zB12(k),

k = 2, 3, . . . , N + 1 (B-1)

The nonlinear function caused by logical variables can be linear-
ized by the three properties according to [26].
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