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Abstract — In this paper, we derive and propose a
track-oriented marginal Poisson multi-Bernoulli mixture
(TO-MPMBM) filter to address the problem that the
standard random finite set filters cannot build continuous
trajectories for multiple extended targets. First, the Pois-
son point process model and the multi-Bernoulli mixture
(MBM) model are used to establish the set of birth tra-
jectories and the set of existing trajectories, respectively.
Second, the proposed filter recursively propagates the
marginal association distributions and the Poisson multi-
Bernoulli mixture (PMBM) density over the set of alive
trajectories. Finally, after pruning and merging process,
the trajectories with existence probability greater than
the given threshold are extracted as the estimated target
trajectories. A comparison of the proposed filter with the
existing trajectory filters in two classical scenarios
firms the validity and reliability of the TO-MPMBM fil-
ter.
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I. Introduction

Multi-target tracking (MTT) refers to the process
of inferring trajectories of an unknown/time-varying
number of targets based on the noisy measurement set
[1]-]3]. According to the resolution of the sensors and the
distances between targets and sensors, the MTT prob-
lems can be divided into point MTT and extended tar-
get tracking (ETT) [3]. A point target usually assumes that
one target generates at most one measurement, while the
extended target assumes that a target potentially gives
rise to more than one measurement per time step [3].

Compared with the point target which only provides
the kinematic state information, the extended target
can provide the kinematic state and extent state in-
formation, making it more useful in robotics, large ships
and car tracking. At present, the widespread applica-
tions of modern high-resolution radars make ETT re-
search increasingly become a current research hotspot.

The inhomogeneous Poisson point process (PPP) is
a common extended target measurement model. It as-
sumes each extended target generates a Poisson distrib-
uted random number of measurements at each time step,
and the measurements are spatially distributed around
the target [4], [5]. Random finite sets (RFSs) [6] have wide-
ly been discussed in the multiple ETT. It provides a
theoretical foundation for ETT filters. Based on the PPP
model and RFSs theory, the probability hypothesis dens-
ity (PHD) filter [7], the cardinalised PHD (CPHD) fil-
ter [8], the generalized labelled multi-Bernoulli (GLMB)
filter [9], the labelled multi-Bernoulli (LMB) filter [10]
and the Poisson multi-Bernoulli mixture (PMBM) fil-
ter [11] for ETT have been developed.

In RFS-based MTT filters, two conjugate priors [12]
are widely used. One is the PMBM conjugate prior,
which is based on the unlabelled RFSs; the other is the
GLMB conjugate prior, which is based on the labelled
RFSs. In accordance with these two conjugate priors,
several computationally tractable filters with the closed-
form solutions [9]-[15] have been proposed. The avail-
able studies have shown that the well-structured PMBM
filter with fewer global hypotheses outperforms the
GLMB filter in terms of computational time and filter-
ing accuracy [11], [16]. However, the PMBM filter can-
not provide target trajectory between time steps [17].
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To address this problem, two approaches have been
developed to build target trajectories. One is to add
unique labels to the extended target states and link all
the targets with the same label in time series, e.g., the
LMB filter, the GLMB filter, and the Delta GLMB (-
GLMB) filter. The other is to estimate the set of target
trajectories instead of the set of target states [17]-[20].
And in this trajectory framework, the filter recursively
propagates the posterior trajectory distribution, e.g.,
the tracker/trajectory PMBM (TPMBM) filter [20].

In this paper, based on the TPMBM filter and the
marginal distribution PMBM (MD-PMBM) filter [21],
we present the track-oriented marginal PMBM (TO-
MPMBM) filter to address the ETT problem. Unlike
the TPMBM filter,
propagates the the weight, existence probability, and
probability density function (pdf) of each track. The ex-
perimental results show that the proposed filter outper-
forms the TPMBM filter and the §-GLMB filter in
terms of the tracking performance and running time.

the proposed filter recursively

The rest of the paper is organized as follows: Sec-
tion II introduces the Bayesian model assumptions, the
trajectory RFSs representation, and the trajectory set
model; Section III details the recursive process, shape
estimation method, complexity analysis and algorithm
summary of the TO-MPMBM filter; Section IV tests
the proposed tracking algorithm; Section V gives the
conclusion.

II. Background

In this section, we introduce several Bayes model-
ing assumptions, give a brief introduction to the RFSs
of the trajectories, and outline the transition and meas-
urement model used in Section III.

1. Bayes modeling assumptions

The target states and sensor measurements are rep-
resented as two RFSs in the traditional targets prob-
lem formulation [22]. Let Xj denote target state set,
and Z; denote measurement set at time k. Several mod-
eling assumptions are required to establish the multi-ex-
tended target transition model and measurement model.
They are as follows:

Assumption 1 Given a single target state zp € X,
the target either survives with a survival probability
P, (z) or disappears with a probability 1 — Ps(zy).

Assumption 2 Each birth target evolves inde-
pendently of the existing targets, and the birth intens-
ity is given by D?(xy).

Assumption 3 FEach single target state evolves
according to the Markov transition function f(zg|xg—1).

Assumption 4 The measurements set Z; at time
k consists of two disjoint sets: the clutter measurement
set and the target-generated measurement set, and both

sets are independent of each other.

Assumption 5 The clutter can be modeled as a
Poisson RFS with Poisson rate AF4 and spatial Poisson
distribution ¢(zx), and the clutter Poisson intensity is
K(ze) = M¢(z).

Assumption 6 If the target is detected with
probability Py(zk), the measurements generated by
each target at time step k£ are a Poisson distribution
with Poisson rate 7, and the spatial distribution
O (2k|2k)-

Assumption 7 Given a measurement set wy, the
conditional extended target measurement likelihood
when wy, is a nonempty set (detected) and an empty set
[11] can be expressed as follows:

Ly (1) = Pa(ay)e %) H Yak)dlarlzr) (1)

ZEEWE
lg(zp) =1 — Py(ap)(1 — e_'Y(mk))
=1— Py(zx) + Palwp)e 1) (2)

where 1 —e~7() denotes the extended target generat-
ing at least one measurement and Py(z)(1 — e~ 7)) is
the effective detection probability of an extended tar-
get.

2. RFSs of trajectory

Let X denote the single-target state space. Similar
to the trajectory state model [18], the trajectory state
model used in this paper is a tuple X = (8,¢,28.), in
which f is the time step at which a trajectory starts,
is the time step at which the trajectory ends. If the cur-
rent time is k, € = k means the trajectory is still alive.
For each specific trajectory, its sequence of states is
T8, TB41,- -, Te—1,Te, its length is [ =e— B+ 1. The
trajectory state space [19] 7y at time k is given by

Te= W {8} x{e}pxa=Ft (3)

" (Be)elr

where W denotes the union of disjoint sets I, ={(5,¢) :
0 < B <e <k} and xe—F+1 denotes the Cartesian prod-
ucts. If € > B, the trajectory state density of X} at time
step k can be written as

Tl (Xk) = Thj (2:c1 8, €) P (B,€), K <k (4)

Otherwise, 7y (X)) =0. The integration of a single
trajectory density can be written as

/w(X)dX
:;; |:/.../W(Iﬂ7...,$5|ﬁ7€)dzﬂ"'dxs P(B,¢)
(5)

Let X, € F(Ti) denote the set of trajectories up to
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time k where F(T) is the set of all subsets of T, and
9(Xk) denotes a real-valued function on a set of traject-
ories. The set integral is given by

&/mxm&q
= 9(@)

et /" ‘/ ({XL,..., XPHAX}...dX] (6)

nl

where Xp={X},..., X'}, (X)) denotes the multi-tra-
jectory density of an RFS of trajectories, and [ g(X,)dXy
=1 for g(Xj) > 0.

In analogy to the definition for the set of targets
density function, f(X) denotes the set of the trajectory
density function. The probability generating functional
(p.g.fl.) [6] can simplify the analysis of RFSs that pos-
sess independence relationships and is a useful tool for
understanding RFS densities. The p.g.fl. for a traject-
ory RFS density can be defined as

G[h] = / RX f(X)dX (7)

where h* =[]y cxh(X) is set power.

The RFS-based MTT approach consists of two ma-
jor parts: the Poisson RFS and the Bernoulli RFS. We
use the Bernoulli RFS to model the existing alive tra-
jectory density, and the Poisson RFS to model the birth
The density
and the corresponding p.g.fl. of a trajectory Bernoulli
are given by

and missed detection trajectory density.

1—r, X=0
Xy =4 rf(X),  X={X} (8)
0, otherwise
G [h] = 1— 7+ (f; h) (9)

where f(X) is the probability density function of a
single existence-conditional trajectory, r is the Bernoulli
existence plrobability7 (f;h) is the inner product of f(-)
and h(-), i.e., = [f(X)M(X)dX and (f;h—1) =
[ F(X)h(X )dX f f(X)dX. The appearance and dis-
appearance of a target trajectory can be measured by
f(X) and r. Similar to definitions of the target multi-
Bernoulli RFS and the target multi-Bernoulli mixture
(MBM) RFS, the trajectory multi-Bernoulli RFS and
the trajectory MBM RFS can be described as: A tra-
jectory multi-Bernoulli denotes the disjoint union of a
multiple trajectory Bernoulli RFS; the trajectory MBM
RFS means an RFS whose density is a mixture of the
trajectory multi-Bernoulli densities.

When X is an independent trajectory Bernoulli pro-

cess, the RFS density and p.g.fl. of a trajectory multi-
Bernoulli process resulting from the union X = UZ\; X,
can be written as

N
Gx[h] :H<1_Tl+7"z<fwh>) (10)
£(X)
:muﬁ> I | (et
i=1 1<i1 i< <in <N j=1 i
N
= Z Hfi(Xa(z))
a€PY i=1
(11)
Pp={a:{1,2,...,N} = {0,1,...,n}]
{1,...,n} Cc a({1,2,...,N}),
and if (i) > 0,7 # j, thena(i) # a(j)}  (12)
0, a(i) =0
%0 ={ . a0 "

where f;(X
of the form (8) with parameters r; and f;(
set of all functions.

The density and the corresponding p.g.fl. of a tra-
jectory Poisson RF'S are given by

a(i)) is the density of a trajectory Bernoulli
X), PR is the

fp(X) _ effD(X')dX' H D(X

GP[h] = exp{(D;h — 1)} oc exp{(D; h)}

(14)
(15)

where D(X) is the trajectory Poisson RFS intensity
that is defined on the the trajectory state space 7.

3. Models for sets of trajectories

1) Transition models for the set of trajectories

In the multi-target transition model, the birth tar-
get can be modeled as a Poisson RFS with birth intens-
ity

DkB(X) = Dlgm(fﬂ:5|575)5k,s(5k,ﬁ

D (xrlk, k) = D} ()

(16a)
(16Db)

where §; ; denotes Kronecker delta function.

In this paper, we focus our attention on the set of
alive trajectories [17] that are still alive in the surveil-
0<p<e=k.
The survival probability of each track is defined as

lance area at the current time step, i.e.,

Py i (X) = Po(w:)0k . (17)

The Bernoulli RFS transition density [20] without
birth is given by
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1 =0,X=10 foeXk) = D fEREDARNXD  (22a)
) |k (Xk % k|’ a
' 1= Py p-1(X'), X/ ={X'},X=10 XuwXd=X, ;
fl?}lkf1(X|X/): Py -1 (X /)fah(X|‘,X ); PPP mbm g
X ={X"},X={X} G [h] = Gy (MG [h] (22b)
0, otherwise
(183«) fllc)‘pklf)/(xu _exp{ /Dk“k/ dX} H Dk|k'
FPUXIX') = [ @pelBe X Yoosr ey (18D) e
2 (@gelBoe, X) = fulaelal)dn, (2pe—1) (18
B:elPs z\telle )%, , Bie—1 C) -
. G;ﬁmh] = exp { (Dfjurih — 1>} (22)
where §(-) denotes the Dirac delta function. In this i 0
model, a target may die or be alive. If a target dies, its il Z . el'ﬂ‘_[ fk““' (22¢)
X [ 7
trajectory will be removed; otherwise, its trajectory will z‘v T
be extended to the next time step. The p.g.fl. of the di dial pdyial
/ v fele (Xag 22f
multiple extended targets transition density can be T GZH: i S (Xa) (22f)
written as MK
mbm d1a
Gl X Gl = >[I oGt (%)

— [ WX ax

= exp{(DF; h—1)} (1= Ps g1+ P 1 (F5 0)X (19)

For the above transition model, the union of the
birth process (PPP RFS) and the set of trajectories
(Bernoulli RFS) generated from the previous set of tra-
jectories constitutes the predicted set of trajectories.

2) Single trajectory measurement model

The extended target measurement model can be
defined as a Bernoulli measurement density with

ka (X) = “k(fbs)&c 5 (20&)
1’ X = ®7 Wi = @
_ ) (X)), X={X},w,=0
X =90, ), X= (K20 )
0, otherwise

Equation (20b) implies that an extended target can
be detected iff ¢ = k. The measurement p.g.fl. is

GilglXa] = exp{(Nts 9= 1)} (1= Pa + Palds9)™* (21)

III. TO-MPMBM Filter

Based on the TPMBM filter [20] and the MD-
PMBM filter [21
ponent) can be decomposed into the distributions of

], the multiple trajectories (MBM com-

multiple single trajectories, and the distribution of each
single trajectory can be calculated from the marginal
distribution by equation (22f), hence the proposed fil-
ter can be referred to as the TO-MPMBM filter. The
trajectory marginal PMBM density and its correspond-
ing p.g.fl. can be defined as

a€A s 1€T

where the set of trajectories Xy, is the disjoint union of
a Poisson RFS X} (which represents the unknown tar-
get trajectories that are hypothesized to exist but have
not detected yet, e.g., the new birth target trajectories
and the undetected target trajectories at the current
time) with intensity D}:‘k,( ) and an MBM RFS X{ with

Bernoulli parameters rZ‘ k/a and fk",i "(), cf. equation (8);

P‘ il and X () are defined in (12) and (13); Ay is the
set of global data association history hypotheses, each
global hypothesis contains a single trajectory hypothes-
is from each track. For each track, there are hfc‘  Single
trajectory hypotheses. In equation (22a), if k' =k — 1,
then fi (Xi) = fupr—1(Xi) = fup—1(XelZ"1) (2F1 s
the set of measurements up to and including time & — 1)
denotes the predicted distribution; else if k' =k, then
Frete (X)) = i (Xi) = fage(Xk|Z") denotes the updated
distribution. In the MBM RF'S of (22g), Ty is a track
table with ny . tracks; a € Ay is a global data associ-
ation hypothesis for each global hypothesis a and each
track 7 € T/, a’ indicates which local track hypothes-
is is used in the global hypothesis.

The global data association hypothesis weights are
correlated with single trajectory hypothesis weights

d a H d i,a"
x 23
e, (23)
I
where WZ[Z/G denotes the trajectory marginal associ-
ation distribution for track i. The normalized w®® satis-

fies ZaeAkW whe = 1.

Let mj be the number of measurements Z; at time
k and j € M, = {1,2,...,m} be the index of each cor-
responding measurement. My represents the tuples set
(t,7) that satisfies t <k and j € My; and My(i,a’) C
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M, denotes the history of measurements that are re-
lated to track ¢ in hypothesis a’. Since each extended
target generates at least one measurement at each time
step, M. (i,a’) contains more than one element at time
step k, as shown in Example 1. Each global hypothesis
needs to explain the origin of each measurement, so
Apir can be defined as

Ak\k/ = {((Ll,CLQ’
Uz‘eTm/ M (i,a’) = My,
Mk:'(iaai) ka’(j7aj) = ®7 Vi 7é j}

Example 1 If Ms(i,a’) = {(2,1),(2,2),(2,3),
(4,5),(5,9)}, then a® hypothesis indicates that the i-th
hypothesized target is first detected at time 2 by meas-
urement 1, 2,

;a1 )|a" € H;@|k/7

(24)

and 3, missed detection occurs at time 3,
it is detected at time 4 by measurement 5, and it is de-
tected at time 5 by measurement 9.

In the TO-MPMBM filter, the Bernoulli existence
probability r denotes the probability of a trajectory
that is still alive. The prediction and update for the set
of alive trajectories are as follows:

1. Prediction

Theorem 1
distribution at time step k—1 (see (22)), the transition
model (18) and the birth model (16), the predicted dis-
tribution is a trajectory marginal PMBM with

Given the set of alive trajectories

Dy (Xi| Xpo1)

= D} (X)
+/szl|kfl(kal)Ps,kfl(kal)fali(XﬂXk,l)kail
(25a)
Melk—1 = Mh—1|k—1 (25b)
Pigk—1 =M1 (25¢)
Wty =Wt vl (25d)
d,i a
Thlk—1
_rng\k 1/fljf’1a\;c—1(Xk I)Psk 1(Xk 1)ka 1, Yl
(25e)
Fs (xa)
ffljllﬁc 1 (Xk) P, ot (X1 f (X | X jo1 ) Xy y
i , a
ffgllﬁc 1 (Xp1) Ps o1 (Xp1)d X g
(25f)

The proof is given in Appendix A.
2. Update
To find the measurements generated by each ex-

tended target, the measurement set needs to be parti-
tioned. In this paper, the power set P(Zy) of Zj de-
notes all partitions of the measurement set Zj, w} de-
notes the p-th (p € {1,...,|P(Zx)| — 1}) nonempty par-
tition in P(Zx) and |w}| is the number of measurement

{71, J2, - --
the set of measurement indices of Wz.

set cells in this partition, i.e., ’j\Wi\} denotes

Theorem 2 Given the predicted trajectory distri-
bution (18), the single trajectory measurement model (20)
and (21), and the clutter with the Poisson intensity
k(2 ) (Assumption 5), the updated distribution is a tra-
jectory marginal PMBM with

Dy (Xk) = lo(Xi) Dy (X[ Xi—1) (26)
Nijk—1 = N—1)k—1 + |P(Zg)] — 1 (27)
Mk :MkflU{(kvjl)v(kvj2)v"‘7(]{7.7.\WZ\) (28)

For the tracks (i € {1,...,

the previous time step, the hypotheses at time step k

originate from three cases: from time step k — 1, from

the missed detection, or from an update with a

nonempty measurement set WI];. At time step k, there
are h};lk = |’P(Zk)|h§;|kf1 hypotheses.

Case 1 Update existing tracks (7 € {1,.

e {l,.

the nonempty measurement set Wk

Nk|k—1}) continuing from

s TR | ke— 1}
k‘ k_1)> @' is the previous hypothems) with

al =al + h?dk_lp (29a)
My (i,a’) =My_1(i,a")
+{(kvjl)7(ka.72)va(k7]|wf|)} (29b)
w;‘fﬁf = WZ|ZQ1TZ\ZG1/ duia1 wi (Xg)d Xy (29¢)
=1 (29d)
ey (X0) fif 7 (X
fd’L a ( k;) klk—1 (296)

SR (X lp (Xi)d X

Case 2 Update tracks (i € {1,...,ngp_1}, a' €
{1,..., h2|k71}) using the missed detection hypotheses:

My (i, a') = Mg_1(i,a’) (30a)
dza dza dla
Wil =W (=g
d,i,a d,i,a
+ k- 1/l®(Xk)fk|k_1(Xk)ka) (30Db)
i,a’ d,i,a’
71dza o Tk\k 1fl@ Xk fk|k 1(Xk‘)ka
k|k d,i,a’ d,i,a’ d,i,at
L=ri s iy [ lo(Xn) fipty (X)d X

(30c)
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1o () [, (X)

[lo(Xy fd| o0 (Xp)d X,

Case 3 Update new tracks(i € {nyx—1 +p}) with
the nonempty measurement set Wﬁ:

fiee (Xi) = (30d)

g = 2 (31a)
Mi(i, 1) = 0,0t = 1,7t =0 (31b)
Mi(i,2) = {(k, 1), (k. j2), -, (K, jwr))} - (31c)

() [ Dl 1 (Xilyp(X)dXe, wf] =1

d,i,2
Wrik =
/Dk|k 1 Xk (Xk)ka, |Wk| > 1
(31d)
J Djyos Kb (Xde
72\22_ k(W +ka\k L (X )lr (X )d Xk ¥
(31le)
i (Xk)lwp( )
it (Xe) = Dii-1 20l (316)

ka|k 1 )lw (Xk)ka

With the help of Appendixes B and C, the proof of
Theorem 2 is given in Appendix D.

The above single trajectory and the intensity of the
Poisson RFS can be given as a mixture density of the
form

7T<X) = ZJ Wi (xﬁ €|53 ) el a(sbj,ﬂ (32)
where each mixture density consists of a weight w’, a
birth time &7,
quence density 7'(-) for Vj.

a recent time e/, b7 < e’, and a state se-

3. Shape estimation method

For the general ETT algorithms, in addition to the
above prediction and update steps, the shape of each
extended target needs to be estimated. Scholars have
proposed many shape estimation methods. The repres-
entative methods include the random matrix (RM) [7],
[23]-[25] (or Gamma Gaussian inverse Wishart (GGIW)
[8]-[11], [20]), random hypersurface (RH) [26], [27], and
Gaussian process (GP) [28], etc. Since the GGIW meth-
od is particularly easy to integrate into common ETT
algorithms, such as the CPHD filter [8] and the PMBM
filter [11], we employ the GGIW method to estimate
the shape of extended targets. In this paper, we focus
on deriving the prediction and update of the TO-
MPMBM filter, hence the shape estimation is only
briefly discussed (detailed in [11]).

4. Discussion

The above analysis shows that the TO-MPMBM
filter recursively propagates the prediction and the up-
date of the set of alive trajectories. Each track corres-
ponds to a hypothesis tree, and each hypothesis is a se-
quence of different data associations for the track, as
shown in Fig.1 where the numbers of measurements at
time steps 1 and 2 are 1 and 2, respectively, and the
line with arrow constitutes a valid global hypothesis. As
time goes on, the number of data associations [29], glob-
al hypotheses, and MBM components are exponential
increasing, which leads to a huge computational burden.

To reduce the complexity of data associations, re-
duction methods, such as gating, clustering [10], [11], [30],
random sampling [29], [31], [32], pruning, merging, and
recycling, are widely used in the point MTT algorithms
and the ETT algorithms. In the proposed TO-MPMBM
filter, we use the random sampling method to maxim-
ize the data association likelihood. Besides, for the up-

Time | (one measurement)

Track 1 (new)

/\

n.e. (1,

n.e.: non-existence
m: missed detection
(t,): time ¢ measurement j

Time 2 (two measurements)

Track 1
{1, D}
Track 2 (new) Track 3 (new)
n.e. m {2, D} {2,2)} {(2,1),(2,2)} ne. {2, D} n.e. {(2,2)} n,.T\c.
N

Track 4 (new)

N

{21, (2,2)}

A valid global hypothesis

Fig. 1. Tracks and hypotheses of the TO-MPMBM filter.
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dated marginal PMBM density of each track, global hy-
potheses with weight lower than the given threshold are
pruned, and Bernoulli components with existence prob-
ability lower than the given threshold are removed.

In the implementation of the TO-MPMBM filter,
global hypotheses are represented by a look-up table, in
which, the (j, ¢)-th element corresponds to the index of
the j-th global hypothesis including the single traject-
ory hypothesis in the i-th track. If the i-th single tra-
jectory hypothesis does not include in the j-th global
hypothesis, the (j, 7)-th element equals zero.

Example 2 As shown in Fig.1, there are four
valid global hypotheses at time step 2. Assuming the
single trajectory hypotheses in each track are indexed
from left to right, the corresponding global look-up ta-
ble is

1110
21 00
30 00 (33)
4 0 0 0

5. Pseudo code of the TO-MPMBM filter
Based on the GGIW method [11], the pseudo code

for one step prediction and update of the extended tar-
get TO-MPMBM filter is given in Algorithm 1.

Algorithm 1 Pseudo code of one prediction and update for
extended target TO-MPMBM filter

Input: Parameters of the trajectory marginal PMBM posteri-
or, the global hypotheses look-up table at time k-1 and the
measurement set Z.

Output: Parameters of the trajectory marginal PMBM pos-
terior and the global hypotheses look-up table at time k.

L: Calculate the predicted PPP intensity Dy,_;(-) via equa-
tion (25a) to predict the existing PPP (missed or pruned
GGIW components) and the birth PPP;

2:fori=1,...,np_1x—1 do
fora'=1,... 7h}c—l\k—1 do
Predict w,‘jif@’fi, r,‘jﬁ’i and fgl,if;() via (25d)—(251);
end for
end for

3: for z € Zx do
Calculate the gated measurements of undetected targets
and detected targets by gating each mixture component
of Poisson intensity and each single trajectory density
contained in Bernoulli RF'S;

end for

4: for a € Agjj—1 do

4.1: Calculate the subset P(Zy) of the data association by
partitioning the set of measurements within the gate of
existing targets;

4.2: Reduce the number of data association subsets by nor-

malizing and pruning multi-Bernoulli with low weights,

and prune measurement partitions that correspond to low
weight global hypotheses indices of measurements that
have been associated to pre-existing targets;
fori=1,...,ngx-1 do
for o' = 1,...,h};|k71 do
if w? # () then

4.3: Update wziz’ai, rg&’ai and f;:‘;“l() via (29¢)—(29e), i.e.,
create new Bernoulli components by updating the hypo-
theses of the existing trajectories;

else

4.4: Update w,‘jii‘“l, rZiZ’“z and fg“,i’al(-) via (30b)—(30d), i.e.,
create new Bernoulli components by updating the missed
detection hypotheses;

end if
end for
end for
for i € {nyx_1 +p} do

4.5: Update wgif@’“l, rzifﬁ’al and fgl’,i’alﬂ) via (31), i.e., create
new Bernoulli components by updating new tracks;

end for

4.6: Prune global hypotheses with weight lower than a
threshold and update hypotheses look-up table;

4.7: Prune Bernoulli components whose existence probability
is below a threshold or do not appear in the truncated
global hypotheses and update hypotheses look-up table;

end for

5: Merge duplicate global hypotheses and update hypotheses
look-up table;

6: Update the Poisson intensity for measurements that only
fall inside the gate of undetected targets via (26) and the
clustering method;

7: Prune PPP components with weights smaller than a given
threshold;

8: Estimate the set of alive trajectories;

9: Recycle Bernoulli components pruned in step 4 and add
them to PPP components.

IV. Simulation

In this section, the proposed TO-MPMBM filter is
compared with two typical extended target trajectory
filters [9], [20] in two scenarios [9]-[11], [33] in terms of
the tracking performance and running time.

Each extended target state consists of three vari-
ables, the measurement rate 7, the kinematic state xy,
and the extent state Ej, that is 51(;') = {fy,(:),m,gi),E,gi)},
where x3, = [pr,ve]T € R*, pr € R? is the position,
v € R? is the velocity and E), € Si 4 The motion mod-
el, the measurement model, and their corresponding
parameters can be defined as

Vh+1 = Yk (34)
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Tht1 = f(xk) + wy, (35)
Ejy1 = M(xp)EpM(x)" (36)
2k = Hixp + vk (37)
I, T.I
flay) = {02 12} zp, Q=Go LG"  (38)
2
T2
G= |22, H = 0y (39)
T. I

where wy, is the Gaussian process noise with zero mean
and covariance @Q; f(-) and M(-) are the transition mat-
rix of kinematic state and extent state, respectively; Hy
is the measurement matrix, and vy is the Gaussian ob-
servation noise with zero mean and covariance Ey; o, is
the acceleration standard deviation and Ty = 1 s. Given
that the kinematic state motion model is a model with
constant velocity, the extent transition function M(-) is
an identity matrix. The measurement model is also lin-
ear Gaussian in a two-dimensional Cartesian coordin-
ate system.

The process of obtaining estimates of the set of tra-
jectories (or set of states) from the multi-target density
is called trajectory (or state) extraction. The 6-GLMB
filter needs performing state extraction at each time
step and then connects target states with the same la-
bel to form target state trajectories, see [9]. For the
TO-MPMBM filter and the TPMBM filter, an estim-
ate of the set of trajectories is extracted from MBM
components with the highest weight and existence prob-
ability larger than 0.5.

To evaluate the tracking performance of the three
algorithms, we use the generalized optimal sub-pattern
assignment (GOSPA) metric [34], and the distance
measurement used in the GOSPA metric is the Gaussi-
an Wasserstein Distance metric [35]. The parameters
used in GOSPA metric are: the location error cutoff
¢ =10, the ordered p =1, and the track switch cost
s = 4. Besides, we divide the GOSPA metric into four
categories: localization/ extended error (LEE), false de-
tection error (FDE), miss detection error (MDE), and
track switch error (SE). The trajectory extraction
method of the three algorithms used in this paper is
given in [20)].

1. The high clutter scenario

In this scenario, there are 100 time steps, 27 highly
time-varying numbers of extended targets are
domly generated in four fixed positions ((£75,£75]1), as

ran-

shown in Fig.2. Table 1 shows the target detection
probability P, the target survival probability P;, the
clutter Poisson rate A, and the measurement Poisson
rate v for the three filters. This scenario aims to test

the three algorithms’ tracking performance in case of a
high clutter density and high target numbers.

200
150 |
100 f
50 t
g ol
=
750 L
—-100
—-150 |
7200 1 1 1
—200 —-100 0 100 200
x (m)
Fig. 2. Target trajectories.
Table 1. The parameters
Py P A v
0.90 0.99 60 {7,8,9}

Fig.3 gives the average GOSPA, the LEE, the
MDE, the FDE, and the SE of the three filters over 100
Monte Carlo runs, and Table 2 shows the average
tracking errors and the average running times (RTs) of
the three filters. The comparison results are: 1) In
terms of tracking accuracy, the TO-MPMBM filter is
slightly better than the TPMBM filter, and both the
TO-MPMBM filter and TPMBM filter significantly
outperform the 6-GLMB filter; 2) In terms of RT, the
TO-MPMBM filter is 30.98% and 76.83% lower than
the TPMBM filter and the §-GLMB filter, respectively;
3) The proposed filter unarguably has the best perform-
ance in terms of average tracking errors and average
RT. The main reason is that the proposed filter propag-
ates the marginal association distributions and PMBM
density for each track. It effectively reduces the inter-
ference between trajectories by extracting each track
and improves the tracking performance. Both the
TPMBM filter and the §-GLMB filter are pruning and
merging after updating the joint probability distribu-
tion of all trajectories, which lead to an increasing com-
putational burden by retaining a large number of tra-
jectories with low existence probability.

2. The low detection probability scenario

In this scenario, there are 40 time steps, five tar-
gets first get close to each other and then split, as
shown in Fig.4. Table 3 shows the corresponding para-
meters that required for the three filters. This scenario
aims to test the three algorithms’ tracking performance
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Fig. 3. Several average errors of three algorithms over 100 Monte Carlo runs (in high clutter scenario).

Table 2. Simulation results of the errors and
running time

Parameters TO-MPMBM TPMBM 6-GLMB
GOSPA (m) 927.2 967.6 1912.0
LEE (m) 793.8 799.9 955.1
MDE 53.0 64.9 328.6
FDE 45.4 97.3 280.7
SE 0.2 0.5 9.8
RT (s) 32.3 46.8 139.4

of handling coalescence under low detection probability.

Fig.5 gives the comparisons of the various estima-
tion errors for the three filters over 100 Monte Carlo
runs, Table 4 shows the detailed corresponding errors
and RTs. Based on Fig.5 and Table 4, the TO-
MPMBM filter outperforms the other two filters in
terms of average errors and average RTs. At the low
detection probability, a large number of measurements
not fall within the gate of existing targets. The TO-
MPMBM filter re-clusters these measurements and up-
dates them. In addition, the pruned trajectories with
low existence probability are recycled into the PPP
components and entered into the next prediction, thus
avoiding the reduction of trajectories due to missed de-
tection. Therefore, the tracking performance of the TO-
MPMBM filter remains good at low detection probabil-
ity.

Based on the analysis of the two scenarios in the
Sections IV.1 and IV.2, the simulation results indicates
that the proposed filter performs better than the other
filters at low detection probability and high number of
clutter.

20

~100 -50 0 50 100
x (m)

Fig. 4. Target trajectories.

Table 3. The parameters

Py Ps A v
0.70 0.99 10 5

V. Conclusions

In this paper, we propose an efficient GGIW imple-
mentation of the TO-MPMBM filter to address the tra-
jectory tracking problem for multiple extended targets.
Instead of maintaining the joint posterior PMBM dens-
ity of the multiple extended target trajectory in the fil-
tering recursion, the TO-MPMBM filter jointly propag-
ates the marginal PMBM density for individual tracks
and their existence probabilities. By using individual
trajectory distributions to model the uncertainty of in-
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Fig. 5. Several average errors of three algorithms over 100 Monte Carlo runs (in low detection probability scenario).
Table 4. Simulation results of the errors and tended targets transition density (19) and the p.g.fl. of the trajectory
running time marginal PMBM density (22b) into the p.g.fl. for a trajectory RFS
Parameters TO-MPMBM TPMBM 5-GLMB density (7), we find
GOSPA 467.7 540.3 611.7
(m) Grlr—1[h]
LEE (m) 215.7 265.3 349.3
MDE 122.5 182.6 260.4 = /hxfk‘k,l(X)dX
FDE 30.8 57.5 109.4
SE 0.4 1.0 4.9 ://th,'jllikq(X|X’)dek,1|k,1(X’)dX’
RT (m) 6.8 9.3 21.1
’

dividual target trajectories and using the existence
probability of the trajectory distribution to character-
ize the randomness of target appearance, the proposed
filter can deal with an unknown/varying number of tar-
gets with uncertain data association, uncertain detec-
tion and clutter. The benefits of the proposed filter are
twofold. On the one hand, the overall computation is
significantly reduced because the Bernoulli components
of each track with low existence probability are pruned.
On the other hand, the tracking accuracy can be effect-
ively improved by calculating the trajectory marginal
PMBM density (instead of the trajectory PMBM dens-
ity). A comparison of the proposed filter with the exist-
ing trajectory filters in two typical scenarios confirms
the effectiveness of the proposed filter. Future work in-
cludes developing a multi-scan TO-MPMBM filter to
solve the multi-scan data association problem.

Appendix A

Proof of Theorem 1 Substituting the p.g.fl. of the multiple ex-

exp {(DPsh =0} [ (1= P + P (15
X o1 (X')AX
= exp {(DF5h—1)}
X Gr_1jk_1 [1 — P+ Ps,k_1<fa“;h>}
ocexp {{DFih) } Gy [1 = Popor + Popor (P51

= exp {(DEsm) } GO ) [1 = Poot + Pog (£ 1)

PPD
O(Gk\k—l[h]

x GIISEHﬂk—l [1 = Py —1 + Po 1 (f h)]

<GP [h]

(A-1)

where G|p—1[h] is the product of two p.g.fl.s that are a PPP com-
ponent G?fzil[h] and an MBM component G’ﬁ&{l[h}. The PPP in-
tensity is directly calculated using a standard PHD prediction step
(see (22d)). The MBM prediction step is applied to each hypothesis

for each trajectory separately (see (9) and (22g)).
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GII;I\)E— 1M tribution, see [15]:
B. ali,
scexp {(DFsh) Gy [1= Prs + Prsa (50 N R ) (B-)
B. u .
c><eXp{<D‘,€ ,h>+<Dk71‘k71,17P5’k,1 where
+Po1 (F750))}
. w=a+ /b(:c)d:c (B-2)
X exp {(DE; h) + (D} _1—1; Ps,lc_1(f“h; h))}
w [ b(z)d=
— exp { (D}_1ih) ) " T Toma 59
(A-2)
b(z)
Al ) = B-4
where (Dl ih) = (DEsh)H(Di_y i Pojeoa(f5 ). Thus 1@ = e (B-4)
Gm"z L[] is a PPP and its intensity is given by (25a).
GI]?FI;H 1[ ] Appendlx C
. GI;Enlllk71 [1 A Ps,k—1<fah§ h)] Suppose set-parameterised functionals is F~ 7 lg; bl (1(5;‘1/; g; h],
, i€{0,1,...,n}, such that Fy'0 =TT e, f@oloshl. If Zj =
— d, d,i,a" s s
= > ot I G [ Par {(WPlp € {1,...,|P(Z)| — 1}, then
A€AL_1jk—1 1€TK _1|k—1
i dFs0 dFg 1 dFan
+ Po -1 (f*h) = (g5 h] === [g; h] - - - ——" [g; 1]
] WowWi .. wWy =7, dWo Wy dWn
d,a d, n
Z L SR S | A7
a€Ap_1p—1 €T, k-1 WoWW, W WW,, =7, i=0 o
n+|P(Z)|-1
where = H an lg; h]
acAy i=1
d,i,at (C-1)
e
d, ali. where
=Gt [ Porn + Poia (£50))]
_ dza dza dza . k:{(alvd27 7an+|p(2k)‘71)|ai 6{0717"'7|P(Zk)|_1}7
== e TR e 1<fk 1|k— L (X)51 = Pos _
forie{1,...,n}, a" ™ € {0,5},for j € {1,...,|P(Z)| -1},
ali,
oo (£551)) nHP@II-L : , .
Ui:l Mk(l,(l ):{(k7]1)7(k7]2)7"'7(k7]‘wz|)}1
—1_ d,z,a + T’d i, a’ /fd,z,a 1— Ps o1 ) ‘
Th1lk—1 T Tel1 k-1 1k— (X)) ( , My (i, a) 0 My (oa?) = 0, Vi £ 5}
(C-2)
+Ps,k_1/f‘dh (X | X') h(X) <fah;h>) axdx’
with M (2,0) = 0 and My (i,5) = {k,j}. Finally
d, d, d,
1t 0 Py R (0 ax 0 .
" {(’ DY E =@y Y
w , at= o —
+//f““ (X | X') h(X)AX Py 1 £ ’ﬁk L (X)) dX’) k F
and for j € {1,...,|P(Z)| — 1}
d, d, d,
=1- k‘;galJer\;cal/ ( )fk“lcal( ) X
(A-4) W 1, Wi =1
Faloihl = {f};‘,i[g; B, Wl > 1 (C4)

where rZﬁ’fl and f;:[;?fll() in the last equality can be obtained via
(25¢) and (25f). According to (A-3) and (A-4), we obtain that the

form G“‘b‘“ ", [R]is similar to (22g) with ngjp—1 =ng_1k—1 h?c|k—1 =
hi

and w? dyia’ Yat

a —
k—1]k—1’ k\k 1%k —1]k—1>

Appendix B

Any p.g.fl of the following form is an unnormalised Bernoulli dis-

The above proof details in [15].

Appendix D

Proof of Theorem 2 Substituting the measurement p.g.fl (21)
and the p.g.fl of the trajectory marginal PMBM density (22b) into
the p.g.fl for a trajectory RFS density (7), we find
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g=0
d
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with
GRPPIn] = exp { (D}, _yih(1 = Pa) } (D-2)
G h= g eXP{QEA; 9)+ (D i hPal59)) }’g:o (D-3)
Gl V) = GGty M1 = Pt Putoso)]| - (0-4)
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where G [h] is the product of two p.g.fls which are a PPP compon-

ent GI;TZ [h] and an MBM component GI;?B;H [h]. The PPP intensity is

directly calculated using a standard PHD update step (22d) and ar-
rived at the result in (26). The MBM p.g.fl (GI""™[h]) consists of two

k|k
steps: 1) updating the detected portion of the PPP with PPP-distri-
bution clutter (G™P™~F[h]), and 2) updating the Bernoulli compon-

K|k
ent (G [R)).

Using the derivative of a linear function and the chain rule in [6],
we get

L(fi9)=f(2) (D-6)

I(Flg) = LFlo g f () (D-7)

y=F]g]

So,

The Bayes update of an unnormalised Poisson distribution in
Poisson clutter can be obtained via (D-9). wZ"“k, T‘;Tk and flj\kk()
(which are calculated using Appendix B are given in (D-4)-(D-6), re-
spectively.

Using (22b), (22g), and Appendix C, we find

G h]
d . w
= (eXP {(/\iA%!l) + (Dijp—1; hPa(e; g>>}
x> Wbt [T GRRTL (L~ Pt Pale; gm)
aE.Ak‘k,l ZETk‘k71 -0
d u
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a€Ag 1 1€ Tk K1 o
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d
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GEAL |1 k
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iETk|k71 9—0
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= 2 > S las ) g ]
GEAL g1 WoWW1 W, WW, =7 0 1
dF; .,
X X ——2=[g; h]
AW, 0
ntPEOI-1
= > > [I FZlsn
€Ay |_1 GEAL i=1 o
n+|P(Zg)|—1 s
= > II FZilen
GEAL|k—1,8EA i=1 9=0 (D-10)
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